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1

Introduction

The field of integrable systems is born together with classical mechanics, with a quest for exact
solutions of Newton’s equations of motion. It turned out that apart from Kepler problem,
which was solved by Newton himself, after two centuries of hard investigations, only a handful
of other cases were found (harmonic oscillator, Euler top (1758), Lagrange top (1788), geodesic
motion on the ellipsoid). In 1855 Liouville finally provided a general framework characterizing
the cases where the equations of motion are “solvable by quadratures”. All examples previously
found indeed pertained to this setting and some other integrable cases were found (particle on
the sphere under a quadratic potential (1859), Kirchoff top (1870), Kowalesvki top (1889)).
The subject stayed dormant until the second half of the twentieth century, when Gardner,
Greene, Kruskal and Miura invented the classical inverse scattering method for the famous
Korteveg-de Vries equation. Soon afterwards, the Lax formulation was discovered and the
connection with integrability was unveiled by Faddeev, Zakharov and Gardner. This was the
signal for a revival of the domain leading to an enormous amount of results, and truly general
structures emerged which organized the subject. More recently, the extension of these results
to quantum mechanics led to remarkable results and is still a very active field of research.

1.1 A synopsis of finite-dimensional classical integrable systems

Almost all known integrable systems possess a Lax representation. In the situation of systems
described by ordinary differential equations, a Lax representation for a given system means
that there exist two maps L : P — g and M : P — g, from the system’s phase space P into
some Lie algebra g, such that the equations of motion are equivalent to

L=[L M]. (1.1)

The map L is called Lax matriz, while the map M is called auxiliary matriz of the Lax
representation. The pair (L, M) is called Laz pair. Finding a Lax representation for a given
system usually implies its integrability, due to the fact the Ad-invariant functions on g are
integrals of motion of the system (1.1), and therefore the values of such functions composed
with the map L deliver functions on P serving as integrals of motion of the original system.

In the Hamiltonian context, there remains something to be done in order to establish the
complete integrability, namely to show that the number of functionally independent integrals
thus found is large enough, and that they are in involution. There exists an approach which
incorporates the involutivity property in the construction of Lax equations, namely the r-matriz
approach.

It is based on the following observation: usually the auxiliary matrix M in Eq. (1.1) may
be presented as

M = R(f(L)), (1.2)

where R : g — g is a linear operator, and f : g — g is an Ad-covariant function. This obser-
vation is related to the fact that integrable systems appear not separately, but are organized
in hierarchies: to every covariant function f there corresponds a Lax equation of the form
(1.1) with M given in Eq. (1.2). The linear operator R is called the R-operator governing

7



1.1 A synopsis of finite-dimensional classical integrable systems 8

the hierarchy. If R depends on the points of P it is called dynamical, otherwise it is called
constant. In the following we shall deal with constant R-operators.

A remarkable feature of Eq. (1.1), is that they often can be included into an abstract
framework of Hamiltonian equations on g. Precisely, there can be defined suitable Poisson
structures on g, called r-matriz algebras, such that the corresponding Hamiltonian equations
have the form (1.1) and the map L is Poisson. There exist several variants of r-matrix struc-
tures. The most important ones are the so called linear r-matriz brackets and quadratic r-matrix
brackets. The linear r-matrix brackets are certain Lie-Poisson brackets on g*, where the dual
space g* is identified with g by means of an invariant scalar product. The definition of the
quadratic r-matrix brackets requires the introduction of suitable associative algebras, so that
somewhat more than just a Lie commutator is needed. In the following we shall deal just with
linear r-matrix structures.

The aim of this Section is to briefly introduce some of the standard techniques used in
the modern theory of classical finite-dimensional integrable systems. We shall present just
some useful notions and concepts in order to insert the contents of our Thesis in a well-defined
context.

There exist several excellent textbooks covering all the material reviewed in this Section.
Our presentation is based mainly on [4, 91]. A complete treatment of the subject can be found
also in [9, 29, 59, 79].

1.1.1 Poisson brackets and Hamiltonian flows

Let F(P) be the set of smooth real-valued functions on a smooth manifold P.

Definition 1.1 A Poisson bracket on P is a bilinear operation on the set F(P), denoted with
{-,*} and possessing the following properties:

1. skew-symmetry:

{fag}:_{gvf}a vagE‘F(P),

2. Leibniz rule:

{f,gh}y =h{f g} +g{f N}, Y f,g,heF(P);

3. Jacobi identity:
{f Ag.ht}+{n{f.9}} +{9,{h, [}} =0, Vf.g.h€F(P).

The pair (P,{-,-}) is called a Poisson manifold.

Definition 1.2 Let (P,{-,-}) be a Poisson manifold. A Hamiltonian vector field Xp corre-
sponding to the function H € F(P), is the unique vector field on P satisfying

Xu-f={H.f}, V[feF(P).

The function H is called a Hamilton function of Xg. The flow ¢' : P — P, t € R, of the
Hamiltonian vector field Xy is called a Hamiltonian flow of the Hamilton function H.

Proposition 1.1 Let ¢' : P — P be the Hamiltonian flow with the Hamilton function H.
Then
Ho¢'=H,

and

d
S(Fod') = {H.Fog'l.
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In particular, a function f € F(P) is an integral of motion of the flow ¢! if and only if
{H, f} =0, that is, if H and f are in involution.

A remarkable feature of the Hamiltonian flows is that each of the map constituting such
flows preserves the Poisson brackets.

Definition 1.3 Let (P, {-,-}p) and (Q,{-,-}o) be two Poisson manifolds, and let ¢ : P — Q
be a smooth map. Is is called a Poisson map if

{f,g}QO¢:{fo¢,go¢}7D, Vf,gef(Q)

Proposition 1.2 If ¢! : P — P is a Hamiltonian flow on P, then for each t € R, the map ¢'
1s Poisson.

1.1.2  Symplectic manifolds and symplectic leaves

A more traditional approach to Hamiltonian mechanics is based on another choice of the
fundamental structure, namely the symplectic manifold.

Definition 1.4 A symplectic structure on a manifold P is a non-degenerate closed two-form
Q on P. The pair (P,Q) is called a symplectic manifold.

This structure is a particular case of the Poisson bracket structure. One can define Hamil-
tonian vector fields with respect to a symplectic structure.

Definition 1.5 Let (P,Q) be a symplectic manifold. A Hamiltonian vector field Xy corre-
sponding to the function H € F(P), is the unique vector field on P satisfying *

Q& Xu(Q) =(VH(Q),§),  VEeTQP.

The function H is called a Hamilton function of Xz. The flow ¢t : P — P, t € R, of the
Hamiltonian vector field Xy is called a Hamiltonian flow of the Hamilton function H.

A symplectic structure yields a vector bundle isomorphism between T*P and TP. Indeed,
to any vector n € TP there corresponds a one-form w;, € TP defined as

wy(§) =Q&m),  VEETQP.

Actually the correspondence 7 — w,, is an isomorphism between T5P and TQP. Denote by
J : T5P — TQP the inverse isomorphism. Then Definition 1.5 implies that

Xy =J(VH).
At any point @ € P, the tangent space TP is spanned by Hamiltonian vector fields at Q.

Definition 1.6 Let (P1,9Q1) and (P2, Q) be two symplectic manifolds. A smooth map ¢ :
P1 — Ps is called symplectic if

Q1(&,m) = Q2 (Tqo(§), Too(n)), V¢, e TgP,

the form €y being taken in an arbitrary point Q € Py, and the form Qo being taken in the
corresponding ¢(Q) € Pa.

IFor a function f € F(P) we define its gradient Vf : P — T*P in the usual way: let Q € P, then Vf(Q) is
an element of Té'P such that

(VFQ),Q) = d% fQE)| ., VYQEeTyP,

e=0
where Q(e) stands for an arbitrary curve in P through Q(0) = Q, with the tangent vector Q(0) = Q.
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Let X(P) the set of vector fields on P.

Proposition 1.3 The flow ¢ of a vector field X € X(P) on a symplectic manifold (P,<Q)
consists of symplectic maps if and only if this field is locally Hamiltonian, i.e. if there exists
locally a function H € F(P) such that X = Xy = J (VH).

Let us show how to include the symplectic Hamiltonian mechanics into the Poisson bracket
formalism. The following proposition holds.

Proposition 1.4 The flow ¢ of a vector field X € X(P) on a symplectic manifold (P,<)
consists of symplectic maps if and only if this field is locally Hamiltonian, i.e. if there exists
locally a function H € F(P) such that X = Xig = J (VH).

Proposition 1.5 Let (P,Q) be a symplectic manifold. Then it can be made into a Poisson
manifold by defining a Poisson bracket via the formula

{fi9} = Q Xy, Xy) = QT (V]), T (Vg)).

We can now characterize symplectic manifolds as a subclass of Poisson manifolds. Let
(P,{:,-}) be a N-dimensional Poisson manifold. Let @ € P and consider the local coordinates
{x;}}¥; in the neighborhood of Q). We have

Y af g

ij=1

where the skew-symmetric N x N matrix P; ; = {x;,x;}, is a coordinate representation of an
intrinsic object called Poisson tensor.

Definition 1.7 The rank of the matriz P; ;, 1 < i,j < N, is called the rank of the Poisson
structure.

Of course, the rank of P ; does not depend on the system of local coordinates {x;}X ;. In
a more invariant way, we can say that there is an antisymmetric tensor m € A?(T*P) such that

{f,9y =7 (Vf,Vg).

Proposition 1.6 A Poisson manifold (P, {-,-}) is symplectic if the rank of the Poisson struc-
ture is everywhere equal to the dimension of the manifold P.

Since the matrix P; ;, 1 < i,j5 < N, is skew-symmetric, it can have full rank only if N is
even. Hence the dimension of a symplectic manifold is always an even number.

Definition 1.8 Let (P,{-,-}p) be a Poisson manifold. A submanifold M C P is called a
Poisson submanifold of P, if there exists a Poisson bracket {-,-} p on M such that the inclusion
map i : P — M is Poisson. Such a bracket is unique if it exists and then it is called the induced
Poisson bracket on M.

Proposition 1.7 A submanifold M C P is Poisson if and only if an arbitrary Hamiltonian
vector field {H,-} on P in the points of M is tangent to M.

So, Poisson submanifolds are integral manifolds for arbitrary Hamiltonian vector fields.
Minimal Poisson submanifolds are the so-called symplectic leaves. A degeneration of a Poisson
structure is related to the existence of functions which are in involution with an arbitrary
function on P.
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Definition 1.9 A function C € F(P) is called a Casimir function of a Poisson manifold
{C.f}=0, VfeFP).

In other words, the Casimir functions generate trivial Hamiltonian equations of motion and
they are constant on symplectic leaves.
1.1.8  Complete integrability

We now present the key notion of integrability of a given Hamiltonian system. The following
theorem, called Arnold-Liouville theorem, tells how many integrals of motion assure integra-
bility of a given system, and describes the motion on the common level set of these integrals.

Theorem 1.1 Let (P,{-,-}) be a 2N-dimensional symplectic manifold. Suppose that there
exist N functions f1, ..., fn € F(P), such that

1. f1,..., [n are functionally independent, i.e. the gradients V f;’s are linearly independent
everywhere on P;

2. fi,..., fn are in involution, i.e. {f;, f;}=0,1<4,j<N.
Let W be a connected component of a common level set:
W={QeP: fi(lQ)=c, 1<i< N}

Then W is diffeomorphic to T¢ x RN=4 with 0 < d < N, being T% a d-dimensional torus.

If W is compact, then it is diffeomorphic to TV. In some neighborhood W x V, where
V C RY is an open ball, there exist coordinates {I;,0,}N ,, {I,}N, € V, {0;}Y, € TV, called
action-angle coordinates, with the following properties:

]. Ii = Ii(fl,---,fN); 1 S ’L S N,'
2. {IMI]} = {9159]} = 07 {Izvej} = 51',]'; 1 < Za] < N;

3. For an arbitrary Hamilton function H = H(f1,..., fn), the Hamiltonian equations of
motion on P read

jiZO, éi:wi(lla“'all\f)a 1§’L§N7

4. For an arbitrary symplectic map ® : P — P admitting f1,..., fn as integrals of motion,
the equations of motions in the coordinates {I;,0;}, take the form:

I, = I, 0; = 0; + Qi(I1, ..., In), 1<i<N.

Definition 1.10 Hamiltonian flows and Poisson maps on 2N -dimensional symplectic mani-
folds possessing N functionally independent and involutive integrals of motion, are called com-
pletely integrable (in the Arnold-Liouville sense).

1.1.4 Lie-Poisson brackets

Let g be a finite-dimensional (complex) Lie algebra with Lie bracket [, -], and let g* its dual
space. Thus, to X € g we associate a linear function X* on the dual vector space g*, which is
defined by

X*:g"—>C:L— (LX),
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with L € g*. The vector space of linear functions on g* forms a Lie algebra, isomorphic to g,
by setting [ X*,Y*]g« = ([X,Y])*. It follows that g* admits a Poisson structure {-, -} whose
structure functions are linear functions with the structure constants of g as coefficients. We
give the following definition.

Definition 1.11 The Lie-Poisson bracket on g* is defined by the formula

{f,93(L) = (L, [V[f(L),Vg(L)]),  VfgeF(@). (1.3)

It is easy to verify that the bracket defined in Eq. (1.3) satisfies the Jacobi identity. The
above definition implies that the dual of g carries a natural Poisson structure, called Lie-Poisson
structure on g*.

The Hamiltonian equations of motion on g* with respect to the Lie-Poisson bracket read

L={H L}= ads (1) L, (1.4)

where H € F(g*) is a Hamilton function. The Casimir functions are exactly those that generate
a trivial dynamics. They are characterized by the equation

ad*VC(L) L= 0,

and they are called coadjoint invariants.

An important case, in which the above formulae simplify significantly, is the following one.
Let g be equipped with a non-degenerate scalar product (-,-) : g x g — C, invariant in the
sense that (&, [n,¢]) = ([&,n],(), V&, n,¢ € g. This is the case, for example, for semi-simple
Lie algebras (in particular for the matrix Lie algebras), where (-, -) is the Cartan-Killing form.
In such a case, g* can be identified with g by means of this scalar product, and its invariance
means that ad* = —ad, so that the notion of coadjoint invariant functions on g* coincides with
the notion of adjoint invariant functions on g. Hence, Eq. (1.4) admits the following Lax form:

L={H,L}=[L,VH(L)].
The Casimir functions are defined by the equation

[L,VC(L)] = 0.

Let us now choose an arbitrary basis {X O‘}i‘:ﬂ

the elements of the basis read

of g. The commutation relations between

(X%, XP]=Ce’ X7, 1<a,f<dimg,

being {C$7 }iﬁ;izl the set of structure constants of the Lie algebra g. Hereafter we shall use
the convention of summing over repeated greek indices: they shall always run from 1 to dim g.

Let {X,}3™¢ be a basis of g*, with pairing (X, Xz) = 5. Under the assumption that
g has a non-degenerate symmetric bilinear form (-,-) invariant under the adjoint action, we
can take the Cartan-Killing form as (-,-), thus identifying g with g*. If g is simple and
represented as a matrix Lie algebra we may assume that the Cartan-Killing form is given by
9P = tr[ X~ XF).

If L € g* then L = yf X3 = gap X“ y”, where the 3?’s are the coordinate functions on g*
and gop is the inverse of the Cartan-Killing metric.

The gradient of a coordinate function y® is given by Vy® = X . Using Eq. (1.3) we get

{y*y°} (L) = (L, [ X*, X" ) =CF(L,X") = CPy, (1.5)
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with 1 <, < dimg.
It is possible to give a compact representation for the Lie-Poisson bracket (1.5). Let us
introduce the so-called tensor Casimir II = g, X ® X# € g®g. Defining

{LOL, 1@ L} = gapgrs {¥°, 97} X*® X°,

we immediately get
{Lo,1QL}+[ILL1+1®L]=0.

1.1.5 Linear r-matriz structure

The linear r-matrix structure on g* is, in principle, nothing but a special case of the Lie-
Poisson structure, corresponding to an alternative Lie bracket on g. To define it, the following
ingredients are necessary: a Lie algebra g with Lie bracket [-, -] and a linear operator R : g — g.

Definition 1.12 A linear operator R : g — g is called an R-operator, if the following bracket
defines on g a new structure of Lie algebra:

(&nln= 5 (REn]+[ERM],  Veneca (16)

A sufficient condition for the bracket in Eq. (1.6) to be indeed a Lie bracket is given by the
following statement.

Proposition 1.8 If R: g — g satisfies the modified Yang-Baxter equation, that is given by
[R(), R(n)] = R ([R(&),n]+[§, RM)]) = —a&n],  VEneg aceC, (L.7)
then [&,n]r is a Lie bracket. If « =0, Eq. (1.7) is called the classical Yang-Baxter equation

If the R-operator satisfies Eq. (1.7), then a new Lie-Poisson bracket on g* is defined:

{f,9}(L) = %< [R(VF(L)), V(L) +[VF(L), R(Vyg(L)], L),  VfgeF(g) (18

This bracket is called the linear r-matriz bracket corresponding to the operator R.
The most important general feature of this construction is given in the following statement.

Theorem 1.2 1) Let H € F(g*) be a coadjoint invariant of g. Then the Hamiltonian equa-
tions on g* with respect to the Lie-Poisson bracket (1.8) read

. 1
L=ady L, M=ZR(VH(L));

2) Coadjoints invariants of g are in involution with respect to the Lie-Poisson bracket (1.8).

Let r € g® g be the matrix (called r-matriz), canonically corresponding to the operator R.
Notice that the tensor Casimir II is nothing but the r-matrix canonically corresponding to the
identity operator on g.

Let us give the following definition.

Definition 1.13 Let (P,{:,-}) be a Poisson manifold and let g be a Lie algebra, equipped with
a Lie-Poisson bracket (1.8). An element L : P — g is called a Lax operator with r-matriz r if
L is a Poisson map.
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Proposition 1.9 Let L : P — g be a Lax operator with r-matriz r. Then
{Le1,1®L}+[r,Lel+1®L]=0.

We now specialize the above construction to the case in which g = gl(V'), where V is a
finite-dimensional vector space. The relevance of r-matrices and their Lie-Poisson brackets for
the theory of integrable systems is given by the following theorem.

Theorem 1.3 Let L : P — g be a Lax operator with r-matriz v and g = gl(V'). Then the
functions H; = trL € F(g*), i € N\ {0}, are in involution with respect to Lie-Poisson brackets
induced by r. Moreover, the Hamiltonian vector field associated to H; has the Lax form

Xy, -L=itry(1® L7 r), L].

The fact that the traces of powers of L are in involution can also be restated by saying
that the coefficients of the characteristic polynomial of L, which are elements of F(g*), are in
involution, or by saying that the eigenvalues of L are in involution.

Suppose that L € g is a Lax operator. If there exist functions a,b € g ® g such that

(Lo1,19L}=[1®L,a] - [L®1,b], (1.9)

one can proves that the traces of the powers of L are also in involution. The following theorem,
called Babelon-Viallet theorem, assures that, if the traces of L are in involution, then - under
some genericity assumption on L - there exist functions a,b € g ® g such that Eq. (1.9) holds.

Theorem 1.4 Let L : P — g be a Lax operator with r-matriz v and g = gl(V'). Suppose that:
1. There exists an open subset U of P such that L is diagonalizable for all Q € P;
2. The coefficients of the characteristic polynomial of L are in involution.
Then there exist an open subset V CU of P, and smooth functions a,b:V — g® g, such that
{Lel,1®@L}=[1®L,a]-[L®1,b].

A very important role in the theory of integrable systems is played by the so-called loop
algebras (or affine Lie algebras ), i.e. Lie algebras of Laurent polynomials over some finite-
dimensional Lie algebra g:

g7 = {X ) = 2,0 X, W, X, €0

with Lie bracket given by [ X,Y](\) = [X(\),Y(A)] = A" [X,Y]. There exist an infinite
family of non-degenerate scalar products in g[A, A~!], enumerated by o € Z:

(X(A),Y(N))o = ((X(A),Y(N)))o,

i.e. the coefficient by A7 of the Laurent polynomial on the right hand side; this Laurent
coefficient is nothing but the pointwise scalar product in g.

All the above constructions can be generalized to the case of loop algebras. For further
details see [9, 29, 59, 79, 91]. We now give two explicit examples of R-operators and r-matrices.

Example 1.1 Let g = gl(IN), with the non-degenerate invariant scalar product (X,Y ) =
tr(XY). A generic element of g is written

N
L= Z Uik Ejk,
G k=1
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where the matrices Eji, form a basis of gl(N): the only non-vanishing entry of Eji is the unit
on the intersection of the j-th row anf the k-th column. The dual basis is given by B = Ej;.
The functions L — £, form a functional basis of F(g) and their gradients are given by V{;j, =
E%, = Eg;.

The pairwise Lie-Poisson brackets of the coordinate functions read, see Eq. (1.8),

([R(Eji), Eu | + [ Eji, R(Ew) ], L). (1.10)

|~

{lij, b} =

Introduce N* coefficients 1ij mn according to the formula

N
Z Tij,mn Em" = Tijmn = <R(E]Z)a Enm >

m,n=1

Hence Eq. (1.10) may be rewritten as

1 N N N N
{lij, b} = 3 (Z Tijmi Lkn — Z Tijkn Lnl + Z Tkl in fnj — Z Thi,mj fim> .
m=1 n=1 n=1 m=1

The N? x N? r-matriz, canonically corresponding to the linear operator R is given by

N

r= E Tij kl Bij @ By
ik l=1

This is the matriz a appearing in Eq. (1.9), i.e. r = a, while the matriz b is given by

N

b= E Tkij Eij @ B
i g kl=1

Notice that b =11 all, where I = Z;ka B, @ Eyj is the permutation operator.

Example 1.2 Let us consider the loop algebra g[)\,)\ L with g = [(N), with the non-
degenerate invariant scalar product (X (A),Y(A\))-1 = ((X(N),Y (A )) . In this case we may
write a generic element of g[ A\, 7] as

N
L) =Y > 60N By,

PEZ j, k=1

and the gradients of the functions L — Eﬁ) are given by Vﬁﬁ) = \A"P7L Ey;. Consider now the
following two subalgebras of g[ A\, \71]:

0 =P Ne, =P\

p=0 p<0

Obviuosly, as a vector space, g [\, A\"1] = g>0 D g<o. Let P> and P<q stand for the projection
operators from g[ A\, A71] onto the corresponding subspace g>q, g<o along the complementary
one. It is easily shown that the skew-symmetric operator R = P>o — P<o satisfies the modified
Yang-Baxter equation (1.7). Let us compute the corresponding r-matriz. We get:

o o + <0
rP8) = (ROPVEy), AT By ) ={ N §>0 }6p,—q—15’,k5i,za
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so that
N N
= XY A B e s - (XX war S By ek
(P,q)EZ? 3,5,k 1=1 p<0  p>0 i,
Performing the formal summation we get
2
Ap) =aAp) =——II=—-b(\ pu).
r(A, p) = a(A, 1) py— (A )

Therefore, Eq. (1.9) reads

(L)@ 1,1 ® L(p)} = )\%ﬂ[ll@LnLL@ll,H].

1.1.6  The problem of integrable discretization

The importance of the problem of integrable discretization is evident for anyone who agrees
with the following wisdom [91]:

e Differential equations form an extremely useful instrument in the sciences;

e In order to extract quantitative informations from the models governed by differential
equations, it is often necessary to solve them numerically, with the help of various dis-
cretization methods;

e By investigation of long-term dynamics, i.e. the features of dynamical systems on very
long time intervals, their qualitative features become of first rank importance;

e It is therefore crucial to assure that the discretized models exhibit the same qualitative
features of the dynamics as their continuous counterparts.

To assure the coincidence of the qualitative properties of discretized models with that of the
continuous ones becomes one of the central ideas of modern numerical analysis, which therefore
gets into a close interplay with different aspects of dynamical systems theory.

We mention here some of the most important approaches to integrable discretization [91]:

1. Any integrable system possesses a zero curvature representation, i.e. a representation
as a compatibility condition of two auxiliary linear problems. Realization of this led
naturally to a discretization of these linear problems [1, 29|

2. One of the most intriguing and universal approaches to integrable systems is the Hirota’s
bilinear method (1973). It seems to be able to produce discrete versions of the majority of
solitons equations, but it still remains somewhat mysterious, and the mechanism behind
is yet to be fully understood.

3. A fruitful method is based on the direct linearization [69]. Its basic idea is to derive inte-
grable non-linear differential and difference equations which are satisfied by the solutions
of certain linear integral equations. A large variety of continuous and discrete soliton
equations has been obtained in this way.

4. Differential equations describing various geometric problems (surfaces of constant Gaus-
sian or mean curvature, motion of a curve in the space, etc.) turn out to be integrable.
Correspondently, a discretization of geometric notions naturally leads to discrete inte-
grable equations. The area of discrete differential geometry has fluorished in recent years,
see for instance [17, 18, 20, 26, 27, 49].
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5. Considering stationary and restricted flows of soliton hierarchies, closely related to the
“non-linearization” of spectral problems, often leads to interesting discrete equations
[76, 77, 78].

6. An approach based on the discrete variational principle combined with matrix factoriza-
tion, was pushed forward by Veselov and Moser [63, 99, 100, 101]. A set of examples
with similar properties, which also belong to the most beautiful ones, but were derived
without a systematical approach, was given by Suris, see references in the book [91].
Although this approach is heavily based on a guesswork, historically it was the work of
Veselov that consolidated the subject of integrable discretizations into a separate branch
of the theory of integrable systems.

7. Finally, we mention the method of integrable discretization based on the notion of
Backlund transformations for finite-dimensional integrale systems. This approach has
been developed by Kuznetsov and Sklyanin [55, 56, 87] and led to several discrete inte-
grable systems [31, 41, 53].

In the present Thesis we shall apply the techniques 6. and 7. in order to construct the
discrete-time counterparts of certain finite-dimensional integrable systems related to classical
Gaudin models. Henceforth we shall give later some further details about these approaches to
integrable discretization. Let us now present a more precise definition of integrable discretiza-
tion of a give integrable system.

Let (P,{-,-}) be a Poisson manifold. Let H be a Hamilton function of a completely inte-
grable flow on P:

i = f(z) = {H,z}. (1.11)

It is supposed that this flow possesses sufficiently many functionally independent integrals
I () in involution.
The problem of integrable discretization consists in finding a family of diffeomorphisms
¢ : P —P,
7 = 6. (x), (1.12)

depending smoothly on a small parameter € > 0, and satisfying the following properties:

e The maps (1.12) approximate the flow (1.11) in the following sense:
b () =z + ¢ f(x) + O(?).

e The maps (1.12) are Poisson with respect to {-,-} on P or with respect to some defor-
mation, {-,-}. = {-,-} + O(e).

e The maps (1.12) are integrable, i.e. they possess the necessary number of indepen-
dent integrals in involution Iy (x,€), approximating the integrals of the original system:
Iy (z,e) = I (x) + O(e).

1.2 Some remarks on the Yang-Baxter equation (YBE)

At an early stage, the Yang-Baxter equation (YBE) appeared in several different works in
literature and sometimes its solutions even preceded the equation. One can trace three streams
of ideas from which the YBE has emerged: the Bethe Ansatz, commuting transfer matrices in
statistical mechanics and factorizable S matrices in field theory. For general references about
the first two topics see [13, 36].
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One of the first occurence of YBE can be found in the study of a one-dimensional quantum
mechanical many-body problem with § function interaction. By building the Bethe-type wave-
functions, McGuire and others [16, 60] discovered that the N-particle S-matrix factorized into
the product of two-particle ones. C.N. Yang treated the case of arbitrary statistics of particles
by introducing the nested Bethe Ansatz [104, 105]. The YBE appears here in the present form
as the consistency condition for the factorization.

The significance of the YBE in statistical mechanics lies in that it imples the existence of
a commuting family of transfer matrices. Baxter’s solution of the eight vertex model [12] uses
this property to derive equations that determine the eigenvalues of the transfer matrix.

The topics concerning the YBE began to be studied thoroughly in the 80’s also by math-
ematicians like A.A. Belavin, V.G. Drinfeld, P.P. Kulish, E.K. Sklyanin, L..D. Faddeev, M.A.
Semenov-Tian-Shansky and others. This study was motivated by the multitude of applications
that the YBE has in different areas of mathematics and physics: classical and quantum inte-
grable systems, inverse scattering problems, group theory, algebraic geometry and statistical
mechanics.

The classical Yang-Baxter equation (CYBE) was firstly introduced by E.K. Sklyanin [85].
Compared to the YBE, the CYBE represents an important case, since it can be formulated in
the language of Lie algebras. The form of the CYBE is the following one [9, 15]:

[r12(A, 1), 713(N Q) ]+ [r12(A, 1), a3 (p, €) ]+ [r13(N, ), m23(1,¢) ] = 0, (1.13)

where r is a g ® g valued function of two complex parameters and r1o =r® 1, ros3 = 1 ® 7,
etc., are the natural imbeddings of () from g ® g into U(g) @ U(g) @ U(g), being U(g) the
universal enveloping algebra of g (an associative algebra with unit). In the theory of classical
integrable systems Eq. (1.13) assures the Jacobi identity for the Lie-Poisson bracket induced
by the r-matrix 7.

One of the directions of study in this domain is the classification of solutions in the case
of a simple complex finite-dimensional Lie algebra. Usually one consider solutions with the
following additional conditions:

1. r12(A, 1) = 121 (e, A) (unitarity condition);

2. r2(\, 1) = r12(A — p). In this case Eq. (1.13) can be written as

[713(A),r23 (1) ] + [r12(A — ), r13(A) + ras(p) ] = 0, (1.14)
and the unitarity condition implies r12(A) = —ra1(—N).

In [15] the authors investigate the non-degenerate solutions of the CYBE, proving that the
poles of such solutions form a discrete group of the additive group of complex numbers. More-
over, they give a classification of non-degenerate solutions: elliptic, trigonometric and rational.
Concerning the first class of solutions, the authors reduce the problem of finding non-degenerate
elliptic solutions to the one of describing triples (g, A, B), where A and B are commuting au-
tomorphisms of finite order of g not having common fixed nonzero vectors. Moreover they
prove that if such triples exist then there is an isomorphism g 2 sl(n). Concerning the second
class of solutions, they give a complete classification using the data from the Dynkin diagrams.
Regarding the rational solutions, in [15] there are given several examples associated with Frobe-
nius subalgebras of g. In [92] the author reduces the problem of listing rational solutions to the
classification of quasi-Frobenius subalgebras of g, which are related to the so-called maximal
orders in the loop algebra corresponding to the extended Dynkin diagrams.
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1.3 A brief history of Gaudin models

The Gaudin models were introduced in 1976 by M. Gaudin [35] and attracted considerable
interest among theoretical and mathematical physicists, playing a distinguished role in the
realm of integrable systems. Their peculiar properties, holding both at the classical and at the
quantum level, are deeply connected with the long-range nature of the interaction described
by its commuting Hamiltonians, which in fact yields a typical “mean field” dynamic.

Precisely, the Gaudin models describe completely integrable classical and quantum long-
range spin chains. Originally [35] the Gaudin model was formulated as a spin model related to
the Lie algebra s[(2). Later it was realized [36, 44], that one can associate such a model with any
semi-simple complex Lie algebra g and a solution of the corresponding classical Yang-Baxter
equation [15, 85]. An important feature of Gaudin models is that they can be formulated in
the framework of the r-matrix approach. In particular they admit a linear r-matrix structure,
that characterizes both the classical and the quantum models, and holds whatever be the
dependence (rational (XXX), trigonometric (XXZ), elliptic (XYZ)) on the spectral parameter.
In this context, it is possible to see Gaudin models as limiting cases of the integrable Heisenberg
magnets [87, 92], which admit a quadratic r-matrix structure.

In the 80’s, the rational Gaudin model was studied by Sklyanin [86] and Jurco [44] from the
point of view of the quantum inverse scattering method. Precisely, Sklyanin studied the su(2)
rational Gaudin models, diagonalizing the commuting Hamiltonians by means of separation
of variables and underlining the connection between his procedure and the functional Bethe
Ansatz. In [34] the separation of variables in the rational Gaudin model was interpreted as a
geometric Langlands correspondence. On the other hand, the algebraic structure encoded in
the linear r-matrix algebra allowed Jurco to use the algebraic Bethe Ansatz to simultaneously
diagonalize the set of commuting Hamiltonians in all cases when g is a generic classical Lie
algebra. We have here to mention also the the work of Reyman and Semenov-Tian-Shansky
[79]. Classical Hamiltonian systems associated with Lax matrices of the Gaudin-type were
widely studied by them in the context of a general group-theoretic approach.

Some others relevants paper on the separability property of Gaudin models are [3, 28, 30,
38, 46, 51, 92]. In particular, the results in [28], see also [34], are based on the interpretation of
the corresponding Gaudin models as conformal field theoretical models (Wess-Zumino-Witten
(WZW) models). As a matter of fact, elliptic Gaudin models played an important role in estab-
lishing the integrability of the Seiberg-Witten theory [93] and in the study of isomonodromic
problems and Knizhnik-Zamolodchikov systems [32, 39, 68, 81, 95].

Let us mention some important recent works on (classical and quantum) Gaudin models:

e In [30] it is discussed the bi-Hamiltonian formulation of sl(n) rational Gaudin models.
The authors obtained a pencil of Poisson brackets that recursively define a complete set
of integrals of motion, alternative to the one associated with the standard Lax represen-
tation. The constructed integrals coincide, in the s[(2) case, with the Hamiltonians of

the bending flows in the moduli space of polygons in the euclidean space introduced in
[47].

e In [41] it is proposed an integrable time-discretization of su(2) rational Gaudin mod-
els. The approach to discrete-time mechanics used here is the one through Bécklund
transformations proposed by Sklyanin and Kuznetsov [49].

e The algebraic richness and robustness of Gaudin models allowed the construction of
several integrable extensions of them. We mention the papers of Ragnisco, Ballesteros
and Musso [11] where integrable g-deformations of Gaudin models are considered in the
framework of the coalgebric approach. Also the superalgebra extensions of the Gaudin
systems have been worked out, see for instance [22, 50, 67].
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e Recently, in [94], the quantum eigenvalue problem for the gl(n) rational Gaudin model has
been widely studied and a construction for the higher Hamiltonians has been proposed.

Finally, we would like to mention the fact that recently a certain interest in Gaudin models
arose in the theory of condensed matter physics. In fact, it has been noticed [5, 84, 82] that
the BCS model, describing the superconductivity in metals, and the sl(2) Gaudin models are
closely related. In particular, in [5], this relation allowed to translate the results of Sklyanin on
correlation functions of the s((2) Gaudin models [89] to the BCS model, obtaining the exact
correlation functions in the canonical ensemble.

1.4 Outline of the Thesis

The present Thesis consists of a short Introduction and two Chapthers. In the following we
briefly summarize their contents.

e Chapter 2. Integrable extensions of Gaudin models. In the first two Sections of
this Chapter we give an essential review of the Drinfeld-Belavin solutions to the CYBE
[15], explaining how one can associate - under some genericity conditions - with a non-
degenerate solution () a proper Lax matrix, thus defining the (N-site) classical Gaudin
models associated with a finite-dimensional simple Lie algebra g [35, 36, 44, 79, 86]. This
general construction allow us to present the Lax matrices of the elliptic, trigonometric and
rational Gaudin models and to give an r-matrix formulation in terms of linear r-matriz
brackets. The explicit form of the integrals of motion is given in the case of g = su(2).

In the remaining three Sections we present a general algebraic construction, based on
Inonti-Wigner contractions (or equivalently Leibniz extensions) performed on the Lie
algebra ©~g underlying the model. We shall prove that the linear r-matrix structure
is not affected by such contractions. Suitable algebraic and pole-coalescence procedures
performed on the N-pole Gaudin Lax matrices, enable us to construct one-body and
many-body hierarchies of integrable models sharing the same (linear) r-matrix structure
of the ancestor models. We remark that this technique can be applied for any simple
Lie algebra g and whatever be the dependence (rational, trigonometric, elliptic) on the
spectral parameter.

Fixing g = su(2), we construct the so called su(2) hierarchies. For instance, assuming
N = 2 and a rational dependence on the spectral parameter, we obtain the standard
Lagrange top associated with ¢*(3), in the one-body case, and a homogeneous long-range
integrable chain of interacting Lagrange tops, in the many-body one. This latter system
has been called Lagrange chain. For an arbitrary order N of the Leibniz extension - where
N is also the number of sites of the ancestor model - the one-body hierarchy consists of
a family of generalized Lagrange tops. They provide an interesting example of integrable
rigid body dynamics described by a Lagrange top with N — 2 interacting heavy satellites.

In this context, our main goal is the derivation of integrable systems: we say practically
nothing about solving them. We do not discuss such methods of obtaining solutions,
as the inverse scattering method with its numerous variants or algebro-geometric tech-
niques. However, we always have in mind one of the motivations of integrable discretiza-
tion, namely the possibility of applying integrable Poisson maps for actual numerical
computations. Chapter 3 is devoted to this topic.

The results presented in Chapter 2, Sections 2.3, 2.4, 2.5, are already published. They can
be found in [64, 65]. Some mistakes contained in [64, 65] are now corrected.
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We have here to compare our results with the ones known in literature. Actually, the
integrable systems considered in Chapter 2, are not new. In fact, they have been considered
before in several works, but without using a systematic reduction of Gaudin models. For
instance, to the best of our knowledge, the Lax matrix and the r-matrix formulation of the
Lagrange chain has been introduced in [80] and then investigated in [79], even if the explicit
form of the Hamiltonians and of the equations of motion is not given.

The basic tool of our construction is the notion of generalized Inonii-Wigner contraction of a
Lie algebra. In our case, these contractions are equivalent to certain extensions of Lie algebras,
called Leibniz extensions in [71]. In [71], the authors introduce these new algebraic structures
in the context of current algebras and they do not use them to construct integrable systems.
The first application of Leibniz extensions of Lie algebras (also called jet-extensions) to (finite-
dimensional) integrable systems appears in [40], where just few examples are considered and
without using a general construction.

The first systematic approach to these integrable extensions of Gaudin models appears
indipendently in our paper [64] and in the work of Yu.B. Chernyakov [24]. Nevertheless we
remark here that in [24] the author consider just sl(n) Gaudin models and he does not give
an r-matrix interpretation of these systems. For instance, the integrability property is not
explicitly proven.

Let us now recall some papers where some elements of the one-body and many-body su(2)
hierarchies are considered.

The first (rational) extension of the Lagrange top has been introduced, in a different frame-
work, in [96] and it is here called the twisted Lagrange top. The authors study this model in
the spirit of the dynamical systems theory, so that they do not use a Lax pair and an r-matrix
approach. They obtain this new kind of integrable top adding a cocycle to the Lie-Poisson
structure for the two-field top, thus breaking its semidirect product structure. We remark that
in [96] the so-called twisted top remains a mathematical construction without a physical inter-
pretation. Later on, in [102], the author constructs a Lax matrix for such system, called here
generalized Lagrange top. The integrability is proven by direct inspection since an r-matrix
approach is not used, and the author provides a complete study of the spectral curve through
the algebro-geometric techniques. The main goal in [102] is the proof that the generalized
Lagrange top has monodromy, as well as the standard Lagrange top, so that it does not admit
global action-angle variables.

We finally recall the papers [46, 51] where the problem of separation of variables is inves-
tigated. As a matter of fact, the contracted models inherit the separability property of the
ancestor model. In [46, 51] the authors consider s0(2,1) and so0(3) rational Gaudin models:
suitable contraction procedures on the separation coordinates lead to new separable integrable
models.

Therefore, the novelty of the results contained in Chapter 2 consists in: i) a general and
systematic reduction of Gaudin models, preserving the r-matriz formulation; i) a complete
construction of the Hamiltonians and a physical interpretation of the su(2) hierarchies.

e Chapter 3. Integrable discretizations of su(2) extended rational Gaudin mod-
els. This Chapter is devoted to the construction of Poisson integrable discretizations of
the rational su(2) Gaudin model and its Leibniz extensions. We study the problem of
integrable discretization for such models using two different approaches:

1. The technique of Bécklund transformations (BTs) for finite-dimensional integrable
systems [55, 56, 87]. Using the method of BTs developed by V.B. Kuznetsov, E.K.
Sklyanin and P. Vanhaecke we construct integrable Poisson maps for the first Leibniz
extension of the Lagrange top and for the rational Lagrange chain. An explicit
construction of BTs for the standard Lagrange top can be found in our paper [53]:
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actually this result is the specialization of BTs for the rational Lagrange chain. As
explained in Section 3.1 these special maps discretize a family of Hamiltonian flows
of the integrable system (and not a particular one).

2. The machinery of discrete-time mechanics [63, 91, 99, 100, 101]. Starting from a

well-known time-discretization of the Lagrange top obtained by Yu.B. Suris and A.
Bobenko in [19], we are able to construct an explicit Poisson integrable map for
the rational su(2) Gaudin model. The obtained discretization is different from the
one considered in [41] through BTs. In particular we focus our attention just on a
special Hamiltonian flow of the system, finding its discrete-time version and proving
its integrability and Poisson property.
Then, using the machinery presented in Chapter 2, we are able to perform the con-
traction procedure on the discrete-time rational su(2) Gaudin model, thus obtaining
integrable discretizations for the contracted systems. In particular, we shall present
the discrete-time extended Lagrange tops and an alternative discretization of the
rational Lagrange chain.

The results presented in Chapter 3, Section 3.1, are already published in [53, 65, 66], while
the results in Section 3.2 are not.
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Integrable extensions of Gaudin models

2.1 Drinfeld-Belavin solutions to CYBE

Let V be a complex finite-dimensional vector space and let g = (V,[-,-]) = span{X*}3™8 be
a simple Lie algebra. The commutation relations between the elements of the basis read

(X, XP] =cCof X7, 1<a,3<dimg, (2.1)

where {03‘5 }iﬁ?yizl denote the set of structure constants of the Lie algebra g. Recall that we
are using the convention of summing over repeated greek indices: they shall always run from
1 to dim g.

The classical Yang-Baxter equation (CYBE) is given by the following functional equation,

see Eq. (1.14):

[r13(A), r2s (1) ]+ [r12(A = ), 713 (A) + ra3(p) ] = 0, (2.2)
where r(\) is a g ® g valued function of a complex parameter A (called spectral parameter)
and T12 =r®1,r3 = 1 ®r, ete., are the natural imbeddings of r(\) from g ® g into

U(g)@U(g)@U(g), being U(g) the universal enveloping algebra of g (an associative algebra with
unit). If () is a solutlon of Eq. (2.2) and (p;, V;), i = 1,2, 3, is a fundamental representation

of g then (p; ® pj)r(N\) gives a matrix solution of Eq. (2.2). Hereafter we shall consider
always matrix solutions of the CYBE. In other words we shall identify g with p(g), being p a
fundamental representation of g.

The structure of the CYBE is well understood and a classification of non-degenerate so-
lutions related to simple Lie algebras was given in [15]. It is close to the classification of the
Dynkin diagrams and their automorphisms. Such a solutions is a meromorphic function that
has a pole of first order at A = 0 with residue

resy—o 7(A) = gap X* @ X7, (2.3)

where g is the inverse of the Cartan-Killing metric related to the basis {X*}%™9. Recall
that, under the assumption that g has a non-degenerate symmetric bilinear form (-, -) invariant
under the adjoint action, we can take the Cartan-Killing form as (-,-). If g is simple and
represented as a matrix Lie algebra we may assume g®* = tr[ X X7].

Remark 2.1 Two remarkable properties of non-degenerate solutions r(\) of Eq. (2.2) are
[15]:
1. r(\) fulfils the so-called unitarity condition
ri2(—=A) = —ra1(A); (2.4)
2. if vy € I, T being the set of discrete poles of r(X), then

rA+7) =A@ 1) r(\) =1 ® A7")r(N), (2.5a)
(A, @A) r(\) = r(\), (2.5b)

where A, is an automorphism of g (its form is given in [15]).

23
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The remarkable feature of the CYBE (2.2) is that it allows averaging over a lattice in the
complex A-plane. In fact, according to their dependence on the complex parameter A the
solutions of the CBYE are called rational, trigonometric or elliptic. We give here the following
fundamental result [15, 29, 80].

Theorem 2.1 If r(\) is a rational, trigonometric or elliptic solution of Eq. (2.2), then its
principal part is respectively given by

1
r(\) = XgagXa®XB

r) =3 (A" @ 1) gap X* @ XP

wEAt A-w
(A"B™ @ 1) gop X @ XP
A) =
S L) g ,
weA,
where
A ={w=nuwi, (n,w) €Z x C},
and

Ao = {w=nw; +muws, (n,m) € Z? Im (wy/w2) > 0}.
Here A and B are two finite order commuting automorphisms of g not having a common fized

vector.

Remark 2.2 Since sl(n) is the only simple Lie algebra possessing such two automorphisms it
follows that the elliptic solution can be defined only for g = sl(n).

For our purposes we are interested in those solutions of Eq. (2.2) that can be written in

the form
r(A) = gap X* @ X7 [P (), (2.7)

where the f*%()\)’s, 1 < a, 8 < dim g are meromorphic functions such that Eq. (2.3) holds. In
[14, 15, 74, 75] it is shown that rational, trigonometric and elliptic solutions of the form (2.7)
always exist for any choice of the simple Lie algebra g.

We now show that the CYBE (2.2) can be rewritten as a system of functional equations
for the functions f*%(\) if 7(\) is of the form (2.7) .

Proposition 2.1 If r()\) is a solution of the form (2.7) of the CYBE (2.2) then the functions
feP(\), 1 <, B < dimg, satisfy the following system of functional equations

> [ G 9v6 CL° FPN) 72 (1) + 9oy gam COF F7T N — ) £ (V) +
8.0

+gap gsn CF° FP (0= ) £ ()] =0, (2.8)
for all1 < a,v,n < dimg.

Remark 2.3 Note that in FEq. (2.8) the summation is not on all the repeated indices, so that
the sum is explicitly indicated.

Proof: By means of a direct computation we get:

[r13(A),r23 (1) ] = gap 9o fPN) [P (0) [X* @010 X 10X 0 X% =
= ap 975 CJ° fPN) [ () (X* @ X7 @ X7). (2.9)
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On the other hand we have:

[r12(X = ), 713 (A) + 723(1) ] = Gap 9oy [P (N — 1) x
X [X0 X1, (X 0l X") "N+ 1o X" X") [ ()] =
= 9ap Gyn FPA—p) x
x {Cg” (X0 ® XP @ X") f(\) + CP (X @ X0 ® X7) f”"(u)] -
= [95v 959 C7 F7Y (A= 1) 7" (N) + gap gon C5° FPN— @) f (1) ] (X © X7 @ X7), (2.10)
where the last expression is obtained from the previous one swapping the indices v <> 3, < ¢

in the first term and v < § in the second one.
Equating Egs. (2.9) and (2.10) we obtain the system (2.8).

2.2 Definition of classical Gaudin models

To each matrix r(\) of the form (2.7) satisfying the CYBE (2.2) we can associate a Lax matrix
whose entries are functions on the Lie-Poisson manifold associated with g in the following way
[4, 35, 36, 44, 64, 79, 86, 91].

We introduce the vector space dual to g, namely g* = span{Xa}iinlg with pairing given
by (X, X3) = 05. If L € g* then L = yP X3 = gap X* y?, where the y?’s are the coordinate
functions on g*. Since the Cartan-Killing form is a non-degenerate invariant scalar product we
can identify g with g*. The commutation relations on g given in Eq. (2.1) are associated with
the following Lie-Poisson brackets on g*:

{y*.y’} =C%y7, 1<a,p<dimg.
We now introduce the following Lax matrix
UA) = gap Xy7 FP(N) € gAY, (2.11)

where the meromorphic functions f*%()\), 1 < a,3 < dimg, satisfy Eq. (2.8). Hence the
Lax matrix (2.11) can admit a rational, trigonometric or elliptic dependence on the spectral
parameter. Notice that we have denoted with g [\, A~!] the Lie algebra of Laurent polynomials
on A\, A\~! with coefficients in g.

The following statement holds.

Proposition 2.2 The Lax matriz (2.11) satisfies the linear r-matriz algebra
N @1, 1@ 0p)}r +[r(\—p), AN @1 +1&(u)] =0, V(A p) € C? (2.12)
with r(\) given in Eq. (2.7).
Proof: The proposition can be proven by means of a direct computation:

(LN L, L@ L)} = gapgys (X X7) f*PN) f2() {¥°,9°} =
Gap Gvs (X @ X7) fOP(N) f72 () CLO . (2.13)
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On the other hand we have:

[r(A =), 60 @ L+ L@ (1) ] = gap Gy [P (A = p) x
X [X° 0 X7, (X7 @ 1)y f70) + (L0 X7) g ()] =

= GapB Gvn faﬁ()‘ - /L) X
< [C57 (X0 @ X7y PIO) + O (X7 @ XYy () | =
= [ g5y 98n C% F7Y (N = 1) FPU(N) + gag gon C° fP N =) f7 (1) ] (X @ X7),  (2.14)

where the last expression is obtained from the previous one swapping the indices v < [, < §
in the first term and v < ¢ in the second one.

Summing Eqgs. (2.13) and (2.14) we immediately see that the resulting equation vanishes
thanks to the system (2.8).

O

The Lax matrix (2.11) can be seen as the local Lax matrix of the integrable classical Gaudin
model. In fact the definition of the classical Gaudin model requires the introduction of the
Lie-Poisson manifold associated with the direct sum of N copies of the Lie algebra g.

Let us define &y = ®Ng. A basis of &y is given by {X2}3™8 1 < < N with {X2}3me
denoting the basis { X a}ii;nlg on the i-th copy of g. The commutation relations for the elements
of the basis of & read

(Xp.x]] =6 009 x),  1<ij <N, (2.15)

The classical N-site Gaudin model is defined on the Lie-Poisson manifold associated with
®%. We will denote by {y®}3™9 1 < i < N, the set of the (time-dependent) coordinate

a=1 >
functions relative on the i-th copy of g*. Consequently, the Lie-Poisson brackets on &3%; read

{y?,yf}Pg =0i;C5%yl,  1<ij<N. (2.16)
N

Here we have denoted with Py, the tensor associated with the Lie-Poisson structure defined in
Eq. (2.16). Such Lie-Poisson tensor can be written in the following block matrix form:

(PY)ij =0i;Yi,  (Yap=CPy], 1<ij<N. (2.17)

The involutive Hamiltonians of the N-site Gaudin model are given by the spectral invariants

of the Lax matrix
N

Lo(\) =D Li(A=N\), (2.18)

i=1
where the \;’s, with A\; # A\, 1 < i,k < N, are complex parameters of the model, and
GV = gap Xy fP(N) € g [A A7), (2.19)

The Lax matrix given in Eq. (2.18) admits a linear r-matrix formulation, which ensures
that all the spectral invariants of the Lax matrix form a family of involutive functions.

Proposition 2.3 The Lax matriz (2.18) satisfies the linear r-matriz algebra

{LeN) @1, 1@ Lg(W)}pg +[r(A = 1), LN @ T +1® Lg()] =0, V(A p) €C?
(2.20)
with () given in Eq. (2.7).
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Proof: Taking into account the locality of the Lax matrices ¢;(A) (2.19), 1 < i < N,
namely the direct sum structure encoded in the Lie-Poisson brackets (2.16), and the fact that
r-matrix depends just on the difference A\ — 1 we can perform a computation similar to the one
given in Proposition 2.2, thus proving Eq. (2.20).

O

The involutive Hamiltonians can be computed studying the eigenvector equation (Lg(A) —
p1) (A p) =0, where U(A, p) is the eigenvector with eigenvalue 1 [4, 9, 79]. The characteristic
equation for this eigenvalue problem is the following algebraic curve in C?:

T det(Lg(\) — p1) =0.

Notice that, if n is the dimension of the Lax matrix, the equation of this curve is of the form

n—1

where the hj(\)’s are (time-independent) polynomials in the matrix elements of Lg()) and
therefore have poles at A;. The involutive Hamiltonians are given by resy—», h;(\) € F(&%),
where F(®%) denotes the space of differentiable functions on &%. Obviously they are not all
indipendent, and their involutivity is ensured thanks to the r-matrix formulation (2.20).

Few remarks on rational Gaudin models

In the case of the rational Gaudin model we have f*?(\) = A™', 1 < o, < dimg. It is
convenient to write down the Lax matrix (2.18) in the form

Vi = gas Xy € g (2.21)

In the above formula we have used the index r to explicitly denote the rational dependence on
the spectral parameter. The quadratic integrals, obtained from tr (Eg()\))z, have the following
form: N v
. tr (Vi V)
H = e H =0 2.22
3 : Az _ A] ) Z 3 ) ( )

Jj=1 =

i
so that they are not all indipendent. It is possible to obtain a remarkable linear combination
of the integrals (2.22), that is called rational Gaudin Hamiltonian, namely

M = Zm HI = A — ZJ tr (Vs V), (2.23)
4,J=1
i#j
where the n;’s, with n; # n,,1 < i,k < N, are arbitrary complex parameters. A relevant
member of the family of rational Gaudin Hamiltonians (2.23) is obtained fixing n; = A,
1 < i < N. The resulting Hamiltonian (2.23) is indipendent from the parameters \;,n; and
it defines the so called homogeneous rational Gaudin model. The remarkable feature of such a
system is that it is superintegrable [30].
Hamiltonian systems defined on direct products of Lie-Poisson manifolds with Lax matrices
of the form (2.21) have been widely studied by Reyman and Semenov-Tian-Shansky [79]. From
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their results it follows that the spectral invariants of the Lax matrix (2.21) are not enough to
provide the complete integrability of the model. To recover the missing integrals one has to
notice that the spectral invariants of (2.21) are invariant under the global action of the Lie
group associated to g. In particular, if 7 € g, then ¢, = tr (Zf;l Y; 7) defines a function
Poisson commuting with all the spectral invariants of (2.21). Varying 7 € g the functions ¢,
span a not abelian Poisson algebra isomorphic to g: hence one has to extract from the functions
¢, a maximal abelian subalgebra.

A different way to recover the missing integrals is to add “a posteriori” a constant term
P € g with simple spectrum to £ (A), namely considering the Lax matrix

N
LN P) = Z

In the case g = su(n), the constant term P has a natural physical interpretation. It is equivalent
to adding to the Hamiltonian (2.23) a term describing the interaction of the su(n) spins,
described by the );’s, with an external constant in time and homogeneous field. In fact the
rational Gaudin Hamiltonian is now defined by

(2.24)

N

1 -
ZmH’“ - Z _ZJ tr (V; ;) +an tr (P ). (2.25)
z] 1

i#£]

We know from [79] that the spectral invariants of the Lax matrix (2.24) define a completely
integrable system on &%, = @®Vg*, being g one of the classical Lie algebras.
2.2.1 The continuous-time su(2) Gaudin models

We now describe the main features of the (continuous-time) su(2) Gaudin models, see for
instance [30, 35, 36, 41, 44, 45, 64, 79, 86, 88, 92).
Let us fix g = su(2). We choose the following basis of the linear space su(2):

L1/ 0 i L1/0 -1 L1/ -0
=5\ 4 0 ) 27501 0o )0 73\ 0 i)

It is well-known that the correspondence

1 —ia? —iat —a?
3 - 1 2 3\T - =
R Ba—(a,a,a) <—>a—2(ia1+a2 ia3 ESU(Q),
is an isomorphism between (su(2),[-,-]) and the Lie algebra (R3, x), where x stands for the

vector product. This allows not to distinguish between vectors from R3 and matrices from
su(2). We supply su(2) with the scalar product (-, ) induced from R?, namely

(a,b) = —2tr(ab) = 2tr(ba), Va,b € su(2).

This scalar product allows us to identify the dual space su*(2) with su(2), so that the coadjoint
action of the algebra becomes the usual Lie bracket with minus, i.e. ad;§ =[&,n] = —ad, &,

&,m € su(2).
The Lie-Poisson algebra of the model is precisely (minus) &@"Vsu*(2), see Eq. (2.16):

{yz ygﬁ} ou —0ij Eapy Yy (2.26)
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with 1 < 4,5 < N. Here €, is the skew-symmetric tensor with €123 = 1. The brackets (2.26)
are degenerate: they possess the N Casimir functions

1
that provide a trivial dynamics.
The continuous-time su(2) rational, trigonometric and elliptic Gaudin models are governed
respectively by the following Lax matrices, see Egs. (2.18) and (2.24):

N
£T( 7p)—0ap +Z>\Oéyz _p+z>\Zl>\ 6511(2)[)\7)\_1], (228&)
i=1 v
N
- Ulyz +O—2yz . 3 1
Z{ sin(A — A + cot(A /\1)0—3%] € su(2)[ A A7, (2.28b)

=1

N
dn —\i) o9 y.2 Cn()\ Ai) -
§ : ! L 3\ T 2 1 2.9

where cn(A), dn()),sn(\) are the elliptic Jacobi functions of modulus k. In Eq. (2.28a) p is a
constant vector in R3.

The Lax matrices (2.28a), (2.28b) and (2.28¢) describe complete integrable systems on the
Lie-Poisson manifold associated with @Vsu*(2). According to Eq. (2.20) they satisfy a linear
r-matrix algebra with r-matrix given by

r(A) = —f*(N) 00 @ 0a, (2.29)

where the functions f*(\), « = 1,2, 3, are defined by

1 ational case
— ration
A )
1 L tri tri
- rigonometri
L) = ey gonometric case, (2.30)
dn(A
S;l(()\)) elliptic case,
1 ational case
— ration
A )
2 : L trigonometric case
2\ = ) g ; (2.31)
! 1ipti
e ¢ case
sn() H ’
1 ational case
— ration
A 3
30 ={ cot(A) trigonometric case, (2.32)
cn())

elliptic case.
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Remark 2.4 As a consequence of the condition (2.5a), the trigonometric Lax matrixz (2.28b)
must satisfy the quasi-periodicity condition LG(X +w1) = ALL(X), where A is the inner auto-
morphism of su(2) defined by A& = o3& 03, VE € su(2). The elliptic Lax matriz (2.28¢) must
satisfy the quasi-periodicity conditions LG(\ 4+ w1) = ALG(A), LGN +w2) = B LG(N), where
A, B are the inner automorphisms of su(2) defined by A = o503, BE = 01801, VE € s5u(2).

The complete set of integrals of the su(2) rational, trigonometric and elliptic Gaudin models
can be constructed computing the residues in A = \; of det(ﬁgt’e()\) —u1) =0 (or equivalently

p? = —(1/2)tr[ (£5"°(N))?]). Let us give the following results [30, 35, 36, 41, 45, 64, 86, 88,
92, 95).

Proposition 2.4 The hyperelliptic, genus N — 1, curve det(L; (X, p) — p1) =0, (A, u) € C,
with LG\, p) given in Eq. (2.28a), provides a set of 2N independent involutive integrals of
motion given by

R e D DUACED S NCE

j= i=1
J#i

1
Cz' — §<YzaYz>v

{Hir(p), H;(p)}P;u(z) = {Hf(p), Cj}P;u(Z) = {Ci, Cj}P]i[u(Z) =0.

The integrals { H (p)}}., are first integrals of motion and the integrals {C;}~_; are the Casimir
functions given in Eq. (2.27).

Proposition 2.5 The curve det(L5(A) — pl) = 0, (A, pn) € C?, with LE(X) given in Eq.
(2.28b), provides a set of 2N independent involutive integrals of motion given by

H = Yili TV U5 4 ot — M)y 03 It —0
‘ lesm(/\z/\j) +CO( ])yz y] ’ l_zl i )
J#i
N 2
H3=<Zy?> :
i=1
1
Ci = =(¥i,¥i)s
5{¥isyi)

{HI,H;}P;,@) = {Hit,Cj}P;’u(z) = {CZ',C]'}P;U(z) =0.

The integrals {H!}YN o are first integrals of motion and the integrals {C;}Y | are the Casimir
functions given in Eq. (2.27).

Proposition 2.6 The curve det(LE(A) — p1) = 0, (A, p) € C?, with LE(N) given in Eq.
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(2.28¢), provides a set of 2N independent involutive integrals of motion given by

f/\-) y2y? en(X; — \j) al
Hf . J ] 33 2 7IJ HE =
Z[ jsn ) sl =) A =) | Zl b

J#z

N
ge oL 3 { 1,1 01 010N — A)) I 011 000(Ai — A) W 011 00, (N — Aj) }
0 7010011 (Ni — Aj) "7 000 011 (Ni — Aj) C 7 001 011 (N — Nj) |

4,j=1

(¥, ¥i),

{Hf, H;}P;,u(z) = {Hf, Cj}P;u(Z) == {Cl, Cj}P;u(Z) = 0,

where 0a5(N), o, 8 = 0,1, is the theta function', and s = 0ap(0), 0,5 = (d/dN)r=00ap(N).
The integrals {HZ}Y. o are first integrals of motion and the integrals {C;}Y | are the Casimir
functions given in Eq (2.27).

In the next Chapter we shall focus our attention on the time-discretization of certain Hamil-
tonian flows of the su(2) rational Gaudin model and its integrable extensions, obtained in the
remaining part of this Chapter. Therefore we give some further details in such a case.

The Hamiltonian (2.25) takes the form

N

N N
: ” 1 Ni =1
)ZZUiHi(P)=§ Z N, — /\J (yzay] +Z771 pYz> (236)
i=1 i,5=1 i=1
i#£]

Moreover we note that there is one linear integral given by Zf;l H!(p) = Zi]\il(p, Vi)
We shall consider the discrete-time version of the Hamiltonian flow generated by the integral
(2.36) with the particular choice n; = \;, 1 <14 < N, namely
XN N
H@(P,mE)\i)Zg > (v yi)+ D Ni(p,yi) (2.37)
ij=1 i=1
=

A direct computation leads to the following proposition.

Proposition 2.7 The equations of motion w.r.t. the Hamiltonian (2.37) are given by
vi= [ Np+Xlys . vi], =iz, (2.38)
where y; = dy;/dt. Eqs. (2.38) admit the following Lax representation:

L(0p) = [£5(Ap), MgV ],
with the matriz LG (A, p) given in Eq. (2.28a) and

N
ME(A)ﬁZk
1=1

1We use the following notation: 0ap(N) = 00N\, 7) = 3, cz exp [7ri (n + %)2 T4+ 27l (n + %) (n + %) ],
a, 3= 0,1, where 7 is a complex number in the upper half plane.

(2.39)
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2.3 Leibniz extensions of Gaudin models

The concept of limiting process between Lie algebras was proposed by I. Segal in 1951 [83]. The
most known example concerning this concept is given by the connection between relativistic
and classical mechanics with their underlying Poincaré and Galilei symmetry algebras. The
other well-known example is the limit process from quantum mechanics to the classical one,
which corresponds to the contraction of the Heisenberg algebra to an abelian algebra.

These ideas were developed in the works of E. Inonit and E. Wigner [43]. They introduced
the so called In6nii-Wigner contractions, which, in spite of their simplicity, were applied to a
wide range of physical and mathematical problems.

Later on, a large number of contractions have been introduced and the relation between
contractions and deformations (or expansions) have been widely investigated [58].

2.3.1 Generalized Inoni- Wigner contractions and Leibniz extensions

Let us recall the notion of generalized Inénii-Wigner contractions of a finite dimensional Lie
algebra g [43, 103]. The following definition holds also for infinite-dimensional Lie algebras.

Let V be a complex finite-dimensional vector space. Let g = (V, i) be a Lie algebra with
Lie multiplication p : V' x V' — V. The analytic notion of continuous contraction can be
described by a continuous family of maps

UWw): V-1V, 0<9<1, U@1)=1,
which are nonsingular for 0 < 9 <1 and singular for ¥ = 0. The new Lie bracket on V,
o (X X2y =UL ) p(UW) X, (9) XP), (X4 XP)eVvxV, 0<9<1,

corresponds to a change of basis given by U(?), and leads to the Lie algebra gy = (V, uy)
isomorphic to g. If (X, X#) = limy_o py (X, XP) exists for all (X, XP) € V x V, we call
g = (V, 1) the contraction of g by U(¥). Obviuosly the contracted algebra g is not isomorphic
to g.

Let us assume a direct sum structure for the vector space V', namely

N
V=pve.
=0

Definition 2.1 A generalized Inonii-Wigner contraction of g is defined through the family of
maps
U(Qg)h/(i) :ﬂni]llv(i), 0<ny<n <...<ny, niGR, OSZSN,

such that _ _
p (V@ v k) C@V(z), n; < nj+ ng.

The contracted Lie algebra g = (V, 1) has the following Lie multiplication:
(VO vEY cvO = g

For our purposes we can consider the Lie product p as the standard commutator [-,-].
In fact, our aim is to perform a suitable Inonii-Wigner contraction on the Lie algebra &y =
aoNg= span{Xf‘}i‘;nlg, 1 <4 < N, introduced in Section 2.2. We recall that the commutation
relations for the elements of the basis of &y are, see Eq. (2.15),

[Xﬁxﬂ:ﬁmoyxﬁ 1<i,j<N. (2.40)
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Proposition 2.8 The isomorphism ny : & — &y defined by
N N
no: Xpo X2 =0' Y v X§,  1<k<N, 0<i<N-1, (2.41)

withv; € C, vj # v, 1 < j,k < N and 0 < ¥ < 1 (contraction parameter), defines, in the
limit 9 — 0, a genemhzed Inoni- Wigner contraction of & . The Lie brackets of the contracted
Lie algebra &y = spaun{Xo‘}dlmg 0<:< N —1 are given by:

(%, 50) = O° XLy 1IN 2.2
i 0 i+j>N,

with 0 <1i,j < N —1, being {Cﬁﬁ}ii_’rgyizl the set of structure constants of the Lie algebra g.

Proof: Using the isomorphism (2.41) and the commutations relations (2.40) we get:

[)?f‘,)?ﬂﬂ = it Z Vil [ X XP ] =

n,m=1

N
" " CoB X)) i+j<N
— (%8 iti i+ X7 — i+j )

n=1
Performing the limit © — 0, i.e. the contraction procedure, we obtain the Lie brackets (2.42).

It is easy to check directly that the multiplication in Eq. (2.42) is antysymmetric and satisfies
the Jacobi identity.

O

Remark 2.5 Looking at the Lie brackets (2.42) we immediately see that the contraction pro-
cedure breaks the direct sum structure and the contracted Lie algebra does not have, in general,
a semidirect structure.

Example 2.1 Let us give an illustrative (and well-known) example. Consider the direct sum
of two copies of su(2), namely a Lie algebra isomorphic to o(4), spanned by {X2}3 _, i =1,2:

{Xﬁ,Xﬂ = cagy X7, [Xg,Xﬂ = cupr X7, {X?,Xﬂ — 0.

Then we define )~(OO‘ = X0+ X$ and X = 0y X& 4 10 X$), v1 # va. After contraction, the

resulting Lie algebra spanned by X&', X1 is ¢(3), namely the siz-dimensional real euclidean Lie
algebra:

(%580 ) = cam X3, R %0 —camXr, [%0.X0] =0
Considering the direct sum of three copies of su(2) the contraction procedure provides the fol-
lowing nine-dimensional Lie algebra:

(%6, X0 ] =camn X0, [ X6, XV ] =cann X1, [ X5 X7 | = cann X1,
(X0, X7 ] =casn X3, [X0 X0 ] =0, [X5,%F] =0.

The new Lie algebra spanned by )?(‘)’,)N(f,f(g‘ can be written as su(2) @ h where the six-
dimensional algebra Yy, although including the abelian proper subalgebra R? spanned by f(g,
does not have a semidirect structure. In fact it is possible to show that su(2) @ b can be 0b-
tained adding a cocycle to ¢(3,2) = su(2) ®s (R® ®R3). Hence this is an algebraic extension in
the usual sense [42, 96, 97].
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Remark 2.6 The Lie algebras Gy defined by the commutation relations given in Eq. (2.42)
have been introduced in [71] (1976) in the framework of current algebras and they have been
called Leibniz extensions of g of order N.

The Inoni- Wigner contraction performed in Proposition 2.8 allows one to establish a deep
relationship between algebraic contractions and algebraic extensions. As a matter of fact we
have constructed an extension of g in the usual sense of extensions of Lie algebras [42]. In
fact defining the new vector spaces W& = @?;1 V@D 0<i<N—1, WO ~ éN, we obtain
a flag of ideals [W® W@ C WU, j > i. In particular [éN,W(l)] C WM. So we have the
eract sequence: 0 — wh L ey % g — 0, where i is the inclusion and 7 is the projection on
the quotient & /W) moreover & /W1 ~ V(0 ~ g,

2.3.2  Leibniz extensions of Gaudin Lax matrices

The isomorphism 7y : &y — &x defined in Eq. (2.41) naturally induces a dual map 7} :
&y — 6.

Proposition 2.9 The isomorphism ny : & — G induces the following map on the coordi-

nates {yf‘}dimg 1<i<N, on&y:

a=1 >
N
ge=0 Y vy, 0<i<N-—1, (2.43)
j=1

with vy € C, vj # vy, 1 < 4,k < N and 0 < 9 < 1. In the limit 9 — 0, the Lie-Poisson
brackets (2.16) on &% are mapped by (2.43) into the following Lie-Poisson brackets on &%, :
af Y ; .
~o _ ) 37, 1+ 7 <N,
{yl 7, }ﬁﬁ { 0 1IN (2.44)
with 0 < 4,7 < N —1. Here

(P§)ij = Yirjo2, (Yi)as = CP T, (2.45)
with0<k<N-1,1<i,j<N and¥;=0,i> N.
Proof: Eq. (2.43) is a plane consequence of Eq. (2.41) in Proposition 2.8.
]

Example 2.2 According to the Example 2.1 we have that ﬁ;u@) s the Lie-Poisson tensor

associated with the (minus) Lie-Poisson algebra ¢*(3) = su*(2) &5 R3. In fact the contraction
maps the Lie-Poisson tensor P;u@) in the following way, see Eqs. (2.17) and (2.45),

su(2) . Y 0 Ssu(2) . 570 571
& (o Y2>HP2 <?1 0 )

namely we get the Lie-Poisson brackets on (minus) ¢*(3):
(B9 oy = —2em @ BT}y = —2emn B {T0 0} oy =0
P2 P2 P2
If N = 3 we have

i 0 0 Yo Vi Y,

EP=( 0 v, 0| — Y=y % o

0 0 Y3 Y 0 0
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namely we get the Lie-Poisson brackets:
~a B3 ~B ~B
{yOav Yo } P = —Capy @g’ {yO » Y1 } peu® = —€apy @?’ {yO » Y2 } pou® = —€apy @,QY’
{y?a g?} Ssu(2) = _Eozﬁ’)’ y2) {yl agg}ﬁﬁu(z) = 0) {@g‘a gg} Ju(2) = 0
3 3

Note that the Lie-Poisson bracket between two smooth functions f(yo,¥1,¥2),9(o0,¥1,¥2) is
given by

{f:9} g = (50, [Vyo [, V30 91) + (31, [ V5 [, V5, 9] + [ V3, £, V5o 9]) +
+(¥2:[ V5, £, V3. 9] + [ V3, f, V5, 9]) + (¥2,[ V5, £, V5, 9]),

where V is a gradient with respect to its subscript. The non-semidirect structure lies just in
the last term of the above equation: this term does not exist in the ¢*(3,2) Lie-Poisson algebra.

Proposition 2.10 Let H,G € F(B%) be two involutive functions w.r.t. the Lie-Poisson

brackets (2.16). If ﬁ,é € f(é}‘v) are the correspondent functions obtained from H,G by
applying the map (2.43) in the contraction limit 9 — 0, then they are in involution w.r.t. the
contracted Lie-Poisson brackets (2.44).

Proof: In the local coordinates {y®}9™% 1 <i < N, we have:

a=1"
OH 0G N oo oG
={H g = "y =037 Frrw A
0=A{H,G}pe Z 3%‘ 8yf {y“yj }va‘ v ;3%& ay’ Y

N N-1
_ Caﬁz Z 8H oG 19”“” Y

zlan

N-1
R OH 0G
Y 8"’04 a"'ﬁ n+m
n,m=0
n+m<N

+0W"),

where the first term does not depend explicitly on the contraction parameter . Performing
the limit ¥ — 0 we get {H,G} 5 = 0.
N

O

Our aim is now to apply the map (2.43), in the contraction limit ¥ — 0, to the Lax matrix
of the Gaudin models, given in Eq. (2.18), in order to get a new Lax matrix. This purely
algebraic procedure shall be performed together with a pole coalescence. Our main goal is to
prove that the resulting Lax matrix preserves the same linear r-matrix structure of the ancestor
one, with the same r-matrix.

Proposition 2.11 The isomorphism (2.43), maps, in the limit ¥ — 0, the Lax matriz Lg(\),
defined in Eq. (2.18), with \; = 9v;, 1 <i < N (pole coalescence), into the new Lax matriz

N—1
= Z 9ap X yf fiaﬁ()‘)a (247)
=0

where the functions fzaﬁ(/\) are defined by

ey = Sl oo, (2.49)
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with Oy = d/dX, being fg‘ﬁ()\) = f*P(\) the meromorphic functions appearing in the r-matriz

(2.7).

Proof: Let us consider the pole coalescence \; = Jv;, 1 <i < N, in the Lax matrix (2.18)
and a formal expansion of the functions f3(\) = f&7(\):

N
191/
Lo(N) = ) gap XYl f7 (A=) Zgaﬁx yfz E0y) P\ =
j=1 >0
N N-1 (-1)i
= DD 9as X* W)y =05 f57 (V) + 0. (2.49)

1 =0

<.
Il

Using the map (2.43), the definition (2.48) and the limit ¢ — 0 in Eq. (2.49) we readily get
the Lax matrix given in Eq. (2.47).

O

Remark 2.7 We notice that the Lax matriz (2.47) describes a one-body dynamical system.
Moreover, N is the order of the Leibniz extension of the Lie algebra g and it coincides with the
number of degrees of freedom of the model.

We shall show that it is possible to extend such a matrixz to the many-body case. For these
reason we shall distinguish between the so called extended one-body hierarchy and the extended
many-body hierarchy.

We finally give the announced result.
Theorem 2.2 The Lax matriz (2.47) satisfies the linear r-matriz algebra

{LvN) @1, 1@ Ly(w)}ps + [r(A =), Lx(N) @1+ 1@ Ly(w)] =0, V(A p) € C,
(2.50)
with r(X) given in Eq. (2.7).

Proof: Let us compute the first term in Eq. (2.50). According to Eq. (2.44) we set
yit; =0if i+ 5> N. We get:

(LN @ L1 La()}py = as gys (X2 © X7) > 005 oo}, =
1,7=0 N
N-—1
= gaﬁgvé(X ®X’Y Cﬁ(; Zfaﬁ fvt?( )~n =
,7=0
N-—1 i

= Gap grs (X*@XT)CEON "GN "N £, (n). (2.51)

1=0 7=0
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On the other hand we have:

[rA=p), LnAN) @ L+ 1@ Ln(p)] =

N—-1 N—1
= gap g Fo N —p) | X @ XP (X7 @1) D5 £ () + (1® X7) Z@?fﬂ"(u)] =
1=0 1=0
N—1 N—-1
= gap g fo TN =) | G5 (XP @ XP) ST 1) + 5 (X @ X0) Y z?l—”f?"(u)] =
i=0 i=0
N—1
9oy 9on o (N = ) C2 g7 7N+
=0
N—-1
+Gap gon f57 (A= 1) CE NGO | (X0 @ X7, (2.52)
1=0

where the last expression is obtained from the previous one swapping the indices v < [, < §
in the first term and v < ¢ in the second one.
Considering Eqgs. (2.51) and (2.52) we obtain

{v) @110 Ly()}tps +[r(A—p), Lx(N) @1+ 1@ Ly(u)] =

N—1 1
T 1D 908 945 CF° 177 () 1725 (18) + 95 9am CO o7 (X = i) 177 (M) +
i=0 j=0
OB% fB(N — 1) o7 X*® X7 2.53
+9ap gsn CL° fo (N — ) ;" () | (X @ X7). (2.53)

Let us look in more detail at the functional part enclosed in the square brackets in Eq. (2.53).
Using Eq. (2.48) we get:

Zf”‘" e = S S o e g =

= I (=g "
—1)* ¢
= SRR (5)aten i 50 =
p
= S o0 o 5w, (254)
and
9oy 95n O J37 O = 1) F7" () + gap 950 OF f3P (N = i) f" () =
= C s, 00 €3 7O = 1) 33 £870) + g 95 O 50— )9, 170)| =

= 2.!) (Or +0,)' [gavgan CP f (N = 1) 5" () + gas 9on C2° fo2 (X — ) 5”@)] - (2.55)

Inserting Eqgs. (2.54) and (2.55) in Eq. (2.53) we obtain Eq. (2.50) thanks to the functional
equations given in Eq. (2.8).

O

Remark 2.8 The fact that ﬁ]% 1s indeed a Lie-Poisson tensor can be seen as a plain conse-
quence of Eq. (2.50).
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The involutive Hamiltonians of the one-body hierarchy governed by the Lax matrix £y (A)
given in Eq. (2.47) can be obtained in two equivalent ways. One can directly compute the
spectral invariants of £y (), and their involutivity is ensured thanks to the r-matrix formula-
tion (2.50). Otherwise we can apply the contraction procedure to the involutive uncontracted
Hamiltonians. In particular, if the parameters \;’s appear explicitly in these integrals we have
also to perform the pole coalescence \; = Jv;, 1 < i < N, in order to construct the proper
contracted Hamiltonians. Their involutivity is ensured by Proposition 2.10.

A more general extended rational Lax matriz

In Theorem 2.2 we have shown that the system of functional equations in Eq. (2.53) is satisfied
if the functions fiaﬁ(/\), 0 <i < N —1, are given by

sy = E g oo, (2.56)

where the f o (A)’s are the meromorphic functions appearing in the r-matrix (2.7). Nevertheless
we can construct a more general analytic solution to the system in Eq. (2.53) if

1
(V) = 5 9ap X° @ X"

In such a case the functions fiaﬁ()\), 0 <i< N —1, do not depend on a, 3 and the system of
functional equations appearing in Eq. (2.53) takes the following simple form:

k
D FN) fri(p) = M 0<k<N-L (2.57)

i=0
Our solution is based on the following conjecture.

Conjecture 2.1 Let k € N and let {c;}}_, be a set arbitrary complex constants. Let us denote
with {q;} the set of vectors satisfying the Diophantine equation:

{ai}={aeN : ¢ +2q+ - +ig =1}, 1<i<N-1

Then the following polynomial identity holds:

k q qi q Ak —i q qr

3 Zi...i,\m 3 GG :Zi...i(wru)\qu’
- ! gl ! qe—q! a!  q!

1=0 {ai} {ar—i} {ax}

where |q;| = 22:1 qr and (A, p) € C2.
Using a MAPLE program we have tested this conjecture for N < 25.

Proposition 2.12 If the Conjecture 2.1 holds for any N € N, then the functions

ctll1 C;']i |Cl¢\1 .
ﬁ-(A):Za~m@ T 1<i<N-1, (2.58)

{a:}

satisfy the system of functional equations given in Eq. (2.57) for any N € N.
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Proof: Let us fix fo(\) = A~!. Inserting the functions (2.58) into Eq. (2.57) and using
the Conjecture 2.1 we get:

k
> FO) frmi(p) =
=0
- o A glal o
=D | 2 RN 3 e s g ol | =
=0 [ {ai} v {ar—i} -
C?l qu ‘ ‘
= E"'ﬁ(ax-Fau) W fo(N) folp) =
{ar} * ’
- Z i...i (Ox+0 )\%I Jo(A) — fo(p) _
o' ! g = A
{ar}
_ k) = fe(w)
p=Xx

Example 2.3 Let us fit N =4 in Eq. (2.58). We get the following three functions:

c
fl()‘) = _A_12,
2
Cl C2
f2(A) = N2
3
cy 2¢1 o c3
V=%t %

In general, the solutions (2.56) can be recovered fizing in Eq. (2.58) the values of the constants
csasci=—1landc; =0,2<i< N —1.

Remark 2.9 The fact that solutions (2.58) provide the general analytic solution to (2.57) can
be argued taking the limit X — p in the functional equations (2.57), yielding the system of
ordinary differential equations:

k

S AN fiiN) = —0r fiN),  0<E<N -1 (2.59)

=0

As the system (2.59) is triangular, for any given i the functions f;(\) can be found solving a
system of i+ 1 ordinary differential equations and therefore depend at most upon i+ 1 arbitrary
parameters. This is exactly the number of arbitrary parameters entering our solutions (2.58).

Henceforth, in the rational case, a more general form of the extended Lax matrix (2.47) is
given by

N—-1
L) =D gap X0 i), (2.60)
1=0

where the functions f;(\) are given in Eq. (2.58).
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A multi-Hamiltonian formulation of the rational extended models

It is possible to prove the integrability of the dynamical systems described by the Lax matrices
(2.47), with a rational dependence on the spectral parameter, also using the multi-Hamiltonian
approach [79]. We prefer to omit a complete analysis of this technique and we shall just present
the family of compatible Lie-Poisson tensors associated with such systems.

Let us consider the Lax matrix (2.47), with foo‘ﬁ()\) = A7!, in the following form:

i (-1 .1 1
LyAP) =P+ Y gop XU (N, i) ="—F=0 =157 (261)
=0

where we have added a constant matrix P € g (with simple spectrum). The rational Lax
matrix (2.61) can be easily mapped into a polynomial one, namely

N-—-1
LENP) =M P+ > gag XG0 AN (2.62)
=0

For the space of polynomials pencils of matrices a family of mutually compatible Lie-Poisson
tensors are defined [79], and the spectral invariants are involutive functions with respect to these
Poisson tensors, called Reyman-Semenov-Tian-Shansky tensors. As a plain consequence of the
multi-Hamiltonian formulation for these Lax matrices we get a multi-Hamiltonian formulation
for the matrices in (2.62). The following proposition holds.

Proposition 2.13 Consider the system governed by the Lax matriz L5 (N, P) given in Eq.
(2.62). Then there exist N + 1 compatible Reyman-Semenov-Tian-Shansky tensors given by

(A 0
Hk<0 Bk>’ 0<k<N

with
(Ak)ij = —Yitjk—2  1<1i,j <k,
(Br)ij = Yigjtr—2 1<4,7< N -k,

andY_1 =P, Y; =0 fori< —1 andi > N. Here (Y;)*? = CoB Y and (P)*P = CPpis a
constant matrix.

Example 2.4 Let us show the three compatible Reyman-Semenov-Tian-Shansky tensors in the
case N =2 for g = su(2), i.e. ¢(3). According to Proposition 2.13 they are:

(Yo W [ -P 0 , 0 -P
m = [ = m, = I I, = = ). 2.63
0 (Yl 0)’ ! <0 Y1) 2 <—P Yo) (2.63)

Notice that 11y = ]52511(2)‘

2.3.3  Many-body systems associated with Leibniz extensions of Gaudin models

In Section 2.2 we have shown how to extend the local Lax matrix (2.11) to the N-body case,
namely considering the Lax matrix (2.18) of the Gaudin models associated to the Lie-Poisson
algebra &Y.
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A similar procedure, based on the r-matrix approach, works for the extended models.
Precisely we can consider the Lax matrix, see Eq. (2.47),

95 fo (),

- (-1’
N =D gas XU FIO) T =
=0

as the local Lax matrix of a 1ong range chain constructed as the direct sum of M copies of @*

Let us define f_) MN = = oM ®* ~- To do this it is convenient to label the coordinates functions
y&’s on & N with an additional index in order to define the local coordinates on Ch .- Let us
introduce the set {(7®),}3™% 0 <i < N—1,1 < n < M as the set of the coordinate functions

a=1_

relative on the k-th copy of QS*
Referring to Eq. (2.44), we obtain that the Lie-Poisson brackets on 93, v read
[ B Gl iti<N, 201
0 i+j >N,

79, (77
{(yz Jns (Y5 )m }me
with 0 < 4,7 < N—1land 1 < n,m < M. Here PJ’@N is the diagonal Lie-Poisson tensor
associated with the direct sum of M copies of the Leibniz extension of order N of the ancestor
Lie algebra g.

The M-body Lax matrix of the extended Gaudin models read

M N-1

Lan) =3 gas X @)k £ ), (2.65)

k=1 i=0

where the complex numbers p’s, with pup # p;,1 < k,j < M are local parameters of the
model.

Taking into account the direct sum structure encoded in the Lie-Poisson brackets (2.64),
and the fact that r-matrix depends just on the difference A — u we can perform a computation
similar to the one given in Theorem 2.2, thus proving the following proposition.

Proposition 2.14 The Lax matriz (2.65) satisfies the linear r-matriz algebra
{LunN) @11 Lyrn(w)tps 1A= p), Lan(N) © 1+ 1@ Larn(p)] =0,

for all (\, ) € C%, with r(\) given in Eq. (2.7).

An alternative construction of the many-body hierarchy

We now present an alternative, but equivalent, way to construct the integrable chain described

by the Lax matrix (2.65) without using the r-matrix approach as in the previuos Subsection.
It is possible to obtain the Lie-Poisson brackets (2.64) on 5}1 y directly from the Lie-Poisson

bracktes (2.16) on &}, 5, being these latter ones the brackets associated with the Gaudin model

with M N sites.

Proposition 2.15 The map on the coordinates {yj }dlmg 1<k<MN on &}, defined by

a=1 >

N
@0 = 0" Y VNnoj1 Um—jprs  1<n<M, 0<i<N-1, (2.66)
j=1
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withv; € C, vj # v, 1 < j,k <N and 0 < ¥ < 1, maps, in the limit ¥ — 0, the Lie-Poisson
brackets (2.16) on &}, into the Lie-Poisson brackets on §}, n given by Eq. (2.64):

{(gza)na (gjﬁ)m}ﬁg -

M,N

with0 <1, < N—-1andl<nm<M.

af3 (7Y y y
{ Onm C3P (Y1) i+ <N, (2.67)

0 i+7j>N,

Proof: Let us construct the Lie-Poisson brackets given in Eq. (2.67) using the map (2.66)
and Eq. (2.16):

(@ @m}, =

i+j i J « 153
V™ VN 141 VN— k1 {yNn—H-l?me—k-i-l}Pg

1 1 M N

i+7 0 7 «
9 VUNp—i+1 VNmkarl 5Nn—l+17Nm—k+1 YNn—1+1-

= 10]=

E
Il

k=1

Notice that dnp—i+1, Nm—k+1 = LI N(n—m) =1—k,but 1 <]—k < N —1, so that we have
to require n = m. Hence we have:

N
(@) @Dn} ) = 0am O3S IV YR =
=1
_ onm C2P (Gl j)n P45 <N,
o(WM) i+j>N.

Performing the contraction limit 9 — 0 we get the Lie-Poisson brackets (2.67).
A computation similar to the one done in Proposition 2.10 leads to the following statement.

Proposition 2.16 Let H,G € F(&%,5) be two involutive functions w.r.t. the Lie-Poisson
brackets (2.16). If f[,é € .7-'(57%]\,) are the correspondent functions obtained from H,G by
applying the map (2.66) in the contraction limit 9 — 0, then they are in involution w.r.t. the
contracted Lie-Poisson brackets (2.67).

Example 2.5 Let us fit M =1 in Eq. (2.66). We get (omitting the index n =1)

N N
ﬂ?iﬁZZV}V—jﬂy%—jH:ﬁzZl’lzcy?a 0<i<N-—1,
j=1 k=1

namely we recover the map (2.43).

According to the procedure performed in the case of the one-body hierarchy, we have also
to apply a suitable pole coalescence. Later we shall give an explicit example in the case of the
rational Lagrange chain.

2.4 Leibniz extensions of su(2) rational Gaudin models: the one-body hierarchy

Let us fix g = su(2). We shall use the notation introduced in Subsection 2.2.1 for the coordinate
functions of the su(2) rational Gaudin model. But, for practical computations, it is convenient
to introduce a different notation to denote te contracted variables {g¢}2_;, 0 <i < N —1,
namely

?iizi, OSZSNfl
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We shall always use the above notation in the case of su(2) Leibniz extensions.
The su(2) rational one-body hierarchy is governed by the following Lax matrix, see Eq.
(2.61):

Z;

N—-1
Ly(N)=p+ ) T (2.68)
1=0

The 3N coordinate functions z3’s obey to the following Lie-Poisson brackets, see Eq. (2.44):

{20,

Proposition 2.17 The Lie-Poisson brackets (2.69) are degenerate. They possess the following
N Casimir functions:

_ v . .
{ Eaﬁv Zerj Z+] < N7 (269)

0 i+j>N.

o) =

N =

N-1
Z<ZiaZN+k—i—1 ), 0<k<N-1 (2.70)
i—k

Proof: Let us compute the Lie bracket {C’IEN), zjﬁ } for an arbitrary coordinate function zjﬁ :

2

{CliN)aZf} = {Zza Z]O\trJrkfiflaZf} =

«
Il
B

2

B B
= [Zza {Zlo\é/-i-k—i—lvzj } + {Zz('lvzj } Z%+k—i—1:| =

<
=

N-1

I
DO

Yy «
€afy Zitj AN+k—i—1+4j"

i=k

Now, if i +j > N then {C{", 2"} =0 thanks to (2.69). Let us consider i + j < N:

N—1 N—-1

(N) Bl _ vy a a vy _

{Ck 125 (= €apy E Zi+jZN+k7i71+j+§ 2t j ANgh—it—14 | = 05
i=k i'=k

where i/ = N +k—i—1.

Example 2.6 If N =2 we obtain from (2.70) the Casimir functions of ¢*(3), namely

C? = (20,21, C® = 2 (zy,21). (2.71)

1
2

According to Theorem 2.2 the Lax matrix (2.68) satisfies the linear r-matrix algebra (2.50)
with r-matrix given by

o1
r(\) = — %a ® O,

namely 7(\) = —I1/(2 \), where II is the permutation operator in C? @ C2.

Now our aim is to compute the spectral curve associated to the Lax matrix (2.68) in order

to explicitly get the involutive Hamiltonians of the su(2) rational one-body hierarchy.
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Proposition 2.18 The hyperelliptic curve Ty @ det(Ly(A) — pl) = 0, (A\,u) € C?, with
L (X) given in Eq. (2.68) reads

1 1 N— e N)
ro. 2
Iy —n"= 1 T3 Z kL + Z )\k+N+1’ (272)
k=0
where

=
Ny (pyzk) + B (ZiZh—i-1), (2.73a)

=0

L N1

C(N ' B Z; ZisZNth—i—1)- (2.73b)

The N independent integrals {HIEN)}Q];OI are involutive first integrals of motion and the N

(N)}

integrals {C}, are the Casimir functions given in Eq. (2.70).

Proof: A straightforward computation.

O

Remark 2.10 Assigning a proper degree to the generators z;’s and to the constant field p we
can immediately see that the integrals of motions are homogeneous polynomials in such degree.

For instance, if deg (z;) = i and deg (p) = —1 then deg H(N) =k—1 and deg C’(N) N+k—1.

Remark 2.11 [t is possible to obtain the integrals given in Eq. (2.73a) using the map (2.43),
in the contraction limit ¥ — 0, and the pole coalescence \; =V v;, 1 <i < N, on the integrals
{HJ}Y_ | given in Eq. (2.33) of the su(2) rational Gaudin model:

N N
H = (p.yi) +z;’zY;> > Hi =3 pve)
=1 =1

J#k
Let us fix i such that 0 <i < N —1. We get

N . N o 1 N . V,ifyi-
ZﬂZViHIZ = ZﬂZVIZ<P,Yk>+§ Zﬂz_ly _V?<Yk7y]'>:
k=1 k=1 k=1 k J
J#k
N =
= v (P, yr) 52 Z Wve)" ()" N yryj) =
k=1 =0 k=1
J#k

1—1
1
= pvzz +§ZO Zm,Zi—m— 1> H(N)

In the above computation we have taken into account the polynomial identity
i—1
vy — Vi = (vk — ;) Z 7 l/;-_m_l.
m=0

(N)

Notice that the contracted version of the Gaudin Hamiltonian (2.87) is given by Hy ', while

the contracted version of the linear integral Z,ivzl H] = Ziv:1<p, Yk ) is given by HéN).
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In the following we shall refer to the Hamiltonian flow generated by the integral H 1(N):

N = <p,z1>+%<20,zo>. (2.74)
A direct verification leads to the following proposition.
Proposition 2.19 The equations of motion w.r.t. the Hamiltonian (2.74) are given by
z; = [Z0,2i | + [P, Zi+1], 0<i<N-1, zy=0. (2.75)
Egs. (2.75) admit the following Lax representation:
£r(N) = [La ), M5 ()] = = [Lr ), M5 ],
with the matriz Ly (\) given in Eq. (2.68) and

My (\) = Z 2 M) = p 4 Az (2.76)

Remark 2.12 Proposition 2.19 can be proved or by direct verification, namely considering
the contracted model, either performing the contraction procedure and the pole coalescence

Ai =0, 1<i< N, on Egs. (2.38) and (2.39). We get, see Eq. (2.38):

_Zﬂzyzyj_Z[p’ﬂH-lV;Jrl +Z
Jj=1

Jj=1

Zykaﬂ v, y]‘| = [ZOaZi]+[p7Zi+1]a

and, see Eq. (2.39):

Ivy; N N=2 ;g it oo N2,
] j _ Z Z 'j ) ﬂN — ’LJrl _ T,— )\ .
A=, j=1 i=0 < A ) ¥3+ OU%) i=0 il My~ ()

2.4.1 N =2, the Lagrange top

Fixing N = 2 in the formulae of the previous Subsection we recover the well-kwown dynamics
of the three-dimensional Lagrange top described in the rest frame [4, 8, 19, 37, 53, 59, 79, 91].
In other words we can say that the Lagrange top is the Leibniz extension of order two of the
su(2) rational Gaudin model. This result is contained in our paper [53], but in a less general
framework.

The Lagrange case of the rigid body motion around a fixed point in a homogeneous field
is characterized by the following data: the inertia tensor is given by J = diag(1, 1, @), o € R,
which means that the body is rotationally symmetric with respect to the third coordinate axis,
and the fixed point lies on the symmetry axis.

The equations of motion (in the rest frame) are given by:

Zo = [P, 21),
(2.77)

z1 = |20, 21,

where zg € R? is the vector of kinetic momentum of the body, z; € R? is the vector pointing
from the fixed point to the center of mass of the body and p = (0,0, p) is the constant vector
along the external field. Note that Eqs. (2.77) are just the special case N = 2 of Eqs. (2.75).
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An external observer is mainly interested in the motion of the symmetry axis of the top on the
surface (z1,2; )=constant. For an actual integration of this flow in terms of theta functions
see [37].

A remarkable feature of the equations of motion (2.77) is that they do not depend explic-
itly on the anistropy parameter « of the inertia tensor [19]. Moreover they are Hamiltonian
equations with respect to the Lie-Poisson brackets of (minus) e*(3):

{528} = —easnal, {2640} =—casyel, {020} =0, (2.78)

As we noticed in Examples 2.2 the Lie-Poisson algebra ¢*(3) is the Leibniz extension of order
two of su*(2). The Hamiltonian function that generates the equations of motion (2.77) is given
by
@) . 1

Hy :<pvzl>+§<Z07ZO>7 (2.79)
and the complete integrability of the model is ensured by the second integral of motion H((,2) =
(p, 2z ). These involutive Hamiltonians can be obtained using Eq. (2.73a) with N = 2, namely
considering the spectral invariants of the Lax matrix, see Eq. (2.68),

. Z0 741
L5(\) = -+ - 2.80
OV (280)
The remaining two spectral invariants are given by the Casimir functions of the Lie-Poisson
brackets of ¢*(3), see Eq. (2.71).
We finally recall that the Lagrange top admits a tri-Hamiltonian formulation in terms of
the compatible Reyman-Semenov-Tian-Shansky tensors given in Eq. (2.63), see [79].

Remark 2.13 In Proposition 2.19 we have focussed our attention on the Hamiltonian flow
generated by the integral Hl(N). The reason for this choice can be understood looking at the

Lagrange case. As a matter of fact Hl(N), that is the contracted version of the N-site su(2)
Gaudin Hamiltonian (2.37), is the generalization of the integral (2.79) to the N-th Leibniz
extension of su(2).

Remark 2.14 If we refer to the generalized Lax matriz (with N = 2) given in Eq. (2.60) we
get, see Fxample 2.3:
r - 20 Z1
L5(AN) =p+ SUESVE

The above Lax matrixz provides the same spectral invariants of the Lax matriz (2.80), up to a
rescale of the intensity of the field p in the Hamiltonian H1(2).

2.4.2 N =3, the first extension of the Lagrange top

Let us now consider the dynamical system governed by the Lax matrix (2.68) with N = 3 and
p = (0,0,p). We shall call such a model the first extension of the Lagrange top or equivalently
the Leibniz extension of order three of the su(2) rational Gaudin model. The Lie-Poisson
brackets are explicitly given in Example 2.2. They read

{Zoaazg} = “Capy Zg’ {23,25} = “€apy Z?, {zoaazg} = —Capy Z;a (2'813*)

{zf,zlﬁ} = —Eapy %9, {zlo‘,zg} =0, {zg‘,zg} =0. (2.81b)
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According to Proposition 2.18 the integrals of motion of the model are given by, see Egs.
(2.73a) and (2.33),

: : 1 :
Hég) :<paZ0>a H1(3)2<p,Z1>+§<Z0,Z0>, H2(3) :<p,Z2>+<Z0,Z1>, (282&)
. 1 . .1
083):<Z0,Z2>+§< 1,Z1>, CfS)Z(Z1,Z2>, 02(3)=§<Z2,Z2>- (2-8213)

Looking at the brackets given in Eqgs. (2.81a) and (2.81b) and taking into account that zg
and zy span respectively su*(2) and R3, we may interpret them as the total angular momentum
of the system and the vector pointing from a fixed point (which we shall take as (0, 0,0) € R?)
to the centre of mass of a Lagrange top. Let us remark that zy, does not coincide with the
angular momentum of the top due to the presence of the vector z;. We think of z;, whose
norm is not constant, as the position of the moving centre of mass of the system composed by
the Lagrange top and a satellite , whose position is described by z; —zo. Here we are assuming
that both bodies have unitary masses. The link between these two systems is given by the
Casimir functions given in Eq. (2.82b). If we think of a canonical realization of the brackets
(2.81a) and (2.81b) in terms of three canonical coordinates and their conjugated momenta we
can immediately argue that the vector z; must depend on momenta.

If we look at the integral H 1(3), see Eq. (2.82a), we immediately see that it formally coincides
with the physical Hamiltonian of the Lagrange top (2.79) where now the vector z is the angular
momentum of system and the vector z; describes the motion of the total centre of mass.

The Hamiltonian equations of motion with respect to Hfg) are given by, see Eq. (2.75):

Z0 = [pvzl]a
Z1 = [Zo,Zl] + [p)ZQ]a

ig = [Zo,ZQ].

We immediately see that the vector z; does not rotate rigidly, though z, does. Obviously,

since the euclidean norm of z; is not preserved, the integral Cfg)

between z; and zs is constant.

We now provide a canonical realization of the Lie-Poisson algebra given in Eqgs. (2.81a)
and (2.81b). We will use three Euler angles § € [0,27), ¢ € [0,27) and ¢ € [0, ) with their
canonical conjugate momenta pg, py and py,.

Our canonical description is restricted to the following symplectic leaf:

does not imply that the angle

0 = {(20,m.2) e R’| G =0, Y =0, ¢ =1/2}. (2.83)

Proposition 2.20 A canonical realization restricted to the symplectic leaf (2.83) of the Lie-
Poisson algebra given in Egs. (2.81a) and (2.81b) is given by:

. cos ¢ ) sin ¢
Z0 (sm @ po + cot O cos ¢ py e~y Dy — COS @ pg + cot 0 sin @ py, e~y pw,pd,) ,
Z1 = +/2py (sine sing — cos cos ) cos ¢, —siny cos @ — cosf cosh sinp, —sinf cos 1)),

Zo = (sin 6 cos ¢, sin 6 sin ¢, cos 0) .
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Proof: It is well-known that the canonical realization of ¢*(3) spanned by the vectors zg
and zg such that (z2,22) =1 is given by [59]:

Zo = (sinqﬁpg + cotd cosppy — %pw,fcosqﬁpg +cotf singppy — %plp,pd)) ,
Zo = (sin 6 cos ¢, sin 6 sin ¢, cos 0),
where ¢ = (0, ¢,7) are the standard Euler angles and p = (pg,ps,py) are their canonical
conjugated momenta. Recall that if f(¢,p) and g(g,p) are two arbitrary smooth functions
then s
. of 0g  Of Og
Ly =d 207 — a7 |-
[ 9q: 9pi  9pi g

We now require that the Lie-Poisson brackets (2.81a) and (2.81b) restricted to the symplectic
leaf (2.83) hold. A straightforward computation leads to

Z1 = /2 py (sine) sin¢g — cosf cos ) cos ¢, —sin) cos¢ — cos cos ) sin ¢, —sin b cos ).
a

As we have previously mentioned we have obtained that the vector z; is described in terms
of the canonical coordinates 6, ¢, and the conjugated momentum p,. In particular, we have
(z1,21) = 2py > 0.

For the sake of completeness we write the three Hamiltonians, see Eq. (2.82a), using the
above canonical description:

3
Hé)zpm,
2 2 4 p2_9 cosf
H{B):%_i_pTﬁ p¢251n€12p¢ —p\/2pysinfcosp,

H2(3) = /2py [ po siny + (py — py cosf)cotd cosp — py sinb cosp| + p cosb.

Notice that the variable ¢ is cyclic as in the Lagrange case, while v explicitly enters in the
potential term.

Remark 2.15 If we refer to the generalized Lax matriz (with N = 3) given in Eq. (2.60) we

get, see Fxample 2.3:
. Zo C1Z1 + Co Zo o Z2
L5(N) erT*Tchlﬁ'

The above Lax matriz provides the following Hamiltonians:
3) .
Hé ) = (pa Zy >a

. 1
H® (c1,00) = —c1 (p, 21 + c222) + §<ZO,Z0>,

H (c1,00) = c1 (1 (py22) — (20,21 + C222)) .

Remark 2.16 For an arbitrary order N of the Leibniz extension - where N is also the number
of sites of the Gaudin model - the su(2) rational one-body hierarchy consists of a family of
generalized Lagrange tops. They provide an example of integrable rigid body dynamics described
by a Lagrange top with N — 2 interacting heavy satellites.
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Few remarks on the trigonometric and elliptic Lagrange top

The aim of this short paragraph is just to show the Hamiltonians of the systems governed by
the Lax matrix (2.47) with g = su(2) and N = 2 in the case of a trigonometric and elliptic
dependence on the spectral parameter: they are the Leibniz extensions of order two of the su(2)
trigonometric and elliptic Gaudin models.

According to Eqs. (2.30), (2.31) and (2.32) and Eq. (2.48) we consider the following Lax
matrices:

0125+ 02 2§ 3 cot(A)

L) = ey + cot(N) o3 25 + () (01 28 + 09 23) + (cot?(N) 4+ 1) 03 25,  (2.85a)
e - dn(}) 1 1 5 cn(A) 3
L2 = 50 T i 7250t s T2t
en(A) 1 cen(A)dn()) L dn®()) 1
o\ 2.
s2() 7T Ty PR T ) B (2.85)

where the six variables z§', z§* obey to the Lie-Poisson brackets of (minus) ¢*(3), see Eq. (2.78).
The Lax matrices (2.85a) and (2.85b) satisfy the linear r-matrix structure (2.50) with r-matrix

given respectively by, see Eq. (2.29),

cot(A) 0 0 0
1 0 0 1 0
7"()\) - - X sin(A) ’
2 0 sin() 0 0
0 0 0  cot(N)
cn() dn())
sn(\) 0(}\) dn(A) 0 sn(\) ﬁ
cn n 1
r(\) = -2 0 oy O c:(;)nu) 0
4 0 sy T osaon Yoy 0
dn(») 1 0 0 cn(\)
sn(A) sn(A) sn(\)

The system described by the Lax matrix (2.85a) has the following two involutive integrals
of motion:

If = (23)%, (2.86a)
[ (z

It = (207 + (=) ] + %(z?)? (2.86b)

The system described by the Lax matrix (2.85b) has the following two involutive integrals
of motion:

I =5 [P+ (1] 5 [ + (7] + 520 (2872)
e [P+ P+ ] - 5 [EP+ P+ 5605 2sm)

where k is the modulus of the elliptic Jacobi functions. Notice that fixing k& = 0 in Egs.
(2.87a-2.87b) we obviously recover the integrals (2.86a-2.86b).
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2.5 Leibniz extensions of su(2) rational Gaudin models: the many-body hierarchy

The rational su(2) many-body hierarchy is governed by the Lax matrix (2.65) with g = su(2)
and assuming a rational dependence on the spectral parameter, namely:

where the complex numbers p’s, with pp # pj,1 < k,j < M are local parameters of the
model. The Lie-Poisson brackets are, see Eq. (2.67),

oy B\ “OnmEapy (2l i+J <N,
{(z )"’(Zﬂ’)m}{ 0 i+j>N,
with 0 <4, < N—-1Tand1<n,m<M.

Our aim is now to study the case N = 2, namely we shall consider an integrable long-range
homogeneuous chain of interacting Lagrange tops, that we call rational Lagrange chain.

2.5.1 The rational Lagrange chain

The rational Lagrange chain is an integrable systems (with 2M degrees of freedom) associated
with the Lie-Poisson algebra @*e*(3). Since we have just two generators, i.e. zy and z,
for each copy of the Lie algebra, it is convenient to simplify the notation using the following
definitions:

(ZO)k = my, (Zl)k = ag, 1 S k S M. (288)

Hence my, = (mj,mi,m}) € R® and a; = (a},a},a;) € R? describe respectively the
angular momentum and the the vector pointing from the fixed point to the center of mass of

the k-th top. The Lie-Poisson brackets on & ¢*(3) are:

{m%,m]@} = —0k,j Eapy My, {mz‘, af} = —0kjEapy a}, {a%, af} =0, (2.89)

with 1 < k, 7 < M. The above brackets are degenerate: they possess the following 2M Casimir
functions:

1
G = (mpan), O = J{avar),  1<k<M. (2.90)

Using the notation introduced in Eq. (2.88), the Lax matrix of the rational Lagrange chain
reads
m; 4 a;
A=pi o (A=) ]’

M
Ly 5(\) 'p+2[ (2.91)
i=1
where p = (0,0, p) as in the Lagrange case.
According to Proposition 2.14 the Lax matrix (2.91) satisfies a linear r-matrix algebra with
r-matrix given by 7(\) = —I1/(2 \), where II is the permutation operator in C? @ C2.
The complete set of integrals of the model can be obtained in the usual way. In fact, a
straightforward computation leads to the following statement.

Proposition 2.21 The hyperelliptic curve Iy, © det(Lh; o(A) —pl) =0, (A, p) € C?, with
L o(N) given in Eq. (2.91) reads
M T r (1) (2)
R S C C
by ko kg Tk

<p,p>+§; A—pr A=pme)? A=) A=)t |

(2.92)

|

T . 2 __
M2+ TH =
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where
M (mp,m;) (mg,a;)— (mj,,a) (ag,a;)
Ry = (p,my) + [ ik AR e, L CARLRAN) B ik ] 2.93a
b= ) ; [k — Jj (1 — p1)? (e — p15)3 ( )
J#k

awm;)  (ana) ] ' (2.93b)

1
STi<Pvak>+ (my, my ) + {
* Z pe— g (kg P
Jsﬁk

The 2M independent mtegmls {R], }k 1, and {SI}ML are involutive first integrals of motion
and the integrals {C( T and {C )}k 1 are the Casimir functions given in Eq. (2.90).

Remark 2.17 Obviously, the curve (2.92) with M = 1 coincides with the curve (2.72) with
N =2.

Notice that, as in the su(2) rational Gaudin model, there is a linear integral given by
224:1 R} = Ziw:l(p, my, ). A possible choice for a physical Hamiltonian describing the dy-
namics of the model can be constructed considering a linear combination of the Hamiltonians
{Rp L, and {S,}L, similar to the one considered for the rational Gaudin model, see Eq.
(2.37):

M M M
. o 1
Mz = ;(Hk Ry + S¢) = I;H),Mk my +ag ) + 3 ;1 m;, my, ) (2.94)

If M =1 the Hamiltonian (2.94) gives the sum of the two integrals of motion of the Lagrange
top. Our aim is now to find the Hamiltonian flow generated by Hj, 5.

Proposition 2.22 The equations of motion w.r.t. the Hamiltonian (2.94) are given by

rhi: [pva’b]+ |::u’1p+211c\/[:1mk;m1:| )

(2.95)
M
a; = |:,U/lp+2k21 mkaaii| )
with 1 <i < M. Eqgs. (2.95) admit the following Laz representation:
'34,2()‘) = [ ?\4,2()‘%/\47%,2()‘)] )
with the matriz Ly, 5(A\) given in Eq. (2.91) and
)\ai
cm, 4+ 2| 2.96
fo ey 2 (2.96)
Proof: A direct calculation.
]

2.5.2  An alternative construction of the rational Lagrange chain

We now use the procedure described in Proposition 2.15 in order to recover the results obtained
in the previuos Subsection.
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Let us consider a su(2) rational Gaudin model with 2M sites (i.e. N = 2, where N is the
order of the Leibniz extension, see the notation used in Subsection 2.3.3). We have to apply
the map defined in Eq. (2.66) to the coordinates {yg}iinlg, 1 <k <2M. According to the
notation introduced in Eq. (2.88) we get:

2
(zo)i = m; = ZY%—J‘-H =VYy2i +Y2i-1, (2.97a)
=1
2
(z1)i =i =0 vai jp1¥2ijp1 =1 (v2i Yai + V2i1 Y2io1), (2.97b)
j=1

with 1 <¢ < M. Moreover we define the following pole coalescence:
A2 = Vva; + pi, A2i—1 = U vai-1 + i, 1<i< M, (2.98)

where the A;’s are the 2M parameters of the Gaudin model and the p;’s are M distinct new
parameters. We recall here some features of the 2M-site su(2) rational Gaudin model. The
Lax matrix is, see Eq. (2.28a):

LeN) =p+3 Yi (2.99)

The 2M involutive Hamiltonians are, see Eq. (2.33):

Vi Vi > 2M 2M
H = (p,yi +Z )\“_;\ ZH’”*Z P.Yi ). (2.100)
=1
J#l

The equations of motion with respect to the Gaudin Hamiltonian fol A HY are given by, see
Eq. (2.38):

Vi = [)\ip-l-z:?flyj , yi} . 1<i<2M, (2.101)

and the auxiliary matrix appearing in the Lax representation is, see Eq. (2.39):

M) = Aiyi (2.102)

Proposition 2.23 The isomorphism defined in Egs. (2.97a) and (2.97b) and the pole coales-
cence (2.98) maps, in the contraction limit 9 — 0:

1. the Lax matriz (2.99) into the Lax matriz (2.91);
2. the Hamiltonians (2.100) into the Hamiltonians (2.93a-2.93b);
3. the equations of motion (2.101) into the equations of motion (2.95);

4. the auxiliary matriz (2.102) into the auxiliary matriz (2.96).

Proof: All results are obtained by a direct computation.
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1. Counsidering Eq. (2.99) we obtain:
. Y2i—1 Y2z
L;(N) = =
¢(N) P+ Z JN v Zz: o
_ Y2i-1 Yy2i _
B p+z)\*ﬂi*ﬂlf2ifl+iz>\*ﬂi*197/2i

Y2i-1 v V2i71 2 Yoi 0 1o 9
— 0(¥?) 9 —
‘”ZA uz< P )*ZA < N O )>

M M
Yoi—1 + Yo U (v2; y2i + V2i—1 Y2i—1) 9
+ + O(v*).
T D I

i=1

Hence:

19~>0 a;
LG(A .
P Z |: A= ,Uz (A= pi)? :|
2. The formulae giving the integrals {RF}M, and {SI'}M |, see Egs. (2.93a-2.93b), are:

R = éin%) (Hy; + Hy;_4),
S = éir% [V (vo; Hy; + vai—1 Hy; 1))

53
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We get:

T
H2i

Hy = (p,y2i +y2i-1)+

M
Z <YQ1,Y2;'—1> [1 . 9 (Vm' - V2j71) + V2 (V2i - 1/23'71)2 ] +

el i — Ky (pi — puj)?

J#i

M 2 2
Z<Y2z‘,)’2j> {1_79@21'—1/23‘) +19 (VQi_VQj—l) ]+

Pl i — K (i — p5)?

J#i

M 2 2
Z<Y2i717}’2j—1> |:119(V2i11/2j1)+19 (V2i*V2j71) :|+
el i — Ky (pi — puj)?

J#i

o~ (Y2 yoi) [ 0 aic — ) | 9% (vai = w3y 1)

Z Y2i—1,Y2j [1_ 2i—1 25 n 2i zg;1 ]_‘_0(193):
el L i — i (i — 1)

J#i

(P y2i +y2i-1) +

M
Z (y2i + y2i-1,Y2j +¥2j-1)

+

e Hi — Hj
j#i
M
Z (y2i +y2i-1,0 (Vo) y2;j + 12j-1y2j-1))
= (i = 15)?
i
M

V2i y2i T V2i—-1Y2i-1),Y2j 2j—1
3 (0 ( + ).¥2j +y2-1) |
= (i = p5)°
j#i

M

(79 (V2i Yoi + V2i—1 y2i—1); J (V2j Y2; + V21 Y2j—1) > 3

2y c1h? +0()
1 ¢ J

j=1
J#i

with 1 <4 < M. Using the map (2.97a-2.97b) and performing the limit ¢ — 0 we obtain
the integrals given in Eq. (2.93a).
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For the integrals {ST}M, we obtain:

V(ves Hy, + voim1 Hyy) = (P, Y (V2 yoi + 12i—1¥2i-1) ) + (¥2i, Yo2i—1) +

i 191/21'()’21',}’2j—1> [1 _ 19(V2i _V2j—1):| +

_l’_
e Hi — T
J#i
M
N 2191/21 y217ij> [1 19(’/21'1/23')] n
— i — [y
J=1
J#Z
n Z Vvai—1 (Yo2i-1,Y2j—1) {1 _ U (v2i—1 — 125-1) } +
s i — g Hi — [y
J#i
M D vy (yai ) 0 (i1 — 1)
4 Z 2i—1 { Y2i—1,Y2j [1 B 2i—1 2j } +O(193) _
et i — [ i — Hj
i
= (p,Y (12 y2i + v2i—1¥2i-1)) + (¥2i,Y2i-1) +
M
n Z (0 (v2i yoi + v2i—1¥2i—-1), Y25 + ¥2j-1) n
5 Hi — [y
j=1
J#i

M
4 Z <19 (Vm' Y2i + V2i—1 YQ171)719 (V22j Y2; + V2j—1 Y2j71)> n O(ﬂg),
= (bs = 15)

J#i

with 1 <7 < M. Notice that

<YQ1' +¥2i-1,¥2i +Y2i-1 > — Oy — Ca—1,

| =

(Y2isy2i-1) =

where the functions C; = (y;,y;), 1 <4 < 2M, are Casimirs for ®?Msu*(2). Using
the map (2.97a-2.97b) and performing the limit ¥ — 0 we obtain the integrals given in
Eq. (2.93b). Notice that the Hamiltonians (2.93a-2.93b) are in involution w.r.t. the
Lie-Poisson brackets (2.89) thanks to Proposition 2.16.

3. Considering Eqgs. (2.101) we obtain:
m; = Yy +y2-1=
= [(19 vai + i) P+ Z?flyj ; }’21'} + [(19 Vai—1+ i) P + Z?I:wl)"j ; Y2z‘—1} =

[P,V (v2i y2i + V2i—1y2i—1)] + {Mip + Z?I:VQYJ y Y2i-1 +y2i} =

[paai] + |:/j/ip+224:1mk7mi:| 5

and
& = V(vyyoi+ i1 Y2i-1) = {(?9 Vo + i) p + Z 1y] , Vo, }’21} +
2M } _

+ [(191/21'—1 )P DY) Vveic1 Yaica

= |:,Uip+Z§]:VI1Yj719(V2iy2i+1/2i71y2i71)} +O(192) [sz+2k 1mg, a;
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4. Considering Eq. (2.102) we obtain:
. A2i—1Y2i—1 A2i Y2i
T A = J—
M) Z A= Dai1 ZA—Am

_ Z (Vv2i—1 + pi) y2i—1 n i (Do + i) yoi

A— i — v < X — g — Vv N

M
¥ i— i i— v i—
_ Z( Vi1 + i) Y2i-1 1+$+O(ﬂ2) n
i—1 )‘_,U/z )‘_Mz’
(Y vni + 1)y Vv
2 + i) Y2i % 2
1 o =
F 3 R (14 2 o)
Moo A (V23 y2i + Voi—1 Y2i—1)
2 Y2i + V2i—1 Y2i—1 9
= Z Wi (Y2i—1 +yoi) + :|+O(19 ).
-1)‘—%[ A — W

Hence:

Few remarks on the trigonometric Lagrange chain

We now construct a trigonometric Lagrange chain, namely a long-range partially inhomoge-
neous integrable chain of interacting Lagrange tops. We shall use the notation introduced in
Eq. (2.88) to denote the coordinates of the Lie-Poisson algebra & e*(3).

According to Egs. (2.65) and (2.85a), the Lax matrix governing the trigonometric Lagrange
chain reads

2

M
oS {M + cot(h— i) o mi+
P sin(\ — p;)

cot(X — 1)

sin(A — p;)
We know, from Proposition 2.14, that the above Lax matrix satisfies a linear r-matrix algebra
with r-matrix given by, see Eq. (2.29),

(o1 a} +09a?) + (cot? (N — p;) + 1) oza’ | . (2.103)

cot(A) 0 0 0
1 0 0 — 0
- sin(A)
T()\) 2 0 sinl(/\) 0 0 7
0 0 0  cot(N)

Let us give the following statement. The proof is straightforward.

Proposition 2.24 The curve Iy, , : det(Lh; ,(A) —p1) =0, (A, u) € C?, with LY, ,(N) given
in Eq. (2.108) reads

M

N | =

INYPE —p? = Hj +

+ C’,gl) cot? (N — pug) + C’,gQ) cot* (N — px)
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where
1M
33 0+ )5 3w ()
M
—[a; m} 4+ d? m? +a} m? cos(p; — pj) | +

M
t(i — p
M[a a +a? aj +a3a3 cos(p; — ,uj)],

i,j=1
i7#]
R} —C’(l + - Z mka fm3az)+
J#k
- 1
+27 [mymj +mim; +mim] cos(ur — py) | +
2 Sl 1)
ik
30 SO ) [t 22 cosg — )
_ ] J J J
2 S~ )
Gk
fm} aj, — m?ai — m?ai cos(pg — uj)] -
M 1
ol + ol costn )]

1
ay a; + aj aj + ayp aj cos

22 i ) |

H:ék
1 M
St = O 4 5 [md)? + (m})” + (m)’] 24> dlal+
i,j=1
s

1
[a,lcm} +a%m? +a%m? cos(py — pj) | +

Sin(iie — 113)

+
Mz

Sl
Il
el

Ot(ﬂk Nj) 1.1 2 2 3 3
——= |apa; +a;a; +aypa; cos(pr — ) |-
m(,uk J)[ kY3 kg kY3 ( J)]

+
M=
UJO

S,
Il
el

The integrals HE, {R\IM | {SEM

are independent). The integrals {C,c )}kle and {0,52)}]szl

57

(2.104a)

(2.104D)

(2.104c)

are involutive first integrals of motion (only 2M of them
are the Casimir functions given in

Eq. (2.90).
(2.104a) and (2.104c). We get (omitting the lower

Remark 2.18 Let us fir M = 1 in FEgs.
index in the coordinates my,ay ):
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where (a,a) is a Casimir function of the Lie-Poisson algebra ¢*(3). Recalling the Hamiltonians
(2.86a-2.86b) of the trigonometric Lagrange top, we immediately see that It = S (up to a
Casimir function) and I = S* — H{ (up to a Casimir function).



3

Integrable discretizations of su(2) extended
rational Gaudin models

3.1 Integrable discretizations through Béacklund transformations

The theory of integrable maps got a boost when Veselov developed a theory of Lagrange
correspondences [99, 100, 101]. Roughly speaking, these maps are symplectic multi-valued
transformations which have enough integrals of motion, this definition being a proper analog
of the classical Liouville integrability. In the main examples, studied by him and later by other
authors, the integrable maps are constructed as time-discretizations of classical integrable
models (such as the Neumann system, the geodesic flow on an ellipsoid, the Euler-Manakov
top, the Lagrange top, the Toda lattice, the Calogero-Moser systems and other families of
integrable systems), see, for instance, [21, 23, 31, 41, 53, 54, 55, 56, 70, 77, 87, 99, 100, 101],
the excellent book of Yu.B. Suris [91] and the references inside.

Moreover these correspondences associate with a given solution of an integrable system a
new solution, a property reminescent of Bécklund transformations (BTs) for soliton equations.

In the first part of this Chapter we shall apply the theory of BTs for finite-dimensional
integrable systems, developed by V.B. Kuznetsov, E.K. Sklyanin and P. Vanhaecke in the
papers [55, 56, 87]. Following this approach we look at BTs as special Poisson maps. It is
possible to find an exhaustive list of the features of these BTs in [55, 56, 87]:

1. A BT is an integrable Poisson map that discretizes a family of flows of the integrable
system (and not a particular one);

2. The discrete flow corresponds to an interpolating Hamiltonian H which is a multi-valued
function of the involutive integrals of motion. A BT B acts on a point x of the phase
space as [56]

1
B: xr— §=$+{H,JC}+§{H7{H7$}}+---

Nevertheless, although a BT is multi-valued, it leads to a single-valued map on any level
manifold of the integrals of motion;

3. a BT can be constructed using a quite universal receipt. One has to consider the following
similarity transform on the Lax matrix £()):

By L) — Ly(A) = Mu(\N) LA M (N,  YAeC, neC, (3.1)

with some generically non-degenerate matrix M, (\), simply because a BT should pre-
serve the spectrum of £L(\). The parameter 7 is called Backlund parameter. It is possible
to consider BTs with several parameters: in particular, the number of zeros of det M, ()
is the number of essential Backlund parameters;

4. Two BTs B,;,, and B,,,, m # n2, for a given integrable sistem commute, namely B, oB,, =
By, o By,. This commutation follows from the canonicity and the invariance of the
integrals of motion. Indeed, any integrable canonical mapping acts on the Liouville torus
as a collection of shifts of the angle variables [99, 100, 101];

99
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5. When one searches for the simplest BT of an integrable system, then one finds a one-
dimensional family {8, |n € C} of them. The Bécklund parameter 7 is canonically
conjugate to p, i.e. p = —9F,/0n with F, generating function of {8, |n € C}. Here p is
bound to 7 by the equation of an algebraic curve (dependent on the integrals), which is
exactly the characteristic curve that appears in the linearization of the integrable system.
This property is called spectrality of the BT;

6. A direct consequence of the spectrality property is the explicitness of the constructed
maps; see [56] for further details about the geometrical meaning of the spectrality prop-
erty;

7. The explicit nature of a BT makes it purely iterative, so that it is very well suited as
symplectic integrator for the underlying model. The Backlund parameter n plays the role
of an adjustable discrete-time step.

Remark 3.1 An important practical question arising in the theory of BTs is how to find,
given a Lax matriz L(N), the matric M, (\) which would generate a BT. To check that a
matriz My(X\) is admissible one needs, first, to verify that the system of equations resulting
from Eq. (3.1) is self-consistent, and, second, to prove that the resulting transformation is
canonical, i.e. it preserves the Lie-Poisson brackets.

For instance, if L(\) satisfies a linear r-matriz algebra, namely

(LN @1, 1@ L)} +[rN—p), L) @1 +1® L(p)] =0, V(\ ) € C?

one has to prove that the same holds for the Lax matriz En()‘)-

This problem is completely solved in the case of su(2) Lax matrices associated with linear
and quadratic r-matriz algebras with rational dependence on A\ [31, 87] and a general ansatz
for the matriz M, (\) exists. In particular, the matriz M, (X) should be a simple Lax operator
of the quadratic algebra

{(My(N) @ 1,1 @ My()} + [r(X = p), My(N) @ My(n)] =0, V(A p)€C?  (32)

with the same rational r-matriz associated with the Lax matrix L(N\). The fact that the right
ansatz for the matriz M, (X\) obeys to the algebra (3.2) guarantees that the resulting map will
be Poisson; see [56, 87] for further details.

In [53, 73] we have constructed (complex and real) BTs for the standard Lagrange top. An
interesting feature of these BTs, see our paper [53], is that they can be obtained performing a
contraction and a pole coalescence on the BTs for the su(2) two-body rational Gaudin model.
We recall that the BTs for the su(2) N-body rational Gaudin model have been constructed in
[41].

We prefer to omit the complete analysis of the BTs for the Lagrange top, since they can
be obtained from the BTs of the rational Lagrange chain fixing M = 1, being M the number
of interacting Lagrange tops.

We now study the problem of constructing BTs for the first rational extension of the
Lagrange top and for the rational Lagrange chain.

3.1.1 BTs for the first rational extension of the Lagrange top

The continuous-time first rational extension of the Lagrange top is described in the previuos
Chapter, see Subsection 2.4.2. Since we have just three generators, i.e. zg, z1, z2, we prefer to
use the following notation:

Zo = m, 7] = a, 7o = b.
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According to this notation, the Lax matrix is obtained fixing N = 3 in Eq. (2.68):

b
L5(N) =P+ + 15

where p = (0,0,p) as in the Lagrange case. The Lie-Poisson brackets read, see Eqs. (2.81a-
2.81b):

{mo‘, mﬁ} = —€apym’, {mo‘, aﬁ} = —capya’, {mo‘, bﬁ} = —€apy b7, (3.4a)

{a®,a"} = —cap, b7, {a® 0’} =0,  {p* ¥} =0. (3.4b)

Let us recall that the Lax matrix (3.3) satisfies the linear r-matrix algebra (2.50) with r-matrix

given by r(\) = —II/(2 \), being II the permutation operator in C? @ C2.
It is convenient to write the Lax matrix (3.3) in the following way:

Ldfu) o)
with
m®  ad b3 .om- a” b .mt  at  bT
WN=p+rtnty Wt n wWETrEut

where we have introduced the complex variables m* = m!+im?2, a* = a' +ia?, b* = b' +ib%.
In terms of such variables the non-trivial Lie-Poisson brackets (3.4a-3.4b) read

{m3 m*} = +im*, {mt,m~} =2im?,
{m?, 0} = {a®,m*} = £ia®, {m*,a")}={at,m 7} =2id’
{m? b5} = {b*,m*} = +ib", {m*,07} = {bF,m"} = 2ib%,
{a3, 0} = +ib*, {at,a”} =2ib>.
Finally we give the complete set of integrals of motion of the first extension of the Lagrange
top, see Eqgs. (2.82a-2.82Db):
. . 1 .
H(g3):<pam>7 H1(3):<p7a>+§<m,m>7 H2(3):<pab>+<maa>v

. 1 . 1
Cés):<mab>+§<ava>a Cfg):<aab>a Cég):§<bab>
According to Proposition 2.18 they are the coefficients of the inverse powers of A of the hyper-
elliptic spectral curve I's : det(L3(\) — 1) = 0, namely

1<H0<3> B P o o +c§3>>.

1
. 2 _
Py =pm =)+ 5 { = A2 SRS VIS GG (3.7)

One-point BTs

A one-point BT can be constructed performing the similarity transform given in Eq. (3.1) on
our Lax matrix L3(\) (3.5):

By Ls(\) — Egu;n)iMmcs(A)M-l(A):—i( aty) - o ) (3)
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for all A € C, being n € C the Backlund parameter, and

om0 o .mTa b o .mt oGt bt
N=ptTrrmgtyg Wty sty

Here we use the “-notation for the updated variables. The intertwining matrix M, () is given
by ![31, 41, 53, 87]:

M, (\) = ( A‘”q“q 71“ ) det M, (\) = A — 7. (3.9)

The variables r and ¢ are “a priori” indeterminate dynamical variables, but comparing the
asymptotics in A — oo in both sides of Eq. (3.8) we readily get

— ~ 4
m m ~3 3

= — = — = . 3.10

Notice that the last equation in (3.10) immediately gives the conservation of the Hamiltonian

Hés). If we want an explicit map from L3()) to 23(/\; 7) we must express ¢ in terms of the old
variables. To overcome this problem one can use the spectrality of the BTs [55, 56]. Eq. (3.8)
defines a map Bp parametrized by the point P = (n, i) € T's, see Eq. (3.7) . Notice that there
are two points on I's, P = (n,pu) and Q = (n, —pu), corresponding to the same 7 and sitting
one above the other because of the hyperelliptic involution:

(n,p) €T3 det(L3(n) —pul) =0 & p? 4 det(L3(n)) = 0.

This spectrality property provides an explicit formula allowing us to express ¢ in terms of the
old variables [41, 53]. Because det M, (n) = 0, the matrix M, (n) has a one-dimensional kernel:

M,](n)Q:(quI)on = Q:(lq).

The equality M, (1) L3(n) Q = Ls(n;n) M, (1) Q implies that L3(1)Q ~ Q, so that Q is an
eigenvector of £3(n). Fixing the corresponding point of the spectrum as P = (n, ) € I's, we

get
(0 ) ()

This gives us the formula for the variable ¢:

u(n) — p w(n) (3.11)

where 1 and p are bounded by the algebraic curve (3.7).

!Fixing the simplest case of a linear function M, (\) = M1 X+ My and taking the limit A — oo in Eq.
(3.8) it is possible to show that M; must be diagonal. Moreover, the most elementary one-point BT should
correspond to the case when det M, (\) has only one zero A = 1, which will lead to having only one Béacklund

parameter. So we can choose
. 1 0 . 0 0
M1—(0 0) or le(o 1).

These two matrices produce similar BTs: they are different just in the direction of the discrete-time.
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Proposition 3.1 The similarity transform (5.8) defines a complex BT B, : R® — C? that
maps the variables (m,a,b) € R? into (M, a,b) € CY according to the following relations:

T?L3 _ mS

m- = a +(rq—n)m- —2rm?,

m*t = 2qp,

a> = a*+rmT—qa” —q(rq—n)m” +2rqm?,

a = (2rq—-na —2ra®—r*mT+rqrq—n)m= —2r*qm?,

at = m*—g(rq—n)m7+2qm3,

o= b —qb +2rqa®—rq?a” +rat +ng(rq—n)m” +rogmt +2nrgm?,
b = 2rqg—m)b- =2rb> —2r2qa® +r*¢*a” —r*aT —nrq(rq—n)m- —

—r? nmt — 2777’2 gm3,
bt o= 2¢a®—¢?a +at +ng(rq —n)ym~ +nm* +2ngm?. (3.12)
r
Proof: A straightforward computation based on Eq. (3.8) leads to the following equations:
A= n+2rg)u)) — g +rw())

o) =

A1 :
(N = A=n+2r9*v\) —2rA—n+2rqu\) —r*w())
)\—7’] ’

a0y = ) +29u)) —¢*v)

A—n

Collecting the negative powers of A, the above formulae give Egs. (3.12). Tt is not possible to
fix a condition on the parameter 7 in order to get a real map. Hence the one-point BT (3.12)
is a map from R to C°.

O

The following statement shows how the one-point BT can be written in a symplectic form
through a generating function. We restrict our BT B,, to a symplectic leaf of the Lie-Poisson

structure by fixing the values of the Casimir functions Cég), Cfg), 02(3):
0= {(m,a,b) € R?| C’ég) =, C£3) = 7o, 02(3) =1/2, (n1,72) € RQ}. (3.13)
Let us fix the following notation:
X3 = (md, a3, 037, XE = (m*, a®, b7

We denote with x§, i = 1,2,3, o = %, 3 the i-th component of the vector x* and with Vi,
i =1,2,3, the i-th component of the gradient w.r.t. its subscript.

Proposition 3.2 The map By|o, namely the BT (3.12) restricted to the symplectic leaf in Eq.
(3.18), admits the following formulation:

3

XF =1 G VL F (IR, (3.14a)
j=1
3

=1 AR X VLB (IR, (3.14D)

j=1
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with i = 1,2,3, where F,,(x~|X™") is the following generating function:

m-m m~ mT (1+nv)?% 1 [(~3 kE+1
B IXT) = el ) T (2 Y () -
00 = e (e 5 ) - s (B m (55)

1 [~ - /(a~ ~

—ﬁ[bJra—i—ba*—n&*a+Z—(Z—+gab+—vg)+

at (@t .,

= = = — -1

+b+ (b++2a b™ =72 ) |, (3.15)

with k* =1+ nb~ b+.
Proof: The Casimir functions Cég), Cfg), Cég) do not change under the map:
By (G, 0, 057) v (G57,.C1, G5 = (67, o o).
Fixing the values of such functions as Cég) =7, Cfg) = 79, 02(3) =1, (n1,7) € R2,Athe above

invariance allows one to exclude six variables, expressing m™,a™,b" and m~,a~,b~ in term
of the components of the vectors x*, x~ and >, X

e = k[ tzmir - e,

at = %:272_2@31)3‘2—_(1‘(‘)3)2)}’
1—(b)?

b= %

am = Lo h - @),

a = %:27225333%—:(1@3)2)}7

o 17}33)2.

bt
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Using Eqs. (3.10) we can rewrite Egs. (3.12) in the following form:

= %Zﬁ _%{% (@t +a i) 5]+

+n’ [(bf)%*ﬁﬁﬂg*)%*m*} <1+1n72> (b at+a 3+)
—(y2+2nm)b” b+—77(a at+b—m —i—bJr )+

1

1 ~ ~
Xs = ﬁ[ﬁ”ﬁa*—i—n(a7b++2i+b7)—b+b7+72},
P
3 m
= k
X3 2p + 9
Xi o= m
1 ~ ~
8 = ﬁ{aﬂnﬂtn(a*b++a+b*)—b+b*+72],
btm~
o3
= k
X3 2p + ’

where k2 = 1+nb~ b*. It is now easy to check that the above equations are equivalent to Eqs.
(3.14a) and (3.14b) with the generating function (3.15).

O

Remark 3.2 The spectrality property of a BT means that the two coordinates 1 and p parametriz-
ing the map are conjugated variables, namely p = —0F, /On, where F,, is the generating function
of the BT [55, 56, 87].

In our case, using Eqs. (5.10), (3.11) and (3.15), we obtain

so that the spectrality property holds.

In the next paragraph we shall construct a real BT for our integrable system.

Two-point BTs

According to [41, 53, 87], we now construct a composite map which is a product of the map
Bp, = B(maul) and Bg, = B(U27—M2):

Bp, = Bo, =
BP17Q2 = BQZ oBp, : ‘63()‘) — ‘63()‘;771) - ‘63()‘5771a772)-

The two maps are inverse to each other when 7, = 12 and ;3 = pe. This two-point BT is
defined by the following discrete-time Lax equation:

Moo (A) L3(A) = 23(/\;7717772) Moy e (A), vAeC, (m,m2) € CQv (3.16)
where the matrix M, ,, () is [41, 53, 87

N A—mn1 + st t
Mﬂlﬂlz()\) - (82t+ (771 *7]2)5 )\7772 o St) 3 (317)
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with
det M”]l,"]Q ()‘) = ()‘ - 771)()‘ - 772)
The spectrality property with respect to two fixed points (91, 1) € T's and (12, p2) € I's give

o~

u(m) — . uln) —p2 M
S P R e Pl 319)
o= (n2 —m) v(m) v(n2) _
[u(nz) + p2 ] vim) — [u(m) — pa] v(ne)
(2 = m) D(m) D)

_ (m—m2) [ulm) + ] [u(ne) —pe]
[u(m) + w1 ] w(nz) — [w(n2) — p2] wim)
o (m—m) [5(771) —p {5(772) +u2]

_ m-m (3.19)

Now we have two complex Backlund parameters 71, 72. It is possible to obtain several equivalent
formulae [41, 53] for the variables s and ¢ since the points (71, ¢11) and (12, p2) belong to the
spectral curve I's, i.e. are bound by the following relations

—(2p5)% = w?(ny) +v(ny) wlng) = a(n;) +o(ny) wlng),  j=1,2. (3.20)
Together with Eqgs. (3.18) and (3.19), the formula (3.16) gives an explicit two-point Poisson

integrable map from L3(\) to 23()\; 1M, 72). The map is parametrized by the two points P; and
2. Obviously, when 71 = 72 (i.e. p1 = p2) the map turns into an identity map. As we have
explicitly shown in [53, 73] the two-point BT can be reduced to a real Poisson integrable map
if the following condition holds:

m =72 =n=Re(n) +iIm(n) € C.

Therefore, the two-point map leads to a physical BT B,, with two real parameters. Notice that
the physical time step can be taken as i(ne — n1)/2 = IJm(n).

A direct computation based on the similarity transform (3.16) shows that the following
statement holds.

Proposition 3.3 The similarity transform (3.16) defines a real BT B, : R — R? that maps

the vector M = (m,a,b)T € R? into M= (I/I/:l,ﬁ, B)T € R? according to the following compact
formula:

—~

M = &, (s,t) M + Mo(s, t; 1), (3.21)
with
1343 O3x3  Osx3
D, (s,t) = | Ay(s,t)  lzxz  Oszxs |,

Bn(s,t) An(s,t) ]lgx3

where Ay(s,t) and By(s,t) are two 3 x 3 matrices depending on the Bécklund parameter n
and the parameters s,t and My(s,t;n) is a vector depending on the dynamical variables. The
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matrices 13«3 and O3x3 are respectively the 3 x 3 identity matriz and the 3 X 3 zero matriz.
The entries of Ay(s,t) and B, (s,t) are respectively

[A,(s,t)]s =0, ©=1,2,3,

[An(s,t) |12 =12 = —[Ay(s,t) ]a1,
[An(s,t) 13 =sa1 —t = —[Ay(s,t) ]a1,
[Ay(s,t)]23 = —i(sar +t) = —[Ay(s,1)]32,

[By(s,t) |12 = —5[(* = s af) — 22 Re(n) ],

[Ba(s0))1s = 551 (02 + Re(),
[By(s.0)]a1 = 3 (1? = 5 a) + 202 Re() .

[By(s0) ]2 = 31+ )0 — 1)

[By(s,t)]23 = *%S a1 (a2 + Re(n)),
[By(s,1) |31 = 5 [t (a2 +2Re(n)) + s a1 (a2 — 20Re(n)) ],

[By(s,t)]2 = 5 [t (a2 +2Re(n)) — s a1 (a2 —2Re(n)) ],
[By(s,t)]33 = 4sta,

I Y

where a; = 2Tm(n) — st, oy = ay — st. The components of the vector My(s,t;n) are

My (s, t;n)]s =0,
Mo(s,tm)]a = p | 5+ (a2 +Re(n) + (a2 — 2 Re(n)) |
[Mo(s,tim)]s = ip | 5t (az + Re(n) — ¢ (a2 — 2Re(n)) |,
[Mo(s,t;m) e =2ptsa,

[Mos, 1) Jr =~ [ (Gm{) + Re(n)*(t + o) + 851 Rel)(t — )]
[ Mo(s, t;m)]s = =2 [ (Im(n) + Re(m)*(t — a1) + 8.5t Re(n)(t + 1) ],
[ Mo(s,t;m) lo =2 [ Mo(s, ;1) |6 Re(n).

Two-point BTs as discrete-time maps

The two point BT constructed above is a one-parameter (7) time discretization of a family of
flows parametrized by the points Py = (11, p1) and Q2 = (A2, —u2). Recall that the physical
time step can be taken as i(n —n1)/2 = Jm(n).

Let us consider the following limit: Jm(n) = e — 0. Considering Eqgs. (3.18) and (3.19) we
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immediately get

s = so+0(e), SO&L&)—M
v(12)

b et O(), o= —olm)
M2

The matrix M,,()) given in Eq. (3.17) has the following asymptotics:

_ ie u(Az) + 2 v(A2) 2
Moy (3) = (A — 1) ﬂ“”mum( N U(Ag)m)}w( ).

If we define the time derivative £3(X) as £3(A) = lime_o[ L3(A) — L3(\)]/€, then in this limit
we obtain from Eq. (3.16) the Lax equation for the corresponding continuous flow that our
BT discretizes, namely:

i [ Ls(12)

L3(\) = o m,cgu)] :

that is a Hamiltonian flow with po given in Eq. (3.20).

Numerics

We now present some 3D plots corresponding to the real reduction of the two-point BT (3.21).
They are obtained using a MAPLE 8 program that is a slightly different version of the MATLAB
program developed by V.B. Kuznetsov in [53].

The input parameters are:

e the intensity of the external field, p;

o the Bécklund parameter n = fRe(n) + 1Im(n). Here IJm(n) is the time-step of the dis-
cretization;

e the number of iteration of the map, NV;
e the initial values of the coordinate functions, M = (m, a, b).

The output is a 3D plot of N + N consequent points (a* — b, a? — b2, a® — b3) and (b}, b2, b°).
We remark that the vector (a! — b',a? — b2, a® — b®) describes the position of the satellite (of
unitary mass), as explained in Subsection 2.4.2, and the vector (b', b, b%) is the position of the
centre of mass of the Lagrange top (of unitary mass). As expected, the points (b', 0% b3) lie

on the sphere C’ég) = (b, b) =constant, of some radius defined by the initial data.
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3.1.2 BTs for the rational Lagrange chain

The continuous-time rational Lagrange chain is described in the previuos Chapter, see Subsec-
tion 2.5.2. Let us recall the main features of this integrable many-body model.
The Lax matrix is given by, see Eq. (2.91):

M
. m; a;
La2(N) =p+ ) [)\)\- * ()\)\-)2]’ (322)
i=1 ‘ '

where p = (0,0,p) as in the Lagrange case, and the 6M local coordinates obey to the Lie-
Poisson algebra &M e*(3):
me mBl = 5 . v a Bl 5 g a Bl (3.23)
ALY k,j Eapfy My, my, a; k.j Eapy A Ay, a; ’ .

with 1 < k,j < M. According to Proposition 2.14 the Lax matrix (3.22) satisfies a linear r-
matrix algebra with r-matrix given by r(\) = —II/(2\), where II is the permutation operator
in C? @ C2.

Moreover, we know from Proposition 2.21 that the spectral curve T'pro @ det(Las2(N) —
u1) =0 reads

M (1) 2
1 1 Ry, Sk ¢ ¢
; a1 1 k k .24
M2 1 4<p,p>+2; )\—)\k+(A—Ak)2+(A_Ak)3+(A_Ak)4], (3.24)
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where
M
- <mkamj> <mkaaj>7<m]'aak> <akaaj> :|
Ry = (p,myg )+ — ,
L P ;[ Ak = A (A = Aj)? Ak = Aj)?
J#k
M
. 1 (ag,m;)  (aya;)
.= (praw) + glmmy ) + 3 | (el g dmeil |

=1
j#k

are 2M independent involutive Hamiltonians and

1
CyY = (my,ay), C,(CQ)i§<ak,ak>, I<k<M, (3.26)

are the 2M Casimir functions of the Lie-Poisson brackets (3.23). Fixing their values one gets
a 2M-dimensional symplectic leaf

0= {(mk,ak) erR1<k<M|CcV =y, 0P = 1/2}. (3.27)

In the construction of BTs we shall use the complex variables mzi = m} £+ im?, af =
al +ia?, 1 <i < M. In terms of such variables the non-trivial Lie-Poisson brackets (3.23)

read

{m?,mjt} =30, m;':, {mzr,m;} =2i0d;, m?v
{m?,af} = {af’,mf} ==+id;; af, {m?‘,aj_} = {aj,mj_} =2i0d;; a?.

Using the above complex variables we can write the Lax matrix (3.22) in the following form:

s 31 )

with

=1
M m,; a
=2 Ferdarendl
M + +
m; a;
w() = 2 [AAZ + ()\/\i)2:|

The construction of one-, and two-point BTs is essentially the same that we have performed
in the case of the first extension of the Lagrange top in the previous Subsection. As a matter
of fact we can use the “universal” ansatzes given in Eqs. (3.9) and (3.17) for the intertwining
matrix. Moreover, setting M = 1 in the following discretization we recover the discrete-time
Lagrange top considered in our paper [53].

One-point BTs

A one-point BT can be constructed performing the following similarity transform:

By Laralh) — Bunalhin) = My Lara M5 0 = =5 (20 20 ). 330
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where we use again the ~-notation for the updated variables. Here the intertwining matrix
M, (X) is the one given in Eq. (3.9), where the variables r and ¢ are “a priori” indeterminate
dynamical variables.

Comparing the asymptotics in A — oo in both sides of Eq. (3.30) we readily get

1 M

1

— — — ~+

r= 2p - m; q= 5 E m; . (3.31)
i=1 1=1

We are looking for an explicit single-valued map from Ly 2()\) to L m,2(A;n). Hence we can
proceed as in the previuos Subsection using the spectrality property of the BTs. Eq. (3.30)
defines a map Bp parametrized by the point P = (n,u) € T'aro, see Eq. (3.24): there are
two points on I'pr2, P = (n, p) and Q = (n, —u), corresponding to the same 7 and sitting one
above the other because of the hyperelliptic involution:

() €Tare: det(Lara(n) —pl) =0 < p? +det(Lar2(n)) = 0.
This spectrality property give us the formula

g=tm—p _ wl) (3.32)

v(n) u(n) + p

Now Eq. (3.30) gives an integrable Poisson map from £()) to L(A;7).
Let us introduce the following notation:

o - a M [ a M _
M~ ={m$}2,, AY ={m$}o,, a==,3.

The following statement shows how the one-point BT obtained in Eq. (3.30) can be written
in a symplectic form through a generating function.

Proposition 3.4 The map By|o, namely the BT (3.30) restricted to the symplectic leaf in Eq.
(3.27), admits the following formulation:

OF, (A=, M~ | AT M+
o = oy HnlA M | A7 MT). (3.33a)
om;
OF, (A=, M~ | A+ M+ OF, (A=, M~ | AT M+
mi = a; n(A7, 7| ’ ) +m; G J ’ ) , (3.33b)
Oa; om;
OF, (A=, M~ | A+, M+
a? =ar 2% A+| M) (3.33¢)
om;
4 OF (A=, M~ | A* M*) ., OF,(A~,M~ | A* M%)
3 + Ytn ’ ) + %0 J ’
8 _ 4 s , 3.33d
m’L a”L a/a\/j» mz amj ( )

where Fy (A=, M~ | AT, J/\4\+) is the following generating function:

= 1 & Mmoo mf 1
Fy(A7,M™ | A% M) = m;mj+2ki< g _A,) -
Pz i=1 @i @i K ‘

M ?;
14+E\"
— 1 3.34
ogi|:|1 (1 — kz) ; (3.34)

with k2 =1+ (n— N\ a; @ .

3
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Proof: First, because the Casimir functions given in Eq. (3.26) do not change under the
map, namely

1
msal + = 5 (mi_aj—i—mjai_

) +
(@) +a7af = @) +arar =1
we can exclude the 4M variables a;,m; and @; ,m;, 1 <i < M, using the following substi-
tutions:

)

1—(a3)? 20; 2miad  m;
ot = 12N P L L T L
a; a; a; (a;7)
a = 1*(6?)2 mT = 26172/\?6? _ Aj_ [1 (aB)Q]
CTE o TR T awr @

Now we have 4M + 4M (old and new) independent variables: a;,a?, m; ,m3 and @ a; ,af’,
mi,m3, 1<i<M.
The map (3.30) explicitly reads

— 2
a0y — o+ 2r)ud) — gu)] +rul)
A=

5()\)_()\—77—|—27°q)2v()\) 2r (A —n+2rqu(A) —r2w(\)

= py ,

2 _ 2
B0 = wA) +2qu(d) — " v(A)
A=n
Equating the residues at A = \; in both sides of the above equations we obtain, after a

straightforward computation,

_ M
a} = ;—Zﬁzj + ki, (3.35a)
P
o=\ amat m- X
3 ¢ v (~t - =+ ) i ~+
m1_7+ o, (@ m; +a; m}) — ok, +2p;mj, (3.35b)
~ M
a} = ;isz + ks, (3.35¢)
P =
6 n—N aral  m
~3 _ L o N -5t _ i i —
"= + o, (af m; +a; m;) ki + 2 jzlmj , (3.35d)

where k2 = 1+ (n — \;) a; @, . It is now easy to check that Eqs (3.35a-3.35b-3.35¢-3.35d) are
equivalent to Eqgs. (3.33a-3.33b-3.33¢-3.33d) with the generating function (3.34).

O

Remark 3.3 Let us have a look at the spectrality property of the constructed BT. Using Eqs.
(3.81), (3.32) and (3.34) we obtain

" S
1 - OF, (A=, M~ | AT M+
M:U(U)—<%E m?) v(n) = — al anl ).
i=1

The above one-point BT is a complex map. In order to obtain a physical map we shall
construct a two-point BT in the next Subsection.
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Two-point BTs

According to [41, 53, 87], we construct a composite map which is a product of the map Bp, =
B(m,m) and Bg, = B(U27—M2):

. Br, 4 Bo, =
Bp,.g, = Bq, o Bp, ¢ Lara(N) —> Lara(Nim) =3 Larz(Ain1,m2).

The two maps are inverse to each other when 7, = 7y and p; = po. This two-point BT is
defined by the following discrete-time Lax equation:

Mm,m ()‘) ‘C]W,Q()‘) = EM,Q()‘; s 772) Mﬂlﬂlz ()‘)7 Ve (Cv (771’ 772) € (C2a (336)

where the matrix M, ,,(A) is, see Eq. (3.17),

Mﬂlﬁlz()‘) - (52t+ (771 7772)5 )\7772 — St) ’
with
det My, o (A) = (A = 1) (A = n2).

The spectrality property with respect to two fixed points (11, 1) € Ipr2 and (12, u2) € Taso
give

ulm) =1 () — 1 &
s = ST TRITIR N (3.37)
v(m) v(n2) 2p
(n2 —m)v(n) v(ne

~— | —

[u(nz) + p2 | v(m

[

[

= [u(m) — p1] v(n2)
(

)

)o(n
(m) + 1 | Bm) — |

(m —n2) [ulm) +p
(m) +p1 ] wnz) —
2) | u(m)

<

_ 1] )
[0 + e | @m) = [) — | Bm)
1 & .
T s (i 7). (3.38)

We have two complex Backlund parameters 71, 72. Recall that the points (11, p11) and (92, u2)
belong to the spectral curve I'j7 2, namely

—(25)% = WP (ny) + v(ny) w(ng) = @ (n;) +0(ny) W(ny),  j=1,2.

Together with Eqs. (3.37) and (3.38), the formula (3.36) gives an explicit two-point Poisson

~

integrable map from Lz2(\) to E]\/[,Q()\;nl,'r]Q). The map is parametrized by the two points
Py and Q3. If 1 = 12 (1.e. 1 = p2) the map turns into an identity map. The constructed two-
point BT can be reduced to a real Poisson integrable map if n; = 7o = n = Re(n)+iIm(n) € C.
Therefore, the two-point map leads to a physical BT B,, with two real parameters. Notice that
the physical time step can be taken as i(ne — n1)/2 = Jm(n).
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Two-point BTs for the Lagrange top

Now we just present the explicit form of the (real) two-point BTs for the Lagrange top. Ob-
viuosly they can be obtained setting M = 1 in Eq. (3.36). However, the explicit construction
of such integrable Poisson maps is contained in our work [53].

Let us drop the lower index in the coordinates (mj,a;). The following proposition holds.

Proposition 3.5 The similarity transform (3.36), with M = 1, defines a real BT B, : R® —

RS that maps the vector M = (m,a)” € RS into M = (r?l,g)T € RS according to the following
compact formula:

M = D, (s,t) M + My(s,t;n), (3.39)
with
: T3x3  Osxs
D, (s,t) = ,
n(S ) < AU(S,f) ]lgx3
where Ay (s,t) is a 3 x 3 matriz depending on the Bicklund parameter n and the parameters s,t

and Moy(s,t;n) is a vector depending on the dynamical variables. The matrices 15x3 and O3x3
are respectively the 3 x 3 identity matriz and the 3 x 3 zero matriz. The entries of Ay(s,t) are:

[Mo(s,t;n) |1 =p(son — 1),

[Mo(s, t;m) ]2 = —p(son + 1),

[ Mo(s, t;m)]3 = 0,

[ Mo(s, )] = p [ 25 (az + Ren) + (a2 — 25Re(m) |

[Mo(s,t;m)]s = ip [%(ag + Re(n) — t (a2 — 29%(77))} 7
[Mo(s,t;m)]6 = 2ptsa.

Remark 3.4 Notice that the map defined in Eq. (3.39) can be recovered from the two-point BT
(3.21) for the first extension of the Lagrange top. The differences between these two maps are:
i) the dynamical information contained in the parameters s and t; ii) the Lie-Poisson brackets
satisfied by the coordinates. In particular in the map (3.89) we do not have the generator b*,
a=1,2,3.

Finally we can show two 3D plots (correspondent to different initial data and obtained
with a MAPLE 8 program) describing the discrete dynamics given in Eq. (3.39) of the axis of
symmetry of the top on the sphere (a,a) =constant.
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3.2 Alternative approach to integrable discretizations

In this Section we shall construct an integrable Poisson map for the su(2) rational Gaudin
model. Precisely, we shall present an integrable discrete-time version of the flow generated by
the equations of motion, see Eq. (2.38),

vi= Aip+Zj-V:1yj,yi}, 1<i<N.

Then, the contraction procedure described in Chapter 2 enables us to obtain, from the
constructed map, integrable discretizations both for the one-body and many-body extended
rational su(2) hierarchies. In fact, we shall construct an integrable discrete-time version of the
equations of motion of the extended Lagrange tops, see Eq. (2.75),

z; = [20,2i] + [P, Zit1], zy =0, 0<i<N-—1,

and of the rational Lagrange chain, see Eq. (2.95),
. M
m; = [p7ai] + [sz‘f‘zk:l mk;mii| )

a; = [mp+2£ilmk,ai] .

Our starting-point consists in the discrete-time Lagrange top obtained in [19]. As a matter
of fact our integrable discretization of the extended Lagrange tops can be seen as a generaliza-
tion of it (from N = 2 to an arbitrary N). Let us recall some of the main results concerning
such a discretization.

3.2.1 The discrete-time Lagrange top of Suris-Bobenko

In [19] the authors construct an integrable Poisson map for the Lagrange top, that is differ-
ent from the one we have obtained through Béacklund transformations, see Subsection 3.1.2.
Precisely, they are interested in finding an integrable discrete-time version of the equations of
motion (in the rest frame) of the Lagrange top generated by the Hamiltonian, see Eq. (2.79),

. 1
H1(2) = <p7Z1>+§<Z0,ZQ>. (340)
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They read
iO = [pa Zl] )
(3.41)

z1 =[20,21],

where zy € R? is the vector of kinetic momentum of the body, z; € R? is the vector pointing
from the fixed point to the center of mass of the body and p = (0,0, p) is the constant vector
along the external field. Recall that the Lie-Poisson algebra of the model is e*(3):

{zg‘,zg} = —CaBy 20, {zg‘,zlﬁ} = —EaBy 21, {zf,zlﬁ} =0.
As we have seen in Subsection 2.4.1 the Lax matrix of the Lagrange top can be written as

- o n
Lo(A)=p+ X +A2.

It satisfies the linear r-matrix structure

{£2(A)®]l’]l®£2(u)}+[T(A_M)’KQ(A)®]1+]1®E2(M)] =0, V()‘vﬂ) E(C2a (342)

with r(\) = —II/(2A). Moreover the equations of motion (3.41) admit the following Lax
representation:

. .

L2(N) = [L2(0), M2(N)], Ma(N) = .

In [19] the authors give a complete derivation of Eqgs. (3.41) and an explanation of their
Hamiltonian nature and integrability. Then they present a discrete map that corresponds to
the discrete version of Egs. (3.41). Such a map takes the following form:

zo—20=¢ [P, 2Z1],
(3.43)

71— 271 == (20,21 +21],

| ™

where the “-notation is used for the updated variables and € € R\ {0} is a discrete-time step.
It is easy to see 2 that the second equation in (3.43) can be uniquely solved for Z;:

z1=(1+c¢cz0)z1 (1+€zo)*1,

so that Eqgs. (3.43) define a map (zo,z1) — (Zo,21) approximating, for small ¢, the time &
shift along the trajectories of Eqs. (3.41). This distinguish the situation from the map in [63],
where Lagrangian equations led to correspondences rather than to maps.

Remark 3.5 Notice that using our notation, that is different w.r.t. the one used in [19], the
explicit map (3.48) can be written in the following compact form:

ii:(1+5z0)zi(1+5z0)_1+5[p,ii+1], 1=0,1,

with zo = 0. The above equations are reminescent of the continuous-time equations of motion
zi = [20,2i| + [P, 2i+1], 0 <i < N — 1, zy = 0 for the extended Lagrange tops of order N.

In [19] it is proven that the map (3.43) is Poisson with respect to the Lie-Poisson brackets
on ¢*(3), so that the Casimir functions C(()2) = (29,21 ), C’§2) = (21,21 )/2, are integrals of

2Recall that for any &,1 € su(2) we have £n = fi(g,vﬂ + %[5,77}.
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motion. It is also obvious that HO(Q) = (p,zo) is an integral of motion. Most remarkably, this

map has another integral of motion - a deformed version of the Hamiltonian (3.40) - given by

HP () = 3(20,20) + (P.71) + 5(P,[20,21]): (3.44)

1
2
The function (3.44) is in involution with Hé2), which renders the map (3.43) completely inte-
grable.

Remark 3.6 Note that the map (3.43) corresponds to the Hamiltonian flow direcly generated
by a “deformed” version of the physical Hamiltonian (3.40). This situation does not occur in
the case of integrable discretizations through Bdcklund transformations, where the constructed
integrable Poisson maps discretize a family of flows of the integrable system (and not a partic-
ular one).

A remarkable feature of the map (3.43) is that it admits a Lax representation and an r-
matrix formulation. Obviuosly, since the discrete integrals are deformed with respect to the
continuous ones, also the discrete Lax matrix will be deformed. The following statements
holds; see [19, 91] for further details.

Proposition 3.6 The map (5.43) has the following Lax representation:
Lo(Nie) = Uy ' (Ne) La(hie) Un(X;e),

with the matrices

2
€ €
z1 + = [ZO,Z1]+3C§2)P

o 2o 2
EQ(/\,E) =p+ 7 + \2 y (345&)
Us(Ne) =1 +¢ le (3.45b)

Notice that the Lax matrix given in Eq. (3.45a) has a rational dependence on the spectral
parameter A. The r-matrix formulation of the map (3.43) can be given in terms of an alternative
Lax matrix, that is obtained from (3.45a) by a straightforward computation. It reads

Eg(A, E) =)\! P+ Z A\2F Xok + Z pRlan: X2k+1, (346)
k>0 k>0

where

Obviuosly the integrals HéQ), H1(2) (), 082), C£2) can be obtained as spectral invariants of the
Lax matrices (3.45a) or (3.46). Their involutivity is ensured thanks to the following statement.

Proposition 3.7 The Lax matriz (3.46) satisfies the linear r-matriz structure (3.42) with the
same r-matriz (up to a redefinition of the spectral parameter). In particular:

8 .
{xf‘,:cj } = —E€aBy xz_i_j, 1,7 > 0.
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Numerics

The integrable Poisson map given in Eq. (3.43) can be easily iterated. We present here some
3D plots, obtained using a MAPLE 8 program, corresponding to such a map.
The input parameters are:

e the intensity of the external field, p;

e the discretization parameter, ¢;

e the number of iteration of the map, NV;

e the initial values of the coordinate functions, (zg,z1).

The output is a 3D plot of N consequent points (21,27, 23), describing the evolution of the
axis of symmetry of the top on the surface (z1,z; )=constant. These plots show the typi-
cal (discrete-time) precession of the axis. Compare these with the classical continuous-time
pictures in [6, 48].

3.2.2  Integrable discretizations of extended Lagrange tops: the strategy

In this paragraph we would like to present the strategy used to construct integrable discretiza-
tions for the extended Lagrange tops. First of all, recall that this integrable hierarchy is
governed by the Lax matrix, see Eq. (2.68),

N-1
. Zi
L) =p+ ) T (3.48)
i=0
where the 3V coordinate functions z{’s obey to the Lie-Poisson brackets
~ S
a Bl _ ) TC€apyZit; i+j <N,
{ZZ % } { 0 i+j>N. (3-49)

The Lax matrix given in Eq. (3.48) satisfies a linear r-matrix algebra with r(\) = —II/(2\)
and the N involutive Hamiltonians are given by, see Eq. (2.73a),

g
—

<Zi7zk7i71 >, 0 S k S N —1. (350)

N =

HN = (p,z,) +

~
i
=]
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Our aim, as in the Lagrange case, is to find the discrete flow generated by the discrete

)

version of the Hamiltonian H {N . We recall that, in the continuous-time setting, the equations

of motion generated by H 1(N) are given by

zi = [Z0,%i | + [P, Zi+1 ], 0<i<N-1, zy=0. (3.51)

Problem: To construct an integrable discrete-time version of Eqs. (3.51). In other words,
to find an integrable Poisson map and its involutive integrals for the hierarchy of the extended
Lagrange tops.

This problem has been solved by means of the contraction procedure described in the
previous Chapter.

Let us schematically recall our results, in the continuous-time setting, with the following
diagram:

I‘GMQ I‘GMN
N =2
contr. + coal. contr. + coal.
LTs LT N
N=2

We have proven that by means of a generalized Inénii-Wigner contraction on the Lie-
Poisson algebra associated with the N-site su(2) rational Gaudin model (rGMy ), and a proper
pole coalescence performed on the parameters \;’s of the Lax matrix, we are able to obtain a
one-body hierarchy of integrable systems, the extended Lagrange tops of order N (LT y). This
situation can be seen in the following table:

| | rGMy | LTy |
LP brackets {yf‘,yf} = —0ij€apr Y; {25, Zjﬁ} = —0(N —i—j)eapy Z?—i—j
Lax matrix Lg(\) =p+ Zfil Sy Ly(A)=p+ Zﬁi?)l T
N lIntegrals | H; = (p,yi) + ZJZ\;Z % HZ-(N) =(p,zi)+ %Z;:&Zjvzi*jfl )
Selected Ham. Hg = Zfil A H; Hl(N)
E.om. Yi:[)\ip+2jy:1YjaYi] zi = [20,2i] + [P, Ziv1], zZv =0

This algebraic procedure preserves the linear r-matrix formulation of the ancestor model.
Obviously, fixing N = 2, we can obtain the standard Lagrange top (LT3) from the two-body
su(2) rational Gaudin model (rGMy).
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Our aim is now to repeat the above procedure at the discrete-time level. In this case
we do not have a proper discrete N-site su(2) rational Gaudin model (drGMy) to start the
procedure. Hence our starting point is now the discrete Lagrange top (dLTz), namely the
integrable discretization described in Subsection 3.2.1.

Roughly speaking we have to overcome the following problems (see the second diagram):

ansatz: 2 +— N

drGM, —  drGMy
N =2
ansatz contr. + coal. contr. + coal.
dLT5 dLT n
N =2

1. To make an ansatz for a discrete version of the two-body su(2) rational Gaudin model
(drGMy) in order to recover from it, by means of the contraction procedure, the dLT5.

2. If the ansatz works for N = 2 we have to generalize it to an arbitrary N, in order to get
a discrete version of the N-body su(2) rational Gaudin model (drGMy ).

3. To perform a contraction procedure and a pole coalescence on the drGMpy. The resulting
system should be the discrete hierarchy of the extended Lagrange tops (dLTy).

Remark 3.7 We notice that the most delicate step in the above list is the point 1. Obuvi-
ously this “inverse” procedure is not unique. As a matter of fact we are able to construct a
discrete-time N -body su(2) rational Gaudin model, namely an integrable discrete version of the
equations of motiony; = [\ p+Z§V:1yj ,yil, 1 <1 <N, and their complete family of discrete
involutive integrals. Moreover we shall also construct the contracted versions of them, obtain-
ing an integrable discrete version of the equations of motion (3.51). Nevertheless we are not
able, up to now, to construct the Lax representation for these maps. For instance we still have
not found the generalization, to an arbitrary N, of the discrete Lax matriz (3.46). Therefore
the integrability and the Poisson property of the constructed maps will be proven without using
the Lax technique.

The discrete-time two-body su(2) rational Gaudin model

We now present a discrete version of the equations of motions for the two-body su(2) rational
Gaudin model. We shall prove that a contraction procedure and a pole coalescence on them
provide the equations of motion (3.43) of the discrete-time Lagrange top of Suris-Bobenko.
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Fixing N = 2 in Eqs. (2.38) we get:

YI :)\1 [PaY1]+[Y2ay1]7

(3.52)
2 =X [P, y2] + [y1,¥2].

We know that Eqgs. (3.52) are Hamiltonian equations generated by the Hamiltonian

Hg =M Hi+ X Hy=(p,A\iy1 +A2y2) +(y1,¥y2), (3.53)
where the two independent integrals Hy, Hy are given by
Hy = (o) + YL gy = (g g (Y002 (3.51)
A quite natural ansatz for the discrete version of Eqs. (3.52) is given by:

Yyi=@+ehp)(I+eyit+ey)yr (I +eyi+eye) ' (T+ehp) -

Yo=(1+eXp)(I+eyi+teyr)y2(I+eyr+ey2) P (L+eip)

where € € R\ {0} is a discrete-time step. Note that Eqs. (3.55) give at order ¢ the continuous-
time equations of motion (3.52). Moreover the explicit map (3.55) is the composition of two
non-commuting conjugations: hence its Poisson property is straightforward. But we prefer to
prove the integrability and the Poissonicity of such a map in the next Subsection, in the case
of an arbitrary V.

Let us perform the contration described in the previous Chapter, see Eq. (2.43), and the
pole coalescence A\ = Y vy, Ay = 1o, on the map (3.55). An easy computation leads to the
following equations:

yi = (A4eyitey)yi(l+eyi+ey2) ' +
+elpdri(l+eyr+eya)yi (L+eyr +ey2) ]+ 0(0?), (3.56)

Y2 = (l+eyi+ey)y2(l+eyi+ey:) '+
+e[p,dvi(I+eyr+ey2)ys (1 +eyr +eyo) ]+ OW?). (3.57)

Taking into account Eq. (2.43), i.e. 2o =y1 + yo, 21 = ¥ (1 y1 + v2y2) and performing the
contraction limit ¥ — 0, we get from Eqs. (3.56-3.57) the following equations:

Zo =120 t+¢ [P,21],
(3.58)
71 =(1+¢ez0)z1 (L +ez9)" L.

The above map coincides with the one given in Eq. (3.43), describing the dynamics of the
discrete-time Lagrange top.

In the remaining part of this paragraph we present the two involutive integrals of the map
(3.55) - found by pure inspection - proving that their contracted versions coincide with the
involutive integrals HéQ), H 1(2)(5) of the discrete-time Lagrange top.

We claim that the discrete version of the integrals in Eq. (3.54) is given by

H1(€)i<p,y1>+% <1+%A1/\2<p,p>) *%<p,[y1,y2]>7 (3.59a)
Hy(e) = (p.y2) + % (1 + %Al Ay (p,p>) - g (p,[y2.y1]), (3.59b)
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so that the discrete version of the Gaudin Hamiltonian (3.53) reads

Hg(e) = M Hi(e)+ A2 Ha(e) =

52
(P, A1y +A2y2) +(y1,¥2) (1+Z)\1 )\2(P,P>) -

— 5 =X (P i ye)). (3.60)

It is possible to prove by direct verification that the integrals Hi(e), H2(e) and the Casimir
functions C; = (y1,y1)/2, Co = (ya2,y2)/2 are preserved by the map (3.55). Moreover
H,(e), H2(g) are in involutions with respect to the Lie-Poisson brackets on su*(2) & su*(2).

Let us perform the contraction procedure, and the pole coalescence A\y = Yy, Ao = 1o,
on the integral (3.60):

1 e?
Hg(e,v) = <p,191/1}’1+191/1}’2>+§<)’1 +y2,y1 +y2) <1+Zl92V1V2<P,P>> -

e? £
—(C1+Cy) <1+Z§2V1V2<P7P>) + = (p, [y1 +y2, 01 y1 + 91 ya]).(3.61)

2

Hence:
19—>0

g<P7[Zovzl]>,

that is the integrals H 52) (€) given in Eq. (3.44) of the discrete-time Lagrange top. Moreover
we have

Ho(e,9) =% 2 (20,70) + (Do) +

Hi(e)+ Hz(e) = (p,y1 +y2) = (P,20) = Hé2).
Remark 3.8 Notice that the matriz

. ji(e) ja(e)
A = .62
Lg(Ae) Pt Ty (3.62)
with
. ) 3 g2
ji(e) =y1 - 3 (y1,y2] + 1 (¥y1 —y2, M1 y1 + Aaya),
2
13

) . £
ja(e) = y2 — 3 [yo,y1]+ 1 (Yo —y1, \M1y1 + Aaya),

has the following properties: i) for e = 0 it coincides with the Lax matriz for the continuous-
time two-body su(2) rational Gaudin model; ii) its contracted version coincides with the Lax
matriz (3.45a) for the discrete-time Lagrange top. Obviously the matriz (3.62) is not the only
one which satisfies such requirements. As a matter of fact it is not the Lax matrixz for the map
(3.55) and we still have not found its correct version.

3.2.8  The discrete-time su(2) rational Gaudin model

Proposition 3.8 The map

-1
DY yi—y,=(1+e\ip) (1 +€Z§V:1y]—) Vi (1 +€Z§V:1yj) (1+ecXhp) ", (3.63)

with 1 <i < N and e € R\ {0}, is Poisson with respect to the brackets (2.26) on &N su*(2)
and has N independent and involutive integrals of motion assuring its complete integrability:

N

2
ykayj € €
1) = (p.ys +§jAk_ (1+ZAkAj<p,p>)5}_1j<p,[yk,yj1>, (3.64)
T Tk
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with 1 <k < N.

Proof: First of all we immediately notice that the map (3.63) reproduces at order e the
continuous-time equations of motion y; = [)\i P+ Z;-V:lyj ,Vil, 1 <7< N. Moreover it can

be written as the composition of two non-commuting conjugations, namely
D = (D)2 0 (D)1,

where

Oy yi = (14eSly) v (14e ) (3.650)

DY)y yi—=3i=Q+ehp)y; A +ehp) ', (3.65b)

with 1 <4 < N. Notice that (DY)1 0 (DY)s # (DY)y 0 (DN);.
As we told in Remark 3.7 we do not have a Lax representation and an r-matrix formulation
for the map (3.63). Hence we have to prove by a direct computation that:

1. the map (3.63) is Poisson with respect to the Lie-Poisson brackets (2.26) on & su*(2);
2. the map (3.63) preserves the functions {Hy(¢)}_; given in Eq. (3.64);

3. the functions { Hy(g)}4_, are in involution with respect to the Lie-Poisson brackets (2.26)
(their independence is obvious).

We may start our proof:

1. The Poisson property of the map DY is a consequence of the Poisson property of the
maps (DY) and (DY)y. In fact (DY), is a Hamiltonian flow on & su*(2) with respect

to the Hamiltonian
N

1
Li=5 > (v k)
Jik=1
o
On the other hand (DY), is a Hamiltonian flow on &~ su*(2) with respect to the Hamil-
tonian
N
k=1

2. Notice that the maps (3.65a-3.65b) imply respectively the following relations:

N N
* * * £ * 9
iy =(yoyi)  yitg ) Iyhyil=yit5) [yl (3.662)
j=1 j=1

e~ * e~ € o * € *
(P,¥i)=(Pi,¥} ) Yit+ A [yipl=yi + 5 [pyil, (3.66b)
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with 1 <14,7 < N. We have:

N ,~ 9 N
= - Y, ¥ € £ - o
Hi(e) = <PaYk>+Z<)\ki)J\_>(1+Z)\k)‘j<pap>)_§Z<Pa[Ykan]>:
s T2k
N N
* <y]>27y*> 52 g
(P.yi) +D 54 (HZ’\“ (p p>)+§z<p,[yk,yj]>
J -
J#i 57_6%
YY) e €
= (P,y& +Z)\k7 L+ A4 (p.p) _§Z<Pa[Ykan]>:Hk(5)a
=1
o J#k

with 1 < k < N. Here we have used Eqgs. (3.66b) in the first step and Egs. (3.66a) in
the second one.

. Let us write the functions {Hy(¢)}2_, in the following way:

52

. g
Hk(E):hgfghglvﬁL 4

(p,p)hi, 1<Ek<N,

where

hy = (P, Yk +Z )\ykiy; (3.67a)
J#k
N
hi =Y (p.[yr i), (3.67b)
ot
N
. Ae A
hi = X £ y (YE Y5 )- (3.67¢)
1 k
ik
Therefore we have:
(L) Hi@)} = {n.hl} == ({n. b1} + {n,A0}) +
2
+5 [(pp) ({hﬁ,h2}+{h2,h°}) + {nk.hi}] -
3
- (B2 + (BB + 2 (pop)? {BER2) . (3.68)

We know that {h9,h?} = 0,1 < k,i < N, since the integrals {h{ }k , are the ones
of the continuous-time 5u(2) rational Gaudin model. Let us explicitly compute the
other brackets in Eq. (3.68) using Eqs. (3.67a-3.67b-3.67c) and the Lie-Poisson brackets
{yg, y,f} = —0ik€apy¥;, 1 < i,k < N. We shall obviously assume k # i and the sum-
mation over the repeated greek indices (running from 1 to 3) is used. Moreover, in the
brackets {hg, hzl} + {h}c, h?} and {hg, hf} + {h%, h?} we shall explicitly write the order
of |p| appearing in the computation.
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At order ¢ we have:

[{R i} + {1} ] o opy =

en Y5

{yk AT Ry Y {vevl v v} | =

J;ui iz

—1° 200 Z X MVA (Wi vs vl +y] vl uR) —
1
§¢k

Y, 0,

g
—p Eﬁpaz)\ Wl vl il uf i) -

Jsﬁk

—1° €ppo Z N m} (el v + vl v up).
7

The above expression vanishes if we swap the indices o and ~ in each second term in the
three brackets. Then we have:

[{Rsh} + {0k B2} ) o ooy =
N

=107 g0 Y [{yR vl w7} + {wh vl v} ] =
1=1

= pa pﬁ (Eﬁpa Eaoy T EBvo Eaap) yz yfv

that vanishes using the properties of the tensor e43-.

At order €2 we get:

[{ho,hz} + {hQah?HO(\p\) =
=p° ZA {y?,y?yf} Z
l;ﬁz ;:é

{yz YRy, }

o Ai Ak Ai Ak
= "D Capy ()\Z_ _ )\kyfyz + my?yf) ’

that vanishes swapping the indices v and 3 in the second term. Moreover,

[{hg,hf} 4 {hi,hg}}oqpl“) -
N N

B Xi A+ A\ 5 5
*ZZ )\k_ )\_)\){ykyjayzyl}
J=11=1
Tk I
_ . = )\k(&?*/\?)*&@i*A?)*Aj(%z*)\Q)y .
T R )0 = ) e
#k

—Eapy Z eyt

J#k
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On the other hand:

N N
{his bl } =07 capreopn D Ui u) vl vl'} =

j=11=1
Gk I
N
=70 2apy D LYV
j=1
ik

where we have used the properties of the tensor e,3,. Hence we get:
) ({0 b2} + (PR, 1Y) + {his by } = 0.
At order €2 we have:

{hi, 13} + {hi hi} =

A A A A
PﬁfﬁpaZZ[)\k {yky],yiyz}+ )\ {ivi.viul}| =
=1 1=
I2k (7
3 /\k>\
=1’ €ppo %(yk vyl +yl vl ) —
=1 °F
Tk
N
Epary )\k)\
fpﬁsapazl ﬁ(yk vy + ] vl uR) —
‘7:
ik
N
€ pYDY
=7 esp0 ) SR YT U ] g 0).
i1 A
Tk

The above expession vanishes if we swap the indices « and ~ in each second term in the
three brackets.

Finally, at order ¢*, we get:

N N
)\k)\ )\ Al 5 s
2 a o —
ﬁk ;l
2
— s qu‘y@y'y )\i )\j )\z 4 )\k Aj )\12 B )\k )\j )\i
T TG = A0 =) =)k = A (= )k = )
Tk

A direct verification allows one to check that the expression in the square brackets van-
ishes.

O

Using the integrals of motion given in Eq. (3.64) we can compute the discrete-time version
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of the Gaudin Hamiltonian (2.37). It reads:

N

1

N N
. 1 g2
&) =D MeHi(e) = > (P Aeyr) +3 > (yrys) (1+ 7 A (Pap>) -

k=1 k=1 k=1

otk
c N

1 > k=) (P [yey5])- (3.69)

k=
J#k

Moreover we still have a linear integral given by S, Hi(e) = S0, (p,yx), as in the
continuous-time case.

3.2.4  Discrete-time extended Lagrange tops

We know from Subsection 3.2.2 that fixing N = 2 in Proposition 3.8 we can recover, by the
contraction procedure and the pole coalescence, the discrete-time Lagrange top considered in
[19].

Our aim is now to perform the contraction procedure on the discrete-time N-site su(2)
rational Gaudin model, in order to construct an integrable discretization for the whole hierarchy
of extended Lagrange tops. In particular we want to find the integrable discrete-time version
of the equations of motion z; = [29,2; | + [P, 2it+1], 2y =0, with 0 <i < N — 1.

Proposition 3.9 The map

N—i—1 .

~ j )

DYz, 7 =(1+ezo)zi(1+ezp) ' —2 E (—%) ady, Zj 1, (3.70)
=1

with 0 <i < N —1 and € € R\ {0}, is Poisson with respect to the brackets (3.49) and has N
independent and involutive integrals of motion assuring its complete integrability:

B
—
B

=

(P, p> (Zit1,2K—i), (3.71)

2

€
(Zi,Zp—i—1) + §<P7 [Z07zk]>+ 3

|~

BN (e) = (pozw) +

-
Il
=)
<.
Il
=)

with0 <k <N —1.

Remark 3.9 We immediately notice that fiting N = 2 in Egs. (3.70) and (3.71) we obtain
respectively the map (3.43) and the integrals H((,Q),Hl(z)(s) of the discrete-time Lagrange top,
see Subsection 3.2.1.

Moreover Eq. (3.70) defines an explicit map. For instance, let us fit N =3 in Eq. (3.70).

We get:
&2

Zo =270+ [P, 21] — o

92 [pa [p722]]’

/Z\l :(1+€ZO)Z1 (1+5Z0)_1—|—5[p,/z\2]’ (372)

Zo=(1+¢e2z0)z2 (1 +e29)" L.

The map (20,21, 22) — (20,21, 22) approximates, for small €, the time € shift along the trajec-
tories of the continuous-time equations of motion of the first Leibniz extension of the Lagrange
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top:

zo = [p,z1],

71 = [20,21] + [P, 22],

Zo = 20,22 ].

Proof: Let us construct the map (3.70) through the usual contraction procedure and the
pole coalescence \; = Jv;, 1 <i < N, performed on the map (3.63).
Consider the map (DY); in Eq. (3.65a). Using Eq. (2.43) we immediately get:

N N
-1
. P d ok i N N
ZZ‘:ZWV;Zyk = Zﬂzylzc (1+52j:1)"j) Yk (1+52j:1)"j) =
= (1+4e2z0)zi(1+ez9) ",
with 0 <4 < N — 1. Hence the contracted version of (DY); is given by

(DN)y: zi—zf = (1 +ez0)z (L4+¢e29)”", 0<i<N-—1. (3.73)

On the other hand, considering the map (DY) in Eq. (3.65b) and the map in Eq. (2.43),
a straightforward computation leads to:

N N
Y Uiy = > v (A+ednp)yi(l+edup) =
k=1
N . .
= > > 0y (—e) A+edunp) yip =
k=15>0

— 742 Z (—) adl, 2%, ; + O(0Y),

with 0 <7 < N — 1. Performing the limit ¥ — 0 we obtain the contracted version of the map
(DN)q. Tt reads:

(DN)o: 7 o zi=zf +2 Y (5) adlz5,,, 0<i<N-L (3.74)

N—i1—1 .
ing = ing ~ _ €\’ i~
Dév = (Dév)g o (Dév)l L2y 2y = (1 + EZO) Z; (1 + EZO) - 2 E (—5) adi) Zjti,
j=1

with 0 <¢ < N — 1. The above map is the one given in Eq. (3.70).

The Poisson property of the map DN is a consequence of the Poisson property of the map
DY in Eq. (3.63). In fact DN is the composition of two non-commuting Poisson maps: (DN )1
is a Hamiltonian flow on the contraction of &"Vsu*(2) with respect to the Hamiltonian ( z, zo );
(ﬁév )2 is a Hamiltonian flow on the contraction of &V su*(2) with respect to the Hamiltonian
(p,z7).

We now construct, by contraction of the functions (3.64), the integrals (3.71) of the Poisson
map (3.70). We know that fixing € = 0 in Eq. (3.64) we recover the integrals of motion of the
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continuous-time su(2) rational Gaudin model. Their contraction gives the integrals of motion
of the continuous-time extended Lagrange tops, see Remark 2.11. Therefore it is enough to
perform the contraction procedure just on the two e-dependent terms of the integrals (3.64).
We get:

i—1

N —
o 1
D Vv HE) = (poz) g D (B iemet) -
k=1 m=0
.
SN 0 Ly +
Jik=1
ok
2 N i+l ikl
e 1% Vi —U; Vi
< gitt k J J N
+8<p,p>z p— (Yr,¥5)
jk=1
J#k
1 i—1
= <p7Z1>+§Z(Zmazl—m—1>+2<P7[Z0azz]>+
m=0
&_2 i—1 N
m i—m N
5 (Pp) D D u)" T (@) T (ks ) = HY (),
m=0 j k=1
i#k

with 0 < ¢ < N — 1. In the above computation we have taken into account the polynomial
identity

i—1
i+1 1+1 _ . m—+1 _i—m
Ve Vi =V l/k—(Vk—l/J)E v v
m=0

The involutivity of the integrals { H ,iN)(E)}iV;Ol is ensured thanks to Proposition 2.10.

O

Remark 3.10 There is an alternative way to write the map (DN)y in Eq. (3.74). Explicitly

1>
it reads: )

~ €
zO:zqusadpquL?
2

~ €
Z :z’{—i—aadpz;—i—?

ZN_1 =ZN_q-

2 NN
* — *
adpz2+...+2N—_2adp Z]\/v_l7
2 eN 72 Neo
* - *
adpz3—|—...—|——2N73 adp ZNn_1,

(3.75)

Let us define the vectors 7 = (Zo, .y Zn-1)" and Z* = (25, ...,z%_1)T. It is easy to see
that always exists a N x N upper triangular matriz, say A = (A);;, 1 <1i,5 < N, such that

~

Z=e47".
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90

The explicit form of A is the following one:

(A)i; =0,

(A)iitornt1 =

(A)iitor+2 =0,

3

For instance, fixzing N = 6, we get:

0 eadp
0 0
A=

0 0

0 0

0 0

0 0
so that

1 eadp

0 1

=10 o

0 0

0 0
Numerics

12> g,
2k+1 d2k+1 1
#, 0<k< N-1 l,
22k (2k + 1) -~ 2
0< k< &
- 2
g3 adf’, 0 b ad“:’,
12 5 80
% ad;,
eadp 0 0
12
eadd |,
0 e adp 0 D -
0 0 eadp 0
0 0 0 eadp
0 0 0 0
g2 adi g3 ad‘:’) gt adé gd adz
’ g2 3d2 g3 gd?’ 5413?d4
cad P P P
P 2 4, 8 4
) i g? adp g3 adp
e adp 5 1 )
i g2 adp
eadp
2
0 0 1 cadp
0 0 0 1

Obviously, also the integrable Poisson map given in Eq. (3.70) can be easily iterated, allowing
us to obtain some 3D visualizations of the discrete-time dynamics of the extended Lagrange
tops. We present here some pictures, obtained using a MAPLE 8 program, corresponding to
the discrete-time first extension of the Lagrange top, see Eqs. (3.72).

The input parameters are:

e the intensity of the external field, p;

e the discretization parameter, ¢;

e the number of iteration of the map, NV;

e the initial values of the coordinate functions, (zg, z1, 22).

The output is a 3D plot of N consequent points (23,23, 23

2,23), describing the evolution of

the axis of symmetry of the top on the surface (22,22 )=constant and N consequent points

1
(21 — 29,21 — 29,27 —

1 .2 2 .3

23) describing the evolution of the satellite.
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3.2.5 The discrete-time rational Lagrange chain

Using the contraction technique presented in Subsection 2.5.2 we can now construct an inte-
grable discrete-time version of the equations of motion (2.95) of the M-site rational Lagrange
chain. They are:

rhi = [pvai] + |::u’1p+211c\/[:1 mk;mi:| )
(3.77)
. M
a; = [Mip + D k1 mkaai} ;
with 1 <i¢ < M. We recall that they are Hamiltonian equations with respect the Lie-Poisson
brackets on ®Me*(3),

{mf‘,mf} = —0ijEapym;, {mf‘,af} = —0ijEapy O] {a?,af} =0, (3.78)
with 1 <4,j < M, with the Hamiltonian function given by

M M

. 1
H&,2:;<paﬂkmk+ak>+§ .;1<mivmk>' (3.79)

If M =1 the Hamiltonian (3.79) gives the sum of the two integrals of motion of the Lagrange
top. Recall that the functions

1
CyY) = (my,ay), C,(CQ)i§<ak,ak>, IL<k<M, (3.80)

are Casimirs for the brackets (3.78).
The following propositions holds.

Proposition 3.10 The map DM:? defined by

-1
m; = (1 +¢u;p) (1 +52jj\ilmj) m; (1 +52§£1m]—) (L+eup)  +¢[p,a],

~ . M M -1 -1
&= (1 +emp) (14 imy) a (14X my)  (Temp) ™,
(3.81)
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with 1 < i < M and ¢ € R\ {0}, is Poisson with respect to the brackets (5.78) and has 2M
independent and involutive integrals of motion assuring its complete integrability:

Ri(@) = (p,my) = = (p, [ mi, X2} my | )+

+§:[(<mk,mj_> —2 ALY (14 S () ) +

= [k — fj (e — p7)
7k
(S (0 Sen)]. o
Sk(E)ﬁ<p,ak>+%<mk,mk> (1+§ui<p,p>) —g(p, {ak,ij\ilma‘}H
+Z[ ;:;MJ (1+ :ukug<p,p>) +% (1+§ui(p,p>)], (3.82b)

J#k
with 1 < k< M.

Proof: We can use the contraction technique performed in Subsection 2.5.2. Namely
we have to consider a discrete-time su(2) rational Gaudin model, described by equations of
motion (3.63), with 2M sites, and to apply, in the contraction limit ¥ — 0, the map in Egs.
(2.97a-2.97b):

m; =y +ya2i-1, a; = U (Vo yoi + V2i—1Y2i-1), 1<i< M, (3.83)

where the v;’s are 2M distinct parameters. Moreover the pole coalescence is given by, see Eq.
(2.98):
Aoi = Vv + 4, Aoi—1 = Va1 + g, 1<i< M, (3.84)

where the \;’s are the 2M parameters of the Gaudin model and the pu;’s are the M parameters
of the rational Lagrange chain.

Using Eq. (3.83) and the map (3.65a) with N = 2M we immediately obtain the contracted
version of (D2M);. It reads

-1

m; =y +y3 1= (1 + Ez;v;mj) m; (1 + EZinlmj) ’ (3.85a)
. . . M M -1

a; = I, (Vgi Yo, T V2i—1 y2i71) = (1 + e Z]—le’nj) a; (1 + € ijlmj) , (38513)

with 1 < 4 < M. Using Eqgs. (3.83-3.84) and the map (3.65b) with N = 2M we get the
contracted version of (D2M),. Tt reads

m; = yo; +Yo2i—1 =
=(1+emp)m] (L+ep;p) ' +e|p.(L+epp)al (L+epp) " | +00?), (3.86a)
ﬁi = 19 (1/21' ?21’ + V9;—1 §2i—1) = (1 + & s p) af (1 + & s p)_l + 0(192) (386b)

Performing the limit ¥ — 0 in Eqgs. (3.86a-3.86b) and combining the resulting equations with
the maps in Eqgs. (3.85a-3.85b) we obtain the map in Eq. (3.81). Its Poisson property is
ensured thanks to the Poisson property of the map (3.63).
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Let us construct the integrals (3.82a-3.82b). We can make a computation similar to the
one done in the proof of Proposition 2.23. We have:

Ri(e) = lim [Hy;(e) + Hzi-a(e) ],
Si(e) = gii% [V (v Hai(€) + vai—1 Hai—1(€)) ],
being {H;(e)}?M the set of integrals in Eq. (3.64). We can perform the computation just

for the e- dependent terms, thanks to Proposition 2.23. We get (denoting with {R;}, and
{S:}M | the sets of continuous-time integrals given in Eqgs. (2.93a-2.93b)):

M 2
g g
Hzi(e) + Hai-1(e) = Ri — 5 D (P [yai + y2io1,¥25 +y25-1 1) + 7 (pp)x
—
I

XZ{ 19V21+uz (19V2j71+uj)<}’2i,}’2j—1> [1 19(1/21'*1/23'71) T V2 (V2iV2j1)2]+

thi = 14 i — 14 (i — puj)?
J#l
+(191/2z' + i) (D voj + p;) (y2i,y2;5) [1 B O (vai — o) | 0% (vai — v2j-1)? } n
i = My i = Iy (i — pj)?
+(19l/2i—1 +Mz')(79V2j—1 +,uj)(}’2¢—1,3’2j—1> [1_19(1/21'—1—1/23‘—1) +792 (V2i_l/2j—1)2:| n
i = My i = My (i — pj)?
UAZT i) (Do + py i— j O (vaim1 —v2j) U2 (vai — 19j-1)2
+( vai—1 + i) (Vo + 1) (¥2i-1,¥25) [1_ (v2i—1 V2y)+ (v2 V2J21) ]_‘_0(195)}:
i — fi i — fi (i — p5)
M
=R; - 5;@)7 [Y2i +¥2i-1,¥25 +¥25-1]) +
ki
&2
Yoi +¥Y2i-1,¥2; +¥Y2j-1
+4 ppihmﬁ i T Y2-1)
— Hi — [y
j#i
+€2 (p,p Z 2 (y2i + y2i-1,0 (125 y2; + V2j—1 y2,— 1)>Jr
4 = (i = )2
j?fi

V2'Y2' + V251 }’2'—1),3’2‘ + ¥y2j-1
p p Z,U/j 7 ) ) 7 ] 7 >

+
(i = 113)?

J#z

’ U (v2iyoi + Voi—1y2i-1),V (V2 ¥2; + V2j—1 Y25
_<P7P>Zuiug‘< (v2i yoi + v2i1 2(;;-)—;;(‘)? 2 V21 Y2-1)) o),
_ i g
i#i

Using the map (3.83) and performing the limit ¥ — 0 we obtain the integrals { R;(¢)}}, given
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in Eq. (3.82a). For the integrals {S;()}, we obtain:

M
€
0 (vo; Hai(€) +v2i—1 Hoimi(€)) = Si — 5 Z<P7 [0 (v2i yoi + V2ic1Y2i-1), Y25 + ¥2j-1 ) +
i—1
i
e g?
+ Hi (PP )(y2iy2i1) + 1 (PP X
M
» Z {19V2z‘ (D vai + i) (Pvgi—1 + pi) (y2i,¥2i-1) [1 U (vai —vaj-1) } n
j=1 Hi = Hj i — g
J#i
+19V2i (D vai 4+ pi) (va; + 1) (y2i y25 ) [1 U (vai — 1) ] .
Hi = [ Hi — fhj
+19V2i—1 (Vvai—1 + pi) (D voj—1 + 1) (Y2i—1,¥2j-1) {1 U (v2im1 —v-1) } L
Hi = [ Hi — fhj
n Vvt (Vi1 + i) (D vey + 1) (y2i-1,¥2;) [1 B ¥ (v2i—1 — v25) ] +O(195)} _
Hi = Hj Hi — fhj
LM 2
=5i— 5 Z(IL [V (v2i y2i + V2i—1¥2i-1), Y25 + ¥2j-1]) + T 17 (P, ) (yais y2im1) +
i—1
i
g2 M (U (V2 yoi + v2i—1 y2i71)aYQj er'2j71>
+z<p,p>2uiuj — +
i i — g
J#i
2 M
€ Y (o4 Yoi + V2i—1 }’21'—1),19 Voj Y25 + V2j—-1Y2j—1
+—(p7p>Zu§< ( ( cRURRL pL V)4 0w,
4 = )
J#i
Notice that )
(Y2is¥2i-1) = B (y2i + y2i—1,¥2i + y2i-1) — C2;i — Cai—1,

where the functions C; = (y;,y;), 1 <i < 2M, are Casimirs for @2 su*(2).

Using the map (3.83) and performing the limit ¥ — 0 we obtain the integrals {S;()}M,
given in Eq. (3.82b).

The Hamiltonians (3.82a-3.82b) are in involution w.r.t. the Lie-Poisson brackets (3.78)
thanks to Proposition 2.16.

O
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The discrete-time version of the Hamiltonian (2.94) is given by

M
Hurole) = Z[NkRk(5)+Sk(5)]:
k=1
M M 22
= Z<P7Mkmk+ak t3 Z m;, my ) <1+Z,Ujﬂk<p,p>)
k=1 7,k=1

=5 D7 (e my) (P [y ) = = (p | S 0 my | +

jk=1
J#k
g2 M g2 M
+Z<pvp> Zuk<mk,aj>+ §<P,p> Z (ag,a;). (3.87)
jk=1 jk=1
J#k j#k

Notice that we still have the linear integral nyzl Ry(e) = nyzl (p, my ). Moreover, fixing
M =1 (and py = 0) in the Hamiltonian (3.87) we get the discrete-time Hamiltonian (3.44) of
the Lagrange top.

Numerics

We present here a visualization, for M = 2, of the integrable discrete-time evolution of the
axes of symmetry of the tops given by the map (3.81).

The input parameters are:

e the intensity of the external field, p;

e the values of the parameters p; and po;
e the discretization parameter, ¢;

e the number of iteration of the map, V;

the initial values of the coordinate functions, (mj,a;) and (mso, as).
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The output is a 3D plot of N + N consequent points (al,a?,a?) and (ad, a3, a3) describing the
evolution of the axes of symmetry of the tops respectively on the surfaces (aj,a; )=constant
and (ag,as y=constant.



4

Conclusions and open perspectives

We list here the results obtained in the present Thesis together with the related open problems.

e We have presented a general and systematic reduction, based on Inénii-Wigner contrac-
tions, of classical Gaudin models. Suitable algebraic and pole coalescence procedures
performed on the N-pole Gaudin Lax matrices, enabled us to construct one-body and
many-body hierarchies of integrable models sharing the same (linear) r-matrix structure
of the ancestor models. Moreover, this technique can be applied for any simple Lie alge-
bra g and whatever be the dependence (rational, trigonometric, elliptic) on the spectral
parameter.

Fixing g = su(2), we have constructed the so called su(2) hierarchies. These families
of integrable systems are the Leibniz extensions of su(2) Gaudin models. For instance,
assuming N = 2 and a rational dependence on the spectral parameter, we have obtained
the standard Lagrange top associated with ¢*(3), in the one-body case, and a homoge-
neous long-range integrable chain of interacting Lagrange tops, in the many-body one.
For an arbitrary order N of the Leibniz extension, the one-body hierarchy consists of a
family of generalized Lagrange tops. They provide an interesting example of integrable
rigid body dynamics described by a Lagrange top with N — 2 interacting heavy satellites.

e Using two different approaches to the integrable discretization problem, we have obtained
several integrable Poisson maps for the su(2) hierarchies. The method of Backlund trans-
formations enabled us to construct families of integrable maps for the first (rational)
extension of the standard Lagrange top and for the rational Lagrange chain. On the
other hand, we have performed a “guesswork procedure” on the integrable map for the
Lagrange top obtained in [19] in order to obtain an integrable discretization for the su(2)
rational Gaudin model. Therefore, a suitable contraction on such a map, enables us - at
least in principle - to construct discrete-time versions of all su(2) hierarchies. Neverthe-
less, up to now, we still have not a Lax representation and an r-matrix formulation for
such maps (actually they are known just for the discrete-time Lagrange top considered
in [19]). Hence, their integrability and Poisson property is proven by direct verification.

Indeed, a fundamental task is the construction of a Lax representation for the discrete-
time su(2) rational Gaudin model. In principle, its knowledge enables us to find the Lax
pairs for all the contracted systems. The work is in progress, with the collaboration of
Yu.B. Suris.

e A natural extension of our discretizations could be the study of a suitable approach
for those models with a trigonometric or elliptic dependence on the spectral parameter
instead of a rational one. To the best of our knowledge there are not results in this
direction in literature.

e It is well-known that the continuous-time Lagrange top admits a tri-Hamiltonian formu-
lation in terms of the so called Reyman-Semenov-Tian-Shansky tensors. More precisely,
the whole family of extended Lagrange tops admits a multi-Hamiltonian formulation in
terms of such tensors. For our purposes the multi-Hamiltonian approach should be an
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alternative tool to prove the integrability property of our discrete-time maps. Our first
aim is to construct a Poisson pencil for the discrete-time Lagrange top considered in
[19]. Secondly, we have to generalize this construction to an arbitrary (discrete-time)
extension of the Lagrange top. The work is in progress, with the collaboration of Yu.B.
Suris.

We are studying a Lagrangian formulation for the rational Lagrange chain, both in the
continuous-time and in the discrete-time settings. Our aim is to generalize the results
contained in [19] for the Lagrange top. At the moment, we are able to overcome the main
difficulty, which is the abscence of the Lagrangian function in the strict sense, due to the
degeneracy of the Legendre transform. We have discovered a regularization procedure
for this system, which leads to a well-defined Lagrangian formulation of certain nearby
systems (with a limit singular on the level of Lagrangians, but regular on the level of
Hamiltonians and equations of motions). The work is in progress, with the collaboration
of Yu.B. Suris.

A natural question is whether the the contraction procedure presented in Chapter 2 could
be generalized to other Inonii-Wigner contractions. To carry out this program we have
first to identify a suitable class of Inonii-Wigner contractions. For our purposes, a good
choice is to define Inonii-Wigner contractions through continuous graded contractions for
Zy graded algebras [62]. It is well-known that they split in two classes: discrete and
continuous; in [103] it is proven that all continuous graded contractions can be realized
by generalized Inonii-Wigner contractions.

*

We have found a linear transformation on the coordinates functions on &% = @"g
that maps the Lie-Poisson tensor Py into a Zy graded one thus allowing us to use the
machinery of graded contractions. Remarkably, this linear transformation can be defined
for any choice of the Lie algebra g and the contraction equations are independent on this
choice. Henceforth the solutions of the contraction equations yield a graded contraction
on &y = @Ng for any choice of the Lie algebra g. Accordingly, we call these graded
contractions “universal”. The problem of classifying non-isomorphic universal graded
contractions, at least for low values of NV, is an interesting and challenging side-problem.

Once we have fixed the class of Inonii-Wigner contractions we will work with, we have
to define the contraction procedure on the Hamiltonians. Preliminary results show that
the pole coalescence procedure on the rational Gaudin Lax matrices works for some con-
tractions while leads to divergences for others. Such unpleasant feature can be avoided
defining the Gaudin Hamiltonians through a bi-Hamiltonian pencil instead of a Lax ma-
trix. Bi-Hamiltonian pencils for the rational Gaudin model can be easily derived through
the theory of intertwining operators [30, 79]. We plan to proceed as follows: given a con-
tinuous graded contraction on one of the Poisson tensors of the bi-Hamiltonian pencil,
we search for a contraction on the second Poisson tensor that preserves the compatibility.
Then, we derive a family of involutive Hamiltonians constructing Gel’fand—Zakharevich
chains for the Poisson pencil. We expect that this procedure will lead to new integrable
systems. This work is in progress with the collaboration of F. Musso.

An interesting perspective is the quantization of the obtained extended Gaudin models.
The first natural candidate to this target could be the rational Lagrange chain. We recall
that a standard procedure can be applied to quantize the underlying algebraic structures
in order to get a well-known quantum linear r-matrix algebra. An interesting problem
concerns the construction of explicit solutions to the spectral problem. As a matter of
fact, the simple case of the Lagrange top requires the introduction of Heun functions as
eigenfunctions of the Hamiltonian operator (see Appendix A).



Appendix A

Some notes on the quantum Lagrange top

The aim of this Appendix is to briefly show some preliminary results on the study of the
quantum Lagrange top. Actually, the original motivation of this topic was the interest on the
quantization of Backlund transformations for the classical Lagrange top [53]. A collaboration
with V.B. Kuznetsov has been initiated, but he tragically died in December 2005.

Let us recall that when one searches for the simplest BT of an integrable system, then one
finds a one-dimensional family {5, |7 € C} of them. The Béacklund parameter 7 is canonically
conjugate to u, i.e. p = —0F,/0n with F,, generating function of {3, | € C}. Here p is bound
to n by the equation of an algebraic curve (dependent on the integrals), which is exactly the
characteristic curve that appears in the linearization of the integrable system:

W(n, p; {H;}) = det(L(n) — p 1) = 0. (A1)

This property is called spectrality of the BT [55, 56]. The meaning of equation (A.1) becomes
clear if we turn to the quantum case. In the pioneering paper by Pasquier and Gaudin [72], a
remarkable connection has been established between the classical BT B, for the Toda lattice
and the famous Baxter’s Q-operator [13]. They have constructed certain integral operators
Qy,, whose properties parallel those of the classical BTs. In particular they commute with the
conserved quantities H;. In the quantum case the canonical transformations are replaced by
suitable similarity transformations. The correspondence between the kernel @,, of Q, and the
generating function F; of B, is given by the semiclassical relation @, ~ exp (—iF,/h), h —
0 [55]. Moreover, an interesting property of @, is that its eigenvalues ¢,(n) on the joint
eigenvectors ¥, of H; and Q,, labelled with the quantum numbers v, Q, ¥, = ¢, (n)¥,, satisfy
a certain differential or difference equation, containing the eigenvalues h; of H;, which in the
classical limit goes into the spectrality equation (A.1).

In the last decade the Q-Baxter operators have been constructed for quantum integrable
systems associated with quadratic r-matrix structures (see for instance [25, 54]). To the best of
our knowledge, the explicit construction of Baxter operators for su(2) rational Gaudin models
(associated with a linear r-matrix structure) is still to be done, even if some preliminary (and
not published) results have been obtained by V.B. Kuznetsov [52]. Actually the kernel of Q,
can be computed performing a suitable limit procedure on the kernel of Q,, for the XXX su(2)
Heisenberg model. An interesting task could be to recover the generating function of classical
BTs for the su(2) Gaudin magnet [41] as a semiclassical limit Q,, ~ exp (—=iF;/h), h — 0.

The first natural reduction of Q-Baxter operators for the su(2) rational Gaudin model
should allow the construction of Q-Baxter operators for the quantum Lagrange top. In the
following we shall give some preliminary results on the study of the spectral problem of the
quantum Lagrange top. They are a necessary tool to study the problem of quantization of
classical BTs. We remark here that the study of quantum tops is an active research activity,
where one can see the intimate connection between quantum integrable systems and special
functions; see for instance [57].
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The physical model

The quantum Lagrange top (QLT) is a quantum axially symmetric rigid rotator in a constant
homogeneous field p = (0,0, p) € R3. Let us use a different and more convenient notation for
the generators of the Lie algebra ¢(3). We denote with J;, ¢ = 1,2, 3, the components of the
angular momentum and with P;, ¢ = 1,2, 3, those of the vector pointing from the fixed point.
They satisfy the following commutation relations:

[Jor Jg) =iheapy Ty, [Ja»Ps] =ihcapy Py, (A.2a)
[Pa, Pl =0,  «afB,7=123, (A.2b)

where €43, is the full antisymmetric tensor with €123 = 1. Hereafter we set & = 1. The center
of the universal enveloping algebra of ¢(3) is generated by two Casimir elements,

3 3 3
C1 =Y PaJa=) JoPa, Cy=)> PyPa (A.3)
a=1 a=1 a=1

In parallel with the notation Jy,J; and P;, P» we will be using their equivalent complex
version Jy = J; £1iJy and Py = P; £1 P, with the ¢(3) non trivial commutation relations
(A.2a-A.2b) replaced by

[J3,J+] =+, [J4,J-] =23, [J3,Pe] =[P3,Js] = +£Py, (A.da)
[Jo, P =[P, J_]=2P;s. (A.4b)

In the basis (Js, Ji, Ps, P1) the Casimir operators (A.3) read
1
G =3 (J_Py + Jy X_) + J3Ps, Cy =P} +P,.P_. (A.5)

The Hamiltonian operator of the QLT in the rest-frame - namely the quantum version of
the Hamiltonian (2.79) - can be written as

{JJraJ*} J32
4 + 2

Here {-,-} denotes the anticommutator. We remark that the operator (A.6) can be seen as
as the Hamiltonian describing the rotational motion of a rigid symmetric-top molecule in a
constant electric field (0,0,p) [98]. Moreover we are assuming that the top has a unit mass or
a unit permanent electric dipole moment.

The six quantum Euler-Poisson equations of motion for the components Ji, Ja, JJ3 and
Py, Py, P3 can be derived computing their commutators with the Hamiltonian operator (A.6):

1
H= S0+ T3+ J5) +pPs = +pPs. (A.6)

.1 1 )

Py = §{J27P3}*§{J3,P2}, J1 = —p Py,
.1 1 )
P2=§{J3,P1}—§{J1,P3}, Jo=ph,
.1 1 )

P = §{J1,P2}—§{J2,P1}, J3 = 0.

The above equations are the quantum version of Eqs. (2.77) and they go over into the classical
ones if we do not follow the ordering of the generators.

The integrability of the QLT requires the existence of a fourth constant of motion. We can
immediately notice that [H,J3] = 0. The conservation of J5 is a direct consequence of the
invariance under rotation about the direction of the external field.

For the sake of completeness we briefly present here an r-matrix formulation of the QLT.
A straightforward computation leads to the following proposition.
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Proposition A.1 The Lax matriz of the QLT reads

i J Je i/ P P . p O
E(A)_A(L J3)+)\2(P+ P3)+1(0 —p ) (A.8)
where X\ € C is the spectral parameter. The Lax matriz given in Eq. (A.8) satisfies the linear
r-matrix algebra

(L) @1, 1@ L) ]+ [rN—p), L) @1T+1® L(u)] =0,

where

) =5

o O O
o R OO
o o = O
_ o O O

Notice that the generating function of the integrals of motion of the QLT is given by

_%4_2_014_&4’_2_‘]3_’_2
TMT T Tty TP

o1
S() = —5tr [£2(N)]
The spectral problem

Proposition A.2 [61] Let p > 0 and consider the manifold of all three-dimensional vectors
P = (psinf cosp, psind sing, p cosh), (0,9) € [0,7] x [0,27). Let us define the Hilbert
space

T 2m
H.{\IIS[O,TF]X[O,QTF)H(”/ / dfdp sind | ¥(0, ) |2<oo}.
o Jo

The operators (Js, Jx, P3, Py) defined on H admit the following irreducible representation

; 5} 1 5} 3}
+ip : i
Jir=e <:|:69+Sin9+1cot9&p>, J3 = 1&)0, (A.9a)
Py = peti@sin, P3 = p cosd. (A.9D)

The operators (A.9a-A.9b) satisfy the commutation relations given in (A.4a-A.4b). If we
refer to the operators given in Egs. (A.9a-A.9b) we obtain the following formulae for the
Casimir operators (A.5):

(CLU)(0,0) =plU(0,0),  (C20)(0,0) =p*V(0,9), VVeH,

where ¢ € Z. The Hamiltonian operator (A.6) becomes the following second-order linear
differential operator:

H=—

11 0 (. 0 1 , 0?2 , 9]
asmeﬁ(smﬁﬁ)er(ﬁ 8—gp2+21€COSG%) +ppCOS€. (Al())

Hereafter we set p = 1. We shall refer also to the Hamiltonian operator describing the free
QLT, i.e. p =0, namely

11 9. D 1 . 02 9
Hoisin9%<8m9_)+m<g a—(p2+21€cost96—(p>. (All)
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Proposition A.3 Let us consider the spectral problem of the free QLT, namely

(Ho — A0)¥xg,me(8, ) =0, (A.12a)
(Js —m)Wx, .m0, ) =0. (A.12b)
The eigenfunctions Wy, m.¢ are given by

B
2

g mit(0,0) = Crmoe €™ (1 —cos0)% (1 + cosd)z P (cosb), (A.13)

where « = |0 —m|, B = |+ m|, (m,{) € ZXZ, ple?) (cosB) is a Jacobi polynomial and the
normalization constant is

@n+a+pB+1)n!  Dh+a+p+1)

Cromse|” = : A14
[Cnmiel 20+ +2 Tn+a+)I(n+3+1) (A.14)
The integer number n is defined through the eigenvalue \g of Hy by
.
No=5i(+1), (A.15)

with j € N defined as

= n + max (||, |m|), J = = Iml

Proof: Looking at the representation of Js, see (A.9a), we can immediately factorize the
eigenfunctions Uy, ,.¢(6, ), namely

\II/\U,’WHZ(G? @) = (I)m(sﬁ) ®>\07m;€(9)a (I)m(sﬁ) = eim<p7 m € Z. (A16)

Using the factorization (A.16) we obtain from Eqs. (A.11-A.12a) the differential equation
for the function ©y, m.e(0). It reads

1 d ( d@,\o,m;g(é’)) (m2—2€m0059+€2
sin 6

1
2sin6 do do 2 sin? 0

— )\0) @,\mm;g(@) =0. (A.17)
Let us consider the following mapping on the dependent variable:

Ong.mit(2) = 25 (1= 2)2 Yy mue(2), (A.18)

where

zi%(lfcosﬂ), a=[l—m|, B=[l+m|, (A.19)

with 0 < z < 1. We remark that the introduction of the function Yj, m.¢(2) allows one to
focus the behaviours of the solutions ©x, m.e(f) of Eq. (A.17) in the neighbourhoods of the
singularities z =0 (i.e. # =0) and z =1 (i.e. § = 7).

Using the transformation (A.18) we obtain the following Fuchsian differential equation for
the function Yy, m:(2):

d*Yyg,me(2) a+1l  B4+1Y dYyme(z) 4o
s mitlZ) Yo mee(2) = 0, A.20
dz? ( P z—l) dz 2(z—1) «(2) ( )

where
qoi2)\0—(a+ﬁ)(i+ﬁ+2). (A.21)
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Eq. (A.20) is a Gauss hypergeometric equation. It can be rewritten in the following form:

dQY/\o ;L (Z)
dz?

dY/\o,m;f('z)

+[E+n+1)z—(a+1)] e

V4 (Z — 1) + gnY)\o,m;g(Z) = 07 (A22)

where

e= 0 (1w viven), 0= D (1xviTEN).

The general solution of Eq. (A.22) is given by

[\

Yagmie(2) = AoF1 (§,mv|2) + Bz %2Fi(n—y+ 1L, —v+1;2—7]2),

where A and B are two normalization constants and oF (§,7;7|2) is the hypergeometric
function. Since —a < 0 we set B = 0. Hence the physical eigenfunctions ©x, m.¢(z) read

e)\o,m;é(z) :AZ% (1_Z)§2F1 (€a7777|z) (A23)

The solutions (A.23) are well defined in z = 0. Analyizing the behaviour of this solution in
z = 1 we find that the series appearing in (A.23) must terminate. The resulting solutions are
expressed in terms of Jacobi polynomials. Without loss of generality we may choose > &.
Requiring £ = —n, n € N and defining j = n + (o + 3)/2 € N we find that

1 a+pB+1\* 1 1. .
Ao == —_— ] —=== 1
0 2(n+ 5 ) 3 2](34‘)7
with j > [€], j > |m].

Let us now recall that Jacobi polynomials P,gs’t)(x), with —1 < 2z <1 and k € N can be
defined through the hypergeometric function by the formula [2]

I'(s+1+k)

(50 () — . Lo
P () = TG H 2F1<k,k+s+t+1,s+1|2(1 z)>, (A.24)

and their orthogonality relation read

do (1= )" (1+2)' P& (@) P (@) = 6y

A.25
1 2k+s+t+1)T(k+s+t+1)k!" ( )

/1 2T (k+ s+ 1) D(k+t+1)

with s > —1, ¢ > —1. Here §j; denotes the usual Kronecker symbol.
From solutions (A.23) we obtain the eigenfunctions Uy, m.e(0, ¢) of Ho in the form given
in Eq. (A.13), where the normalization constant Cy, ,,.¢ (A.14) is obtained requiring

™ 27
/ / dOdp sin 6 | Uy, me(0, ) *=1,
o Jo

and using the orthogonality relation (A.25).

Remark A.1 The Hamiltonian Hoy (A.11) can be rewritten as

1 1 2 2
Ho = i (sinH i) + @ + p (A.26)

~ 2sind db 8 sin? g 8 cos? g’
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where o and B are given in Eq. (A.19). The differential operator (A.26) acts on the eigen-
functions © 5y m.0(0). We now map Ho into an operator on the Hilbert space L*([0,],df)
by writing eigenfunctions of Ho as Oxym:e(0) = sin~Y2(0)Fx, m:(0). Hence the eigenvalue
equation (Ho — Xo)Oxg.m:e(0) = 0 is equivalent to (Ho — Xo)Exy,m:e(0) = 0, where

_ 1d® o2-1/4 £2-1/4 1

Ho=—=— - A.27
0 2d29+ 8s1n29 * 8(3082% 8 ( )

The operator (A.27) is exactly a Poschl-Teller Hamiltonian [33]. The corresponding eigenfunc-
tions and eigenvalues can be found in [33] and they are equivalent to respectively our solutions
(A.13) and (A.15).

Remark A.2 The differential equation (A.20) is equivalent to the following singular Sturm-
Liouwille problem:

LOYVy me(z) =n(n+a+ 6+1) Yame(z), neN, 0<z<1, (A.28)
with
0 - d” d
LY (zfmg3+[m+ﬂ+2p4(a+mhg, (A.29)

and boundary conditions | Y, m:(0) |< 00, | Yag,mie(1) |< oo.
Let us consider the spectral problem of the QLT.
Proposition A.4 The spectral problem of the QLT is given by the following equations:
(H = A)¥xme(0, ) =0, (A.30a)
(s — )W (6, 0) = 0, (A.30D)
The eigenfunctions W m.e(0, @) are given by

oo

Uit (0, 0) = Do €™(1 — cos )% (1 +cos0)2 > ¢, P (cos), (A.31)
n=0

where o = |{ —m|, B = [{+ m|, (m, ) € ZXZ. The coefficients {c,}32 satisfy the three-term
recurrence relation

Kncn1+ (Ln—Nen+ My e =0, n>1, (A.32a)

(Lo = A)co + My ey =0, (A.32b)
with

2p(n+a+p)(n+a)

" 2nta+pB-1D2n+a+p)’

_ 1 B p(a® = %)
Ln_8@n+a+ﬁ+m@n+a+ﬁ) Gntatiid@niatd)
A 2p(n+1)(n+3+1)

2n+a+p+3)2n+a+3+2)

The normalization constant Dy . s given by

(A.34)

Z 2 Fnt+a+)I'(n+4+1)

Dl =
| Do 2a+ﬁ+2 Cnta+pB+)I(n+atB+)n
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Proof: We can always consider the factorization (A.16), namely
Uimie(0,9) = P (p) Oxmie(0), () = eim(p, m € Z.

Considering the transformation (A.18) with the definitons (A.19) we get the following Fuchsian
differential equation:

d*Yymye(2) a+1  B+1\ dVame(z) 4pz+q
22 o - Yo m; =\, A.
a2 T\ T dz (-1 0(2) =0 (A.35)
where ( i i)
: a+p)a+ 0+
q=2(A—-p)— 1 .

Eq. (A.35) is the canonical form of the reduced confluent Heun equation [7].
Let us remark that Eq. (A.35) can be rewritten as the following Sturm-Liouville problem:

(;Cgo) + Egl)) YA,m;E(z) =q Y)\,m;l (Z)a (A36)

where Ego) is defined in Eq. (A.29) and 59) = —4bz. We assume the boundary conditions
| Yam;e(0) [< 00, | Ya,me(1) < o0

Solutions to Eq. (A.35) which are analytic in some domain including the singularities at
z=0(ie. # =0)and z =1 (i.e. § =) are called reduced confluent Heun functions. We
explain a formal construction of such functions relative to the points z = 0 and z = 1 by means
of a series of Jacobi polynomials.

Hence we consider a solution of Eq. (A.35) in the following form [7]:

o0

Y/\,m;é = g Cn Yn,m;t, (A37)
n=0
with I‘( 1) |
a+1)n!
et = o (— La+1l|z)==——"2" plaf(1_2
Ynom = oF1(—n,n+a+ B+ 1a+1]2) Tlatitmin ( z),

where {¢,, }22, are suitable coefficients to be determined and 2 Fy(—n,n+a+ G+ 1;a+1] z)
is a local solution of a Gauss hypergeometric Eq. (A.22) which matches Heun’s solution at the
singularities z = 0 and z = 1.

From Eq. (A.36) we obtain

(L0 + L)Yy mie(2) = n(n+ o+ B+ 1) Yame(2) — 4p 2 Yame(2) = ¢ Vamue(2).  (A.38)
Let us consider the following recurrence relation for the functions Yy m.¢ [7]:
2Ynmie(2) = An Ynt1,m:0(2) + Bn Ynmie(2) + Cnyn—1,mse(2), (A.39)
with
n+a+p+1)(n+a+1)

A”__(2n+a+6+1)(2n+a+5+2)’
B C2n(n+a+pB+1)+ (a+1)(a+p)
" 2nta+pf+2)2ntatp)
C, = n(n+pB)

2n+a+B+1)2n+a+ )
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Inserting the expansion (A.37) in Eq. (A.38) and considering the relation (A.39) we obtain the
three-term recurrence relation given in Eq. (A.32a).

From solutions (A.37) we obtain the eigenfunctions Wy ,,.¢(0, ¢) of H in the form given in
Eq. (A.31), where the normalization constant D,, p,.¢ (A.34) is obtained requiring

™ 27
/ / dodp sinf | Uy .0(0,90) *=1,
o Jo

and using the orthogonality relation (A.25).
O

To complete the study of the spectral problem we have to compute the eigenvalues A of
‘H. Actually they can be obtained solving a certain infinite continued fraction, or equivalently,
diagonalizing a proper Jacobi matrix. The work is now in progress, with the collaboration of
E. Langmann.
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