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1. Introduction

This chapter aims at defining and motivating the subject of the present Thesis work,
namely the analysis of the Electric Dipole Moment (EDM) of the Neutron and the radia-
tive B decays in the Minimal Supersymmetric Standard Model (MSSM).

Given the New Physics (NP) nature of the work itself, a short presentation of the
phenomenological status of the Standard Model (SM) and its extension will be manda-
tory as well. The picture emerging when constraining with experimental data is that
of a Model - the SM, in fact - performing very well. Unexpectedly well, according to a
number of theoretical motivations hinting at a close-by scale of NP. As for the specific
realization of the latter, with the important preliminary remark that the mentioned clash
between the observed health of the SM and its expected breakdown makes the situation
not quite clear (“The train is already late”, G. Altarelli), the message to convey is that
supersymmetry remains the most promising candidate. Consequently the quest for its
low-energy realization, both directly via experimental detection - whenever possible - and
indirectly via loop effects in already measured processes, constitutes a high-priority task
in the agenda of particle physics.

1.1. The LEP-2 lesson

The SM is today a widely and accurately tested theory: a huge amount of data has been
accumulated over the years for quite a number of observables and the knowledge of some
of them has been pushed to below the per-mil precision. This statement synthesizes the
result of the joint effort of several accelerator-based experiments carried out around the
world. These include first of all the four LEP Collaborations, namely ALEPH, DELPHI,
L3 and OPAL (see [LEP] for updated results), then notably CDF, D@ and NuTeV at Fer-
milab [FNA] and the SLD Collaboration at SLAC [SLC]. The theoretical interpretation of
the full host of observables accessed by the abovementioned experiments can be summa-
rized, following a recent paper by Altarelli [Alt], in a sort of scorecard on the performance
of the SM as follows. Couplings among W, Z, v gauge bosons and those between bosons
and fermions have been measured with great accuracy. In particular the error reached for
the latter is of a few per-mil. Comparison with the SM predictions leads to the conclusion
that the gauge currents are indeed conserved: the gauge symmetry is unbroken in the
vertices and precisely of the SU(2), x U(1)y form. On the other hand, this symmetry
is broken by the unquestionable presence of mass terms for fermions and W, Z bosons,
so that the symmetry exhibited by the SM Lagrangian must be broken spontaneously by
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the vacuum, via a Higgs mechanism. The question is how this mechanism is practically
realized. According to the SM, spontaneous symmetry braking (SSB) is carried out via
a weak doublet of complex scalar fields, 4 degrees of freedom. Three of them provide the
longitudinal degree of freedom for the massive gauge bosons W+, Z. One is left over and
should give rise to a scalar Higgs particle - the only one in the SM-, which is the sole
SM building block still not directly detected. However LEP-2 data allow to gather some
information, albeit indirect, on it. First of all, a lower bound on its mass my of 114.4
GeV (95 % CL,[LEP]) was established by direct scanning. In addition, the authors of
ref. [ABC98] showed that, by manipulating four appropriate experimental quantities, it is
possible to define the so-called epsilon variables €; 23 and €, as objects that are non-zero
only from the one-loop level in weak couplings. By definition such epsilons are golden
variables to test purely weak radiative corrections: in particular €; and €3 are sensitive to
the Higgs sector. By accurate analyses of the latter quantities (see [ABC98, BS00, LEP])
it was possible to test such relations as m¥, = m?% cos® 0y, that indeed comply with a
weak isospin doublet structure for the Higgs field. Electro Weak Precision Tests (EWPT)
show as well indirect (yet clear) evidence for a light Higgs, not far from the LEP-2 lower

mass bound: in fact the SM accommodates all data with a my = 91 J_rég GeV, see [LEP].

On top of the above discussion, it is fair to say that there is no evidence for the
presence of new, unaccounted for, degrees of freedom beyond those of the SM, at least
within the present accuracy. In addition, the SM Higgs, or variations thereof, is very
likely to be there and this will be verdict by the LHC in the forthcoming years.

So we could simply conclude: the SM works. We have just to complete the picture
with the Higgs. Actually, what said above is only one side of the story, the “experimental”
one. On the theoretical side, the SM as it is cannot be regarded as the final theory of
fundamental interactions, but only as an “effective” version of it, valid below some energy
scale Axp above with new physical degrees of freedom cannot be integrated out anymore.
This conclusion holds for the SM independently of the specific mechanism realizing the
spontaneous breaking of the SU(2), x U(1)y symmetry (the SM Higgs leads even to a
paradox, as we will see in the next section), and is due to a number of well known reasons.
To start with, the SM, and particularly its Higgs sector, generates a lot of free/unexplained
parameters, in particular, the origin of fermion masses (including neutrinos) and the
pattern of CP violation. Moreover, it does not address “grand-unification” problems like
the unification of the gauge couplings at some high energy scale and a quantum description
of gravity. In addition, while the SM is no doubt successful in reproducing data at the
energies explored by accelerators, it badly fails to explain fundamental phenomena of
astrophysical-cosmological interest. In particular: the amount of CP violation pertaining
to the SM cannot explain the observed matter /antimatter asymmetry in the Universe and
the SM has no candidate whatsoever for Dark Energy and Dark Matter, that together
amount to ~ 96% of the total energy budget of the Universe. We could actually say
that the SM is unable to explain almost the totality of the Universe composition, since
the remaining ~ 4% of matter composition (and ~ 0% of antimatter) clashes with the
abovementioned “shortage” of CP violation.
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So the SM must be an effective theory that breaks down at the scale Axp. The big
issue is where this energy threshold is, whether “behind the corner” (within the reach of
the LHC), or far away, somewhere below Mp, ~ 10 GeV. We will dwell on this point
in the next section, and it will be apparent that while it is far from being a settled issue
for the moment being, it is very likely to receive light from a seemingly related problem,
namely a deeper understanding of the SSB in the SM - what the LHC will certainly
provide.

1.2. On the scale of new physics

Given the above discussion a relevant question, in the absence of direct evidence for new
physics, is a trustworthy guess for the scale at which it should emerge. At least partial
answers can in turn be found following two main roads [Isi], namely by: (i) studying the
SM Higgs potential beyond the tree level, in order to determine its sensitivity to the cutoff
and the conditions for stability of the vacuum; (ii) using EW precision tests or rare decays
to derive bounds on operators of dimension > 4, that appear in the phenomenological
expansion in inverse power of Axp of the “full” Lagrangian containing the SM one as the
leading part.

Let us start off from the information that can be drawn by studying the quantum
corrections to the SM Higgs potential. It is well known that such potential is of the form

V(®) = Vp — 2T + ) (BT0)” (1.1)

where @ is a complex doublet of scalar fields. The two constants ;i and ) raise consistency
or stability problems when studied beyond the tree level. The latter problems can in turn
be controlled - at least partially - by imposing certain constraints, which translate into
hints on Axp. We did not include the vacuum constant Vj in the list, since it is related
to the well known cosmological constant problem. On the basis of the latest estimates,
one should set Vy ~ (1072eV)%, whereas a naive field theoretical guess would suggest for
the vacuum energy the estimate (cutoff)?. Considering that the latter cutoff is typically
identified with the Planck scale Mp, the value of V} is by far the worst prediction of
quantum field theory and today a huge, unsolved, problem.

Turning to A, it can be studied beyond the tree level in order to determine the con-
ditions required for the potential to be stable (or at least metastable) [Isi]. A pioneering
study of the f—function for A was performed by the authors of ref. [CMPP79]. They
showed that if the value of A at the EW scale is too low, RGE evolution to higher energy
makes A(u) eventually zero (implying a free or “trivial” theory) and then negative. On
the other hand if the initial condition on A is too high, when increasing p the theory
quickly enters the non-perturbative regime in X itself, displayed by the appearance of a
Landau pole. Recalling that \ is proportional to the square of the Higgs mass my, the
above pieces of information on the behavior of the Higgs potential can be turned into
bounds on my itself.

In particular, the requirement of non-triviality sets the lower limit my > 136 GeV,
whereas the absence of the Landau pole up to the Planck scale determines the upper limit
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my < 174 [Isi]. So this argument - albeit of one-loop “nature” and restricted to the SM
realization of the Higgs potential - allows only a very narrow window for the Higgs mass.
Comparing with the experimental hint of a light my coming from the EWPT’s, this in
turn seems to point towards a quite close scale of NP [Isi]. However this conclusion is very
strongly dependent on the value of the top quark mass m;, lower values of m; moving the
zero in A(p) to higher energies [AI94, IRS01]. As a consequence, it is hard to attain more
than vague indications from this argument.

We now address the case of the mass term in the Higgs potential. Since dimension 4
terms in the Higgs Lagrangian are not protected by any symmetry playing the role of the
chiral one in the fermion case, nothing prevents the occurrence of power-like divergences
when computing loop corrections to the Higgs mass, that in fact are well known to appear.
Restricting to the top quark contribution, one has [BS00]

3
V22

where A is the hard cutoff employed as ultraviolet regulator. Is is immediate to see that,

dm3 = GrpmiIA? = (0.3 A)?, (1.2)

if the correction dm? is allowed a value in the range of the hundreds GeV, namely com-
parable with the expected experimental value for the Higgs mass, then quite a stringent
upper bound on Ayp is implied, Axp < 1 TeV. We note that from the strictly technical
point of view of renormalization, the power-like divergence in eq. (1.2) is just like any
other one and it can simply be removed in the usual way, by redefining constants and
fields in the bare Lagrangian. The problem arises when one takes it “seriously” and gives
the cutoff the meaning of a threshold for NP. Notice that this is the only known way to
append to the renormalization process a physical interpretation and not simply the status
of a technical working procedure for removing unwanted infinities. Now, when divergences
are severe as in eq. (1.2), it is hard to keep dm?;, hence my, separated from the NP scale
Anp, unless either Ayp is taken to be low enough or unappealing fine-tunings are invoked.

The constraint on Axp coming from the above argument is thus seemingly under
control, albeit obtained with a model-dependent estimate. Actually the situation gets
considerably complicated when comparing with the estimate coming from bounds on
dimension > 4 operators imposed by EW precision tests, as mentioned at the beginning
of this section. The procedure [BS00] is to first list, in a model-independent way, all the
structures up to dimension 6, suppressed by inverse powers of Axp and restricted to comply
with some “reasonable” (yet minimal) symmetries. Then the maximum contribution
allowed to each operator by the analysis of precisely measured quantities in the SM,
translates into a lower bound on Ayxp. The point is that most fits favor in this case
a NP scale (well) beyond about 5 TeV [BS00], a bound that however clashes with the
one derived from eq. (1.2): this is the “LEP paradox”, the contradiction between eq.
(1.2), that pulls NP down, and the remarkable performance of the SM when contrasted
with data, that leaves small room for new effects, pushing Axp up. It should be stressed
however that the [BS00] analysis is carried out supposing the higher-dimensional operators
as “strongly coupled”, namely multiplied by an overall “coupling” factor taken to be 1
(or -1). The LEP paradox would of course be alleviated or removed altogether, were
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the higher-dimensional structures weakly coupled, as is the case for the supersymmetric
contributions to the observables considered in EW precision tests.

Another possibility to get information on Ayp is to analyze rare processes. In this
case, rather than the extreme precision of experimental data, the guiding strategy is the
observation that the considered processes are suppressed within the SM, hence represent
a likely window for NP contributions to be competitive. The emphasis is on the so-called
Flavour Changing Neutral Currents (FCNC), that in the SM are suppressed by being loop
processes and by other conspiring effects, in particular the approximate flavour symmetry
of the theory and the hierarchy of the CKM matrix entries. Among the full host of FCNC
processes, the best measured are K, B; meson-antimeson mixings and the B — X v decay.
They are as well very precisely known in the framework of the SM and of its most popular
extensions, like low-energy SUSY. In these cases, bounds on NP indicate Axp > 100 TeV
or higher, unless additional symmetries are called for to constraint NP contributions. This
is presently an active field of investigation [Isi].

To conclude our short inventory on the most popular arguments for getting hints
on Anp, we should mention also the case of operators explicitly violating lepton (L)
or baryon (B) number symmetries. They give rise to such phenomena as proton and
neutrinoless double beta decay, for which very stringent bounds exist, thus pointing to
high values for Axp. Quite a clear indication on the occurrence of L-violating operators
comes notably from neutrino masses as well. Different approaches (with or without right-
handed neutrinos) lead in this case to the remarkably common conclusion of Axp ~ 101

GeV [Isi].

The bottom line of the above discussion is that the question where one should reliably
expect the SM to break down does not admit a clear answer, at least for the time being.
Different approaches lead to even vastly different limits on Aynp, strongly depending on
the symmetries required to (or assumed to be broken by) the new operators. Sometimes
contradictions appear as well.

In the absence of unquestionable indications, one can only form a “personal” point
of view on the chances of having “surprises” behind the corner, at the TeV scale. A
pessimistic approach would be to extend the unexpected success of the SM recorded at
LEP-2 to the LHC case: if NP is for some reason much above the TeV scale, it will be
very hard to detect it at the LHC as well. All the inconsistencies pointed out above would
in this case remain perhaps unexplained.

On the other hand, the experimental exploration of the TeV scale will for sure pro-
vide us with the capital opportunity to penetrate from the data the mechanism of EW
symmetry breaking. As stressed before, the latter is still an unsolved conundrum, mainly
because of the already mentioned LEP paradox raised by the quadratic divergence in eq.
(1.2). If such divergence has a physical meaning, as analogy with similar situations in
the past as well as a purely “prejudice” would suggest, then there must be a mechanism
taking care of it.
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1.3. New physics from SUSY

The problem of finding a consistent and phenomenologically acceptable extension of the
SM has been a central issue in theoretical physics since the last decades. Many ideas
have been introduced and developed to cope in particular with the “hierarchy” problem
apparent from eq. (1.2), namely the problem of having a close connection between vastly
different scales like Mp; and the EW breaking scale.

A very elegant route is that of invoking a new symmetry, SUperSYmmetry (SUSY).
SUSY is the symmetry that turns fermions into bosons and vice-versa [CM67, HLS75]. As
such it roughly doubles the degrees of freedom normally present in the SM, since for every
fermion (boson) present, it requires the introduction of a corresponding boson (fermion).
Of course since superpartners are not part of the observed spectrum, a mechanism for
breaking SUSY must also be provided to construct a realistic model. All these issues will
be the subject of the next chapter, where we will present a well-known supersymmetric
model consistently extending the SM and able to provide a beautiful solution to the
hierarchy problem. This is the Minimal Supersymmetric Standard Model (MSSM).

What is relevant to the present discussion is that SUSY - and its phenomenological
realization via the MSSM - entails the cancellation of the quadratic divergence in eq.
(1.2), caused by the top-quark loop, with a similar divergence brought by another loop
diagram with the scalar partner of the top itself, namely the s-top. By this mechanism,
eq. (1.2) goes into

2
dmy = WGpmtzA2 MSSM \/;TzGmemtg lni—? : (1.3)
where mj is the mass of the stop. So the quadratic divergence is replaced by the
log-like one, allowing mpy to remain in the hundreds GeV range even with A at the Plank

3

4

‘usual”

scale. The cancellation of quadratic divergences is guaranteed to all orders in perturbation
theory by non-renormalization theorems [SS75].

A couple of observation are in order here. First, the solution to the hierarchy problem
provided by eq. (1.3) is a “technical” one: within the MSSM it is possible to keep my
and Mp, separated, but on the other hand the question why they are so different is not
addressed. It is also true however that the latter, ambitious question is likely to have an
answer (if any) only when the quantum regime of gravity will be fully understood.

A second observation follows from noting the proportionality of eq. (1.3) to the ¢
squark mass. Even not considering the full one loop correction formula to the Higgs mass
in the MSSM, from eq. (1.3) it is clear that m; cannot be too big, since otherwise my
would blow up in turn. A careful analysis (see in particular [BS00, MPR98]) including also
MSSM corrections to the Z boson mass, indicates in fact that the lightest SUSY partners
must be found about 1 TeV in order not to cope with heavy fine-tuning problems again.

A clear solution to the hierarchy problem is not the only virtue of SUSY. Another
attractive option is the proposal of a candidate for Dark Matter (DM), provided by the
so-called Lightest Supersymmetric Particle (LSP), usually identified with the neutralino.
It should be stressed that there are cosmological arguments pointing to the TeV range for
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the mass of DM particles [Mu, St]. In addition the MSSM would require the LSP to be
stable, as a consequence of R-parity conservation. The latter symmetry is an elegant way
for removing from the MSSM superpotential operators that would violate Baryon (B) and
Lepton (L) number conservations. Proton decay, the most sensitive probe for this kind of
effects, violates both B and L so that the absence in the Lagrangian of these terms could
be enough to suppress proton decay within the experimental bounds. Now, SM particles
and their SUSY partners are required to have opposite quantum number under R-parity,
so that the conservation of the latter automatically entails LSP not to decay.

An additional striking feature of SUSY emerges when including it as an ingredient
of Grand Unified Theories (GUT). The latter are gauge theories in which the SM group
SU(3)e. x SU(2)r x U(1)y is embedded in a larger simple group, for example SU(5) or
SO(10). If SUSY is assumed to compute the evolution to high energies of the three SM
couplings, namely a, ay and Qey, it notably turns out [EKN91] that their values almost
coincide at a scale of around 10'® GeV, hinting at a “grand” unification. This is a non
trivial test [St] , since it requires three lines to cross in a single “point”: as a matter of
fact the same test fails when computing the runnings without SUSY.

We underline that the issue of a suitable extension of the SM able to address, at least
partly, the open problems abovementionated, has been dealt with following other non-
SUSY approaches as well. The latter led to models that can be roughly classified into
three big groups, namely (i) technicolor theories, in which the Higgs is a condensate of
new fermions; (ii) theories with large compactified extra dimensions, with a corresponding
explanation of the weakness of gravity as a “geometrical” effect (in this general context
other interesting directions of development are represented by “Higgsless” models and
models with “gauge-Higgs” unification); (iii) “little Higgs” models, in which group theory
work allows to make corrections to the Higgs mass appear only at the two-loop level.

It must be stressed that none of the above approaches is free of criticisms and problems:
for a quite complete coverage in this respect, the reader is referred to [Alt]. The message
we would like to convey here, also stressed in [Alt], is that such alternative models are
actually not as maturely formulated and studied as SUSY, so that they (still) lack a well
defined and phenomenologically viable baseline.

On the other hand, with the MSSM — or variations thereof —, SUSY offers a class
of models that share the unique feature of being consistently and completely formulated,
hence calculable, exactly like the SM. This non negligible virtue, together with those
sketched before, leave supersymmetry as the “standard” way beyond the SM [Alt].

1.4. Rare processes

Models of NP can not only be verdict by the experimental detection of the new particles,
but also undergo indirect test by calculating their contributions to very well measured
processes and/or rare ones. The option of indirect searches of NP is obviously based on
a given model being calculable and well defined. This is a special virtue of the MSSM, as
we have already stressed.
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Putting rigorous constraints is also important in the particular case of the MSSM,
given the big number of basically free parameters characterizing this model. Taking into
account the (more than) doubling of the particle content, and the presence of SUSY-
breaking terms, the MSSM entails some 100 parameters in addition to those pertaining
to the SM.

In order to allow to reliably explore such large space of parameters, it is important
to choose a suitable set of observables able to put the most restrictive limits on them.
The latter limits are in turn useful handles on possible symmetries that are still missed
in the construction of the model, and that could considerably simplify the pattern of
parameters. In this respect, many elaborating hypotheses like Minimal Flavor Violation
(MFV) [DGIS02, HR90] have been proposed.

In the present work we analyze in turn two observables which allow us to investigate
rather different scenarios for the MSSM parameter space. They both belong to the cat-
egory of rare processes, physical transitions that are strongly suppressed already within
the SM, so that NP contributions have a better chance of being competitive. The first
one is the Electric Dipole Moment (EDM) of the Neutron, whose experimental bounds is
[Har99|

|d,| < 6.3-107%°e - cm . (1.4)

The latter, together with other particles’ EDM, is strictly connected with the new sources
of CP violation present in the MSSM. We have specialized our analysis to the minimal
supergravity (mSUGRA) models, a class of NP models that allow us a numerical pre-
diction of the magnitude of the new CP-violating phases. We underline that a careful
analysis of EDM processes is mandatory in order to assess the allowed size of these NP
contributions to CP violation and their possible effects in electroweak baryogenesis and
in other CP violating processes.

However, the MSSM in turn can be formulated as the low energy description of an
high energy theory less rigid than the mSUGRA models. Without assuming any special
scenario for the ultimate theory, the choice of appropriate experimental quantities to
compare to the experimental predictions becomes of particular concern. In this context,
the dynamics of flavour physics in the quark sector provides a promising way to explore the
structure of the SUSY theories. We are thinking, in particular, to the already mentioned
FCNC processes. The theoretical predictions for these observables, receiving loop-induced
contributions from the new SUSY particles, must be as general as possible. The philosophy
under this statement is clear: whatever the ultimate theory, once the SUSY parameter
space is provided at a scale around the EW one, it is possible to directly compute the
theoretical prediction for these processes, compare with the experimental number and
decide if the model is phenomenologically aviable.

In this Thesis we have applied such approach to the B — X7 inclusive decay. For this
long-time observable, the Heavy Flavor Averaging Group [HFAG] quotes for the measured
branching ratio the following world average (see ref. [B106] for the explanation of the
various errors in (1.5)), obtained with E., > 1.6 GeV:

BR(B — Xyy) = (355 £ 247, £3) x 107° . (1.5)
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Notably, this quantity is well suited to be part of a “precision” program, thanks to its low
sensitivity to non-perturbative effects. This is because the mass of the b-quark is much
larger than the QCD scale Agcp.

We performed the calculation of the effective Hamiltonian responsible in the MSSM
for the flavor-changing AB = 1 (AS = 1) transition at Leading Order (LO), and provides
some basic ingredient to push the theoretical prediction to Next-to-Leading Order (NLO).
The main difference of this computation with respect to the choice of some restrictive
hypothesis as MFV, lies in the fact that the strong interacting sector of the MSSM enters
in the prediction for the branching ratio in (1.5) already at the LO, through the exchange
of virtual gluinos. The tree level interaction responsible for the magnetic, penguin and
box diagrams calculated in chapter 6, called flavour changing gluino (FCG), is introduced
in sec. 2.3.

We underline that a complete NLO calculation for the branching ratio of the radiative
B decays in a model-independent scenario for the MSSM is a very involved task and, as
for the SM predictions for the same quantity, will require a certain number of years and
“human resources” to be completed.

However, the LO formulae presented here are the first step to perform a phenomenolog-
ical analysis of the mass matrices of the up- and down- type squark, the supersymmetric
scalar partners of the SM quarks. Given the strong suppression of the flavour changing
effects already inside the SM, dictated by the almost diagonal pattern of the CKM matrix,
it is possible to derive severe bounds also for the off-diagonal terms of the corresponding
squark mass matrix. We adopted the Mass Insertion Approximation (MIA) as a useful
tool which permits a simple quantification of such a non-diagonal entries.

1.5. Outline of this work

The Thesis is organized in the following way:.

Chapter 2 starts with a short summary of the main features of the low-energy SUSY
in sec. 2.1-2.2, with particular emphasis on the particle content of the MSSM. Sec. 2.3
focus on the flavour and CP content of the MSSM in the quark sector, as the common
framework for the calculations presented in this work. We also describe the pattern of
the supersymmetric parameters, once we assumed the MSSM as a low energy remnant of
a mSUGRA model. In fact, this is the model we have used in our analysis of the EDM of
the Neutron.

In chapter 3 we then enter into the technical details at the basis of the calculation
we want to present. In particular, sec. 3.1 is an introduction to the OPE while sec. 3.2
explain how to use the RGE in order to relate the supersymmetric high energy interactions
to the hadronic low energy dynamics.

Chapter 2 and 3 represent somewhat an introductory part on the main field theoretical
tools, to the aim of making the treatment as self contained as possible and to define a
common notation. The original part of the work follows.

In particular, chapters 4-5 deal with a deepened study of the EDM of the Neutron
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within the mSUGRA models. After a brief introduction to the EDM interaction in sec.
4.1, we briefly summarize the SM predictions for the EDM of the Neutron in sec. 4.2. In
order to obtain the physical amplitude, calculated at the high energy scale given by the
masses of supersymmetric particles, in sec. 4.3 we give the relevant formulae to evolve
the Wilson coefficients down to a few GeV, where the matrix elements of the operators
are estimated with non-perturbative methods (sec. 4.4). In sec. 4.5 we will derive all
the possible SUSY contributions at LO. Sec. 4.6 is dedicated to the phenomenological
implications of the LO results. We suggests that cancellations between the various super-
symmetric contributions to the EDM of the Neutron can be active only in special regions
of the parameter space, but cannot be invoked as a general argument in order to pass the
severe experimental constraint given in eq. 1.4. We discuss all the uncertainties hidden
inside the LO approximation, and stress in particular that the dependence on the match-
ing scale for the gluino contribution is considerably pronounced. This naturally explain
our efforts to compute the NLO corrections to the EDM of the Neutron, specializing to
the strong sector of the MSSM.

These are included in chapter 5 by considering the relevant anomalous dimension
matrix (ADM) and Wilson coefficients at the two loop level. In sec. 5.1 we present
the NLO implementation of the “magic numbers”, obtained as a solution of the RGE
dictated by the ADM generated by the mixing of the dipole operators with the Weinberg
operator. The Wilson coefficients is the second ingredient in order to complete the NLO
calculation. In 5.2 we describe, in detail, the full theory computation. The list of the two-
loop diagrams computed is given in figs. 5.1-5.6. The effective theory calculation and the
matching procedure are given in sec. 5.3. At the NLO, the result in the full theory depends
on the choice of the regularization scheme. We obtained the final result for the Wilson
coefficients in the MS-NDR scheme. In sec. 5.4, we describe the procedure followed to
translate the result in the MS-DRED scheme. This is always required when dealing with
supersymmetric calculation, since NDR breaks supersymmetry. The Wilson coefficients
satisfy the proper Callan-Symanzik equation (sec. 5.6), and, as expected, the dependence
of the result for the gluino contribution from the matching scale is considerably reduced
with respect to the LO (sec. 5.7).

Chapter 6 turn to radiative B decays, analyzed in the presence of supersymmetric FCG
interactions. We give all the ingredients needed to an evaluation of the Branching Ratio
at LO. Some specific tools for the calculation, namely the MIA and the Fierz relations,
are collected in appendices A and B, respectively. We stress again that the part of the
Thesis embedded in this chapter is only an exploratory study. Our first aim is to confirm
the already known results present in the literature for the gluino contribution to radiative
B decays in SUSY. In particular, we find agree with the results of [BGHWO00], once the
latter are translated to the MIA formalism used here.

The last chapter of the Thesis is devoted to our conclusions and outlook.



2. Theoretical framework I: Supersymmetry

In this chapter we briefly review the construction of “low-energy” Supersymmetric models,
focusing in particular to the MSSM in sec 2.2. We will present only the aspects more
closely related to the original part of the Thesis. For a more formal analysis in the
framework of the superfield formalism, the reader is referred for example to [Der].

In particular, we will focus on the new flavour- and CP- violating interactions which
naturally arise if the New Physics proposed to solve the hierarchy problem is SUSY. As
explained in sec. 2.3, all these new effects are embedded into the mass matrices of the
new particles present in the physical spectrum at the electroweak scale (squark, charginos
and neutralinos).

2.1. Low-energy Supersymmetry

The presence of elementary scalar fields, namely the Higgs fields, can be allowed without
a rising of the hierarchy problem, as previously mentioned, if the SM is extended in a
supersymmetric way. For phenomenological reasons, supersymmetry cannot be exact,
otherwise supersymmetric partners degenerate in mass with the known particles would
have been already observed. It is possible, however, for this boson-fermion symmetry
to be broken and in turn for the theory not to develop any further quadratic (and in
general power-like) divergences beyond the usual logarithmic ones. This can be managed
either via a spontaneous or via an explicit breaking of the supersymmetry. Obviously, the
supersymmetric breaking scale, linked for example to the splitting 6m? inside of the super-
multiplets, must be close to the electroweak one: in fact, in the limit dm? > M3, the
hierarchy problem would arise again, since the radiative corrections to the scalar masses
are proportional to such splitting.

In explicit realizations of models with global supersymmetry spontaneously broken, it
turns out that realistic mass splittings between SM particles and SUSY partners do not
arise in a natural way [O‘R75, BFNS82]. Such difficulties do not support to the belief
that breaking of global supersymmetry be of spontaneous nature.

Consequently, most of the supersymmetric models used in phenomenology, in partic-
ular the MSSM, feature explicit soft breaking of supersymmetry, through the addition of
suitable non-supersymmetric terms to the Lagrangian. This solution, not really esthetic
at first sight, find a justification in a more wide context, in which also gravity is consid-
ered. The connection with the latter is intuitive: in fact the generators of supersymmetry
are part of a larger algebra, comprising also the Poincaré Group generators (superalgebra
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or graded Lie algebra), and the gravitational field is connected to the local transforma-
tion generated from the latter. One is therefore induced to consider also the local version
of the supersymmetric transformations and to build the so-called supergravity theories.
The latter should in turn be an effective version of SuperStrings, that are presently the
only known candidate for a one-parameter, finite theory eligible to describe gravity at the
quantum level together with the SM forces. Note that this connection with the gravity is
another important motivation for supersymmetry.

In order to obtain models in which supersymmetry, not broken at the Planck scale,
survives, one assume that the local supersymmetry be spontaneously broken in an “hid-
den” sector that have no (or only very small) direct couplings to the “visible” sector. The
ultimate supersymmetry-breaking order parameter do not belong to any of the SUSY
super-multiplets and is provided by a nonvanishing vacuum expectation value (v.e.v.) for
some auxiliary field /' embedded in the hidden sector. The latter must be introduced,
and indicated as F' and D for matter and gauge super-multiplets, respectively, in order
to preserve SUSY also off-shell.

In an effective theory approach, it is possible to infer the scale of the breaking of the
supersymmetry considering gauge-mediated interactions with the hidden sector dictated
by a group G

L ae (F)
47-(- Mmess ’

om (2.1)
where ag /47 is a loop factor and the index G labels the gauge group which mediates the
breaking. SUSY breaking can be communicated to the observables sector also by means
of gaugino condensates [Nil82] or by anomalies in extra dimensional models.

All the abovementioned options can be used to explore the dynamics until a certain
energy, since we expect gravity mediation to become the dominant mechanism near the
Planck scale. In supergravity, one important consequence of the spontaneous symmetry
breaking is the generation of a mass term mg/, for the gravitino to expenses of a massless
fermion called Goldstino, like in the ordinary Higgs mechanism.

Lacking a renormalizable description of quantum gravity, in an effective theory for-
mat supergravity enters the MSSM Lagrangian through interactions of negative mass
dimension, scaled by inverse powers of the Plank scale Mp. With the addition of these
non-renormalizable terms, beyond the superpotential invariant under global SUSY trans-
formations, two other independent terms must be specified in the most general Lagrangian:
the Kahler potential with dimensions of the squared mass and the dimensionless gauge
kinetic function. The general construction of the model is more involved than in global
SUSY. For phenomenogical applications, however, the key point is the existence of a
special configuration, dictated by a choice of minimal kinetic terms and a “flat limit”
(Mp — oo with mg/, fixed). In this minimal model, spontaneously broken supergravity
at high energy is equivalent to a low energy global supersymmetric theory explicitely
broken by soft terms. The scale of this terms is connected to the gravitino mass:

(F)
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In particular, this is the order of magnitude of the masses contained in the scalar potential,
and consequently also the order of magnitude of the electroweak symmetry breaking. In
this way, is is possible to establish a natural link between the latter and the “effective”
scale of the supersymmetry breaking.

2.2. Minimal Supersymmetric Standard Model

The simpler realization of the abovementioned scenario is embedded in the Minimal Su-
persymmetric Standard Model, which will now briefly introduced. For a systematic pre-
sentation of the MSSM the reader is referred for example to [Mar97].

The particle content of the MSSM is given by the Standard Model fields, with a second
Higgs doublet, in a one-by-one correspondence to supersymmetric partners with the same
quantum numbers. The supersymmetric multiplets are described by chiral or matter and
gauge or vector superfields: the chiral superfields are collected in table 2.1, according to
the transformation properties under the SU(3). x SU(2);, x U(1)y gauge group, and have
component of spin 1/2 (three generations of lepton and quarks, beyond the Higgsinos)
and of spin 0 (three generations of sleptons and squarks, beyond the Higgs fields). The
vector superfields, given in table 2.2, have physical component of spin 1 (standard gauge
fields) and spin 1/2 (gauginos).

The electric charge of each particle satisfies the relation Q. = Y + T3, where T3 is the
SU(2) eigenvalue, which equals +1/2 for doublets, zero for singlets. Gauge invariance
specify completely the gauge-mediated interactions between the chiral and the vectorial
superfields !

— 5. 1
EQ‘WW - (DH¢)T(DH¢> + iwau(Dlﬂﬂ) + Z {i)\%gu(Du)‘ZI;> - EFIZ; WFIZD) v
P=B,W,G

—50p S (617805) "~ iv2gm (805 ) 6, + v 30p0) (A%ijwﬁ} (23)
p=1

where ¢ represent a general scalar superpartner of the matter field 1, X}Z.j = A?DT}’,U and
indices 7, 7 and p span the fundamental and the adjoint representation of the gauge group
P, respectively.

Now we turn to the mass and auto-interaction terms between components of the chiral
superfields. In this sector both the Yukawa Lagrangian Ly = Ly (¢,1) and the scalar

!Some warning about the notation: in this section all the fermionic components are left-handed Weyl
spinors, more suitable for the theoretical building of the SUSY Lagrangian. In the following section
we will pass to the Dirac and Majorana representations, more useful when dealing with perturbative
calculations.
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superfield spin 0 spin 1 SU(3). SU2)r., U(l)y

2
L v v 1 2 _1
é L € L ?
ECI (éé)* (ei)C 1 1 +1
~1 I
o () (4 3 2 4
L L
Ul ()" (ug)® 3 1 —2
D! (dh)* (df)° 3 1 +3
h hl
i, ( " ) (ﬁz ) . > !

&

(7)
hg
Table 2.1: Left-handed matter multiplets of the MSSM. Index I run over the three gen-

erations of quarks and leptons.

potential V' = V(¢) are determined by the superpotential W = W (¢) of the theory:

1 O*W
£y = —5 ZZ]: [miﬂﬂﬂ] + h.c. y (24)
ow |?
V= Z ‘ 39, (2.5)

Specializing to the MSSM, we give here the explicit form of the superpotential as a function
of the superfields in table 2.1, even if they can be just thought of as the correspondence
scalar fields, when applying the rule in eqs. (2.4-2.5) [Mar97]:

W= e YYUQ'HI —¢,;YL DIQTH) — ¢,; Y E'LY H) + pe; HLHY + hec. , (2.6)

In eq. (2.6) SU(2), singlets are obtained contracting with the antisymmetric tensor €;;.
Moreover, a sum run over the repeated indices of generation I, .J is understood throughout
this chapter.

This is the most general superpotential for the superfields of the MSSM, compatible
with renormalizability, gauge symmetry and R-parity.

The MSSM Lagrangian is completely given only if the most general soft terms allowed
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superfield  spin spin 1 SU3). SU(2)r, U1y

Vs A G 8 1 0
Vs iy Wi 1 3 0
Vi \p B, 1 1 0

Table 2.2: Gauge multiplets of the MSSM. Indices a and ¢ run over the adjoint represen-
tations of SU(3) and SU(2), respectively.

by gauge symmetry are specified
~Loone = |(ml5)? (@) + (d1)"dL ) + (mt )2 (ak) g+ (m$)2(dR)" d
+(mg’)? ()7L + (ep)"é1) + (my )*(€R) e
+mig, ((ho) e + (ho) b)) +miy, ((ha)"hg + (hg)"hg)]
+% (MidpAp + MoXip Ny + MsAEAG + h.c.)
o (e Al () al b, — e AL (dR)ai'n)
— e, AY (LTI, + Bey i I, + h.c.) . (2.7)

In formula (2.7) we have used the notation § = (4,d) and [ = (,€). We have already
stress in sec. 2.1 that all the positive mass dimension parameters in eq. (2.7), generally
indicated as mg.g, must be around the TeV scale, in order to do not reintroduce fine-
tuning.

The Higgs mechanism is performed by giving a v.e.v. to ad hoc scalar components of
both the H, and H, superfields

() ()

where v, = vsinf3 , vy = vcos [ is the common parameterization A detailed treatment
of the Higgs mechanism can be found in [Der], whereas the resulting mass formulas with
the conventions usually adopted in the literature are collected in [Ros90].

This choice is dictated by the request to break SU(2) x U(1)y down to U(1)em. We
will not enter here into the details of the calculations practically realizing this mechanism,
since they are not important for our discussion. We only write down the final relations
which link the weak parameters to the electromagnetic charge e = gicy = goSw, Where
Sw = sin Oy, cy = cos Oy, define the Weinberg angle 6y,

e e

MW:—’U y MZ:
2SW

. 2.
2SWCWU ( 9>

We now turn to analyze in more details the CP and flavour properties of the MSSM, since
they are closely linked to the physical observables under investigation in this Thesis.
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2.3. CP and Flavour properties of the MSSM

Looking at the superpotential in eq. (2.6) we note that, in order to generate diagonal mass
terms for the fermion fields, suitable unitary transformations in the generation space must
be performed on the superfields Qf, U/, DI/ L and E!. Such transformations are defined
as [HKR86]

I
QiH

I
U, —

C
LZ-I—>

El — (Vi) ET . (2.10)
The important point is that the up- and down-components of doublets rotate with separate
matrices. In particular rotations for u and d quarks are those defining the CKM basis.
Since the same rotations occur for squarks, the superfield basis on the right side of eq.
(2.10) is usually referred to as the super-CKM basis. Proceeding exactly as in the Standard
Model, by means of formulae (2.10), the Yukawa couplings Y'7 in eq. (2.6) are reduced
to their diagonal form

(Yo)t = (VUYUVQTl) , (Yp)t= (VDYDVQTQ) , (Yp)'= (VEYDVLT2) - (2.11)
and correspondingly the mass terms are
mt =Y, , mi=Yivg , m? =Y, . (2.12)

However, the misalignment of V, and Vj, induce tree-level mixing among quarks of
different generations. In particular vertices connecting a pair of quarks with a charged
boson or scalar Higgs and their supersymmetric counterparts (see eq. (2.3)) are weighted
by the elements of the CKM matrix K = VQ1V52. This phenomenologically almost-
diagonal matrix give rise to all the CP- and flavour- violating observables in the SM. We
postpone the discussion of the strong CP violation, also present in the SM, in section 4.2.

In the MSSM there are several additional contributions to flavour changing transition
and CP violation which are absent in the SM. We first observe that squarks with the same
electric charge, organized in a six component vector as

o . . =~ . =T
(g, ig)" = (@r,¢r,t, UR, R, tR) (2.13)

in the case of up squarks, can mix through 6 x 6 matrices only restricted to be hermitian.
The latter receives contribution from the soft terms in eq. (2.7) and, after the EW symme-
try breaking, also from the gauge and superpotential couplings. After the diagonalization
of the fermionic mass terms via the rotations in eq. (2.10), the expression for the up and
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down-type squark matrices in the Super-CKM basis read

e Vom3VE + (md)?+ Mg, 1 (Vg AL VY, — peot3)md _
U — N ) .
md (Vo, AV, — wreotB)  VomZ Vi + (md)? + Ag, 1

2 VQ2méVC§2 + (md)? + Ad’Li (VQZATDV& — ptanfB)mg 215)
D — . ) .
mi(Vo,ApV, — ptang) — VpmbVi + (mg)? + A4, 1

where Ay = [(T3)s — Qg sin® O] cos 26M% and we have re-parameterized the A-terms
extracting the corresponding Yukawa matrix as Ay — YyAy , Ap — YpAp.

The only CP- and flavour-violating terms in eqs. (2.14-2.15) comes from the soft
parameters embedded in eq. (2.7). The SUSY breaking mechanism introduces many new
parameters. In particular, a careful count [DS95] reveals that there are 57 additional
masses and mixing angles and 40 extra phases with respect to the Standard Model.

The quite severe experimental bounds on the new flavour and CP violating parame-
ters require a precise theoretical explanation. Now we want briefly discuss two possible
solutions of the supersymmetric flavour and CP problem.

The first one is given by the mSUGRA model, and corresponds to the universality idea
for the soft parameters. The theoretical motivations to justify such a kind of models have
been already discussed in sec. 2.1. Here we point out the further observation that this
models are very clear from a phenomenological perspective, since they strongly reduce the
amount of independent sources of CP violation generated by the supersymmetry breaking
mechanism.

In this case, once an auxiliary field F living in the hidden sector gets a v.e.v., the soft-
breaking parameters can be written in terms of only four parameters {ml /2, Mo, Ao, Bo}

as follows
Mi=myy , i=1,2,3; (2.16)
mé:m%:m%:m%:m%:mgi , m%u:qud:mg; (2.17)
YoAuv =AYy , YpAp =AYp , YeAr = AoYE ; (2.18)
B = By . (2.19)

Egs. (2.16-2.19) are universal boundary conditions at the Plank scale for the RG evolution,
and their solution allows, together with the supersymmetric couplings given by the gauge
and Yukawa interactions, to provide the entire MSSM spectrum at the EW scale.

In the mSUGRA models those phases can arise from 4 complex parameters

¢u ’ ¢Bo ) ¢m1/2 ’ ¢A0- (220)

However, only two of this are physical, since it is always possible to “rotate” away the
other ones acting on the fields with two U(1) global symmetry. The first symmetry is
a Peccei-Quinn transformation which acts on the Higgs doublets and the right-handed
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fields in such a way that all the interactions but those which mix the two doublets are
invariant. It is customary to use this symmetry in order to choose the phase convention
in which By is real. The second U(1)r symmetry transforms the fields in such a way
that all the dimension one parameter involved in the superpotential (2.6) and in the soft
Lagrangian (2.7) are rotated by the same magnitude. As a consequence, we can set to be
real by a U(1)g rotation one another parameter in (2.20) The common choice adopted in
the literature is to keep my, real.

The mSUGRA models are the theoretical ground for our analysis of the EDM of the
Neutron. The latter is a CP-violating observable, and consequently vanish in the limit of
null new supersymmetric phases.

We observe that renormalization effects do not introduce further additional phases in
the transition from the boundary scale Qy to the electroweak one. We observe that a
popular approximation is to impose the boundary conditions (2.16-2.19 at the unification
scale My ~ 10'® GeV instead of Mp [Mar97).

This is clear for the gaugino masses, since the RG equations are

d 1
—M, = —b,g>M, , b, =33/51,-3 2.21
o 209 / (2.21)

in the one-loop approximation, with ¢ = In Q/Qo. Then it follows that

_ %@
2(Qo)

M,(Q) (2.22)

As for the other potentially complex couplings we start observing that the phase of y and
By are RGE-invariants. Turning finally to the A-terms, even if the evolution from the
boundary scale to the EW is different for up- and down- type flavour, resulting into a
splitting of the phases ¢4, and ¢4,, however they are both calculable from the boundary
conditions (2.16-2.19).

The baseline of this discussion is that, in its more economical version, mSUGRA
models allow to put directly constraints on the magnitude of the two independent “gravity
mediated” phases ¢, and ¢4,.

In our analysis of the Neutron EDM this phases enters the squark mass matrix. The
latter have been already introduced in its general form at the EW scale in eq. (2.14).
The crucial point here is that, assuming the universality conditions at the input scale,

the squared mass matrix of the down-type squarks evolved to My, can be written in the
Super-CKM basis as

M? M?
M2 (MW) — ( DLL DLR) (223)
b M%RL MI%RR
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where

Mprp = (Mppp)*(t) + ai()KT(md)’K | (2.24)
2 d ca(t) trod\2 d

Mprr = |Mppp(t) + ==K (my)"K| myg , (2.25)

My,

2 d d ca(t) frod\2

Mppr, = mg | Mpg.(t) + K'(my)°K| (2.26)

My,
ME)RR = (MgRR)z(t) . (2-27>

Here t = In Mp /My, ¢; are function of (My/My,)?, where M, indicates one of boundary
masses in eqs. (2.16-2.19), that can be explicitely calculated using the RG equation for
the MSSM parameters [MV94]. From eqgs. (2.24-2.27) follows that (i) the RR sector
is still diagonal after the RG evolution, (ii) flavour transitions in LL,LR,RL sectors are
proportional to the ordinary CKM angles (iii) LR and RL transitions are also proportional
to the mass of the corresponding right-handed quark. The asymmetric pattern in (i) is a
consequence of the chiral structure of the MSSM. In the superpotential left down squarks,
whose superpartners are left quarks embedded in a SU(2);, doublet, can couple to other
fields either with the up and down Yukawa couplings as [MV94]

dmg i i

T x cyYyYu +cepYpYp . (2.28)
The first term on the right side of eq. 2.28 generates the second term in eq. (2.24),
once the Yukawa matrices are diagonalized via eq. (2.11). The same term is instead not
present for the right down squark.

The initial conditions have the explicit expressions

Now we want to study the impact of such a very clean picture when applied to the EDM
of the Neutron, The latter involves only up and down type quarks of the first generation
as external states and moreover the dipole interaction violates chirality and consequently
must be proportional to some quark mass. We consider for example the down quark.

Two possible scenarios are in order now for the LR and RL typical of the EDM
transition to be generated.

The first option is to restrict the down-type squark mass matrix in eq. (2.23) to a 2 x 2
matrix in the basis (dz,dg). In this case the LR and RL transition will be proportional to
the light quark mass my, and we expect a natural suppression to the EDM of the Neutron.
The off-diagonal entries of the squark mass matrix also contain the sensitivity to the new
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supersymmetric CP violation phases, as is manifest looking at eqs. (2.29-2.32). This is

the possibility we have considered in our subsequent calculations (see eq. (4.35)).
Alternatively, the first non-null contribution to the EDM interaction from flavour

transitions, not proportional to my, is a third order effect given by the following chain:

CZL — [;R — EL — CZR (233)

and is dimensionally suppressed with respect to the leading term by a factor mi/MZ; gy -
In the case of the u quark, the corresponding factor m? /M2 ¢, can be of order one, but
is not sufficient to compensate the suppression associated with the CKM elements in eq.
(2.24-2.27). This observation justify our restriction of the squark mass matrix discussed
above.

In our analysis of the EDM of the Neutron there are other sources of CP violation
which arise after spontaneous symmetry breaking of SU(2); x U(1)y, when higgsinos
and electroweak gauginos with the same electric charge can mix. In particular, the four
neutral fermions (Ag, A%, Y, h%) give rise to the mass matrix

M, 0 —cos Bsin Oy My sin (3 sin Oy My
M 0 My cos B cos By My —sin 3 cos Oy My
-
—cos sin Oy My cos 3 cos Oy My 0 — I ’
sin Gsin Oy My —sin 3 cos Oy My — I 0
(2.34)

while the charged ones (A, 2) and (\;;, hy) give rise to

VFcos AV . (2.35)

M. 2sin B M
e (g, VR
CP violation naturally enters in (2.34-2.35) through the p parameter. The diagonalization
of those matrices with

Z*MgpZ' = My, UMV = ML (2.36)

where Z, U and V are unitary matrix give rise to mass eigenstates for Majorana and
Dirac particles, respectively called Neutralinos (N°) and Charginos (C*) The vertices
neutralino/chargino-quark-squark enter the EDM interaction through loop-induced dia-
grams.

Another possible scenario to explain the suppression of FCNC is given by the already
mentioned MF'V hypothesis. According to it, the maximal flavour symmetry group of the
SM, SU(3)3 x SU(3)} x U(1)®, is broken by the supersymmetric partners exactly in the
same way as it is broken in the SM by the Yukawa couplings. The allowed terms for the
positive mass dimension parameters in eq. (2.7) can be computed in a model-independent
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fashion with the spurion technique [DGIS02], and turns out to be

mg = mg (ali + 0 YoV + b YpY) + bsYp Y YV + b4YUYJYDY,_T,> . (2.37)

m?] = mg (agi + b5YUYJ) , (2.38)
m% = mg (agi + bGYDY[T)) , (2.39)
YuAy = A (a4i n b7YDYg) Yo | (2.40)
YpAp = Ay (a5i + bSYUYJ) Yp | (2.41)

where the terms quadratic in the down quark Yukawa coupling Y are negligible for small
tan (3. The b; coefficients introduce the deviations from the universality conditions for
the soft terms introduced in eqs. (2.16-2.19). As a reference example, if we substitute eq.
(2.37) in the Left-Left entry of the up squark mass matrix in eq. (2.14) and we use the
definition of the CKM matrix K we arrive at

VamgVh =mg [a1 + bi(V))? + b K (YA KT+ O(YEYy)] (2.42)

Eq. (2.42) tell us that the flavour-violating effects in squark matrices are proportional
to the entries of K. However, these effects are unphysical, since they can be rotated
away with another simultaneous rotation of quark and squark under which the charged
current interactions, mediated by the same matrix K, are invariant. As a consequence,
in MFV the neutral currents remains flavour diagonal at tree level, as in the SM. The
supersymmetric contributions to flavour transitions occur only in the charged current
sector and are mediated by the known CKM angles. In particular, the MF'V hypothesis
implies the absence of tree-level flavor-changing gluino (FCG) interactions. This has
deep phenomenological implications, because the strong coupling is much larger than the
others at the energy around the TeV scale, where the new supersymmetric degrees of
freedom, as the squarks and gluinos, can manifest. Consequently, the MFV hypothesis
seems to be favored by the present absence of deviations from the SM of the FCNC
processes. However, the pattern in eqs. (2.37-2.41) requires all the dynamics up to the
cutoff (Mp in the gravity mediated case) to respect the MEFV hypothesis. In addition,
because the weak interactions affect the squark and quark mass matrices in a different
way, their simultaneous diagonalization is not preserved by higher order corrections and
can consistently imposed only at a certain scale pypy, complicating the study of higher
order contributions in this framework [CDGG98].

We now turn to the most pessimistic scenario for flavour (and CP) phenomenology.
We take the most general situation, where there is no alignment of quark and squark mass
matrices in the Super-CKM basis. We can diagonalize My and M p with appropriate
unitary transformations of the up- and down-type squarks

ﬁi = (Z[JrJ)IkUk ) 'aR = (Z(Jr])(1+3)kUk ’

dt = (Z0)*Dy | dh = (Z1)k D, (2.43)
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uy(dy)
. = —ivV2g,T%, [(Zu) " Pr — (Zu(p))" ) Pg]
Ui Do) A (2.46)
uy, (dy,)
- = —iv20. T3 [(Zhp) " Pr = (Zh )" Py
Unz(Dnz) AaG

(2.47)

Figure 2.1: Feynman rules for FCG tree level interactions.

where the index k =1, ...,6 and, recalling that I =1, ..., 3 runs over the generations, the
unitary conditions read as

(Zup)™ (Z§ p)™ + (Zy,p)™ (2], )T = g, (2.44)

)
)

The mass matrix in the U basis is given by

M0

(MT2J)LL (MI%)LR o .
& ((ME])RL (M[%)RR) Zu = 0 : M2 : (2.45)
Us

We have applied the consequences of this realization of the squark mass matrices in the
case of the radiative B decays. Among the new supersymmetric interactions contributing
to this process, the main role can naively be associated to the FCG. In fact, differently of
the MFV picture, now the vertex quark-squark-gluino is directly present at tree level as
shown in fig. 2.1 where we have introduced the Majorana spinor Ag = (—i\g , +irg)T.
In egs. (2.46-2.47) the left- and right-handed projectors are defined as Prp = (1 4+ 5)/2
while index a run over generators 1" of the SU(3) group, whereas indices m, n run over its
fundamental representation. Finally, indices I and ¢ run over the generations of quarks
and the squark bases U, D, respectively.

Using these vertices one can in principle perform a full computation of the FCG effects
in the branching ratio of B — X,y [BGHWO00]..

Such computation means keeping the Zp, Z; matrices in the final expressions, that
will depend as well on all the squark masses My,, Mp, in the mass eigenstates’ basis.
Comparing with the experimental data, one could provide exact constraints on all the
entries of the Z matrices. Performing all the computations with full Zp, Z;; matrices
implies invoking a certain degree of fine tuning: off-diagonal entries in the Z’s could be
of O(1) with respect to the diagonal ones but cancellations should occur so that the final
FCNC effects arising be small. As a consequence, one could in general raise doubts on the
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reliability of the resulting estimate of the Z entries, unless the abovementioned numerical
problems are really kept under control.

One could even question whether the “exact” approach outlined above is really worth-
while after all, considering that the big number of free parameters ends up to spoil the
real utility of formulae from a phenomenological point of view. A more practical strategy
is to find a suitable approximation that could allow to account for the bulk of the effects
while considerably simplifying the exact formulae.

Let us start rewriting eq. (2.45) as

(M2U),] = (Z[T])ZkM?]k (Zu)y; (2.48)

where values 1, ..., 3 for the indices i, j stand for the corresponding flavours and left chi-
rality, whereas values 4, ..., 6 span the same flavours and right chirality.

Our goal is to bound the flavour-changing entries on the left side of eq. (2.48).

To this end we rewrite eq. (2.48) in the form

(ZZTJ)ikM2Uk(ZU)kj = (Mp)ij = (M?); 6+ Ay
N Ny

diagonal off —diagonal
9. A A
~ <M21 + A) A+ =), . (2.49)
~~~

We see that, after splitting the (MF);; mass matrix into diagonal and off-diagonal parts,
in the second line of eq. (2.49) we have

e introduced an average squark mass M
e assumed the off-diagonal entries A;; small with respect to M

The two assumptions above form what is called the Mass Insertion Approximation (MIA)
[HKR86], which is a very popular one in the literature.

The practical application of the MIA consists in expanding the theoretical amplitudes
to the first non-null order in the parameter ¢, defined as

. (2.50)

This approach avoids the diagonalization of the 6 x 6 mass matrices of quarks. More-
over, the study of the (potentially) formidable sources of supersymmetric flavour changing
translate in a study of the bounds on the ¢‘s, when confronting with the experimental
measures. In particular, the analysis of FCNC processes related to AF = 2 Hamiltonians
has recently witnessed allowed to put severe constraints on the corresponding ¢’s, partic-

ularly in the K — K case [CT98], unless the squark masses dividing them are well above
O(1) TeV.
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Turning to the radiative B decays, we will give the complete LO numerical factors for
a phenomenological analysis within the MIA. To fix more clearly the notation, we define
four different mass insertions, according to the chirality of the up and down squarks

(5LL)ij = (S,'j Z,j = 1, ,3 s (5RR)i—3 j—3 = (Sij Z,] = 4, ,6 s (251)
(5LR)i j—3 = (S,'j 1= 1, s 3 ] = 4, ,6 s (5RL)i—3 j= (Sz'j 1= 4, ,6 ] = 1, 3.

In the formulae presented in chapter 6, the indices i, j specify the flavour and consequently
run over u,c,t,d, s,b.

In summary, we have briefly summarized the aspects of SUSY, in particular of the
MSSM, more closely related to the calculations presenter in this Thesis. Possible scenarios
for the flavour and CP properties of the new supersymmetric degrees of freedom have been
briefly reviewed in sec. (2.3), and prepare the theoretical ground for our analysis of the
EDM of the Neutron and the radiative B decays in chapters 4-6. Of course, there are
many specific models which do not belong to any of categories presented, and also inside
these groups the phenomenological predictions strongly depend on how the parameters
are arranged (see for instance [COPWO94] for the popular case of large tan [3).



3. Theoretical framework II: OPE & RGE

This chapter introduces the general theoretical framework in which our calculations have
been done. It is the Operator Product Expansion (OPE) and the Renormalization Group
Equations (RGE), two basic and powerful tools for the analysis of particle processes
where many different physical scales come into play. The OPE allows to separate, rather
factorize, the physical effects coming from the various energy regimes, as it will be clear
shortly.

3.1. Effective Hamiltonian formalism

Our aim is to estimate the transition amplitude between the hadronic states we are
interested in, mediated by supersymmetry as it is realized in the MSSM. They are the
Neutron in the case of our EDMs analysis and the B meson for our study of the inclusive
B — Xv decays. In these processes several different energy scales take part, and in each
regime a different “kind of physics” plays the main role. To begin with, the short-distance
interaction between the constituent quarks of our external bound states is generated — in
the framework of the MSSM — by SUSY particles with typical mass Msysy > 1 TeV. The
various MSSM contributions — related to the different particles running in the loop — at
these energy regimes can be safely treated in perturbation theory. An intermediate scale
is represented by the momenta p of the external particles, typically in the GeV range.
Finally, the external states — mesons or baryons — are not fundamental particles, but
states built up of quarks and gluons strongly interacting among themselves. The typical
energy scale Agcp for such interactions can naively be obtained from the inverse of a meson
size, resulting in Agcp = few x 100 MeV. Around and below this scale, QCD cannot be
treated perturbatively, and to estimate physical effects — responsible for “building up” an
hadron out of quarks and gluons — one has to resort to strictly non perturbative methods,
as Lattice QCD (LQCD) or Heavy Quark Effective Theory (HQET'). So we have to cope
with a problem bearing three energy scales, with Aqcp < p < Mgusy.

The OPE [WZ72] formalizes the separation of the physical effects occurring at the
different scales. For a clear and exhaustive introduction to the OPE, see ref. [Bur9g].
The simplest way — and the most popular as well — to introduce the OPE idea starts
by considering two quark-antiquark currents interacting via a heavy intermediate boson.
Let the initial and final currents be respectively J4 = [ty and Jh = 3T by, T 5 are
strings of gamma matrices and together with the external flavours specify the quantum
numbers of the currents. Let the two gauge currents J,, Jp interact with strength g
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with a heavy vector boson B*, whose mass Mp is much higher than the four-momentum
p carried by the external states coming out of J4, Jg themselves. For the amplitude in
momentum space on can write

Aga g%]fj%ﬂé P g (%JQ‘JHB +O(p? /Mg)) (3.1)

p*— Mg Mg
where we have indicated by O(p*/M3%) generic contributions suppressed by integers of
the small ratio p?/M%. The under-script “full” means that the amplitude is computed
in a theory where all the degrees of freedom are present. The leading term on the right
side is the product of two currents, with no dependence on the momentum carried by
the vector boson. So in the x-space the two currents are on the same point and give rise
to the four fermions local operator J'J,p(z), that is of dimension 6. The other terms,
proportional to (p?/M3)", are generated by higher dimensional operators and typically
contains derivatives, in order to generate the factor p**. What happened in passing from
the left to the right side of eq. (3.1) is that the propagation of the heavy boson B*
as an explicit degree of freedom has been traded for an infinite series of local operators
approximating the better such propagation the higher is the maximum dimensionality
included.

Abstracting the discussion, we can say that our amplitude Ag,;, which is an S-matrix
element between some external states |in) and |out), can be reproduced by an effective
Hamiltonian H.g, between the same external states, made up of a series of couplings C;
times increasing dimension operators O;

Apar = (out|S|in) = ZC"(“’ Mpg){out|O;(p)|in) = (out|Heglin) | (3.2)

where the C;(u, Mp), known as Wilson coefficients, depend on the masses Mp of the
heavy degrees of freedom and (O;(u)) are matrix elements of local operators.

By construction such expansion makes sense when the energies of external states p
satisfy the relation p < Mp. Then, the “order” of the expansion is given by the maximum
dimension of the operators included, and at any given order the O; must be all those
allowed by the symmetries of the problem [BBL96]. It is possible to discard redundant
operators as well as operators vanishing by the Equation Of Motion (EOM): in this process
of selection, one chooses a set of independent operators usually referred to as a basis.
Normally the higher order operators in p*/M3% turns out to be numerically negligible and
are neglected.

The quantity u, beyond playing the technical role of a renormalization scale, assumes in
this context also the meaning of a factorization scale. What is factorized is the dependence
on the various physical effects arising at the different energy scales [Bur98]. In particular,
the coefficients C;(u, Mp), as coupling constants, will depend only on the high-energy part
of the full theory, namely on energies > p. On the other hand, the low-energy dynamics,
by definition that at energies < p, is encoded in the operator matrix elements (O;(u)). The
latter represent local operators evaluated between the external physical states of interest.
It follows that, in order to properly evaluate such matrix elements, one must take into
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account also the non-perturbative regime of QCD described above. One way to cope with
the latter is that of using QCD on the lattice, which, among the various methods on the
market, is the only one relying exclusively on first principle. Alternatively, the matrix
elements can be estimated for example with 1/N.-expansion, QCD- and hadronic sum
rules or chiral perturbation theory.

From eq. (3.2) it is evident that, while couplings and matrix elements of the effective
operators separately depend on the scale p, Ag remains p-independent as it is the case
for physical observables.

Now let us look more closely at formula (3.2). According to it, in order to reproduce our
amplitude we can use an effective theory, made up of a tower of couplings times operators
with increasing dimension. We could ask what happens when one includes radiative
corrections. Such a theory is not renormalizable, since, to start with, it contains an infinite
number of couplings with negative mass dimension. Nonetheless it is renormalizable at any
given order k in the dimension of the operators [Wei79]: after fixing the values assumed at
a certain scale p by all the couplings appearing in H.g to order k, the effective Hamiltonian
becomes predictive. Renormalization of H.g cannot be performed by means of suitable
redefinitions of the wave functions and couplings of the “full” theory. In fact in this
case such a renormalization procedure is not sufficient to absorb all the divergences of an
effective amplitude, since local composite operators bring in additional divergences. The
latter can be taken care of by redefining the operator basis by means of a renormalization
constant matrix Z, according to

0" = 2;0; , (3.3)

where we have specified the unrenormalized operators with a superscript ©.

From the above discussion, it is evident that the C;(u, Mp) are the unknowns objects
in Heg. Since by construction our effective Hamiltonian reproduces the full amplitude
Aga at some low energy scale below Mp (recall eq. (3.1)), one should exploit equality
(3.2) to find the C;(p, Mp). A fundamental observation helps out: the C;(u, Mp) depend
only on energy scales above i and are always the same independently of the low-energy
dynamics, in particular independently from the choice of the external states. This means
that, for the purpose of evaluating the couplings C;(u, Mp), instead of taking as external
states the physical degrees of freedom we are interested in, we can choose states of quarks
and massless bosons such as gluons and photons, possibly with unphysical kinematic
conditions. So the equality to exploit in order to determine the C;(u, Mp) is the following

i

'A;ull = (b[S|a) = Z Ci(pt, Mp)(b|Ojla)(p) = Ay (3.4)

where we have substituted our states of interest |in(out)) with “suitable” states |a(b)) and
the primes indicate amplitudes calculated with such external states. This way both A,
and the matrix elements (b|O;|a)(p) are analytically computable using QCD, and relation
(3.4) translates into a number of algebraic equalities, as many as are the operators O;.
A relation like (3.4) is usually called a matching condition of the full theory onto the
effective one, and allows to determine the couplings C;(u, Mp).
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Even if the matching condition can be enforced at any u, in practice the scale at
which the C;(u, Mp) are determined by the above condition (3.4) must be p ~ Mp. This
is due to the following reason. In the above discussion we have stressed that coefficient
functions depend only on the high energy part of the whole problem. Thus they will have
a functional dependence on the mass Mp, but not on the external particles” momentum
p. Moreover a dependence on the quantity In u? will inevitably come out when computing
divergent loop corrections. So, supposing that coefficient functions are finite to LO, their
structure to NLO must be the following

' 7
where A;, B; are Ultra-Violet (UV) finite quantities, possibly depending on the mass

. M
Cy(p, M) = ALY + Z‘—W <A§” +B"1n —B) : (3.5)

Mp, and the NLO corrections was indicated by an explicit overall a, factor. The above
equation is the result of a naive dimensional argument. From eq. (3.5) one sees that
even if ag(p) < 1, the logarithm can be very large whenever scales Mp and p are vastly
different. This is in turn the case for our physical observables, since we can identify
Mp ~ Mgsysy and i ~ Aqep where matrix elements are computed. The result is that the
product a, x In Mgygy /i turns out to be of O(1), and the perturbative expansion in «j
does not make sense any longer.

To avoid this problem one is forced to choose the scale i, at which the Wilson coeffi-
cients are calculated via the matching procedure, not too far from the high energy scale
Mgusy. In other words, fimatching = s ~ Msusy. On the other hand, we need at the
end the C;(u, Msysy) evaluated at the low energy scale py in order to match it with the
operator matrix elements and to consistently reconstruct the physical amplitude. The
evolution of the C;(u) from pg to py is realized by means of the Renormalization Group
Equations (RGE) [Sym70]. The latter are first order differential equations in In y, to be
solved with initial conditions the C;(ug). The power of these equations lies in the fact
that they permit a resummation of the large logarithms introduced above to all orders
in perturbation theory. More specifically, the Leading Order (LO) solution provides a
resummation of all the leading logarithmic terms

~ af (In(ps/pm))" (3.6)
while the Next-to-Leading Order (NLO) corresponds to the resummation of the terms
~ ot (o In(ps/pm))" (3.7)

Since we are interested in the analysis of the EDM of the Neutron at the NLO precision,
in the next section we will specialize to the matching conditions as they must be imposed
in our case of interest. Then in sec. 3.2 we will briefly discuss the RGE equation up to
NLO precision and focalize on their numerical implementation.

3.1.1. Master Formula for the matching conditions

In this section we give a complete picture of all the ingredients entering the calculation
of the Wilson coefficients, both in the full as well as in the effective theory. Since in this
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Thesis we present the NLO calculation only for the (chromo)magnetic operators (see sec.
4.2 and eq. (4.13) for the definition of these operators), in the following we will write
formulae specialized for matrix elements of operators with two external fermions and one
external gluon.

Let us look back at eq. (3.4). On the left handed side we have Ag,y, the full amputated
amplitude among the relevant external states. Such amplitude, before renormalization,
has UV and as well as InfraRed (IR) divergences. To regularize the ultraviolet ones
we have used Naive Dimensional Regularization (NDR) and define operators in the MS
scheme, while light quark masses will play the role of IR regulator, as it will be described
in chapter 5. The result of the full theory calculation after renormalization can be written
in the following form
Q@

CF0) (0)© (3.8)

Afull = Z&{)ull(zéﬁlll)l/2 (F(O) + A

7

in terms of the tree level matrix elements (O;)® of an operator set O; between the external
states. In eq. (3.8) F© represents the LO contributions, whereas F'") contains the NLO
corrections and an explicit factor of a; has been factored out for the latter. Now, F(©
is finite by itself and so regularization independent. On the other hand F® depends on
the regularization chosen to cope with the UV singularities, in this case NDR-MS, and
moreover it contain logarithms and inverse powers of light masses as IR regulators. The
diagrams generating the functions F(® and F(") are depicted in figs. 4.1 and 5.1-5.6,
respectively.

On the right side of eq. (3.8) there are two Z's factors for which an explanation is in
order. They are defined as the pole residue of the two point-correlator functions for the
quark and gluon field and allow to define the corresponding renormalized propagator of
a massless quark and gluon in the full theory as

S(p)an = ng)uni , G = Zé,ffluﬁ : (3.9)
/4 p
The presence of these factors is a consequence of the LSZ reduction formula [LSZ55].
The latter provides the relation between the Green functions we have calculated in the
language of Feynman diagrams and the S-matrix elements which is the physical amplitude
we are interested in. In our case, since we have evaluated amputated Green functions,
the prescription of the LSZ formula is to multiply the final result for a factor

(Zl(ﬁf))nfﬂ(zéf))”gﬂ 7 (310)

where ny and n, represent the number of external quark and gluonic legs. Such operation
is necessary in the present calculation because external fields have a different normalization
in the effective theory with respect to the full one. In particular, one loop corrections
to the quark and gluon propagator include a squark-gluino loop as well as a quark-gluon
loop, whereas only the latter appears in the effective theory. In other words, defining in
analogy with (3.9) the residue Zqi}f e)ﬁ and Z?(fe)ﬁ as

i —igh”
S@ﬁz%%?,G@ﬁ=%$p2, (3.11)
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Figure 3.1: Feynman diagrams for the calculation of the ratio of the renormalization
constant for the external fields. See text.

we have prf f)ull # prf gff and Z?EQIH # Z?EQH. The mismatch AZ between the renormalization
constants in the full and effective theories is not cancelled in the matching and remains
in the Wilson coefficients, as we will derive in a moment.

Now let us go to the right handed side of eq. (3.4), containing the amplitude in the
effective theory:

A = _Ci{O;) . (3.12)

Note again that all quantities in (3.12) are renormalized ones. In particular the (O;)
are renormalized matrix elements of the operators O; between the same external states
adopted in the full theory. What is relevant to our present discussion is that such matrix
elements can be written as follows

(03) = Z8 )0 (Z0)2r5(0) O (3.13)

in terms of the tree level matrix elements of the same operator basis used in the evaluation
of the full theory amplitude in eq. (3.8). r;; is a matrix of UV-renormalized 1-loop
corrections to the (chromo)magnetic vertices, explicitely given by the diagrams depicted
in fig. 5.7. Note that such corrections will be dependent from the IR regulators in
our chosen setup, in exact analogy with the full theory case. These dependences, being
IR effects, must cancel out between the full and the effective theories in the matching
procedure. This is consequence of the already mentioned fact that the OPE factorizes
the UV and IR regions of the full amplitude in the Wilson coefficients and the hadronic
matrix elements respectively. In particular, the C; carry no dependences at all on IR
effects like the choice of the kinematic conditions for the external states.

Now one can put together egs. (3.8) and (3.12), taking into account eq. (3.13). Solving
for the Wilson coefficients, that are our unknowns, one finally gets

Z( ) Z(f) 1/2
q:ﬁﬁ(gm (FO+Z2F0) 7Yy (3.14)
Zgor (Zsran)? T ‘

representing the reference formula for the matching condition of the dipole operators. An
important remark is in order here.
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We observe that the two ratios prf f)uu / fo gﬁ and Z?EQIH / Z?EQH collects perturbatively the
contributions to the residue of the quark and gluon propagators poles in the full theory
that do not have a counterpart in the effective one. At the one loop level such ratio is just
the finite part of the squark and/or gluino correction to the quark and gluon propagator,

as depicted in fig. 3.1.

To summarize, eq. (3.14) is our master formula for the matching. It will be used in
chapters 4-6 to obtain the Wilson coefficients at ug ~ Mgsygy as stressed above. In the
next section we will finally address the issue of how to use the RGE to move the Wilson
coefficients from ug to a different scale pu.

3.2. RGE for the Wilson coefficients

The RGE for the Wilson coefficients can be simply derived imposing the independence
of Heg from the factorization scale p. Introducing row vectors for the Wilson coefficients
and the corresponding operators, we can write the effective Hamiltonian as

Her = O (1)C(p) . (3.15)

Using eq. (3.3) and the fact that bare operators OZ-(O) are p-independent, the RGE follows
from

d d [z - d = =
a _ @ (O)TZ—lT]: 4 A5_ T 1
udMHeff udMO (z7)cC OiudﬂC 7 C (3.16)
where we have defined the so-called anomalous dimension matrix (ADM) for the operator
basis O, as
d
y=Z"tu—27. 3.17
0 (3.17)
The ADM ~ admits an expansion in ay as
2
v = Lo 4 (0‘_) S R (3.18)
dm 4m

whose coefficients are linked to the renormalization constant matrix Z, as derived in eq.
(3.17). The extraction of the LO and NLO terms v(*) and ™) starts from an expansion
in power of ag and 1/¢ as follows

Qo g\ 2 . : I
Z=1+ ﬁz“’ + <E> Z0 4. z20= ; <E) zZ (3.19)
Substituting egs. (3.18-3.19) into (3.17) we obtain the master formulae
yO = —2z{V, (3.20)
W = —az? ~ 2,70 +2 (202" + 202"} | (3.21)

1 1
2 =522 — 562y (3.22)
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The first two equations tell us that it is sufficient to compute the pole and finite part of
ZW and the single pole of Z® in order to obtain the ADM to NLO. The second term in
eq. (3.21) automatically add the renormalization of the strong coupling constant.

The third one is a condition which must be satisfied in order to have a finite ADM
as € — 0. From this condition one obtains a relation between the one- and two- loop
coefficients of Z which constitute a useful check of the calculation of the ADM.

We now want briefly discuss the method commonly used to solve the RGE up to
NLO [Bur98]. In order to find a LO solution to eq. (3.16), one first defines a matrix V
diagonalizing 77 to first order

A0 =y Oty (3.23)
then reexpresses eq. (3.16) in terms of the diagonal basis C = V~1C as
d _
—C =400 | 3.24
il = (3.24)
Eq. (3.24) has the simple solution
— (0d);
. 20
_C’Z(lu) — (O{s(ﬂ())) 0 ’ (325)
Cz(,uo) as(ﬂ)

where (3, is the first term of the (-function for the g, coupling. Finally, rotating back to
the original C;, we find
(99,

ci = |V (228) 7 v | (3.26)

ij
The matrix in square brackets on the right side of eq. (3.26) represents the LO terms of
the so-called evolution matrix U(u, p1o) for the C;(n), and generally defined as

Ci(p) = Uk, 110)i5Ci(po)

(@),

UO (1, 110) = V (O;j((’:f))) oy (3.27)

Turning back to our case of interest, we can identify the initial condition C;(ug) as the

one calculated at the SUSY scale ug. Since we have calculated the Wilson coefficients up
to the NLO, we need an expression for U(pu, us) including the NLO as well. To that end
it is customary to start directly with the differential equation obeyed by U(pu, o), which
is

M%ﬁ@M@ZV@@WMM% (3.28)

The general solution can be written down iteratively in the form of a Dyson series as
follows

as(p) T( A1 as(p) o, T(INAT( AN

(), S CA R C I

Ulp,pus) =1 +/ > da, +/ / ———— 2 doldag + ... (3.29)
as(ps) ﬁ(ag) as(ps) Jas(us) ﬁ(a;)ﬁ(ag)
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One should notice that matrices v7 at different values of the coupling constant do not
commute, because for example [y(®, y(] £ 0. As a consequence, integrands on the right
handed side of (3.29) must be written from right to left in order of increasing argument,
provided that pug > p, as we are supposing.

Now, a NLO formula for the evolution matrix, indicated as U™, can be found following
the procedure described in appendix A of ref. [BJLW92]. The result is

UD (4, pg) = (i + %ﬁ%) U (1, pis) (i - O‘Si;‘S)J) : (3.30)

where again, an ordering of the coupling constants in increasing values from right to left
was maintained. The matrix J is defined by the formula

J=Vsv, (3.31)

where V' is the matrix diagonalizing the ADM to LO, see eq. (3.23), and S is defined by
[BJLW92]

B (VYY)
208 200+ (4O); — (y1O);

In the previous equation one should notice the presence of the matrix 7!, representing

the NLO in the expression of the ADM (see eq. (3.18)), as obvious since we want a
NLO solution for the evolution matrix. It is evident that, while V diagonalizes 7 by
definition, in general it does not simultaneously diagonalize v(!) as well.

3.2.1. “Magic Numbers”

In the previous section we have derived the general formulae for the evolution of the Wilson
coefficients from the matching scale ug to a general low scale p. In the phenomenogical
analysis of the EDM of the Neutron and of the radiative B decays under investigation
in this work, the RGE techniques described above must be used to translate the Wilson
coefficients at the low scale py, where the hadronic matrix elements are evaluated.

To this end, we have used the common choice of expressing the general formula for
the solution of the RGE, eq. (3.30), in terms of the following analytic formulae

CO ) =D D03 aslps) 0 X (s) (3:33)

j=1 a=1 b=1

() = 330D el (X (us) + NECP(s)) . (3:34)
j=1 a=1 b=1

where n = as(pus)/as(m). Inegs. (3.33-3.34), the index i, j run over the operator basis of
the effective Hamiltonian while a, b run over the eigenvalues of the 47 matrix, as dictated
by eq. (3.23). The coefficients Yy, Z,, X2’ and N in eqs. (3.33-3.34) are commonly called
“magic numbers”. In sec. 4.3 and 5.1 we will provide their explicit expression for the
Electric Dipole Moment of the Neutron. Moreover, in sec. 6.3 we will discuss the leading
order results for the magic numbers related to the radiative B decays in supersymmetric
models with FCG interactions.
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3.3. Concluding remarks

In this chapter we have described the theoretical tools that allow to build an effective
Hamiltonian describing a physical multi-scale process in the framework of the OPE. Start-
ing from the rewriting of the full amplitude according to eq. (3.2) the whole calculation
can be summarized in a three step procedure as follows:

1. A matching calculation of the full theory with the effective one at the high energy
scale p = ug for Wilson coefficients, as discussed in sec. 3.1. In our case of interest
is is identified as the scale of the supersymmetric partners of the SM particles, and
lies around or over the electroweak one.

2. RG evolution of the C;(ug) down to uy ~ few GeV using the ADM to order a
(LO) or a2 (NLO), as discussed in sec. 3.2. We have introduced the magic numbers
as the practical numerical objects we have used in our subsequent phenomenological
analysis.

3. Non-perturbative evaluation of the hadronic matrix elements O(u); between the
external states defining the given process under investigation.

The results of this various steps for the Electric Dipole Moment of the Neutron and for
the radiative B decays will be discussed in the chapter 4-6, the original part of this Thesis
work.



4. Neutron EDM at Leading Order

In this chapter we specialize the OPE techniques described in the previous chapter to
the Electric Dipole Moment (EDM) of the Neutron, which is a member of a class of
observables actually under experimental investigation. We first shortly recall the non-
relativistic definition of the EDM of a particle, and then introduce the relevant operator
basis and all the ingredients for a complete LLO analysis.

4.1. The Electric Dipole Moment interaction

The electric dipole moment d of an elementary particle is defined, in the non relativistic
limit, from the interaction Hamiltonian

-

Hine = —d - E ) (41)

where E is an external electric field. Moreover, since the only vector which characterize
a particle is its spin J, in analogy with the magnetic moment we can write

d= dﬁ . (4.2)
We finally note that Hj, in (4.1) is odd under CP or T symmetry
d% a4, ES _E,
JE 7, EL-F, (4.3)
JL T ELE.

Passage to a relativistic interaction

In the relativistic quark field theory the interaction described by (4.1) corresponds, for a
1/2 spin particle, to an effective Lagrangian
Lo = — L a5 s F 4.4
OH__§ ¢O- 75w p - ()
To show this statement one can confront the scattering amplitude from an external po-
tential A*(x) = (¢(7), A(Z)) generated by (4.4) in the non relativistic limit with the
analogous amplitude obtained using (4.1) in the Born approximation.
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The first amplitude is governed by the following Feynman amplitude

]‘ / v /
M= §dEﬂ(p )o ysu(p)Fu(q) , q=p—1p". (4.5)

In the non-relativistic limit (|p|, [p’| < m) the spinors u satisfies the following relations
u R~ /m <X> ,
X

N i —elikgh 0
u(p)oysu(p) = ( 0 Eijkak) u(p) =0,

—/ N Ok _ ioc* 0 - rk
a(p)osulp) = | Lk ) ulp) R a2m)oty . (4.6)

Recalling that Fy, = 0yA, — O, Ay = E* we finally obtain
M = i2md\'Gx - E(q) , (4.7)

where x and X’ are the two component spinors describing the particle polarization and

E(q) is the Fourier transform of E(x)(q¢ = p — p/). As regards the second, we start from
the general formula

f(p/ap”Born = —2m(27r)3(p/, X/|Hint|p> X) . (4'8)

where the states normalization is (p'|p) = 6© (p' —p). For an explicit derivation the reader
is referred to [Sak85]. Specializing eq. (4.8) to interaction (4.1) we obtain

-

f@@mm:mwméww&@. (4.9)

From eqs. (4.7) and (4.9) it is clear that d = id”.

CP behavior of the EDM transition

To explicitly verify that L.;s in eq. (4.4) violates CP we must consider the ¢ and A"
fields transformation properties under charge conjugation

CyC =CP' | CAPC = —A" | (4.10)

2. Turning to the EDM operator, we have

where C' = i7%y
C [P0 55 F) € = 0T Co™ 50" (= Fu)
= 7 (0" )0 (—Fpu)
= FPoH s F,, | (4.11)

This operator conserve C, but violates P since ¥c*'vs1) is a pseudo-tensor and conse-
quently gives a pseudo-scalar after the contraction with F),,.
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4.2. Operator basis for the Neutron EDM

In this section we generalize the relativistic EDM interaction (4.4) to non elementary
systems, specializing to our case of interest, the EDM of the Neutron. We write the
relevant CP-violating effective low-energy Hamiltonian as

Hopy = > CH(w)O% () + D CH ()O3 (1) + Cs(1)Os(p) (4.12)
q q
where
o1 = —%6 Qqmq G0 Y5 Fou
O3 = —%gsmqé "t y5q G,
05 = —égs FGe GG, (4.13)

The index ¢ runs over light quarks, and @, = (2/3, —1/3) for up- and down-type quarks
respectively. With this choice, all the operators have dimension six. Four fermion oper-
ators can in principle also appear in Hcpy. These new operators are parameterized by
Wilson coefficients

Hesr = Z Ci; (q:95) (Gﬂ%%’) ) (4.14)

i,j=e,d,s,b

where ¢, 7 run over flavor indices and the second index always indicates the fermion flavor
that enters eq. 4.14 via a pseudoscalar bilinear. For simplicity we don’t take into account
these contributions that in many SUSY models are usually suppressed unless tan 3 is very
large [LP02, DLOT04].

Before starting the analysis of the Neutron EDM in the framework of the MSSM we
shortly consider other possible contributions already present in the SM. A beautiful review
of this subject can be found in [Dar00].

Standard Model electroweak contribution to the Neutron EDM

The calculation of the Neutron EDM is proportional to dcg s, the only source of CP
violation in the SU(2) x U(1) Weinberg-Salam Model. Adopting a quark model (see
section 4.4) to parameterize the internal structure of the Neutron, it is necessary to
compute the coefficients C;(i) in eq. (4.12), the EDM of a single free quark. However,
it is known [EGNT76] that the unitarity of the CKM matrix give rise to cancellation
mechanism between different diagrams. The one loop graphs are self-conjugated and
cannot contribute to CP-violating observables. It was shown [Sha80] that the two loop
diagrams sum up to zero and consequently there is no contribution to quark EDM up to
three loops.



40 Operator basis for the Neutron EDM

The theoretical predictions gives
dp| ~107% e-em | (4.15)

which is at least 7 orders of magnitude below the present experimental limit (recall eq.
(1.4)).

Consequently, it is always possible to safely forget the possible contribution to the EDM
transitions coming from the SM weak phase.

Strong contribution to the Neutron EDM

The Neutron EDM is in principle sensible to another SM operator, emerging when con-
sidering the properties of the QCD vacuum [Jar], given by

2

gs vpo a a
EQCD = 9@6” P Guquo y (416)

where 6 is a free parameter, not a priori predicted by the theory. This operator should be
eliminated performing a chiral transformation, provided that at least one massless quark
exists. This is no longer true in a general texture for the quark mass matrix, since a chiral
transformation would modify the phases of the Yukawa matrix.

The most common choice is to work with a real quark mass matrix and parameterize
the two effects inside a ngc p defining an effective parameter 6.

The effect of 0.7 on the Neutron EDM can be estimated with non perturbative tech-
niques [Bal79]

|dp| ~ 1070 € - em . (4.17)

Confronting eq. (4.17) with the experimental limit in eq. (1.4) a very stringent constraint
over B¢ can be provided

O < 1077 . (4.18)

This requires a huge fine tuning of the pure QCD angle ¢ and the phase of the quark mass
matrices. That one has such a small value for 0.;; instead of a naively expected order
of unity poses the well known strong CP problem [Che]. Many efforts have been done to
find solutions to this issues, mainly linked to two main ideas.

The first, initially proposed in ([PQT77]), is based on the introduction of an effective po-
tential for the dynamical variable 6. ;s which relaxes it to zero at all orders in perturbation
theory.

The second is based on an appropriate choice of the quark mass matrix such that the
interplay between the original QCD vacuum angle and that of the quark mass matrix is
lost and it is possible to put 8 = 0 from the beginning.

The baseline of this short review is that one can advance some theoretical hints to
assert that the Neutron EDM is a good vehicle to analyze new sources of CP violation
beyond those present in the SM. In the following we specialize this analysis to the MSSM
models, applying the OPE and RGE methods to the Hamiltonian in (4.12).
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4.3. Magic Numbers at LO

Let us now discuss the LO anomalous dimensions of the operators in eq. (4.13). The
anomalous dimensions of operators O] and O3 can be easily gleaned from that of the
operators O and Og relevant in the b — s process (see ref. [CFM193]). The anomalous
dimension of the Weinberg operator O3 [Wei89] and of its mixing with Oy was derived in
ref. [BLY90a]. Therefore we get the following LO anomalous dimension matrix:

Y 0 0O 8Cr 0 0
0 Yoq Vo 0 —2N.  N.+2n;+ 0

where Cp = 4/3, N, = 3, By = (11N, — 2n;) with ny the number of active flavours. The
Wilson coefficients at the hadronic scale iy can be easily obtained from those at a high
scale pg from

Clpn) = 17C(ps) + —2— (e — ") C(pis) +

Ye — Vg
YeaqVge N YaqVge ™ Yaq Ve N°¢
+ + C . (4.20
(=100 =1 " =10 o =70 T =) (e —7ey) CUs) - (4:20)
Cl(pn) = 17 1C(ps) + —L— (s — 1f"¢) Cy(pis) , (4.21)
Yq¢ — Ve
Cs(pm) = n"¢Cs(ps) , (4.22)

where 1 = a,(ps) /s (pn) and K = 7;/(260).

The operator basis in eq. (4.13) is very suitable to discuss the anomalous dimension
matrix. However, in order to avoid the explicit appearance of the strong coupling at the
low scale in the operators, it is more convenient to introduce a slightly different operator

basis
Of = —%6 Qqmq 40" V5q Fu,
0! = —%mqqa””t“75q Gl
O¢ = —%f"chfijgﬁGige“’”\” (4.23)

that defines our electric dipole (O.), chromoelectric dipole (O.) and Weinberg operator
(Og) and whose corresponding Wilson coefficients can be easily obtained from eqs. (4.20—
4.22) by redefining the coefficients as follows:

9s(pum) C3(ps) = n~ VP C(ps),
9s(nar) Cs(ps) = n~"2 Co(ps). (4.24)
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X2 | 1.25857 | X{2 | —9.78321 | X& | 10.06853
X{2 | —4.63415 | X& | 5.33040 | X3P | —1.60476
X1 776606 | X72 | —7.05911 | X4 | 1.22290
X341 0.57927 | X34 | —1.30387 | X351 | 0.88239
X341 217311

Table 4.1: Magic numbers ijb for the evolution from six to four flavours. See the text
for details.

To illustrate in a simple way the relation between the Wilson coefficients at the ug scale
and those at the ppy scale we take ug ~ m; and assume five flavours of light quarks
between the scales ug and py, obtaining

C2(ug) = 12 C(us) +8< B n_§> C;j(( ))+§§ [1777¥ — 1573 — 277%] ij(%ss))
(4.25)

Calpn) = whClpus) + = (s = %) Colps) (1.26)

Colpm) = 15 Cots). (4.27)

It is interesting to note that in eqs. (4.25-4.27) all the n’s are raised to a positive power
and then act as suppression factors.

In general, SUSY masses are expected to be above m; while the hadronic matrix
element is evaluated at a scale of the order of the Neutron mass. In this situation it is
more appropriate to consider the evolution from us > m; to ug < my, i.e. from the
six- to the four-flavour theory, that can be summarized via the already introduced magic
numbers. In this case, the low-energy coefficients C(uy) = (C9, C9, Ca) are given in terms
of the high energy ones as

3
Z Z X o (us) 0™ gs(ps) =V C; (us) (4.28)

7=1 a,b=1

with Y, and Z, given by:

7575257 1757 1757 175

AMERE )

{8 64 72 163 177}

507257257 507 25

and the nonvanishing entries in ijb are listed in Table 4.1. These magic numbers have
been obtained using the average values m;(m;) = 168.5 GeV, my(my) = 4.28 GeV and
as(Myz) = 0.119.

A comparison with previous evaluations of the LO anomalous dimension matrix is
now in order. Several partial LO results are present in the literature [BGTW90, DF90,
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BLY90a, ALN90] although the work of ref. [ALN90], to be called ALN, can be regarded
as the standard reference for the QCD correction to the Neutron EDM with its numerical
estimates of the QCD correction factors that have been and are still widely used in the
literature. With respect to ALN our analysis differs in two aspects: i) we have included
the mixing between the operators O, and O, that is neglected in ALN. ii) Our definition
of the operator basis (eq. (4.23)) is different from that employed in ALN. In particular,
we write explicitly in the definition of the operators O, and O, the mass of the quark,
as well as in O, the charge of quark, while in the operator basis of ALN the quark mass
and charge is not present. Correspondingly the anomalous dimension matrix of ALN
should differ from ours by a factor v,, = —6 Cr. Taking into account this difference
we find agreement with ALN in the anomalous dimension result for the chromoelectric
and Weinberg operators. Instead, for the electric dipole operator we find that, with the
conventions employed by ALN, the anomalous dimension should read v, = —8/3 | i.e. it
has the opposite sign with respect to the one quoted in ref. [ALN90]. As a consequence,
the QCD renormalization factor of the dipole operator, n*P, that is estimated in ALN to
be nEP = 1.53, should be ™ < 1 | i.e it does not enhance the CP violating effect but
actually suppresses it. Employing the same values for strong coupling at the high and
low scale used in ALN we get n®P ~ 0.61.

In our view the definition of the operator basis we employ (eq. (4.23)) has the ad-
vantage to make more transparent the behavior of the perturbative QCD corrections to
the Neutron EDM that in general give correction factors that decrease the amount of CP
violation generated at the high scale. In the ALN operator basis this effect is somewhat
hidden by the fact that the quark mass entering their Wilson coefficients has to be taken
at the high scale and m,(us) < my(pm). It should be noticed that the dependence of the
Wilson coefficients upon the quark mass can also appear in an indirect way, e.g. through
the matrices that diagonalize squark masses (see egs. (2.25-2.26)).

4.4. Hadronic Matrix Elements

In order to compute the EDM of the Neutron the matrix elements of O?, O, O between
Neutron states are also needed. At the moment a result from Lattice QCD is not yet
available, although first steps in this direction have been recently made [ST05]. Several
alternative approaches have been used to estimate these matrix elements, as QCD sum
rules [PRO1] or chiral Lagrangians [PdR91|. In this paper we are mainly concerned about
perturbative aspects of the EDM calculation, thus we are going to use the simplest es-
timates of the operator matrix elements. In particular, for the electric dipole operator,
we use the chiral quark model where the Neutron is seen as a collection of three valence
quarks described by an SU(6) symmetric spin-flavour wave function. In this model the
Neutron EDM is related to that of the valence quarks by

1

ds, =
"3

(4dg — d7,) (4.30)
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where
&5 = ¢ Qumy(punr) C(un) (4.31)

is the quark EDM. Concerning the contribution of the chromoelectric and Weinberg op-
erators to d, the simplest estimate is obtained via naive dimensional analysis [GM8&4]
giving

di, = = (mu(pn) Cslpm) +ma(pun) Cilpun) (4.32)

d5 = — AColun) (4.33)

n

where A =~ 1.19 GeV is the chiral-symmetry-breaking scale. We notice that in eqs. (4.31)
and (4.32) m, is computed at the hadronic scale, while in the expressions for the Wilson
coefficients at the ug scale the masses, as well as gs, are computed at the high scale.

4.5. Wilson coefficients at LO

We now turn to the analysis of the amplitude of the EDM transition via MSSM interac-
tions to the LO.

Extraction of the EDM interaction

We work in an off-shell kinematical configuration in which all external momenta are as-
sumed to be much smaller than the masses of the particles running inside the loops. To
extract C? and C'? we notice that the most general vertex diagram having as external par-
ticles two fermions and one boson can be decomposed in 12 X 2 objects, where 12 are the
possible combinations of one Lorentz index and two momenta. Using standard techniques
one can construct projectors for each of these 24 objects and then take the appropriate
combination of them which, after the use of EOM and the Gordon identity, contributes
to the operators (4.23). We observe that this projectors depend on the kinematical con-
figuration assumed. We work in the configuration defined by p? = p2 = 0, p; - ¢ = ¢*/2
where p; and ¢ are the momentum carried by the incoming quark and the external boson,
respectively, and ¢ < mg. In this framework the projector for the tensor part read

PEDM = m {q2(n — 2)(({2— d ¥1+my 4)(2p1 — @)

+m[(n—=1)A4d h2p1 — @) —48P) +2n ¢ =289 4]} s

(4.34)

and works by contacting it with the amplitude and taking the trace. In eq. (4.34) n is
the dimension of the space-time and p is the index carried by the external boson. As
it can be seen from eq. (4.34), the projector contains power of ¢ in the denominators.
However, because the assumption ¢? < mg, we can perform ordinary Taylor expansion
to eliminate unphysical poles when ¢> — 0. Consequently, the actual computation of
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the one and two loop graphs both for the full and the effective theory is reduced to the
calculation of massive self-energy integrals with no external momenta. Explicit results on
two-loop integrals of this kind are known [DT93].

Parameterization of the squark propagator

To present our results in a transparent way we perform the computation of the Wilson
coefficients using current eigenstates for squark fields. In this basis the propagator for the
squark of the first generation, relevant for the EDM of the Neutron as discussed in sec.
2.3, is a 2 X 2 matrix given by (see eqs. (2.24-2.27))

Ai(k) = — 5 ! 3 B My maXs (4.35)
(k* — Mg)) (k* — M) meX, k> — M

where Mj, are the eigenvalues of M2 = M7, and X, = A} — ptan 3.
Neglecting O(m?) terms we have that Mg ~ Mg, , Mg, ~ Mg, so that Az(k) reduces

qrL>»

to
1 qu;
k2—M2 (k2—M2 ) (k2—M2)
~ ~ q1 q1 q9
Ag(k) >~ i X, . (4.36)
(k2—M§1) (k2—M§2) k2—M§2

We notice that within this approximation the left-right propagator is still exact.

Results for gluino, chargino and neutralino exchange

The Wilson coefficients of the operators O., O. are generated at the one-loop order
through the first diagram in fig. 4.1 while that of O, appears for the first time at the
two-loop level (second diagram in fig. 4.1). At the LO we can then set C¢(us) = 0 and
write

Cl(us) = Co5(ns) + Cp-(ps) + Clro(ps) (4.37)

and similarly for C?.
We find for the gluino contribution !

« X\ 8 ~
C'g~(,us) = 2 Im (_q) -B (1’17372) s (438)
g 4 Mg2 M) 3
gs Os X ~
Cl(us) = Im (—q) C(x1, 22) (4.39)
g 4 M; M;

where z; = MZ/MZ . The explicit expressions for the functions B and C' as well as those
entering in the chargino and neutralino contributions are collected in the Appendix C.

Note that gluino mass is indicated with Mj instead of M3 from now on as a common choice in the
literature.
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Figure 4.1: Leading SUSY contributions to the quark EDMs. The photon and gluon lines
are to be attached to the loop in all possible way.

For the chargino we have

Ot (s) = 5 le i \/5851]\42 - ( AJ\/QXW> {Im (Vi2 Un) [(Qd — Qu) Alyg,) + Qu B(yfil)]

Im <md7X2lkvi2 U,-g) Y, [(Qd — Qu) A5, %) + Qu B(yf;l,yizz)} } , (4.40)

Ci g — 2Q g (M) (I (Vi Uss) [(Qu — Qu) A(5E) + Qu B )]
" dmsly S V2ey M2\ Mw nom S

“Im (M 2 Ui2> Y, [(Qu ~ Qa) AYs,, v5,) + Qu B(yg,. yjiw)} } . (441)

2
gs 1 M, - ,
u — § i I - ) Byt
Cox- (1) A1 s? i— V2sp Mé.f ( My, ) { m (V2 Uin) (ydl)

W =1
maX, YA
2
1 M. - )
0d () = @ (XZ)ImVZ-UZ-Bﬁ
cx (II"LS) 477-8%/[/ ZZ:; \/5016 M;7 MW { ( 1 2) (yu1>
my X, Sei i
—Im <M72 i2 Ui2> YuB(?/apyaz)} (4-43)
Xi~

where yéj = Mi, /Mq?j, U and V are the matrices that diagonalize Mgy according to
UMVt = Mgi and Y, 4 are the Yukawa couplings of the up and down quarks in units
of e/ sin Oy .

In eqs. (4.40-4.43) we have also written explicitly the contributions proportional to the
mass and the Yukawa coupling of the light quarks to show that the phase combination
that enters in the gluino contribution is actually present in the chargino term in a sup-
pressed way. Indeed, in the chargino contribution the only relevant phase is ¢,, hidden
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inside the matrices U and V. This can be seen explicitly in the following simplified expres-
sion, obtained by neglecting the contributions proportional to quark masses and Yukawa
couplings:

2
u _a@,! 1 Uiy Uit i i
Cox-(us) = A s? ; V3, M2 {Im (Tw) [(Qd — Qu) Aly],) + Qu B(yd‘l)]} :
(4.44)
Analogous expressions can be obtained from eqgs. (4.41)-(4.43) with the substitutions:
My~ Im (Vi Un) — Im (U Unp)

Finally the neutralino contribution, neglecting terms proportional to the the quark
masses, is given by:

K° X L
g g4 i
§j B
Cevol 47rsW M~ { ( Mo ) S

’ (Aﬁw ) (Im (K} K5y) B(z5) — Im (K K) B(z;»}  (440)

ngo (,US) = 9s Cego (4'47)

i A2 g2
where 2} = MX?/M%,, and

1 1

K% =2 [(Qu - 5) tan Oy Z' + 5222} : (4.48)

Kb = V2tan by Q. 2", (4.49)
1 )

Ky = 7", 4.50

a 1 il 1 12

K% =v2|(Qi+ 5 ) tantw 2 — 272 (4.51)

K = V2tan by Qu 2™, (4.52)
1

K= —7=—2%. (4.53)

i \/505

In eqs. (4.48-4.53) Z is the matrix that diagonalizes M,, according to Z* M, Z ' = M)‘Clo.
As can be seen from eq. (4.46) in the neutralino contribution both ¢,,, through the matrix
Z, and the X, phase combination are actually present.

We noticed that the results reported in eqs. (4.38)-(4.43) and (4.46)-(4.53) are fully in
agreement with those in ref. [IN98, PRS00] and represent the lowest order approximation.
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4.6. LO results

In this section we investigate, at the LO, the effect of QCD corrections on the Neutron
EDM, to assess whether they can significantly reduce the individual gluino, chargino and
neutralino contributions making the EDM constraint on SUSY phases less severe.

To discuss in a simple way the effect of the QCD corrections and in particular the
importance of the mixing between O, and O, that was neglected in previous analyses, we
consider eqs. (4.25-4.27) assuming 1 = 0.3 and setting C; = 0. Then

¢ _ a0\ ag Celts)
Co(u) = 043C(ps) — 038 (4.54)
Ci(pm) = 0.88Cd(ps), (4.55)
CG(,MH) = 0. (456)

Thus, if C%(us) ~ C%(us)/gs(us) the resulting C9(upy) is strongly suppressed. With our
definition of the operators the above situation is achieved when the gluon in a diagram
contributing to C'¢ is attached to a squark of the same charge of the external quark. This
case is realized in the neutralino contribution (see eq. (4.47)). Indeed, we can estimate the
neutralino contribution to d¢, d¢, as given in eqgs. (4.30,4.32), by employing the Wilson
coefficient at the low scale evaluated via eqs. (4.25-4.27) with gs(us) = 1.22. We get

% = & [malyen) (3005 Chatus) = matpn) (3005 ) Cholis)

~ e [=ma(pm) 0.02 Coo(pus) — 0.01my(pr) Co(ps)] (4.57)
A o 0.8 1 (i) 9s(11s) Clo(11s) + ma(pem) 95 (15) Coia (1))

~ €0.08 [my(jur) Clio(s) + maljur) Clio ()] (4.58)

Egs. (4.57-4.58) show that the individual quark EDMs are strongly suppressed by the
QCD corrections. A so large effect is actually specific to the neutralino contribution
because of the simple relation between Cf, and C%, (eq. (4.47)). The general case is
more complicated and the resulting effect depends upon the relative sign between C%(us)
and C4(ug).

It is not our purpose here to perform a general analysis of EDM constraints on SUSY
models. Rather, our aim is to illustrate the impact of QCD corrections on the computa-
tion of the EDM. To do so, we study a specific point in the SUSY parameter space that we
choose with a mass spectrum similar to that of the benchmark point 1a of the Snowmass
Points and Slopes ? (SPS) [AT02]. The SPS benchmark points are actually defined assum-
ing real parameters, however we take the mass spectrum of point la as indicative, also in
the case of complex parameters, of possible mass values of a “typical” mSUGRA scenario

2We use the low-energy spectrum obtained from the tool [AKP03] available on the Web at the URL:
http://kraml.home.cern.ch/kraml/comparison/
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Figure 4.2: Gluino contribution to the Neutron EDM versus ¢,, (top) and ¢4, = ¢4, (bot-
tom), without (left) and with (right) QCD corrections. The red line is the d¢ contribution,
while the green one the corresponding df, contribution.

with an intermediate value of tan 3. We take M = 585 GeV, M; = 100 GeV, M, = 190
GeV, Mg, = 540 GeV, My, = 525 GeV, My = 550 GeV, Mg = 520 GeV, |u| = 355
GeV, tan g = 10, |A4] = 855 GeV, |A,| = 675 GeV and pg = 465 GeV. To obtain d,
we have chosen the hadronic scale py = 2 GeV with my(uy) =7 MeV and m,(ug) = 3
MeV. In fig. (4.2) we show the effect of QCD corrections on the gluino contribution to
the EDM of the Neutron. In the figure we plot the absolute value of d,, as a function of
¢4 and ¢, with the other SUSY parameters set to the values listed above. As can be
seen comparing the plots on the left, which are obtained without QCD corrections, to the
ones on the right, where QCD corrections are included, the effect in this case amounts
to ~ 10%. Fig. (4.3) and fig. (4.4) show the corresponding analysis for chargino and
neutralino contributions, respectively. Fig. (4.3) shows that for chargino contributions
the inclusion of QCD corrections reduces the amount of CP violation generated at the
us scale by a factor ~ 50%. Finally, the simple analysis of the neutralino contribution
discussed above is substantiated by fig. (4.4) where this strong reduction is clearly visible.

A popular mechanism [IN98] invoked to suppress the Neutron EDM without resorting
to extremely small phases or very heavy SUSY particles is the search for regions of the
parameter space where cancellations among the three different contributions are active.
It is always possible to find regions of the parameter space where contributions depending
upon different parameters cancel each other, although it can be questioned if these regions
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Figure 4.3: Chargino contribution to the Neutron EDM versus ¢,, without (left) and
with (right) QCD corrections. We show only the df contribution because the d¢ one is
negligible.

can be representative of general situations. With respect to this, it is interesting to
note that, since the neutralino contribution is always much more suppressed by QCD
corrections than the gluino and chargino ones, the cancellation mechanism among different
contributions invoked in ref. [IN98] should actually work between the gluino and chargino
only. However, these two contributions depend upon different phase combinations. As an
example, ¢4 is only present in the gluino contribution.

Uncertainties of the LO analysis

In the above analysis all the uncertainties of the LO computation have been neglected. The
uncertainties connected to the nonperturbative evaluation of the hadronic matrix elements
go beyond the scope of this work, since we focus our analysis on the perturbative aspects of
QCD effects. Therefore, let us assume that some nonperturbative method such as Lattice
QCD will produce in the future the necessary matrix elements at a scale ug = 2 GeV,
so that we fix the hadronic scale in our analysis. Then, we are left with the uncertainties
connected to the matching between the full and the effective theory at the scale ug.

It is well known that in the RGE improved perturbation theory there remain unphys-
ical pg-dependences which are of the order of the neglected higher order terms. Usually,
this uncertainty can be estimated by varying the matching scale in a (arbitrarily chosen)
given range. However, for the EDM computation, there are further sources of uncer-
tainty. All contributions depend upon the squark masses, but the precise definition of
these masses cannot be fixed at LO, so that one can use pole, DR or any other squark
mass. Indeed, the difference between the results obtained using two different mass defini-
tions is of higher order in a and provides an estimate of this additional LLO uncertainty.
Furthermore, the gluino contribution also depends on the gluino mass and, more impor-
tant, on the strong coupling. Neither the definition of the gluino mass nor, in principle,
the scale of ay is fixed at LO, so that they constitute another source of uncertainty. All
these uncertainties can be ameliorated only by a NLO calculation.
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Figure 4.4: Neutralino contribution to the Neutron EDM versus ¢, (top) and ¢, =
¢4, (bottom), without (left) or with (right) QCD corrections. The red line is the df
contribution, while the green one the corresponding d;, contribution.
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Figure 4.5: The ug scale dependence of the chargino (left) and gluino (right) contributions

to d;, at LO.
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In fig. (4.5) we illustrate the LO uncertainty only due to the choice of the matching
point. Here and in the following NLO analysis we will use an average squark mass
M = (M2 + MZ)/2. In the figure we plot the LO gluino (right) and chargino (left)
contributions to |d,| ~ |d| as a function of the matching scale with a; and MS-DRED
masses evaluated, for simplicity, at the scale us. As expected the ug dependence is more
pronounced in the gluino case and amounts to 10-15 % while in the chargino contribution
it reaches at most 4 %.

The LO gluino contribution shows a substantial uncertainty that, including all effects,
can be expected to be ~ 20%. To reduce it to a level comparable to that of the chargino
contribution one needs the NLO computation of this contribution that will be discussed
in the next chapter.



5. Neutron EDM at Next-to-Leading Order

This chapter is devoted to the explanation of the computational steps we have performed
to compute the NLO Wilson coefficients of the Neutron EDM in the MSSM.

We do not attempt to perform a complete NLO analysis of the QCD corrections to the
Neutron EDM, instead we focus on the relevant pieces needed to discuss the reduction
of the scale dependence of the gluino contribution, as already discussed in sec. 4.6.1
We present the NLO anomalous dimension matrix for the electric and chromoelectric
operators and the NLO Wilson coefficients for the gluino contribution. For completeness
we present also the Wilson coefficients of the Weinberg operator. We recall that at the
LO C4(pm) = 0, therefore to obtain the NLO result it is sufficient to know the LO 74, Y44
entries of the anomalous dimension matrix.

5.1. Magic Numbers at NLO

The discussion of the NLO anomalous dimension matrix is more easily accomplished in
the O9-Oj3 basis of eq.(4.13). Indeed in this basis the anomalous dimension matrix can
be organized in powers of oy as

« s\ 2
_ 9 (0 (_> 1) 5.1
v=E ) (5.1)

where () is given in eq.(4.19) and

(5¥§8N0—16CF—%6nf) CF 0 0
YO = | (N, —32Cp — 3ns) Cp =58 — 2 + ZIN2 4 28X —BN.np 0 . (5.2)
* * *

We have computed the NLO anomalous dimension in eq.(5.2) and our results are in
complete agreement with those obtained from the known NLO anomalous dimension of
the O7 and Og operators in the b — sy process [MM95].

The entries in the third row are unknown but not needed at the NLO, since they
contribute only to the (i3) sector of the NLO magic numbers, and the initial coefficient
of the Weinberg operator is vanishing at the LO. The corresponding Wilson coefficients
in the O9-O¢ basis can be easily obtained using eq.(4.24). The simplest way to present
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ab 43 43 54 55 63
ij 11 12 12 22 12
Wgb | 11.301 | 85.158 | -79.353 | 9.9191 0
R?Jb -8.7762 | -70.209 | 65.693 | -6.9887 0
5ijb -0.39785 | -3.1828 | 3.7203 | -0.65874 | -0.46504
Table 5.1: Magic numbers R | W% and §X for the NLO evolution from six to four

flavours.

the NLO evolution of the Wilson coefficients is via the magic numbers. Referring to the
02O basis we can write for a generic scale p

G() = GO () + 21 G

e ()

(5.3)

where CEO) (us) is the LO Wilson coefficient at the scale pg and its evolution from ug > my
to py < my is given by eq.(4.28). The evolution of C™ () from pg > my to uy < my can
be summarized in the following way

H>=n233225:%

j=1 a=1 b=1

Ve gy ()00 | X2 O (1)

(050 fay(pas) + W+ 07 Re?) € (ss)] (5.4)

The relevant entries of the NLO magic numbers 5Xf;b , Wi‘;b and R?Jb are given in Table

5.1. As expected, the evolution of 6(1)(,us) is dictated by the magic numbers derived in

the LO case (see eq.(4.28)).

5.2. Full theory calculation

The computational steps we must follow to evaluate the full amplitude to the NLO are
basically the same as those described for the LO case. For this reason we can take the
LO calculation of the previous chapter as a reference and move on from it to tackle the
various complications emerging when one more loop is included.

Step 1: Feynman diagrams

In order to include the next order in perturbation theory, we have to generate all the two
loop diagrams with the same amputated external legs, and having as vertices and internal
propagators all those belonging to the MSSM. It goes without saying that at NLO a major
difficulty is to be sure “not to forget any diagrams” as well as to have all combinatorial
factors under control.

Such problems were addressed and resolved by taking advantage of FeynArts [Hah01],
an open-source Mathematica [Wol88] package for the generation and visualization of Feyn-
man diagrams and amplitudes. A presentation and a list of the main features of FeynArts
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can be found at the URL in [Hah01]. Here we will address only those that are particularly
relevant to our discussion.

1. Given a theory, hence a set of vertices, and a particular process, thus a set of external
states, FeynArts allows first to generate all the diagrams entering the corresponding
amplitude, up to three loop order. Afterwards, it permits to automatically substi-
tute Feynman rules in any generated diagram, or, in other words, to “write it down”
in the form of an inserted amplitude. Such amplitude is printed in a Mathematica
form whence subsequent custom manipulations are possible. In the present work
the latter were implemented in a Mathematica program that basically automatizes
the various computational steps involved. More technical details will be given in due
curse, when singly addressing each step. The starting point “links” the FeynArts
output to the rest of the program by feeding inserted amplitudes to appropriate
pattern-matching-recognition based code.

2. FeynArts allows to deal with Dirac as well as with Majorana fermions. Concerning
the latter, we point out that Majorana particles imply vertices where the fermion
number is violated '. This causes an ambiguity when trying to fix the fermion flow in
fermion lines containing propagators of Majorana particles. In our case this problem
emerges, because of the presence of gluino-quark-squark vertices (see (2.46-2.47))
and similar neutralino-quark-squark ones. To tackle this difficulty, we outlined the
simple procedure introduced by the authors of ref. [DEHK92]. The same algorithm
is the one adopted in the present work, since it is part of the FeynArts code: it is
automatically implemented when substituting Feynman rules inside a given diagram,
to generate the corresponding inserted amplitude.

3. The theory FeynArts should use to generate Feynman diagrams is specified in a
“model file”, through the full set of propagators and interaction vertices it entails.
In our MSSM case, a model file is already implemented. However the existing version
has a limitation in squark vertices involving the unitary matrices Zp, Zy that allow
to pass from the squark mass eigenstates’ basis to the flavour x chirality eigenstates’
one (see eq. (2.43)). In the original version of the MSSM model file, vertices with
Zp's and Zy’s are implemented as general in chirality, but diagonal in flavour. The
latter limitation was removed within the present work with suitable modifications
to the model file, given that flavour diagonal squark interactions would obviously
not be able to generate the AB = 1 transition analyzed in chapter 6.

The full set of diagrams entering the NLO amplitude can be first divided into six
subsets:

LA Majorana fermion coincides with its own antiparticle, at variance with a Dirac one.
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1. Gluon corrections connecting different legs in A-type and B-type diagrams. Such
corrections are collected in fig. 5.1 and do not involve self-energies with gluon
insertion, since in this case the gluon propagator would start and end on the same
leg.

2. Gluon corrections to q — q transition, where ¢ = u, d, collected in fig. 5.2.

3. Self-energy corrections of internal legs only, since we are calculating amputated
amplitudes. Such corrections include self-energies due to gluons and are collected
in fig. 5.3.

4. Diagrams involving the squark-squark-gauge-gauge vertices, depicted in fig.
5.4.

5. Squark corrections, due to the addition to A-type and B-type topologies of more
squark propagator, via the quark-squark-gluino interactions. They are reported in
fig. 5.5.

6. Other topologies. These include other diagrams that cannot be included in the
abovementionated categories, and are collected in fig. 5.6.

Looking at figs. (5.1-5.6), beyond the “graph” column, there are a “diagram” and a
“#” column, for which some words of explanation are mandatory.

The “diagram” column reports the diagrams’ names. Within all the diagrams that
come out of A-type and B-type topologies with the inclusion of more one loop in all
possible way, the name has the form Ag or Bg, with S a subscript. The form A(B) is
due to the observation that such subsets are generated from A-type and B-type topolo-
gies. Turning to the subscript S, the latter classifies the additional loop that is included
starting from A and B, to produce the given NLO diagram. In the case of gluon and
self-energy corrections, the subscript is a pair of numbers 77, referring to the pair of legs
that corrections themselves connect, according to the following labels

2
6
- 15
\\\ :
4 TR
3

and in particular self-energies corrections to a leg i are indexed with iz.

Now let us turn to the “#” column. It reports the diagram degeneracy. The latter
represents the total number of distinct corrections of the kind of that depicted in the
given graph 2. All such corrections are obtained by 180° rotation of the graph about the
axis connecting the top-left corner to the bottom-right one and by the 4 < 5 exchange
(see labels in the above diagrams).

Several comments are in order here. First, the diagrams depicted with an external
photon are those contributing to the matching of the electric dipole operator, while for

2Including the one in the graph.
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extracting the chromoelectric operator the diagrams with an external gluon must be
added. Concerning diagram Bug, Assq, Bvs, By, we see that, notwithstanding the number
of distinct rotations, the latter must be also multiplied by 2 Ny. This is because the
quark-squark loop can be done with an up- or a down-quark of either flavour (in total
Ny possibilities) and with arrow in either sense of the loop. In this sense the top quark
is a special case, since it can induce in the supergravity model under our investigation a
chirality-violating transition proportional to its mass (see the LR and RL entries of the
squark mass matrix in eqs. (2.25-2.26)). This insertion is an effect entering for the first
time at the two-loop level and allow the (chromo)-electric dipole operators to be generated
by a different combinations of CP-violating phases.

A further comment, before proceeding in our discussion of the calculation, concerns
the neglect in our listing of the two loop diagrams that are generated by FeynArts but are
zero. Trivial diagrams are generated by LLO boxes with insertion of a tadpole in a squark
or a gluino leg. The possibilities for the squark case are the following

-

B e — - ——»—-é-»———

N
——»—é—>-—— B S S

where the dotted propagator refers to a SU(3). ghost. All the tadpoles in (5.5) vanish
because the particle in the loop belongs either to the fundamental or to the adjoint

(5.5)

representation of SU(3). and in both cases generators are traceless. Tadpoles insertions
for a gluino propagator are exactly the same as those for the squark case. One should also
mention that the diagrams of the kind of A(B)s (fig. 5.3) with a gluon loop in place
of the squark one are possible, but null in dimensional regularization because gluons are
massless.

Step 2: Inserted amplitudes

The next step, after the generation and the classification of all the Feynman diagrams
arising at NLO, is to substitute Feynman rules in each of them. Given the number
of diagrams and the algebraic complexity of at least some of the MSSM rules, this is
a very tedious task to do by hand. However, as seen above, this can be done within
FeynArts, with a special function that reads a given graph and generates the corresponding
amplitude (within the MSSM in our case). Such amplitude is printed in a human-readable
Mathematica format and in a suitable way to prevent other Mathematica simplifications.
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Figure 5.1: NLO diagrams generated from gluon corrections connecting different legs.
The last diagram is not generated from the LO topologies.
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Figure 5.2: NLO diagrams generated from corrections to ¢ — ¢ transitions.
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Figure 5.3: NLO diagrams generated from self-energy corrections to A-type and B-type
magnetic topologies.
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Figure 5.4: NLO diagrams involving the squark-squark-gauge-gauge vertices.
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Figure 5.5: NLO diagrams generated from squark corrections to A-type and B-type mag-
netic diagrams.
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Figure 5.6: Other topologies.

Step 3: Algebraic manipulations

Given the inserted amplitude of an NLO diagram, the algebraic manipulations that have
to be done to simplify it are

1. Contraction with the projector.

2. Color matrices simplifications and contraction with external spinors.
Afterwards, before summing diagrams, one has to perform the
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3. Two loop scalar integrals.

The last step of performing loop integrations is addressed in a later discussion. In the
present work, all the above manipulations are dealt with in the framework of Mathemat-
ica by means of suitable routines. To make every step automatic and trustworthy for all
the various topologies encountered, the following working procedure was adopted. The
inserted amplitude generated by FeynArts is read by some pattern-matching based func-
tions and each of its terms is split into a color, a Dirac, a flavour part and what is left
over. Each of the latter terms is then separately reduced, and taken back together at the
end to rebuild the initial term.

Final manipulations

The only operations left are the scalar integration in the loop variables and the amplitude
renormalization. We address the two issues in turn.

Loop integration

As explained in the previous chapter, loop integrations call for evaluation of vacuum
integrals. In addition there are no uncontracted Lorentz indices and integrals are of
scalar form. We also mention that, after well known algebraic manipulations like the
partial fractioning decomposition

1 1 1 1

— — 5.6
@) (@ n)  mi i (@D @ md)] o0
each of these integrals can be reduced to the master form
I(my, mg, ms;ny, ng,n3) =
/ dlq d'q, 1 (5.7)
(2m)? (2m)? (¢f —mi)™ (g3 —m3)* ((¢1 — g2)* — m3)"s ’

The analytic solution of integrals like (5.7) can be found in [DT93]. In particular,
Z(my, mg,m3;1,1,1) is calculated explicitly, and then the one with generic ny,ng, ngs is
“connected” to it via recursion relations. The latter are obtained using the so-called “par-
tial p” operation [tHV72] and allow to calculate an integral with ny +ny+ng=0+11in
terms of those with ny + ng +ng = o [DT93].

Diagram renormalization

Renormalization has been performed according to the so-called BPHZ prescription, intro-
duced in refs. [BP57, Hep66, Zim69]. According to this procedure, UV divergences are
subtracted on a digram-by-diagram basis, by building suitable counterterms. So we have



62 Effective theory calculation

to classify all diagrams to NLO, as collected in figs. 5.1-5.6, according to their UV and
IR behavior. One has

UV divergent : {Auy, Ag, Als, ALs, Aus, Aaag, Asag, Asas, Asegr Ascqr Y3, Ya, Avy, Avs, Z3}
+{A — B}
IR divergent : {A127 (1137 7IL§7A147A167A347C367X17}/17}/2} + {A - B} ) (58>

whereas all the other diagrams are finite. Looking at the divergent graphs (basically all the
self-energies and some of the gluon insertions), one realizes that divergences are brought
about by one-loop vertex and self-energies corrections only. So one just calculates such
corrections, singles out the 1/e part, substitute it into the one-loop magnetic diagrams
and subtracts the obtained diagram to the corresponding UV divergent NLO one.

We have already observed that light m, masses plays the role of infrared regulators.
However Feynman diagrams involving the three gluon vertex present additional infrared
divergences that are not regulated by this procedure. The simplest regulator in our
approach are masses, so we have computed this diagrams with a fictitious gluon mass A.

The sum of all the NLO diagrams, with renormalization by subtraction of the BPHZ
counterterms, gives the connected renormalized amputated NLO amplitude Ay, one of
the ingredient needed in the matching procedure (3.14). The other one is A g, and is the
subject of the next section.

5.3. Effective theory calculation

From a conceptual point of view, the effective theory calculation is completely analogous
to the full theory one. The LO in the effective theory case is by definition represented by
the tree level matrix elements of the dipole operators. The NLO is correspondingly given
by gluon corrections to the effective vertices, since the quark-quark-gluon interactions are
the only ones present after integrating out the heavy MSSM degrees of freedom. So the
NLO entails simply a one-loop calculation.

However, there are some theoretical subtleties related to our choose of the implemen-
tation of the matching conditions. As we have already explained, we work with an off-shell
kinematical configuration such that the relevant Feynman diagrams can be evaluated us-
ing ordinary Taylor expansions in the external momenta. This is in contrast with to the
on-shell case, in which asymptotic expansion [Smi95] must be employed.

This requires to consider, beside the on-shell operators in eqs. (4.13), other ones imple-
menting a linearly independent basis when ignoring relations due to the EOM. Following
ref. [Sim94], it is possible to construct a complete set of gauge invariant dimension five
and six operators for the EDM transition. We can then restrict to the only operator with
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the same chirality of those in eqs. (4.13):

7 _
Ogn = —§mq q7s9

1
0% = —2m,q P Prsq - (5.9)

2
This operators generates, besides the on-shell ¢ — ¢v and ¢ — ¢g vertices, the ¢ — ¢,
q — qvg and ¢ — qgg ones. The corresponding contribution can be worked out either
through the use of the Ward identities that relate the self-energies vertex to the tensor
ones, or by direct computation of the Feynman diagrams rules from the relevant operators.

The off-shell operators must be inserted in all the possible effective diagrams. Since
we are enforcing the matching procedure between ¢ and ¢,v(g) external states, at this
point it is sufficient to use the projector in eq. (4.34) to extract the (chromo)magnetic
form factor.

At the one loop order in the effective theory there are only seven diagrams with gluon
exchange. They are depicted in fig. (5.7), and are in one-to-one correspondence with the
two loop diagrams in which an heavy loop is contracted in a local operator. Since, as
already stressed, the full and effective theory has the same infrared behavior, the above-
mentioned correspondence is extended to the terms the behave as 1/m2,1/A%, Inm?, In \>
as mg, A — 0.

We only mention that the first operator in eq. (5.9) has the dimension of a mass
term for the quark fields. Its introduction, besides the cancellation of the power-like IR
divergences, guarantees the quark masses to remain real beyond the tree level.

Operator renormalization

In the previous section we have discussed the enlargement of the operator basis in our off-
shell Hamiltonian. The “effective theory side” of the calculation requires, in analogy with
the full one, a procedure to define renormalized operators. This is a clear consequence to
the fact that the two theories only differs in the UV regime.

However, the renormalization procedure must be the same between theories which
yeld the same on-shell amplitude, usually referred as “on-shell equivalent theory”. For a
detailed explanation of this statement see [Sim94]. In our case this applies to Effective
Hamiltonians obtained with or without the use of EOM. Consequently, we can use the
well known renormalization constant evaluated restricting the operator basis to the on
shell-operators in eq. (4.23).

Specializing formula (3.3) to our operator basis, this constants reads

00 = Zy, (Zo 1105 + Z0,1205)

00 = 2,2, ZY? (20,508 + Z02205) (5.10)

where Z5 o = 0 since we have neglected electromagnetic corrections.
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A

Figure 5.7: Diagrams in the effective theory contributing to the C?. Rotated diagrams by
180° about the horizontal axe are not reported. The subset linked to C? can be obtained
eliminating the three gluon vertices and substituting the external gluon with a photon.

As an explicit check of the correctness of the effective theory calculation, we have
checked that the 1/e ultraviolet divergences arising from the evaluation of the diagrams
in fig. (5.7) fit with the renormalization constants in eq. (5.10).

After the MS subtraction of the 1/e poles, the results for the diagrams in fig. (5.7),
multiplied for the corresponding LO Wilson coefficients, have the form Fi(o)

for the matching (see eq. (3.14)) and must be subtracted to the full theory result in

ri; requested

accord to (3.14) for being able to solve it in terms of our quantities of interest, the NLO
Wilson coefficients.

This last operation have provided us the expression of the NLO Wilson coefficients in
the MS-NDR renormalization scheme.

5.4. Comparison of the results between different schemes

In the specific instance of our computation, the MS-NDR renormalization scheme cannot
be used to provide the final result for the Wilson coefficients. In fact, as first demonstrated
in refs. ([Sie79, CJvN80]), NDR breaks supersymmetry. The problem is that, by requiring
that the gluon field G}, and the Dirac matrices carry a d-dimensional Lorentz index, NDR
necessarily introduces a mismatch between fermion and boson degree of freedom. A
way out of this difficulty, when dealing with supersymmetric theories, is given by the
DRED scheme ([Sie79, CJvN80]). In DRED one requires that only momenta p* bear
d-dimensional indices, while all the other tensors be 4-dimensional. This clearly avoids
the problem of mismatch in the number of degrees of freedom outlined above.

We now discuss the relation between our calculation performed in the NDR scheme
and the passage to the DRED one. A careful one-loop analysis of all the transformations
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needed when comparing NDR with DRED was performed by Martin and Vaughn [MV93]
in the framework of a general softly-broken N/ = 1 supersymmetric theory. Concerning
the way loop calculations performed in DRED and in NDR differ, the main observation
[IMV93] is that they

“only differ for graph in which there is at least one internal gauge boson line
which does not terminate (at either end) in a scalar-scalar-gauge boson vertex”.

This analysis translates in our case into shifts of the form 1 4 O(«;) for the gluino mass,
and for the coupling constant gs;. Concerning the latter, in NDR one should in particular
distinguish between the gauge coupling g appearing in the interactions of quarks, squarks
and gluinos with gluons, and the coupling g, appearing in the quark-squark-gluino inter-
actions as a consequence of the “supersimmetrization” of the theory. In fact, while it
is gauge invariance that guarantees the equality among couplings involving Yang-Mills
interactions, only supersymmetry implies g; = gs. As a consequence, DRED is the only
scheme which allows the existence of supersymmetric Ward identities. .

The bottom line of the above discussion is that the NDR quantities undergoing re-
definition are the gluino mass and the couplings g; and g, each by distinct finite O(ay)
terms. On the other hand squark masses do not vary to O(«;) between the two schemes.
The relevant formulae read [MV93]

MYPR — jfDRED (1 i %Nc> ’

4m
gNPR _ (DRED (1 _ % N)
s s 247" ) 7
GNDR _ §DRED (1 X ;‘_;(NC _ CF)) : (5.11)

where N, is the Casimir of the adjoint representation of the gauge group (N. = 3 in
our SU(3). case) and C is the Casimir in the fundamental representation (in our case
Cr =4/3). In formula (5.11) we have consistently neglected distinctions in the couplings
definition for the O(as) terms.

Now, in our full theory calculation, the abovementioned transformations must ob-
viously be done only on the LO part Cf; and Cg; (see eq. (4.38-4.39)), since the corre-
sponding ones in ng1> and ngl) would amount to a NNLO effect. Looking at the one loop
graph, we must distinguish between the electric and the chromoelectric transition. The
former contains two ¢ couplings, while the second two g, couplings and one g, coupling.
In addition there is of course the gluino mass shift. As for the latter, the prescription
is just to apply the first of eq. (5.11) to the leading order Wilson coefficients, in order
to have the results with all the masses in the MS-DRED regularization-renormalization
scheme. This is required by the fact that the tool we have used in our phenomenological
analysis within the mSUGRA models to obtain a low-energy supersymmetric spectrum
provides all the masses in such a scheme.

We have chosen instead to express the strong coupling constant in the MS-NDR scheme
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through the following shift

~NDR NDR as (4N, —3CF
= 1+—( —— 5.12
gs gs |: _'_ 47T < 6 ) ( )

which correspond to the difference of using NDR versus DRED and consequently restore
the supersymmetric Ward identities.

We finally remark that also the pole residue of the quark and gluon propagator intro-
duced in egs. (3.9-3.11) are scheme-dependent quantity, different in the DRED and NDR
schemes. However, the gluon corrections to the quark and gluon propagator, responsible
for the shift of the pole residue when changing scheme, cancel in the master formula for
the Wilson coefficients, as they are present both in the full and in the effective theory.

5.5. Wilson coefficients in the DRED scheme

We are now ready to present the general expressions of the Wilson coefficients in the
MS-DRED.

To simplify the calculation we have computed the NLO gluino contribution to the match-
ing conditions retaining only one source of CP violation, namely we keep only one power
of X, discharging terms X' with n > 1. We also work in the limit of Mg, = Mgz, = M;
with M; common to all squark flavours and taking all quarks massless but the top one.
Within this framework the NLO gluino corrections can be written as

ngl)(,us) = %;45 {Im (%) {Fl (x5) +4F (x5) + Fy (x5, x) + Re (m&?t) Ny (x5, xt)}
+Im (mj\t/[?t> Re (%‘;) Ny (x5, x¢) } , (5.13)

o8 us) = L2 {tn (52) |70 + 453 @30 4 Fu o) 4 e (mMX) Na(ag. )|
+Im (mj\}?) Re (%) N, (xg,xt)} (5.14)

where in the above equations the upper line represents the CP violation induced by
the left-right entry in the mass matrix of the squark of type ¢ while the lower one the
corresponding effect due to the stops. We have further divide the former contribution
into the the part due to the quark and squark of type ¢, that of the other four squarks
and massless quarks (the first two terms), and that due to the top and stops including
the mixing (the last two terms). In eqs.(5.13-5.14) x5 = MZ/MZ, x, = m; /M7 and

2

F,=G;+A; In % - lim Fi(ag, ) = Fi(ag). (5.15)
q

The explicit expressions of the functions G; , A;, N; are reported in the Appendix C.
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Finally, for completeness, we consider also the Weinberg operator. At the scale ug two-
loop diagrams where top and stops together with the gluino are exchanged contribute to
CY (sce fig. 4.1). The relevant expressions can be gleaned from ref. [DDL*90] obtaining

1 gs O X
Cly (ns) = o (ﬁ:) H (z5,24), (5.16)
9

where the function H is found in the Appendix C. However, when the evolution down
to a four-flavour theory is considered one has to take into account also the shift in Cél)
induced by the O, operator at the my, threshold [BGTW90, BLY90b, DDL*90] or

Comy) = Cmt) + “ 0 ) (5.17)

where
L (mf) = B C (ps), (5.18)
O (my) = = C (pis) (5.19)

with n, = as(ps)/as(my).

5.6. Equation for the i -dependence

Beyond LO, our calculated coefficient functions acquire a dependence on the renormaliza-
tion scale pu. Such dependence must obey a Callan-Symanzik equation that can be used
as a check of correctness for the results obtained.

The equation for the p-dependence of the Wilson coefficients can be obtained simply
observing that in the product C;(u) (@;) (1) (no sum over i) the p-dependence itself must
cancel out up to the maximum order included in perturbation theory for the calculation
of the C}, in our case NLO. So one can write

~ s Gl (@) ()

~ (i) @i + ) (@)

= (ddlf;i@ng i)+ ddlfiwiM;Ci(“) * dcllfzzé’i)% ()
D+ T Cil ) (@) +Ci) (=@ ) (520

where in the last equality we have taken into account that the p-dependence within the
C;() is also brought about by all the renormalized objects on which the C; themselves ob-
viously depends, in particular the constant g5, the masses Mj, M; and the mass insertions
Xy, with ¢ = u, d.
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Eq. (5.20) can now be simplified by using the RGE equations for the single terms. In
particular, for the very last one, the equation reads

d

(@) (1) = —2L(Q) (W) (5.21)
n p

where we have taken into account eq. (3.16). We observe that the ADM +~ is in turn
defined for the basis in eq.(4.23) and its explicit expression is the following

g 8Cf O
=% . 5.22
R (8Cf 16C; — BN, + §nf) (5.22)

Turning to the RGE of the coupling constant g, in eq. (5.20), it is dictated by

dg: = g, BMISM (g ) = _ gMSSM 9s MSSM _ 3\ _ (5.23)
dln p2 ’ ° 0 1672 70 ! ’
where we have used the MSSM version of the -function for g,.
In exactly the same fashion, one can work out the explicit expression for the running
of the masses mg and my in eq. (5.20). The relevant expression are the following

dM? g?
v .M2 (0) s M2 5.24
Y, f}/Ml 1671'2 ) ( )

dIn p?

where 71(\2 =2(3N,—ny) and 7](\2 = 4Cp M /M.

Finally, we must derive the RG equation for the mass insertion X,. Now, recalling
Lagrangian (2.7) and the corresponding squark mass matrices in eq. (2.14-2.15), it is clear,
in the approximation where only the strong sector of the MSSM is considered, chirality-
and flavour- changing mass insertions can be written as products of quark masses m,
times Ay p terms. Consequently, the ADM for X, can be identified with those of the
A-terms:

dX, 1 g3 (0) 1 g2
el SN s X == s
ding2 ~ 21672 X717 T 21602

(—205)X, . (5.25)

We notice that the 1/2 factor in the second of egs. (5.25) is due to the derivative being
computed with respect to In p? in place of In .

In conclusion, putting together results in eqs. (5.21) and (5.23)-(5.25) and dropping
the operator matrix elements (Q);), we can rewrite formula (5.20) as

0

———Ci(p)di; =
alIIIU2C(M) J
2 (0)
9s © 72 O ORYE J  x, 0
o [ M Mgz + M +
1672 [( Ve e o} X,

(0)

FOSIE T Cldy + 10| (520
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Using eq. (5.26) and defining

~ g X,
Al = mlm <M~) (Al + 5A2) s

A gs Qs X
A, = I As +5A
27 dm M2 m(M~)( 3 F504)

we have explicitely checked that the coefficients of the In(ug/MZ) terms in eqgs. (5.13)-
(5.14) must satisfy the following relation

-1
A=< (1+0) g7+ ) 4 M—+

5 el + - Zyﬂ 0 (5.27)

k=g,q

guaranteeing the cancellation of the ug dependence to O(a?) in eq. (5.3).
We observe that the effect of the term in the square brackets in eq.(5.27) is to shift
the coupling and the mass parameters appearing in CZ-(O) from the scale pg to Mj.

5.7. Comparison with analysis using LO Hamiltonian

Combining the Wilson coefficients with the ADM and the matrix elements of the operators
we obtain the expression of the gluino contribution to the EDM of the Neutron. We want
to quantify the effect of the NLO coefficients with respect to the LO ones. We have
studied the same specific point in the SUSY parameter already introduced in sec. 4.6.
As we anticipated in sec. 4.6, the inclusion of the NLO matching for the gluino con-
tributions reduces the perturbative uncertainties down to a completely negligible level
[DFMS05]. In fig. 5.8 we plot the scale dependence of the gluino contribution at the
LO (upper line) and at the NLO (lower line) level. As shown in the figure the inclusion
of the NLO contribution greatly reduces the scale dependence of the gluino contribution.
Moreover, for what concerns the central numerical value, the inclusion of NLO corrections
produces a non-negligible effect, lowering |d,| of about 10%. However, the gap between
the LO and NLO curves is within the LO uncertainty in nearly all the range plotted.

As a closing remarks for our analysis of the EDM of the Neutron, we would like to stress
the general results found in chap. 4-5. The operators in eq. 4.12, together with dimension
six bilinear operators in eq. 4.14, form a complete basis for the EDM transition. We have
already observed that the contribution to the EDM of the Neutron from the coefficients
C;j in eq. 4.14 is negligible in SUSY models, unless tan 3 is taken to be a large parameter.
The important point connected to the formulae we have provided for the magic numbers
and the matrix elements of the EDM operators is that they are completely general and
allows for any phenomenological analysis of the new CP-violating phases embedded in the
MSSM at a low or intermediate value of tan . In fact they do not depend on the high
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Figure 5.8: The ug scale dependence of the gluino contribution to d¢ at LO (upper curve)
and NLO (lower curve). See text for the reference values of the input parameters.

energy dynamics and can be used with Wilson coefficients computed in any hypothesis
for the pattern of the supersymmetric spectrum.

We have then specialized the calculation of the Wilson coefficients to the mSUGRA
models, since they provide a very clear and economical picture for the analysis of the new
CP-violating couplings. A number of analysis have been presented in the literature during
the years in the framework of the same models [IN98, PRS00], using LO results for the
anomalous dimension matrix and the Wilson coefficients. However, as already observed
in sec. 4.3, a wrong value for one of the entries of the anomalous dimension matrix has
been long time used. We have corrected this long time mistake and merged together all
the ingredients to obtain the reference plot for the EDM of the Neutron at LO in sec. 4.6.

In addition, we have analyzed the dependence of our predictions to the matching scale
1s, showing the importance of an explicit computation of the NLO corrections for the
gluino contribution to the Wilson coefficients. This has been the subject of the present
chapter, and our effort is summarized in fig. 5.8, where the reduction of the dependence
from the matching scale is manifest. This conclude our theoretical study of the EDM of
the Neutron, and we address to the conclusive chapter for a brief look to some possible
developments and enlargements of our analysis.



6. FCG contribution to B — X7 at LO

In this chapter we address the calculation of the gluino-induced contributions to the decay
b — s7v in the MSSM, generated by the flavour changing tree level vertices in eqs. (2.46-
2.47). We give all the ingredient needed in the evaluation of the branching ratio B — Xy
at the LO in the so-called Mass Insertion Approximation (MIA), introduced in sec. 2.3.
We confirm the results of Borzumati et al. [BGHWO00| obtained in the mass-eigenstate
basis for the up and down-type squark mass matrix.

6.1. AB =1 effective Hamiltonian

The application of the OPE techniques in B decays begins with the decoupling of the
heavy degrees of freedom. In the SM these are the electroweak bosons and the top quark.
The resulting effective Hamiltonian has the form

4G :
Hig = _TQF th‘/;ZCz‘(M)Pi(M) ; (6.1)
=1

and contains the following set of flavour changing operators
Py = ("1 Pre) (¢, T Prd) , Po = (5v"c) (¢y,b)

Py = (5v"0) > (@q) . Por=(y"T")Y_ @nT") .

q q

Py = (59" Pb) Y @y1v09) 5 Po= (5Y"v" 4T Pib) Y (@v,17,T%)
q q

my (30" Pyb) Fl . Ps = 1g;zmb (50" PRT“b) G, |

P7:

e
167 (6.2)
where Pgrj = (1 £ v5)/2 are the chirality projectors used throughout this chapter. The
choice of the Dirac structure of the operators P;— P allow to safely choose a regularization
scheme with a fully anticommuting 75 [CMMO98]. Indeed, as usual, the CKM suppressed
element V,,;,V,*. has been neglected.

The contribution of the effective Hamiltonian in eq. (6.1) to B — X v has been
extensively studied in the last decade and it presently includes NLO perturbative QCD
corrections as well as the leading non-perturbative and electroweak effects (see [Gam06]
for a concise discussion and a complete list of references). The calculation of NNLO QCD
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effects is currently under way [M*06] and its expected to bring the theoretical accuracy
to a level equal to that one expected at the B factories.
We just mention that it is more convenient to use the effective coefficients [BMMP94]

ot = ¢ i=1,..6,

6 6
CH=Cr+ ) yCi, G =Cs+) xCi, (6.3)
i=1 =1
where y = (0,0,—1/3,—4/9,—-20/3,—-80/9) and z = (0,0,1,—1/6,20,—10/3) are the
NDR results for y; and z;, defined in such a way that the leading order matrix elements
of the effective Hamiltonian for the transition b — sy (b — sg) is proportional to CS//
and C§/7 only.
We just summarize the long established results [IL81] for the Wilson coefficients at
the matching scale:

O (i) = 0 i=1,34,56
M () = 1 i=2,
7—5x—8x?) 2*(3x —2)
C(O)eff — x( 1
T ) = T T Aoy

2+ 5x — 2?%) 3z
S(zr— 17 4z _ 1)

CO () = 4 Ine
where x = m? /M3, .

The evolution from the matching scale py, to a generic low-energy scale p can be
obtained as usual through the procedure described in section 3.3. At the LO accuracy
the only term entering the branching ratio formula (see eq. (6.49) below) is [BMMP94]

8
e 16 e 8 14 14 e a;
C M () = = O (uw) + 500 = )COT () + D i (6.4)
i=1

where n = as(Mwy)/as(p) and the scheme-independent magic numbers a; and h; are

14 16 6 12
i = (=, —, —, ——=.0.4086, —0.4230, —0.8994, 0.1456) ,
6 = (33 530 53 ~g3 04086, —0.4230, ~0.8994, 0.1456)

626126 56281 3 1

—, 0.6494, —0.0380, —0.0186, —0.0057) .  (6.5)
Now we turn to analyze the effects of new physics on the radiative B decays. In the

2722777 51730° 7’ 14

absence of new light degrees of freedom, physics beyond the SM manifests itself through
(i) new contributions to coefficients of the operators involved in the SM (ii) the appearance
of operators absent in the SM. (i) applies, for example, to the case of Two Higgs Doublet
Models (THDM) [CDGG97], and to some supersymmetric scenarios with MEV [DGS06].
On the other hand, in left-right-symmetric models [CM94] and in presence of tree level
FCG [BGHWO00] additional operators with different chirality structures arise. The latter
is the case we want to analyze in this chapter.



FCG contribution to B — Xy at LO 73

The effect of the matching of the supersymmetric strong particles must be added to
the effective Hamiltonian as

Heg = HU% + HY (6.6)
Mg = Cig(n) Osglp) +> > Clau) O(n) (6.7)
i % q

where the index ¢ runs over all light quarks ¢ = u, d, cs, ¢, b. The classification of the new
operators can be found in [BGHWO00] and reads (we follow the same notation)

e magnetic operators, with chirality violation coming from the b- or ¢- quark mass

Qg = eg2my (56" Prb) Fl | Qspg = gimy (50" PrTb) G

pv
Q?qg = eggmc (ga“” PRb) FHV y Q8c,§ = ggmc (Ea'l“/ PRTab) GZV s (68)
plus their primed counterparts @7, . and Qg, ; obtained by replacing P, — Pg.
e magnetic operators in which the gluino mass m; signals the chirality-violation
Q7g7§ = 693 (EO”W PRb) F/W s Qggh{] = gg’ (EO”W PRTab) GZV s (69)
plus Q7 - and Qg - obtained by replacing P, — Pg.
e Vector Lorentz structure operators
5= 95 GavuPrba) (@7 Pras) . Qs; = 95 GavuPrbs) (@57 Prga)
11, s oz7u LY« QB’}/ LQB ) 12,5 s Soﬁ/u LYs QQ’Y LYo 3
%3,@ = gf (SaVuPrba) (%VMPR%) ’ %4,@ = 9;1 (goc%PLb)g (%VNPRQ)Q . (6.10)
plus Q5 ; — Q145 obtained by replacing P, — Pg.
e Scalar and tensor Lorentz structure operators
({5,9 = g? (EaPRba) (qﬁPRQQ) ) Qgﬁ,g = 93 (EaPRbﬁ) (GQPR(]a) )
%7,{; = gjf (3aPrba) (qﬁPLQﬁ) ) Q?s,g = g;l (50 Prba) (q@PLQQ) )
Y05 = 95 (5a0uPrbs) (G30" Pras) , Q%5 = 9s (Sa0uw Prbg) (450" Praa) (6.11)

plus ng,g — @20@9 obtained by replacing P, — Pg.

By inspection one finds that the eqs. (6.8-6.11) are a complete basis containing 12
magnetic and chromomagnetic and 5 times (one for each flavour ¢) 20 four-quark opera-
tors. In total 112 operators.

The larger number of operators in (6.8-6.11) with respect to SM operators in (6.2)
comes from different chirality and dimensional behavior. The different chiralities are due
to the fact that the gluino couples both to left- and right handed quarks and the associated
squarks. In contrast, the W boson has only left-handed couplings and therefore right
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handed fields only arise if their masses are not neglected. Usually only (chromo)magnetic
operators with right-handed b-quarks are included. Similarly, the occurrence of five dim.
operators with differing powers of the b and ¢ quark mass can also be understood from
the chirality structure of the FCG vertices in eqs. (2.46-2.47). Some of the new operators
differ from the SM (chromo)magnetic operators only by an additional factor g2. These
were introduced as additional operators for practical reasons, as we explain in the next
section.

6.2. Mixing of Operators with different dimensions

In sec. 3.2 we have briefly derived the master formulae relevant for the extraction of the
ADM of a given effective Hamiltonian. Now, if we look at our observables of interest,
an important remark is linked to the different canonical dimensions of the operators
involved. This is a consequence of the fact that five and six operators appears in the
effective Hamiltonian of the radiative B decays. In this respect, the following property
is valid: the renormalization of an operator of a given dimension needs only operators
as counter-terms of the same or lower dimension. The proof of this property is based
essentially on dimensional analysis. It can be found on page 149 of the book by Collins
[Col].

This means in particular that the magnetic penguin cannot mix into dimension six
operators (6.10-6.11) and it is always possible to put to zero the connected entries of the
ADM without performing any calculation. On the other hand, operator of dimension
six can mix into (i) other six dimensional operators and (ii) five dimensional magnetic
operators.

Another useful remarks is linked to the difference between (i) and (ii). We have seen
that the RG evolution, governed by the ADM, allows to resum large logs of the form
L = In(u/p). Now, in the diagrams relevant for (i) the large logarithms L comes only
from loops with gluons. This implies at least one factor of ay for each large logarithm
and the possibility of a RG evolution of the Wilson coefficients as described in section
3.4, and in particular using an ADM expanded as in eq. (3.18).

It turns out that in the case (ii) another possibility is at hand, namely the first large
logarithm can arise without the exchange of gluons. This possibility has a concrete ex-
ample already in the SM when one tries to calculate the amplitude of the decay b — sll.
In supersymmetric models these terms arise in the b — sy case. To achieve technically
the resummation of these terms, it has been suggested [Mis93, BGHWO00] to choose a
normalization of the operators that allows to proceed according to the standard method.
This translate into the request for the powers of a; in Z (see eq. (3.19)) to be equal to
the number of loops of the contributing diagrams. We implement this request by adding
one factor of a, in the definition of the (chromo)magnetic operators and a factor a? in the
definition of the four-quark operators. In particular, the one loop mixing of the operators
Q1120 With the operators QQ7_g appears formally at O(ay).

We finally want to underline another important difference in determining the effective
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Hamiltonian for b — sy within and beyond the SM. With the redefinition discussed above
one immediately sees that the Wilson coefficients have a perturbative expansion starting
from O(a?). The calculation of the matrix elements hovvever must be different to take
into account the fact that the amplitude generated by H; f 7 and HY ory differs for an overall
a, factor. In the SM it must be performed at O(a?) and O(«;) at the LO and NLO
precision. We just mention that either five or six dimensions operators enters the LO
matrix elements, even if, as already noticed, it is possible to define effective coefficients

8

such that only the five operators has a non-null on-shell matrix element. On the other
hand, the FCG contribution to b — s7 requires a similar calculation to O(a,) and O(a?)
at the LO and NLO precision and in this case only five-dimension operators naturally
enters to LO precision.

Finally, with this organization of the effective Hamiltonian, the SM and SUSY undergo
separate renormalization and can be studied separately.

6.3. Magic Numbers for B — X,y

Turning back to eq. (6.7), we have seen that it contains 112 operators. Therefore the
ADM matrix «;; is a 112 x 112 matrix. However, this huge matrix is formed by not
communicating sub-blocks. In order to identify them we first not that the primed and
non-primed operators do not mix under QCD renormalization. This reduces the problem
to the evaluation of two identical 56 x 56 matrices. Moreover, given their proportionality
to mg, the dimension-five operators Or; 5, Os; 5 and their primed counterparts do not mix
with dimension-six operators. The 4 x 4 submatrix for these operators is a block-diagonal
matrix with 2 x 2 blocks. The block corresponding to O75 5, Os; g is

9 2N 4
Vijg = Cr S he=gns 25 05 4 (6.12)
8CFQu TN — N, — 3N

and differs from the known [CFM*93] ADM of the SM operators P; and Py in eq. (6.2) just
by anomalous dimension of the explicit mass m; and of the coupling g2 in the definition
of the operators (see eq. (6.9)). This matrix checks with formula (37) of ref. [BGHWO00],
after one specialize it to ny = 5.

Applying the standard integration procedure for the RG equation described in section
3.2, we parameterize the evolution between pg and p, ~ my via the magic numbers, in
analogy with the analysis we have already presented for the EDM of the Neutron

g§ Z Z Xabas C](g)g(,us) (613)

J=7 a,b=1

with Y, and Z, given by:

8 16 27 29
Yo=9755 755 (0 Z6=145: 55 (6.14)
125’ 125 257 25
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and the nonvanishing entries in ijb are given below:
X2 =1.0592, X7g =2.7444 , X723 = —2.8245 , Xg3 = 1.0292 . (6.15)

In general, the structure of the remaining 54 x 54 matrix, corresponding to the four-
quark operators Qf ; (i = 11,...,20;¢ = u,d, ¢, s,b), magnetic operators Oz, 5 and chro-
momagnetic operators Og;, 5 is rather complicated. The fact that the LO formula for the
Branching Ratio (see eq. (6.49)) only contains the coefficients Cr;, ; and Cr. 5, evaluated at
the low scale py, simplifies the analysis. Among the four-quark operators, only those with
scalar/tensor Lorentz structure, Of . (i = 15,...,20), mix into the magnetic and chromo-
magnetic operators at O(as). The vector operators Of ; (i = 11,...,14) on the other hand
mix neither into the magnetic and chromomagnetic operators nor into the scalar/tensor
four quark operators. This implies that the presence of the four-quark operators with
vector structure is completely irrelevant for the evolution of the coefficients of the mag-
netic operators. The observation that the scalar/tensor operators with the label ¢ mix
into Oz, 5 and Os, 5, with the same ¢, together with the fact that scalar/tensor operators
mix along themselves in a flavour-diagonal way, further simplify the situation. It is indeed
possible to restrict the problem at the LO level to the calculation of two 8 x 8 matrices
corresponding to the following basis:

{035@ 0(116,5}? Og?@ 0(118,5}’ Ogg,gp Ogo,ga O7q,§’ O8q,§} , g=bc. (6-16)
For the case ¢ = b, the result for the ADM is the following

0 e
Yijg = QT yir 0|, (6.17)
0f Y87 Y88

where the various entries are given by

N% i 23_6NC 6 044 ! ! NLl 1 _1N
6 m+§m6 %6 0 —1 ik
0 0 6 4 26N 0 0 0 8 .
Tr = Ne w3 6, 44 — 3l
0 0 -6 S+uN. 0 0 3
% %—% 0 0 %m—%& 02
24 B 94N, 0 0 6 2N, -2
22 4 34 8 4
:80 _NC__ y :80 , :_NC____ ,
Y r+ 3 an Ys7 rQd , Vss 3 N an
Bt = Q4(1,N.,0,0,—4 — 8N., 4N, — 8) , B¢ = (1,0,0,0, —4, —8) , (6.18)

while the case ¢ = ¢ differs from the previous one in the submatrix responsible for mixing
of the four-quark operators into the magnetic and chromomagnetic ones:

ﬁ_'; = Qu (0> Oa 07 Oa _8Nc> _8) ) /6_5% = (O? 0’ O’ 0’ O’ _8) : (619)
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Xpo | 063563 | X,% | 056175 | Xp5 | —0.17712 | X7 | 0.37021
X2 | —0.26985 | X% | —0.0054636 | X,%’ | —0.011676 | X,%7 | 0.0045594
Xyt | —022109 | X,2, | 03039 | X5, | 0.046421 | X;7, | —0.097029
X,% | 0.070725 | X250 | —0.083386 | X,% | —0.1782 | X,%7 | 0.069585
Xy | —0.77381 | X% | —0.18418 | X[ | 033711 | Xp2 | —0.70463
X% | 051361 | X250 | 068894 | X2 | 14723 | X,%2 | —0.57492
Xpoe | —42007 | Xpoo | 32784 | X[ | 12313 | Xpn | —2.5736
Xyos | L8759 | X35 | 037725 | X% | 0.80619 | X,%7 | —0.31482
Xpw | 12586 | Xy | 3.2611 | X,n | —3.3562
X220 | 023836 | X523 | 03883 | X0 | —0.33961 | X,2% | 0.0011667
Xy | —0.082909 | X535, | —0.036386 | X,q5 | 0.089006 | X,%5 | 0.017806
Xpg | —0.20018 | Xp% | —0.26424 | X, 30 | 0.64637 | X35 | —0.14712
Xpgs | —15753 | Xpag | —0.9651 | X,30 | 2.3608 | X,55 | —0.080559
Xy | 1.2229

Table 6.1: Magic numbers X" for the evolution from six to four flavours.

bzy

The 6 x 6 submatrix for the four-quark operators can be gleaned from ref. [BMUOQO],
taking care about the different normalization of the operators and the different definition
of the o"” ® o, Dirac structure.

The Wilson coefficients of the dimension six operators C7, 5 and Cgp 5 at the low scale
are given by

8
Conglim) =D D Xijos(us) "' C (ns) , i =18 (6.20)

where the index j runs over the Wilson coefficients corresponding to the operators of eq.
(6.16), and with Y, and Z; given by:

{ 32 4 8 64 —236—25v241 —194 — 25241 214—25\/24) 256 — 25241

=

175’ 175’ 75’ 525’ 525 ’ 525 525 525
—4(17 4+ v241) 4(1 — V241) 4(—17 +241) 4(1 + v241)

525 ’ 5925 ’ 925 ’ 925
—236 + 25v/241 —194 + 25+/241 214 + 254/241 256+/241 (6.21)
925 ’ 925 ’ 925 © 525 '
7 26 39 41 53 33 —v241 51 — V241 33 +v241 51 +v241 (6.22)
"7 )25725" 257 25" 925 925 925 925 '

and the non vanishing entries in X, are listed in tables (6.1).

b,ij
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X274 | o0a2r01 | X77 | 015798 | X0p | 0.0015923 | X7, | —0.0022584
X020 —0.064313 | XJ7 | 018511 | X7 | 0.0086213 | X770 | —0.22196
Xow | —0.061025 | X2 | 0.0050979 | X3 | —0.19544 | X737 | 0.054212
X7 | 00048233 | X907 | 0.0022797 | X727, | —0.45747 | X7, 1.0223
X% | 00008719 | X027, | —0.0012366 | X%, | 0.016856 | X7, | —0.048514
X7y | 00047209 | X% | 0.058173 | X!L | —0.22289 | X% | 0.077805
Xy | —0.71384 | X35 | 019801 | X% | 0.073614 | X.%7 | 0.034793

X0% | 23991 | X0o 7.6938 X2 | 0.00060611 | X7 | —0.00085967
X051 012241 | X2% | -0.35232 | XJ7s | 0.0032818 | X0 | 0.42246
Xom —1539 | X, 75 | —0.64283 | X.vo | —4.9289 | X, %7 1.3672
X322 | —06082 | X292 —028746 | X% | 22301 | X)3 | 0.56355
X205 | 00092506 | X7 | —0.01312 | XD% | 044708 | XJ7c | —1.2868
X% | 0.050087 | X% 1.543 Xoe | 040335 | X % —0.352
x5 1.2918 Xo7 | 035832 | X% | —0.33304 | X%7 | —0.15741
X 1.2586 X2 3.2611 Xomg | —3.3562

X234 | 0047628 | XJ2 | —0.00084689 | XoF | 0.069415 | XJg | 0.025683
X0 —01698 | X1k | 0013597 | X35 | 0.00058335 | XJ3, | —0.17155

X083 | —0.00046374 | XJ2, | —0.018193 | Xo%, | 0.014064 | X.%7 | 0.044503
X% | 0049661 | X235 | 0.0089032 | X2% | —0.89965 | XCd | —0.00032238

Xo% | 013212 | X28 | 0.0097766 | X)%0 | 032319 | Xy 0.3429
X235 | —0.073559 | X% | —0.83967 | XJg | —0.0049202 | Xo% | —0.48255
Xow | 014921 | X% 11804 | X.g4 | —0.080869 | X.%5 | —0.04028

3,2
x> 1.2229

Table 6.2: Magic numbers X f Zl] for the evolution from six to four flavours.
The coefficients Cr. ; and Cs. ; formally have the same expression as C7, 5 and Cyg g,
when the indices 7b and 8b are replaced by 7c and 8c

8
> Xlhas(us) sy O (ns), i =17,8 (6.23)

and the non vanishing entries in X f Zl] are listed in tables (6.2).

Notice that in tables 6.1-6.2 there is no entries with 7 = 3,4. This is due to the fact
that the two operators Of, ; and Of; ; do not mix with the remaining ones in eq. (6.16),
as it manifest by looking at the corresponding entries of the matrix on the first row of eq.
(6.18).

This concludes the list of the formulae that are necessary to consistently provide a
leading order resummation of the large log logarithms for the effective Hamiltonian in eq.

(6.7). In the next section we turn to the calculation of the Wilson coefficients.
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6.4. Wilson coefficients at the ug scale

We give here a step-by-step presentation of the LO result for the various Wilson co-
efficients arising from the virtual exchange of gluinos at the matching scale. Among
the diagrams contributing to the operator basis (6.7) it is possible to distinguish three
different classes: triangular, box diagrams and penguin topologies. In the case of gluino-
mediated processes, these contributions are of the same order, After the reorganization
of the perturbative expansion discussed in section 6.2., and therefore must be included in
the analysis. Since the strategy to match the full theory into the effective one is different
for the abovementionated classes, we will treat them separately, emphasizing the various
steps and commenting on each of them.

Magnetic diagrams

The off-shell basis operator basis relevant for this calculation is

2
(&
Q7b7g = Is my (EO"W PRb) F

1672 me
2
egs _ v
Qg5 = Ton2 (30" Prb) Fu
g3
Qsng = 752" (50" PrTb) G%,,
g3
Qsp5 = 1go3 (50" PrT*D) Gy,
ig:
Q9,§ = 1672 (SQEQ PRb) )
ieg? _ »
2
(& s — v
Qug = 1555 % Prb DF™ |
g2
Qi2n5 = 16;27"% (3D Pgb) ,
g2
Quzgg = 7.2 5P P Prb)
Zgg = Ly ga a
Qi35 = Tk {p,o"t Gw} Prb
g3
Quag = 16;23 Y t* Prb DG,

where D,, is the SU(3). X U(1)em covariant derivative. Notice that i) on-shell Qg g, ..., Q145
are no longer independent operators and, by applying the equations of motions, they can
be written as linear combinations of the other operators in eq. (6.7). ii) Dimension five
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Figure 6.1: Diagrams contributing to the magnetic operators: in the MIA limit the first
one contribute to Oz, ; through a flavour-violating scalar term, while the second match
with Oy 5 through a flavour and chirality- violating scalar term.

operators in eq. (6.24) do not arise if the only source of flavour violation is the CKM
matrix, and are a consequence of the tree-level FCG interactions.

The diagrams arising from a single gluino exchange are represented in fig. 6.1. The
strategy adopted for the extraction of the Wilson coefficients it is analogous to that one
used for the Neutron EDM. First, we have derived the Feynman rules for the operators
in eq. (6.24). The latter can be put in a one-to-one correspondence to the form factors
of the general b — sy and b — sg vertex [SW90]. Consequently, it is possible to work
out the contribution of a given operator as a linear combination of the form factors,
calculated following the same strategy of section 4.5. In particular, we have adopted the
same kinematical configuration.

The presence of the Zp matrices, connecting the down squark basis of the mass eigen-
states used in our calculation to the flavour diagonal basis (see eq. (2.43)) is removed by
performing the MIA limit, as described in detail in appendix A. In particular, the LO
magnetic diagrams give rise to a loop function depending on only one squark mass (there
is just one squark propagator). Such loop function gets multiplied by one Zp’s and one
Z1s. Consequently the MIA limit can be performed by using formula (A.4).

The result obtained must be finally multiplied by an overall factor (+i) to take care
of the fact that

Ann = (L) = —(iHes) - (6.25)

After this manipulation our final result read

Crglus) =0,

Craalis) = fors 155 OLr)oFi(e)

Csbg(ps) =0,

Craalis) = Tgmagia(Oun)s | ~5Fie) = 5P|
Coalis) = 1255 (Oua)aFae)

1672 3
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Qs 4

Chog(ps) = _mTng(éLL)stz(x) :
Qq 4

Ciig(us) = 16;2 §(5LL)st5(I) ,
Chang(ps) = 0,

1 8 M;
Cuagg(tis) = — 153 gﬁg(dLR)st4($) :

1 1 3

Cis5(ps) = _W((SLL)SI) —6F2(95) - §F1(93) )

1 1 3
Chag(ps) = W((SLL)% —6F5(IL") - §F6(£E) , (6.26)

where we have defined the dimensionless mass parameter 2 = MZ/MZ? and M, indicates
the average squark mass, introduced in eq. (2.49) as M. The Wilson coefficients of
the corresponding primed operators are obtained through the interchange L < R in eq.
(6.26). The functions F;(x) which result from the calculation are given in appendix C.
Note that there is not explicit dependence of the matching scale pg in these functions.
However there is an implicit ug-dependence via the gluino and squark masses which has
to be specified when going beyond the leading calculation presented here.
Then we can derive the on-shell magnetic operators using the EOM

oS __
Co = Cug+Cug s

Cay = Cang + Cusg (6.27)

b,g

0701)% and Cg,% being the coefficients of the on-shell magnetic and chromo-magnetic dipole
operators respectively. Given the results in eq. (6.26) we note that it is necessary to use
the EOM to project on the physical on-shell basis, since ()7, ; and Qs 5 do not arise in
the off-shell effective theory.

We finally observe that the coefficients of the magnetic and chromo-magnetic opera-
tors proportional to the c-quark mass, obtained by the mixing of six into five operators
discussed in sec. (6.2) vanish at the matching scale at the lowest order in a.

Penguin diagrams

Penguin diagram mediated by the virtual exchange of a gluino and a gluon is shown in
fig. (6.2) below.

First we note that diagrams (6.2) cannot be calculated with zero momentum external
states, because of the gluon propagator in between. So we can suppose the b and s
external quark carry a momentum p and r respectively. Then, even without explicit
calculation, the effective vertex b-s-g can be written in a form complying with gauge
invariance, Lorentz covariance and proper mass dimension as

I = Fi(¢*)mysioc™ q, + Fo(¢*)(* g™ — ¢"¢" ) (6.28)
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bR '§L

SR

Figure 6.2: Feynman diagrams contributing to the vector operators in eq. (6.10).

where ¢ = p—r is the gluon momentum. The first term, proportional to m; and signaling
an helicity flip in the given fermion line, play a role in the exclusive hadronic decays
(for an exhaustive MSSM penguin diagrams analysis see ref. [ACW98]). On the other
hand, the second term, when contracted with the gluon propagator and the low quark
pair line, give rise to the operators Q‘fl,g — Q‘114,§ in eq. (6.10) and their corresponding
primed counterparts. We obtain in the MIA approximation the following coefficients

3

1 1 1
Cly 5(us) = W(5LL)317§ [—gFg(:C) + §F7(:c)} ;

1 1 3
Cly51is) = —W@LL)sb {—éFg(x) + —F}(m)} ,

2
033,9(,“8) = Cﬂ,g(ﬂs) )
034757(#3) = ng,g(/is) )
where © = MZ /M? and the replacement L — R allows to obtain the primed results.

As dictated by the Ward identities, either the infinities or the finite parts in the limit
q — 0 cancel out in the sum of diagrams in fig. 6.2.

Box diagrams

Our amplitude of interest is made up of four box diagrams with exchange of two virtual
gluinos

A = Ay +A,
+ By +B;, . (6.29)

These diagrams are represented in fig. 6.3. Looking at fig. 6.3, it should be noted that B-
type diagrams can be obtained from the corresponding A-type ones by simply inverting the
endpoints of the two gluino lines attached to one chosen squark line, without inverting the
squark line as well (otherwise one would obviously end up with a topologically equivalent
diagram). So it is evident that, while for quark-gluino-quark lines of A-type diagrams one
can unambiguously fix a fermion flow as parallel to that of the quark propagators, the
same cannot be done for B-type diagrams. In the latter case, in fact, the quark arrows



FCG contribution to B — Xy at LO 83

Figure 6.3: Feynman diagrams for A and B type boxes in the first and second row,
respectively. A cross indicates a mass insertion and the indices h, k, [, m label the quark
and squark chiralities. The index 7 run over all the quarks for ¢ while d° = d, s, b.
Moreover d is equal to b or s if a single flavour violation is allowed in the squark lines.

in any of the two quark-gluino-quark lines are antiparallel. An unambiguous way to cope
with this difficulty, related to interactions involving Majorana fermions, is reported in ref.
[DEHKO92|. The recipe is as follows

e Fix arbitrarily the fermion flow along any fermion line.

e Suppose such fermion flow encounters a vertex whence a quark line having antipar-
allel arrow originates. Then use the charge-conjugated vertex, whose quark line has
the arrow in the reverse direction.

Before collecting the expressions for all the four inserted amplitudes, some general remarks
are in order.
The amplitude of all the diagrams entering our calculation has the structure

diagram ~ [Sy (fermion line 1) S5] [S3 (fermion line 2) Sy] (6.30)

where S;,7 = 1, ...,4 are spinors for the external particles and the sign of proportionality
indicates that an overall constant factor was omitted. Henceforth we will indicate as
“spinor sequence” the following object

spinor sequence = (S155)(S39;) , (6.31)

with reference to the above diagram structure. The quantities to simplify are of course the
two fermion lines, via gamma matrix reduction and color contraction; in addition one has
to perform the integration in the loop variable. The final form for each diagram will be
written in terms of the product (fermion line 1) ® (fermion line 2), with the corresponding
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spinor sequence indicated as in (6.31).
Now we can write down the 4 LO amplitudes, for A- and B-type diagrams separately. We
collect in each diagram a common factor C’él) or 052) , namely

M2
S - MF)( - M2

M4
TP = M= M)

(6.32)

where the superscript (i) indicate the total number of mass insertions in the squark
lines, obtained by application of eqs. (A.4) and (A.5), respectively. Moreover, [ is the
momentum of integration and we have considered external quarks with zero momenta and
massless. The factor 4 comes from the corresponding factor v/2 hidden inside the FCG
vertices (see eqs. 2.46-2.47).

A-type diagrams

A1 = Ceolor,A, {Cldi ((0rL)sai(OnL)aiv 1@ dr, + (0rRr)sai (OrR)ais dr® dr)
+CP ((OrR) s (Ore)ars d1® dr + (Or)sa (Orr)an 4r® 41)

+M; [01(2) ((0rL)sai (OrL)aivPL ® Pp + (0Lr)sai(0Lr)ainPr ® Pr)

+ CF ((0r)sar(Orr)aPr ® P+ (0rR)sar (0rL)anPL ® PR)] } ’

1 7
C1color,A1 - %50203 50104 + Edclcz 50304 s (633)

spinor sequence : (5, (k1) bey (p1)) (d, (p2) df, (ko)) |

and

A2 - _Ccolor,Ag {Cl(l) ((5LL)sb QL® qL + (5RR)SI) QR® qR)
+C ((Orr)b(Ore) g 408 dr+ (Ore)(OLr)gy 4r® d1)
+MZ | (One)b(Ore)orar P © Pr + (918)(01r)giqr P © Pr)
+ Cl(l) ((0rL)sbPr ® Pr + (0pr)spPr ® PR)] } )
7 1
C1color,A2 - Edcgcg 50104 + %50102 50304 s (634)

spinor sequence : (3, (k;) qu4 (ko)) (QICJ (p2) be,(P1)) -
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B-type diagrams

By = —CeolorB, {01(2) ((OLr)sar (OrL)aiv 41© dp + (0rL)sai (OLr)a dR© dr)
+Czdi ((0r2)sai (OrR)aiv AL® dr + (OrR)sa (OrL)aw dr® 41)

_Mg [Cl(2) ((5RL)sdi(5RL)dibPL & PL + (5LR)sdi(5LR)dibPR X PR)

+ Cf ((OnL)sas (OrR)ainPr ® Pr + (0rr)sai (Ore)anPr PR” } ’

3 1

C1color,B1 = 1_850263 5clc4 - 660102 5cgc4 ) (635)

spinor sequence : (S, (k;) dCiCS (p2)) (CTCL4L (ko) be, (p1)) 5

and

B2 == CCOIOI‘,BQ {Cl(l) ((5LL)sb QL® Q/L + (5RR>sb QR® QIR)

+o? (Orr)sb(OrL)gi AL® dr+ (OrL)s(OLR)giq dR® d1)

‘l‘M; |:Cl(2) ((5RL)sb(5RL)qiquL ® PL + (5LR)sb(5LR)qiquR X PR)

+ Cl(l) ((0rL)svPr ® Pr+ (0rr)spPrL ® PR)] }

1 )
CCOIOI‘,BQ = _650203 50104 + 1_850102 50304 (636)

spinor sequence : (S, (ki) a%, (p2)) (%, (k2) be, (p1)) -

In the above formulae the terms proportional to C’ldi = C’l(l) (Ogip + dgis) + Cl(z)édid have
the obvious condition (01)ss = (0rr)w = 1, while the superscript ¢ denotes charge
conjugation on the corresponding spinor. Going back to formulae (6.33)-(6.36), we notice
that color structures are collected separately as variables Cioor. Such structures are the
result of reductions involving matrices t*, which are the objects actually appearing after
the substitution of Feynman rules into the diagrams. Their simplification to a form
just involving color Kronecker is performed using well known relations among Gell-Mann
matrices (see for example appendix A of ref. [Pic95]). Afterwards, color structures can be
saturated with external spinors, thus identifying colors between pairs of them. Finally, as
anticipated, spinor sequences are collected as the last line of each diagram’s formula, and
must be understood following the conventions of eqs. (6.30)-(6.31) above. In particular,
symbols p1, ps (k1, ko) are labels for the incoming (outgoing) particles.

We recall at this point that in the matching procedure we need to compare, according
to eq. (3.4), the full and the effective theory calculations. For this purpose it is customary
to rewrite the full theory amplitude in terms of the matrix elements of the four-fermion
operators of basis, taken between the same external states as those considered in the full
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theory calculation itself. The relevant formula is the following:

(4 @ D)= = (out|(¢y Taty?) (¥, Tyt lin)

(
= (3% (k1) Ta 0%(p1)) (@*(p2) U'p ¢i*(k2))
(3 (p2) Ta b= (p1)) (3% (k1) T'p s™(k2)) Oy,
— (37 (k1) Ta b%(k2)) (3%(p2) I'p s“(p1)) Ogup - (6.37)

In eq. (6.37) the adoption of the sign “~”, instead of the “=" deserves a word of
explanation. Note that on the left side of the sign there is a four fermion operator, built
up with anticommuting fields, whereas on the right side a sum of amplitudes, made up of
commuting spinors, appears. So the correspondence between the two sides is only up to
an overall (—) sign, which is fixed by convention. In particular, it is fixed by choosing a
particular ordering for the creation-destruction operators of the external states (left side).
Such convention must be consistent with the one adopted when writing down Feynman
diagrams in terms of amplitudes (right side).

Now we sum up (6.33) with (6.34) and (6.35) with (6.36). Our aim is to express the
total amplitude in terms of the tree level matrix elements of the operators listed in (6.10-
6.11) among the same set of external quark states used in computing the amplitude itself.
Such operation is possible, recalling that the operators in eqs. (6.10-6.11) form a com-
plete basis. However, the expressions for the single diagrams will initially present flavour
structures beyond those belonging to these operators. Such “redundant” flavour struc-
tures can however be rewritten in terms of the “reference” ones through Fierz reshuffling.
The relevant Fierz transformations are collected in app. B. On the other hand, in the
B-type diagrams, Fierz rearrangements are a useful tool not only to eliminate redundant
structures, but also to get rid of the charge conjugation operation in the external spinors.
After Fierz rearrangements, introducing the shorthand notation

(P17 P2) T B (kL vy k2)E% = (B (p1) () LR ey (p2)) (T (k1) () e @G, (K2))
(P10 p2)7 G (1 0 k2) 5% = (Bey(p1) (0") Lk Des(D2)) (@y (F1) (o) mr @6, (R2))

(p1 p2) 7% (k1 ko) 2% = (5e,(p1) Prg bes(p2)) (Ty (k1) Proge gz, (K2)) (6.38)
we write the sum A; + Ay as

[? 1
A+ Ay = — {Cl(l)(5LL)sb l%(k‘lwl)(i&(pﬂk‘z)ﬁﬁ

7 (e} o
4 (l{:ﬂpl)Lﬁ(pka)g ]

13

7 1 o [e}]
+Cl(2)(5LL)sd(5LL)db5qid {E(kﬂpl)ﬁa(pﬂb)gﬁ + %(kwpl)f(pwk‘z)ﬁ }

1 7 o o
—cY {(5LL)sb5qis <%(p2w91)%a(k17k2)§5 + E(pﬂpl)Lﬁ(k‘ﬂk‘z)ﬁ )
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) ) |

+ it ( (k1vk2) 2 (poypr) 15

+c? |:(5LR)sb(5RL>qiqi <_ﬁ(lﬁp1) (paka)” Z(klpl) (p2k2)y )

()3 (pryF) 2 + - ()2 <pwk2>%“)

ol

+(02Rr)sa(ORL) dbgia < 36

(pzpl) (k1k2)ﬁﬁ g (P2p1)%ﬁ(klk2)€a)

&l =

+(5LR)SS(5RL)sb5qis (

1 7 a a
(5LR)sb(5RL)bb5 ib (18(k1k2) (pzpl) + 6(k17€2)36(p2p1)€ )] }
1 7
+Mg2 {Cl(2) |:(5LR b 5LR qqu ( 7— klpl 2]€2) - ﬁ(lﬁpl) ( 2]€2>

—_

——(k1op1) 3> (p20ka) —1(74510]?1) (p2cks)p )

288 96

7

+(0Lr)sa(OLR) b0y (E(klpl) *(poka)!

36(k1p1) (P2k2) )

1 7 o
+(0LR)ss(OrR)st0gis | mm (P102) o (Rnka) 3 + == (p1pa2) 5 (Kik)
72 24

1
+——(p1op2) % (k10k2)65

7
288 — (p1op2) Y (Koo)' )

96

! — (kik2) 5 (p2p1) ) 7(k‘1k‘2) (pap1) 3"

+(0LR)sb(OLR)bb0gin ™

N % (k1) 22 (pacrpr )2 7(k oks) (p20p1) )}

C (5LL)sb [—E(kl”ﬂh) (pz’ﬂ@) —%Ufﬂpl) (pﬂké)ga}

+Cl(2)(5LL)sd(5RR)db5qid[7(k1p1> *(paka)]’ Uflpl) C(paka) }

36

1
—|—Cl(1)(5LL)sb {5 (72(]927791) (k:wka) 24(

7 payp1)5 (krvks) o )

800 (Fythri e + gk oo )}

+L < R. (6.39)
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For B; + By we instead obtains

B+ B, = g {Ol(l)((SLL)sb (—%(kwpl)%“(pwkz)ﬁﬁ + é(kwpl)%ﬁ (pwk‘z)%“)

O Gua)a(Grn)adsa (5 hup i pab) 1+ S5 k)
+CL Gua)a |30 (bl perp ) = k) o)
+ 0gis <158(pwp1) “(kivke) é(mpl) (kik2) g )}
+CL | Gur)a(Gnnd (5 p )i a3 ) )
O aGrsad g (— (p k) el ookl
HGu)ansut (kb () = k)3 )
Gl (3o i (k) ;mm><m@>)]

H@{ﬂ”k&waﬁmw(—%%mo<mb> o5 ) ook

g (o a0 (k)

5 Q (7
+(5LR)sd(5LR)db5qid( (k1p1) 3 (paka) —%(klpl)Lﬁ(mk‘z)%

1 a
——(k‘lapl) (packs)y + m(k‘lapl) P (packs) )

+(5LR)sb(5LR)bb5qib( (kik2) 5 (p2p1) 7y ——(k‘lk‘z) P (pap1)

1 (0% (0%
k)i (o) + o) )

5 1 a o
+(5LR)sb(5LR)ss5qis <36(p2p1) (hb)ﬁﬁ 12(p2p1)3ﬁ(k1/€2)g

> (p2ap1> (]f10k2)

~TI ! —(p20p1) (/flaké)ﬁa”

48

5 @
+C{7 (Or) <36(/~mp1) “(pavks)]” —E(’fﬂpl) (pﬂk?)ﬁ)

1
_(k17p1)%a (P2’Yk2)

+Cl(2)(5LL)sd(5LL)db5qid (— 19

5 o
36 (lﬁ’ﬂ?l) (pz’Y]@)g )
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+C(0L) e lésqib( (k‘wk‘z) “(payp1)y’ (k17k2) 2 (payp1)s )

6 (gm0 k) 112@%) ““”’”)ﬁa)”

+L < R (6.40)

Now, grouping amplitudes in (6.39) according to (6.37), we end up with

12 1 i 7 i
(A1 + A2)phys = 7 {Cz(l)(5LL)sb (%( 109+ E< ?2,57)(0))

7 1
+Cl(2)(5LL)sd(5LL)db (E< [1i1,g>(0)36< [1i2g>(0))

1 i 7 i
+Cl(2) [(&R)sb(éRL)qiqi (—E< %zg)(o) - 6< (f&g)(o))

+ (0rr)sa(ORL)ar (172< fa)” + 31_6< ?4"7)(0))] }

9 1 i 7 i i
+M§ {Cz( ) [(5LR)sb(5LR)qiqi (—5< (115,g>(0) - ﬂ@(llﬁ,ﬁ(o) - @< (119,57)(0)

7 i 7 1
_%<ng,g>(0)> + (0rr)sd(OLR) b (12< .0+ %< 61l67g>(0))}

1 i 7 i
1) 0 0
+Cl (6LL)Sb <_72< ?3,‘@)( ) — 24( %4,§>( ))

7 1
+ Cl(z)((SLL)sd((SRR)db <E<Q[1i7,g>(0) + %@ﬂ&g)(o)) }

+Q7, Q7 (6.41)

Z7g ?

whereas the same operation performed on the sum (6.40) gives

{2 5 i 1 i
(B1 + Ba)phys = 1 {Cl(l)(5LL)sb (_1_8< (113,5})(0) + 6< [114,57)(0))

1 5
+Cl(2) |:(5LL)sd(5RR)db <—§< il7,g>(0) + §< ils,g>(0)>

5 i 1 i
+(0Lr)sb(ORL) gigi <—§< ({7@)(0) + §< [{8,5})(0))

+ (Gn)aldns)a (5@ + (@)
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#322{ 12 | m)lGur)as (5 Qo) + 151000+ 137(Qs )
1 ¢\ (0 1 d 0 o d 0 1 d 0
_@< go,g>( )) + (0Lr)sa(OLR) <E< 15,g>( ) — %( 16,g>( ) — 4_8< 19,g>( )
O d \(0) Ld 0 . 2 ,hd \0)
+M<Q20,g> + <5LL)sd(5LL)db _ﬁ< 11,g> + %( 12,g>
1) D d 0 L a 0
+ C; (0L )sd <%< 11,g>( ) — E< 12,g>( ))}
+Q7; = QY (6.42)

In egs. (6.41) and (6.42) the subscript “phys” is there to remind us that such amplitudes
come from the contributions of physical operators. Contributions related to evanescent
operators are not reported here, since they are relevant only at the NLO level.

As a closing remarks, we stress that the feature of the full theory amplitude to be
expressible (at any order in perturbation theory) in terms of tree level matrix elements
of the effective operators is in general true for amplitude as a whole, namely summing all
the diagrams belonging to it. Notably, it is not true for the single diagrams. Nonetheless,
we have just seen that A; + A, and separately By + By can actually be expressed in terms
of the abovementioned matrix elements.

In egs. (6.41-6.42) we still have to perform the understood loop integration. Recalling
the expression for 01(1) and C’l(2), we see that the only integrals appearing in the LO
calculation are those generated by a single mass insertion

W e [ d 1
ID — pf?
") em)t (@ = MR - M)

g S
or a double mass insertion
7@ M?/ d4l 1
" O @)t (12— M2 - M)t

7@ _/ d*l 12 (6.44)
o) @mt (@ - MR - M) ’

Both of them are finite and can be written in terms of x = MZ/M?. The corresponding
loop functions By, Bs, fg, f¢ are explicitely reported in appendix C.

In particular, we can now plug in formulae (C.7) into (6.41) and (6.42). The result
obtained is all what is needed in a LO calculation. In fact the one loop full amplitude
must be matched in this case with just the tree level effective one, and we have done it
when rewriting our results in terms of the (Q;;)”), according to formula (6.37). So the
Wilson coefficients of the LO effective Hamiltonian are just the sum of (6.41) and (6.42),
once multiplied by an overall (4i) to take care of eq. (6.25).



FCG contribution to B — Xy at LO 91

After this manipulation we can list out results for the various Dirac structures. We obtain
for the Wilson coefficients of the vector operators

i) = ~ gz { o) (5B5) + §B0)) + 8 Buad G (7o)~ 5 }

Chstis) = ~ggmayzz { 0o (3510 = 5B:0)) + 0 Gusho G (5500 + 560)) |

Cly 1 (ps) = —16%2]\45 {((5LL)sb (-1—231( ) — 11—832( )) + 0qa (0Lr)sa (OrL)ar (%f6($) }

O, (p1s) = —16%%2 {<5LL>sb (é&(z) - 232@)) + 6t (u)oa () <%f6($))} o (645)

while those concerning the scalar/tensor ones the result is

1 _% fﬁ(x)) +04a (O0R)sq (OLR)gp (%fa(as))} :

167r2M2 Orr)sb (OLR)gq

Cf&g(ﬂs) = -

1

167T2M2 (0r)sb (OLR)gq

Clhglns) = - 2 1) + 0 (Buh Grnle (5560 |

11

T 1) + 0 Guadeg Gl (—35) + L))

1
167T2M2

Clylns) = () Gradon (~2 1)) + s e G () + 5000 )

1

1672012 Orr)sb (OLR)gq

ng,g(ﬂs) = -

{
{
Ot (1) = ——— {aLR 2 (5rc)
{
{

% fG(x)) + 60 (611)sq (LR)ab (—11—21%(93))} ,

1
Co.5(1s) = 162012 {(5LR)sb (0LR)qq
g

ool w

/‘\/‘\/‘\/‘\/‘\/‘\
[

o)) + 0t Gundeg Guads (3550 |+ (600

where again the primed coefficients can be obtained from the Cq just by the exchange
L < R.

We finally recall that, under renormalization, the operators corresponding to the co-
efficients (6.46) mix with the magnetic and chromomagnetic operators by undergoing a
chirality flip proportional to m,. Therefore, only ¢ = b,c can contribute to the decay
b — sv via eqgs. (6.20-6.23) in the approximation m, = mg = ms = 0 made here.

Comparison with ref. [BGHWO00]

A comment about the differences of this results from that of ref. [BGHWO00] on the
same subject is in order now. The authors of ref. [BGHWOO] give the results in the
mass-eigenstate basis, while we have used the Mass Insertion Approximation, applying
the formulae given in appendix A. We have verified that, if we translate their formulae
(29-33) in our approximation using eqs. (A.4-A.5) we find complete agreement with our
Wilson coefficients in eqs. (6.45-6.46).
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6.5. BR(B — X;v) at Leading Order

We turn now to discuss the formulae useful to evaluate the branching ratio.
Since here we are discussing the LO approximation, several general considerations can
be made.

(i) The inclusive meson decays B — Xy is given in the spectator model by the cor-
responding quark decay b — X v. The spectator model has been shown to correspond
to the leading approximation in the 1/m; expansion, whose corrections can be obtained
with the method of the Heavy Quark Effective Theory [BIR9S].

(ii) At the LO accuracy there is no difference between the running masses and the pole
ones. Initially, when the heavy particles are integrated out, it is convenient to work out
the matching conditions in terms of the running masses.

(iii) The branching ratio is obtained as

I'(B — Xv)
T(B — X.cv,)

BR(B — Xyv) = BR(B — X.ev,) , (6.47)
where BR(B — X.ev,) is the measured semileptonic branching ratio. The normalization
to the semileptonic rate is usually introduced in order to cancel the uncertainties due to
the CKM matrix elements and factors of my, in the right side of eq. (6.47). The latter are
present both in the semileptonic decay width given by

my Gy V|

['(b — cev,) = 1993

fz), (6.48)
where the phase-space f(z) =1 — 8z + 823 — 2% — 122%In 2 is a function of z = m?/m2,
and in the b — sy rate. The latter turns out to be [BGHWO00]

mg G% |thv{;‘20‘em

['(b— sy) = 39,

(COGP+16Y wEy . (649)

where unprimed and primed coefficients refer respectively to right-handed b and s external

quarks and can be expressed in terms of the SM and gluino induced functions by means
of

16v2rP o (1)

) = € (o) = =
ts

1 m

(0) (0) c ~(0)
[071;.5(/%) + mbC7g,g(Nb) + mbC7c,g(Nb)} )
oo 16\/§7T3ozs(,ub)

_ '(0) 1 0o Me (0)
) = ) i)+ ) + o) (6.0)
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To conclude, we have derived all the analytic and numerical formulae to extract from
['(B — Xv) possible constraints on the flavour-violating sources in the squark sector,
generated by the FCG interactions. We have expressed the additional CKM-type mixings
arising from the MSSM sector as a function of the (d4p);; parameters, with indices i, j
indicating the external quarks flavours and A, B = L, R referring to their helicity.

We point put that the SM contribution already successfully saturates the experimental
result for this branching ratio. Furthermore, the B — X,y rate could be enhanced
significantly also without gluino contributions or any other source of flavour violation in
addition to the CKM matrix elements. The charged Higgs contribution always enhance
the rate, while chargino diagrams can reduce it if the p parameter in the superpotential
is positive. These two types of contributions are related in MFV models [CDGG98].

A possible method to analyze the FCG contribution is the direct comparison of eq.
(6.49) with the measured value in eq. (1.5). The theoretical expectation is the sum of
the SM contribution, which is a function of quark masses and CKM parameters, and the
SUSY contribution, function of squark and gluino masses and (d45);; parameters.

The bounds on the mass insertions can be obtained fixing a pair of values for (M, M)
and setting to zero in the Wilson coefficients all the (d45);; except for one. With this
procedure, the amplitude (6.49) to be compared with the experimental number depends
on a single mass insertion for each case considered.

The AB = 1 constraint of B — X, with respect to those considering in the AF = 2
systems, has the following features:

(i) Only (dr1)s and (dpr)s generate amplitudes that interference with the SM contri-
bution. Therefore the constraint from B — Xy for (0gp)s and (dgr)s are symmetric
around zero, while the interference with the SM produce a circular shape for (dgy)s and
(0rr)sb- We point out that in AF = 2 FCNC processes all the constraints are symmetric
around zero.

(ii) The operator Q7,5 is suppressed by a factor m,/Mj at the 1, scale, where the branch-
ing ratio is evaluated, with respect to ()75 5. In fact, the latter is generated by an helicity
flip mediated by the gluino mass, proportional to (dpg)s and (dgr)s,. Therefore the
B — Xy constraint is much more effective on these insertions.

(iii) Among the four-quark operators, only the scalar/tensor ones contribute at LO, but
they are naively supposed to have a small impact since they are generated by (dpg)sy Or
(0rL)sp but contribute to the numerically less important operator Oz, ;.

Our formulae for the Wilson coefficients are obtained using a common value for the
up- and down- type average squark mass M. One should actually check if this assumption
is not a oversimplification, affecting the generality of the numerical results. As already
remarked in sec. 2.3, this simplified approach is reliable only in absence of interference
effects between the various (645);;. This is the main condition under which such a model
independent analysis are performed. In addition, the latter can be applied to particu-
lar directions of the supersymmetric parameter space, in which charged Higgs, chargino
and neutralino contributions can be safely neglected with respect to the gluino and SM
contributions.






Summary of the results and outlook

In the present Ph.D. Thesis we have investigated two main arguments:

1. The EDM of the Neutron in supersymmetric extensions of the Standard Model
where contributions from new physics originate from extra heavy particles.

2. The rare inclusive B — Xy decay in presence of supersymmetric FCG interactions.

We now briefly summarize the main results achieved and presented in this work.

EDM of the Neutron

In chapters 4 and 5 we have presented the calculation of the perturbative strong corrections
to the EDM of the Neutron. The most important feature of the present study, with respect
to most of the results presented in the literature, is the use of a correct LO ADM, the
inclusion of the mixing between the electric and chromoelectric operators and the study
of the Wilson coefficients including NLO corrections.

The main results are collected in chapter 4 and 5, with the corresponding analytic
formulae presented in appendix C. For a detailed discussion on the results of the phe-
nomenological analysis performed in the framework of mSUGRA models., the reader is
referred to sec. 4.6. One interesting novelty in our analysis is the numerical irrelevance of
the neutralino contribution, as a consequence of our correct inclusion of the mixing. The
main result achieved by the inclusion of the NLO corrections for the gluino contribution,
discussed in chapter 5, is a neat improvement on the scale dependence with respect to
LO, from 15 — 20% to few percent, as summarized in fig. 5.8.

Finally, we point out that possible sources of improvement of our analysis of the EDM
of the Neutron concerning both the perturbative and non-perturbative aspects of the
observable are

1. The inclusion of the QCD NLO corrections for the supersymmetric chargino and
neutralino exchange.

2. A lattice determination of the matrix elements for the relevant dipole and Weinberg
operators, including an estimate of the #-parameter.

The last point, in particular, is essential in view of any study of the supersymmetric CP
violation, since actually there are too many unknown parameters for a reliable analysis
of that kind.
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B — Xyy

In the sixth chapter we have turned to a less restrictive scenario for the MSSM space
parameter at the Electroweak scale, respect to that dictated by the mSUGRA models.
As discussed in sec. 2.3, we have considered the presence of tree level FCG interactions.
The latter have a phenomenological impact on many observables in the By, By, K and D
mesons systems.

We have analyzed the FCG contribution to the branching ratio I'(B — X,v) at LO
and confirmed all the previous studies about this issue, in particular those collected in
[BGHWO0]. Given the theoretical prediction, a general analysis is complicated even at
LO. The main reason is that the FCG interaction translate in a very large number of
new flavour violating parameter with respect to the Standard Model. Therefore, we
have adopted the Mass Insertion Approximation, as a very useful method to permit the
direct comparison of our results with the experimental bounds in a physically transparent
fashion.

We have provided all the numerical factors to study the effects of the new supersym-

metric sources of flavour violation in the MSSM as a function of the (d45);; parameter
defined in the MIA.



A. The Mass Insertion Approximation

A.1. MIA expansions

When adopting the MIA, things get considerably simplified for loop functions. Since
we use propagators and vertices involving the mass' eigenstates basis U, D, such loop
functions will depend on (M7, ) )i-

Let us consider, as a starting point, a function f depending just on one mass M3 (for
ease of notation we suppress from now on the subscript y(py). We can Taylor expand it
as

n!

FMR) =) gj; Ef)u:o M) (A1)

Substituting the definition of the MIA expansion parameter A defined in the first line of
eq. (2.49), one finds

—d"f(x) (M2 + Ay)"
(200 00 (25 = 3 S g
N . ~dvf(x),  (MP)"— (MF)"
~ f(M}) 1 + nz:% o |2=0 = M}) Ajj
= f(M7) 1 + S = F(M)) A (A.2)

i j
where we have expanded as follows
(M26i; 4+ DNig)" ~ (MP)" 855 + [(MP)"™" + (MP)"2M? + ..+ (M)" '] Ay . (A3)

Eq. (A.2) is a consequence of the MIA assumption for the smallness of the off-diagonal
entries A;; with respect to the diagonal ones. If we also apply the other MIA condition in
eq. (2.49) for the approximate degeneracy of the diagonal entries of M, eq. (A.2) turns
to

(21, FM2) (2)y; = L) 15+ f'(ML7) Ay (A.4)

One can note that, if f(M3) is the propagator of a squark with mass My, eq. (A.4)
tells us that its expression in the basis of the flavour eigenstates can be approximated as
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a propagator of a scalar with an average mass M plus a double propagator (f’) of the
same kind with a flavour x chirality changing mass insertion. Hence the name of the
approximation.

The case with two masses - and in general with an arbitrary number of masses - is
just a generalization of eq. (A.4). We explicitly write it down as our last example

(Z1), (Z1), ML M) (2),,(2)y =
FOL D) 131 + 00 f O D) Ay + 0o f AT, M) 15 An
RO FOT T) (A2, 1 + 5084 (01 T Y1,(A%)
0Oy f (M, M) Ay Ay + O(A?) (A.5)

where for the derivatives with respect to the first or second argument of the function f
we adopted the shorthand notation 012 = Oz a2



B. Fierz transformations

Fierz transformations are a needful tool for expressing all the structures appearing in the
calculations of chapter 6 in terms of a set of “reference” ones, those corresponding to the
operator basis in eqs. (6.10) and (6.11). For B-type diagrams (see chapter 6, or below),
recalling that they involve external spinors subject to the charge conjugation operator C,
a second benefit adds up. One is able to eliminate C' from the spinors again using suitable
Fierz reshuffling, of course together with the properties of C.

B.1. Fierz identities for Dirac Algebra

Let us consider the generic fermionic quadrilinear

() T4 ) @ (3 T ) . (B.1)

The Fierz transformation allows to change the position of the external spinor, giving rise
to 4!/2 — 1 = 11 equivalent combination to the initial one. For definiteness, by Fierz
transformations we mean the following algebraic identities !

(M)as ® )= C5 ([)as © ([)ss, (B.2)

namely the interchanging 1, < 4. In eq. (B.2), C4 are numbers, a,...,d are Dirac
indices and ¢, j run over the Dirac basis of 16 matrices defined as

= {1,7“,0’“’,2’7“75,75} , >V (B.3)

where o = £[y#,~4"]. To obtain the C}} it is easy to derive the following relation [NP04]

1
Cg - ZfAB, (B4)
where the matrix f is determined by I I'P” 't = fap I'}} and his explicit form is the
following
1 1 1 1 1
4-2 0 2-4
f=|6 0-2 0 6 (B.5)
4 2 0-2-4
1 1 1-1 1

We recall that the overall (—) sign coming from the anticommutation of the four spinor fields satu-
rating these structures is not included.
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Combining relations (B.2-B.5) one can find Fierz relations for Dirac bilinears with definite
chiralities, obtained by applying the chirality projectors Pr , = (1£5)/2. Here we collect
only those which are useful for the present work.

1 1
{PL®PL}F:§ L®PL+§UIW®O'/W,
L,
{PL®PR}F: §’YR®’Y;LL7
L ® e = =7 © VL
(VL ®Yur}p =2Pr® Pp, (B.6)

plus those obtained by exchanging L < R.

B.2. Relations involving charge conjugates of spinors

We collect here some relations between Dirac bilinears involving charge conjugates of
spinors. They will be important for deriving Fierz relations necessary in the treatment of
B-type diagrams and collected in section B.3. We first recall the following basic definitions
(see appendix A of [DeA))

v =C@)F & (%) = —pTot (B.7)
where 1 is a spinor 2. Then one can write
(D)ol ap(2)s = (¥57)5(T7)ga (05 )
= (i5TC ), (erTe), (cw—;T)a
=~ (CTTCT) W1 - (B.8)

Choosing for the C' matrix the standard representation, C' = i?4°, one can exploit the
first and the last member in the chain of equalities (B.8) to get the following relations
between Dirac bilinears

YSPLYs = — o Prify
Yo s = haoiy

PEoH 55 = Pao™ iy (B.9)

plus those obtained interchanging L < R.

2We recall that spinor are commuting objects.
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B.3. Fierz relations for A- and B-type diagrams

In this section we collect all the Fierz relations needed in the treatment of the full theory
diagrams.

In order to saturate the Dirac indices and give rise to amplitudes, appearing in practical
calculations of Feynman diagrams, we will introduce four spinors (see footnote 1) for the
separate cases of A-type and B-type diagrams. In particular

(@q bg), (¢, ds) A —type diagrams
(a; bg), (¢, d5) B — type diagrams. (B.10)

In practice the two spinor sequences (B.10) can be assumed as a definition of A- and B-
type diagrams respectively.

A-type diagrams

(@ b) (e d) =—@~"" d) (e~ b) (B.11)
(@~"" b) (€~ d) = +2(a Pg d) (¢ Py b) (B.12)

(@PLb) (£ PLd)= (@ PLd) (2 P b) + é(a o d) @omb) (B3

B-type diagrams

Recalling the spinor sequences (B.10), we see that in the case of B-type diagrams it is
useful to use together Fierz relations and transformations involving the charge conjugation
operator C', in order to get rid of C' in spinors. Relations for Dirac bilinears saturated
with charge-conjugates of spinors were obtained in section B.2; eqs. (B.9). Below they
are used together with the results of B.1 to derive all the Fierz transformations needed in
the treatment of B-type diagrams.

@y b) (v d) = (@4 d) (b vk ¢) = —2(@ Pr ) (b P d) (B.14)
(@ b°) (€ v d) = —2(@ Prd) (b Pr c) (B.15)

(@ P, 1) (& Pud) = — (@ Prd) (b Py ) + %(a o d) (b oy ) (B.16)

_ %(a P o) (B Py d)— %(a o ) (b owr d)  (BAT7)
:—(aPLd)(EPLC)‘F(EPLC)(BPLCZ) (B18)

(@ PL ) (& Prd) = 5@+ d) (57" o) (B.19)

Egs.(B.11)-(B.13) and (B.14)-(B.19) represent the full set of Fierz relations we need to
handle Dirac structures in the full theory.






C. Loop functions for the Wilson coefficients

In this appendix we give the explicit expressions of the one- and two- loop functions that
appear in the Wilson coefficients.
Before listing the functions, we recall the basic notation used.

2 /02 27,2
T =mz/me T =mg/m;

O In[l—t
Lis[z] = dtM = PolyLog|2, z] as defined in Mathematica .
5 t

C.1. EDM of the Neutron

Ay, 19) = _xlxg(x1x2+x1+x2 —3) It [ zilnz, xn xg}
b 2 (21 — 1) (29 — 1) (t1—22) (21— 1)° (22 —1)°
B (1. 9) = 1129 (3T109 — 71 — 9 — 1) 122 [ r?1n x, B 73 In 9 }
b 2 (21 — 1) (2 — 1)° (r1 —22) (21— 1)° (22— 1)°
& (21, 15) = 129 (3x129 + D11 + By — 13)
’ 3(xy — 1) (20 — 1)
1T 1 (1 —9)In 24 I (x2 —9) In xﬂ
3 (1‘1 — ZL’Q) (1‘1 — 1)3 (ZL’Q — 1)3
z(x—3 zlnz
Aw) = 229 ;
2(z—1) (x—1)
2
B(x):x(:c—i-l)_ z? Inx (1)

20z —17° (-1
In the case of equal masses the functions A, B, C' reduce to

~ _xz (x+5) 22 (2z+1) Inz

A= ey T ey
B () = 7 (5x+13) B 3 (x+2)4lnx
2 (x—1) (x —1)
é,(x)IQx (x+11)  2° (x* — 162 —9) lnx. (C.2)

3 (x—1)° 3(z—1)"
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We list now the two-loop functions that appear in eqs. (5.13-5.14). To simplify the
expressions, we perform an expansion in the top mass reporting only the first term in x;.

In particular, recalling eq. (5.15), we write
12

F2 (Z’g, Z’t) = G2 (Z’g, l’t) + Ag (LL’g) In m—s2
q

~

2

~ Gy (z;) + 1, Gl (23) + A (25) In %

q

12

F4 (l’g, ZL’t) = G4 (l’g, l’t) + A4 (l’g) In Hsz
q

2

Gy (zg) + 2, G () + 2 Inwy Sy (25) + Ay (z5) In %

q

~

Ni (zg,2) ~ /2y N} (25) + /T Inzy R} (25) .

We find
2 (5123 + 41322 — 14 — 251 1 242 —1
Gl(x):8x (51x” + 413z 473:)3 51) 16 (82" + 93:174 3)L12(1—x)
27 (z — 1) 27 (x — 1)
+8x2 (1272* — 107523 + 48022 + 4051 + 27) In*z
27 (z —1)°
_ 8a® (48a" + 2282° — 11052° — 548z +81) Inx
27 (x — 1)°
2 (2 _ 2 3 (42 _
Gy () = 64a* (z +4x4 2) 16z (m—l—?) Liy (1 — 7) — 162° (2 + 4z : 1)Inz
3(x—1) 3(x—1) (x—1)
2 (1292 — 290322 + 1 21851) 4 (11322 + 281z + 11
Gy (2) = _2® (129z 903z~ + 883x+ 851)  4(1132% 428 x4—|— 0>Li2(1—x)
54 (z — 1) 27 (z — 1)
22 (539" — 228223 — 674422 + 7578x + 621) In® 2z
27 (x —1)°
22 (962* — 501923 + 1335722 4 10583x + 1719) Inx
54 (z —1)°
2 2 2 (0 2 (9,3 _ (7,2 _
Ga(z) = ot (17 310x4—|— 101) N 22° (x 4;)) Liy (1 — 2) + x? (22° — 67x +4§$ 3)Inx
3(x—1) 3(x—1) (x —1)
2 (2 2 3
Gt (2) = 8z* (x* 4 76z j 175)  32z* (z —i—53) Liy (1 — 2) — 32x° (2z + 7llnx
9(x—1) (x—1) 3(x—1)
2 (1722 + 230z — 4 207 (327 — 1
G (o) = T 200 38T) 2232 4 8Y)
18(z —1) (x —1)

2? (532% — 3052 + 18) Inx
= Inz
3(x—1)
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2?2 (22 +10z+1) 623 (x+1)Inz

S4 (Z’) = —

(¢ —1)" (z—1)°
N (@) Az3 (23 4 822 + 173z + 34) 3222 (x +2)Inz
r) = — —
! 9(x—1)* 3(x—1)°
2 2
1622 (52” + 175x +2) Liy (1 — )
3(x—1)
Az3 (22 4+ x4 34) 1622 (£ +2)_
N (z) = — ( 3 ) _ ( 4)L12(1—$)
9(z—1) 3(x—1)
. 23 (112% — 15822 + 12252 + 542) 223 (222 — 86z — 9) Inx
N;(z) = — 1 + =
18(z —1) 3(x—1)
5 2 N
222 (5x 181f 52) Liy (1 — )
3(z—1)
. z2 (1123 — 11422 + 753z — 758) 622 (6 — 1)Inx
Ny(z) = — 1 - 5
18 (z — 1) (z—1)
223 (27 — 2
(i wﬂf5>mg1—x)
3(x—1)
. 2% (22 —8x —17)  3z% (3z+1)Inz
Ry (:L’) = 4 - 5
2(z—1) (x—1)
) vz (22— 8z —17) 322 (3z+1)Inz
Ry (z) = Z 5
2(z—1) (x—1)
A () 1622 (823 + 132% — 1762 — 37)  162% (292° — 9722 — 1152 — 9) Inx
T) = J—
' 9(zx—1)° 9(x —1)°
8z% (722 + 16z +1) 1623 (22 + T +4)Inx
AQ (ZIZ’) = 1 — 5
3(x—1) 3(x—1)
As (2) 8x% (223 — 8322 4 268z + 197)  4a? (5923 — 6722 — 643z — 117) Inx
) = — J—
’ 9(x—1)° 9(x — 1)
222 (2% 4 64x + 31 222 (23 — 2922 — 592 — 9) Inx
Ay (x) = ( < ) ( = ) (C.4)
3(x—1) 3(x—1)

Finally, the function H entering in the Weinberg operator (see eq. (5.16)) is given by

H (x5,20) ~ H (v3) + z, Hy (25) + 2 Inw, Hy (5)
2?2 (x+11) 22 (2? — 162 —9)Inx
3(x—1)° 6(x—1)*

H(z) =
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H (2) = x (5x3 + 2652% + 4552 +27) 222 (4a® — 9322 — 258z — 81) Inz
' 6(x—1)° 3(x—1)°
222 (22 — 1222 — Hlx — 1
w1207 Bl T 18) sy
D
x (112% — 22322 — 2592 — 9 2% (23 — 1222 — 51z — 18) Inx
(o) = 2! 250:-9) | 2 o1
6(zx—1) (x—1)
C.2. B— Xy

Listed below are the loop functions appearing in the egs. (6.26)-(6.29)
1492 —92° —2® +62(1+x)Inx

iz = 6(x —1)° ’
1—92 —92% + 172% — 62%(x + 3) Inz
F(e) = 12(z — 1) ’
5—4r —a?+2(1+2z)Inx
Fy(z) = 2(z — 1) :
—1—4x+52* — 222+ z)Inx
Fix) = 2(zr — 1)4 ’
=146z — 182 + 102® + 32* — 122° Inz
Fy(z) = 9(x —1)° ’
—14 + 362 — 142% — 423 — (6 — 182%) Inx
FG(x) = 9(:1:_1)5 )
—9+ 31z — 182% — 423 + (—1 + 152 + 182%) Inx
F7(l') = (l’ _ 1)5 )
1 —6x+ 1822 — 1023 — 32* + 1223 Inx
Fg(l’) = ([L‘ — 1)5 .

(C.6)

while for the box-diagram functions in eqgs. (6.45)-(6.46) we follow the notation of refs.

[HKT94, GGMS96]

) 2b—4dz—2*+2lnx+4zrlnz
W=_—— __B ith By(x) = -
™ T 1672 M2 2(7) , with Ba(a) 2(r —1)4 :
y i . (1442 —52° +4zln x4 22%In x
I = WBI(x) , with By(x) = 21y ,

2?(17—92 — 922 + 2 + 6(1 + 3z)) In

m 167T2M§2 fﬁ(x> ) w1 f6(x> 6(!13’ . 1)5

r(1+ 9z — 92* — 23 + 62(1 + z) In z)

72 — #fﬁ(gj) ,  with fG(:L') = 3($ — 1)5

q 167T2M§2

Y

. (C.7)
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