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INTRODUCTION

The aim of this dissertation is to study a boundary value problem for a second order operator
in divergence form with Venttsel’s boundary conditions, which we can state formally :

w(t, P) — Lu(t, P) = f(t, P) in [0, 7] x Q©
(P) § wlt, P) — Agul(t, P) + b(P)u(t, P) = — 2% + f(t,P) on[0,T] x S©
u(0,P)=0 in Q©,

Here L is an operator in divergence form, Lu = div(ADu), [A];; = a;;(P), 1,7 = 1,2, 3; a;;

are symmetric, uniformly bounded functions in Q¢ satisfying suitable ellipticity conditions

(see condition (H) in Section 3.2.2), Q¢ is the three-dimensional domain with lateral

boundary S©) = F© x [0, 1], where F'® is the Koch mixture snowflake; Ag is the fractal

Laplacian on S® (see Theorem 3.2.6 in Section 3.2.2), b is a continuous strictly positive
du

function on @(5), B is the co-normal derivative across S© to be defined in a suitable sense

(see Theorem 4.3.1), f (¢, P) is a given function in C?([0, T'; LQ(_@), m)), 0 € (0,1) and m
is the sum of the three-dimensional Lebesgue measure and of a suitable measure g supported
on S©® (see Section 3.2.2).

From the point of view of numerical analysis it is also crucial to study the corresponding
approximating (prefractal) problems (P,). To this aim the asymptotic behavior, as h — oo,
of the approximating solutions is studied. More precisely, we consider for each h € N, the

prefractal problems, here formally stated:

(uh)t(t? P) - Lhuh<t7 P) = fh(tv P) in [O,T] X ng)
(Ph) 5h(uh)t(t, P) — Ashuh(t, P) + 5hb(P)uh(t, P) = _87?Zh + 5hfh<t, P) on [0, T] X Sl(f)
up(0,P) =0 in Qﬁf).

We denote by Lyu = div(A"Du), [A";; = al(P), i,j = 1,2,3; al; are uniformly

bounded functions in Q©), satisfying suitable elli;ticity conditions (see Cojndition (Hp) in
Section 3.2.1), Q' are a sequence of increasing (invading) domains approximating Q©),
S,(f) = F}Eg) x [0, 1] are the corresponding approximating polyhedral surfaces, where F,EO
is a prefractal curve approximating F' (see Section 1.4); Ag, is the piecewise tangential

u

Laplacian defined on S}, % is the co-normal derivative across S; to be defined in a
h
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suitable sense (see Theorem 4.3.2), f5(¢, P) is a given function in C?([0, T]; L*(Q, my,)),
0 € (0,1); my, is the sum of the three-dimensional Lebesgue measure and of the surface

measure 0,0 of Sy, where Jy, is a positive constant (see Section 3.2.1).

Venttsel’ conditions are the most feasible boundary conditions for an elliptic or parabolic
problem, they include Dirichlet, Neumann and general oblique boundary conditions as spe-
cial cases.

They appeared for the first time in ([60]) in the framework of probability theory. From
the point of view of applications they occur in different contexts such as three-dimensional
water wave theory, models of heat transfer and hydraulic fracturing (see [28], [57], [8]).

In the framework of heat transfer, Venttsel’ boundary conditions appear when considering
the asymptotic behavior of heat flow problems for highly conductive coated structures, see
[13] for details. The interest in studying the heat flow across irregular domains with fractal
boundaries arises from the fact that a lot of industrial and natural processes lead to the for-
mation of rough surfaces or take place across them.

For example the current flow across rough electrodes in chemistry (see [56]) and the dif-
fusion processes in physiological membranes are transport phenomena taking place across
irregular layers/boundaries.

The literature on Venttsel’ problems in regular domains is huge, we refer to [14] and the
references listed in, as to Venttsel problems in fractal domains the first results, to our knowl-
edge, can be found in [38] where the two-dimensional case is considered.

In Venttsel’ problems, the fractal set has both a static and a dynamical role, that is on one side
it is the boundary of an Euclidean domain and on the other side it supports the notion of a
Laplacian, (as e.g. in transmission problems [32]-[38]), from the point of view of PDEs this
fact has a counterpart, since the associated energy functional is the sum of the bulk energy
and of the boundary (fractal) energy.

We define the form £

Elu] = / ADu - DudLs + Egeulge] + / blulge|*dg,
0© 506

defined on the space
V(QW,89) = {ue H(QW),ulse € D(SW)},

where d L3 is the three-dimensional Lebesgue measure, [A]ij = a;(P), 1,7 =1,2,3, Ege
is the energy defined on the fractal boundary S¢) with domain D(S®)) (see Section 3.2.2
for its definitions and properties), b is a continuous and strictly positive function defined on
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@(O, ¢g is the Hausdorff measure supported on .S ) (see Section 1.4) and u| (e is the trace to
S to be properly defined (see Section 2.2).
We also define the form E(*)][]

EM [u] = / XQf)‘AhDu Dudls + Esf(f) [U|S£Lg)] + o / b|u|5£f)|2d0'

Q® e
defined on the space

V(QW,5) = {ue H'(Q),ulyo € H'(5))},

where 0y, is a positive constant, do the surface measure on S ,(f).

For classical fractal curves such as the Sierpiniski gasket, the Koch curve, the snowflake and
so on, which are nice self similar sets, energy forms can be obtained as limits of suitable
approximating energies by exploiting the self-similarity of the underlying set (see e.g [17]).
We remark that also on scale irregular (non self-similar) sets, known as fractal mixture sets,

energy forms can be defined too (see [4] and [51]).

The extension to three-dimensional fractal case is not straightforward, in fact since fractal
surfaces are typically non self-similar sets, to define energy forms on them is a difficult task.
To our knowledge the first examples of energies on fractal surfaces can be found in [32],[34],
[36], [37] and [53], where the fractal surface is obtained by the Cartesian product of a fractal
set and a one dimensional interval, the corresponding energy forms are built taking into
account the underlying geometry. Indeed this is the type of surfaces we consider.

We study these Venttsel’ problems by a semigroup approach. In order to do this we consider
suitable abstract Cauchy problems (P}) and (P). To this aim we consider the Venttsel’
energy forms £(")[-] and E[-], proving that they are symmetric, closed, densely defined forms
in suitable Hilbert spaces (see Section 3.2.1 and 3.2.2) and that they admit non positive, self-

adjoint operators A™and A respectively such that

EM (u,v) = —(AMu, v), u € DAM), v € V(Q®, ),
E(u,v) = —(Au,v), u € D(A),v € V(Q®,S®)

which are the infinitesimal generators of strongly continuous contraction semigroups 7™ (#)
and T'(t) respectively (see Section 3.2.3). We prove existence and uniqueness result for the
solutions of the abstract Cauchy problems (P}) and (P) respectively (see Section 4.2).

We also give the corresponding strong interpretations by proving that the solutions of (P},)

and (P) satisfy the formally stated problems (P,) and (P) (see Theorems 4.3.1 and 4.3.2).

As to the asymptotic behavior of the solutions, it is to be pointed out that the presence of
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the time derivative in the boundary conditions has required, as a natural functional setting
for these problems, the spaces L?(Q, m) and L%(Q,my,), respectively; thus leading us to the
framework of varying Hilbert spaces, this is why we use the Mosco convergence (see [49]
and [50]) adapted to this setting, studied by Kuwae and Shioya in [29] and in the following
named as M-K-S convergence.

When studying the M-K-S convergence in our approach, a crucial role is played by the
existence of a core of smooth functions dense in the domain V (Q®), S©)).

In the two-dimensional case one can prove a complete characterization of the energy space
on the fractal curve in terms of "fractal" Lipschitz spaces, which in turn are subsets of Holder
continuous functions on the fractal set (see Theorem 4.6 in [16], Theorem 3.1 in [39] for the
case of Koch curve and Theorem 1 in [24] for the case of Sierpinski gasket). In the three-
dimensional case, as far as we know, this characterization does not hold. Therefore it is of
the utmost importance to approximate the functions in the energy form domains by "smooth"
functions.

We prove density results for the energy spaces D(S©) and V(Q®,S®). In Theorem
3.3.3 we prove that the space D(S©)) has a core, that is a subset dense in D(S®), with
respect to the D(S©) norm; this in turn it is a crucial tool together with Proposition 3.3.5,
where we prove a delicate extension result for functions in D(S¢)), by using the Whitney
decomposition. In Theorem 3.3.4 we prove that there exists a subset of smooth functions
dense in V(Q®), S©©). These results are contained in [33].

When S is the equilateral surface, that is S = F' x [, with F' the equilateral snowflake, we
prove the Mosco-Kuwae-Shioya convergence of the energy forms £, which in turn implies
the convergence of the associated semigroups (see Theorem 3.4.5). This property is crucial
in proving the convergence of the solutions of problems (P},) to the solution of problem (P)
(see Theorems 4.2.2 and 4.2.3).

This is the plan of the thesis. In Chapter 1 we recall some generalities on fractal sets; in
particular we describe the construction of the Koch snowflake, of the fractal mixtures, and
we describe the geometry of the three-dimensional domains Q©), Qf) and the geometry of
their fractal boundaries. In Chapter 2 we introduce the functional spaces and trace theorems:
we give the definition of d-sets and d-measures and we state trace theorems on d-sets and on
piecewise regular sets. We introduce the Besov spaces B?(S (€)). In Chapter 3 we introduce

the approximating energy forms E®[.], the fractal energy form E|-], the related semigroups
TM(t), T(t), their generators AW, A with their main properties. We state and prove the
above mentioned density theorems on the domain of the fractal energy form. In order to
prove the M-K-S convergence of the energy forms £ to E, one has also to take into account

that there is a jump of dimension when passing from the prefractal surface to the limit fractal
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one. This is achieved by choosing suitably the factor §;, and the constants ¢%, i = 1,2 in the
definition of the forms Eg, [-] (see (3.2.1)). In Chapter 4 we prove existence and uniqueness
results for the problems (P},) and (P) respectively. The convergence of the solutions of
problems (P},) to the solution of problem (P), follows from the M-K-S convergence of the
forms, which in turn implies the convergence of semigroups (see Theorem 3.4.5). At last we
give the strong interpretation of the solutions of the abstract problem (P},) and (P). Namely
we prove that the solutions of the abstract Cauchy problems solve problems (P) and (P,)
in a suitable weak sense (see Theorems 4.3.1 and 4.3.2). In the Appendix we recall some
definitions and properties of forms, semigroups. For the sake of completeness we introduce
the Whitney decomposition and the diagonalization lemma and we recall the construction of
the energy form on the equilateral snowflake.



1. GENERALITIES ON FRACTAL SETS

Definition 1.0.1. Let A be an open subset of R". Its boundary 1" is continuous (Lipschitz
continuous, C*) if for every p € T there exists an open neighborhood V of p in R™ and new

orthogonal coordinates {y, ..., y, } such that

1. 'V is a hypercube in the new coordinates:
V=A(1, )| —a; <y; < aj; 1 <j<n}y

2. there exists a continuous function o(respectively Lipschitz continuous, C*', continu-
ously differentiable) , defined in

V' ={(y, )| —a; <y; <a;, 1 <j<n-—1}
and such that

|o(P")| < an/2, for every P' = (y1, ...,Yp—1) € V',
ANV ={P=(P,y,) € Vg, < p(p)},

Remark 1.0.2. In other words it is requested that in a neighborhood of p, I is the graph of
. The most important example of this definition is that of a subset of R?, whose boundary T’
is polygonal: this open set will have Lipschitz boundary, not continuously differentiable.

Definition 1.0.3. Let A be an open subset R™. Let’s say that A is a continuous sub-manifold
(respectively Lipschitz continuous, C*1, continuously differentiable) if for every p € T there
exists a neighborhood V' of p in R™ and an application ¢ from V' to R"™ such that

1. ) is injective
2. 1 together with 1)~! (defined on (V') is continuous
3. ANV ={p € AlY(p) < 0}, where 1,,(p) denotes the n-th component of 1)(p)

Definition 1.0.4. Let A be an open subset of R™. Let’s say that A has the uniform property of
segment (respectively cone property), if for every P € I',there exists an open neighborhood
V of P in R™ and new coordinates {y, ..., y, } such that
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1. V is a hypercube in the new coordinates:
V=A{(y1, )| —a; < i <aj; 1<j<n}

2. p—2€ ANwhenp € ANV and z € C, where C is the open segment {0, ..., 0, 2,|0 <
zn < h} (respectively C'is the open cone {z = (2, z,,)|(cot0)|Z'| < z, < h} for some
6 € (0,m/2] ) for some h > 0.

Theorem 1.0.5. A bounded and open subset of R" has the uniform cone property if and only

if its boundary is Lipschitz continuous.

1.1 Self-similar sets

Definition 1.1.1. Ler (X, dx ) and (Y, dy) be metric spaces. Amap f : X — Y is said to be
Lipschitz continuous on X if

dy (f(x), [(y)) =

L =
z,ye X, r#y dX (:C7 y)

The constant L is called the Lipschitz constant of f.

Definition 1.1.2. (Contraction). Let (X,d) be a metric space. If f : X — X is Lipschitz
continuous on X and its Lipschitz constant L < 1, then f is called contraction with respect
to the metric d with contraction factor L; L is denoted also by L = L(f). In particular, a
contraction f with contraction factor r is called similitude if d(f(x), f(y)) = rd(x,y) for
every x,y € X. We denote by B(FPy,r) ={z € X : d(z, Py) <r}

Theorem 1.1.3. (Contraction principle). Let X be a complete metric space and let f : X —
X be a contraction with respect to the metric d. Then there exists a unique fixed point of f,
that is, there exists a unique solution to the equation f(x) = x. Moreover if x. is the fixed

point of f, then {f"(a)}n>0 converges to x, for every a € X where f" is the n-th iteration

of f.

Theorem 1.1.4. Let (X, d) be a complete metric space. If f; : X — X is a contraction
with respect to the metric d for 1 = 1,2, ..., N then there exists a unique non empty compact
subset K of X such that

K= fi(K)U..U fy(K).
K is called self-similar set with respect to { f1, fo, ..., fn }.

Remark 1.1.5. The contraction principle is a special case of Theorem 1.1.4 when N = 1.
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We define
F(A)=Ui<j<n fi(A)

for A C X. The main idea is to show the existence of a fixed point of F. In order to do so,

first a good domain for F' has to be chosen:
C(X) = {A: Ais anon empty compact subset of X}.

Obviously F' is a mapping from C(X) to itself. We introduce now a metric § on C(X),
which is called the Hausdorff metric on C(X).

Proposition 1.1.6. For A, B € C(X) we define
0(A,B) =inf{r >0:U.(A) D Band U.(B) 2 A},

where U.(A) = {x € X : d(x, P) < r for some P € A}=UpcaB(P,y). Then 0 is a metric
on C(X). Moreover if (X, d) is complete, then (C(X), §)is complete.

Proof. Ttis obvious that 6(A, B) = (B, A) > 0and §(A4, A) = 0.

0(A,B) = 0 = A = B: for any n, Uy/,(B) 2 A. Then for any x € A, we can choose
x, € B such that d(z,x,) < 1/n. Since Bisclosed, z € B. Then A C B. B C Ais
obtained in the same way.

Triangular inequality: if » > §(A, B) and s > (B, (), then U, ,(A) O C and U, 4(C) 2
A. Thus r + s > §(A, C). This implies that 6(A, B) + 6(B,C) > (A, C).

It remains to prove that (C(X), d) is complete if (X, d) is complete. We consider a Cauchy
sequence {4, },>1in (C(X), ), and we define B,, = Up>, Ay.

First we show that B, is compact. Since B,, is a decreasing sequence of closed sets, it
is enough to show that B; is compact. For every » > 0, it can be chosen m such that
U,/2(Am) 2 Ay such that £ > m. Since A,, is compact, there exists a finite recover of A,,
with sphere with ray /2. We call () this recover. It is immediate to verify that U,cp B, (x) 2
Urs2(Ap) 2 Up>mAg. Since Upe B(P, 1) is closed, @ is a finite recover of sphere with ray
r for B,,. Adding to ) recovers with ray r Ay, A, ..., A,,_1, we obtain a recovering with
sphere with ray r for B;. Then B, is totally bounded. Moreover B, is complete because it is
a closed subset of the complete metric space X. Then B, is compact.

Since { B,,} is a decreasing sequence of non-empty compact sets, A = N,,>1 B, is non empty
and compact. For any r > 0, we can choose m so that U,.(A,,) 2 A for all & > m. Then
U-(A,) 2 B,, 2 A. On the other hand U,(A) O B,, 2 A,, for sufficiently large m.
Then we have §(A, A,,) < r for sufficiently large m. Hence A,, — A for m — oo in the
Hausdorff metric. Then (C(X), d) is complete. O
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Theorem 1.1.4 can be proved in the following way using the Hausdorff metric:

Theorem 1.1.7. Let (X, d) be a complete metric space and let f; : X — X be a contraction
forj=1,2 ...n. Wedefine F : C(X) — C(X) in this way

F(A) = Uicjen fi(A).

Then F' has a unique fixed point K. Moreover, for every A € C(X), F"(A) converges to K

for n — oo with respect to the Hausdorff metric. We first prove two preliminary lemma
Lemma 1.1.8. Ler Ay, Ay, By, By € C(X), then
5(A1 U A27 B1 U BQ) S max{é(Al, Bl), (S(AQ, Bg)}

PVOOf: Ifr > maX{(S(Al,Bl),(S(AQ,Bg)}, then UT(AQ) D Bye UT(A1> DO Bj. Hence
U.(A1 U Ay) O By U By. In a similar way it holds U,.(B; U By) O A; U Ay. Then r >
d(A; U Ay, By U By). This completes the proof. O

Lemma 1.1.9. If f is a contraction with contraction factor r, then for every A, B € C(X),
0(f(A), f(B)) < 76(A, B).

Proof. IfUs(A) D Band Uy(B) 2 A, U (f(A)) D f(Us(A)) O f(B). The same argument
implies that U, (f(B)) 2 f(A). Then, 6(f(A), f(B)) < rs and this complete the proof. [

Proof. Theorem 1.1.7.

Using Lemma 1.1.8, we get

O(F'(A), F(B)) = 6(Ui<jen fi(A), Ur<j<n [3(B)) < max 6(f;(A), f;(B)).

I<j<N
From Lemma 1.1.9 §(f;(A), f;(B)) < r;j0(A, B) where r; is the contraction factor of f;. If
r = maxj<,;<y 7, then 0(F(A), F(B)) < r§(A, B). Then F is a contraction with respect
to the Hausdorff metric. From the Proposition 1.1.6 we deduce that (C(X), d) is complete.
From the contraction principle it follows that F' has a unique fixed point. [

1.2 The Koch curve and the snowflake

Let K be a unit segment, having the endpoints A = (0,0) and B = (1,0). Let K the curve
obtained dividing K in three segment of equal length, removing the central segment and
replacing it by two sides of the equilateral triangle with base the segment removed. Then
applying the same procedure to every side of the curve Ky, we get K. Iterating this con-
struction, we obtain a sequence of polygonal prefractal curves K, one for every n in N.

Let us consider a set of four contractive similitudes ¥ = {9, ..., 14}, with the same con-

1
traction factor [~! = 3 defined in the following way
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z
P1(z) = 3
2 n 1
Po(2) = 3¢ + 3
P3(2) = =75 + %+ l'?,
i 2
Yale) = g+ 3

where 1; : C — C,i =1, ...,4. Given a set £ C R%, we define
U(E) = U %i(E)

and, for every integer h, let us denote by U"(E) = Wo ... o U(E) the h-th composition of .
Let K, be the segment above defined, then for every h € N we set

K, = ‘I’(KO) - U?:11/’i(K0)v

Kh+1 = ‘I/<Kh) = UMth U?:l djl(M)

where F}, = {M : M is a segment of K} is the set of the segments of the h-th prefractal
curve K,. The Koch curve is the unique compact set K invariant for U, thatis K = V(K) =

Ui ,4;(K). On the Koch curve K there exists an invariant measure 4 that is

Sy ddp = Z?:1 % [ (@ opy)dp, ¢ € Co(K)

which is given by the normalized Hausdorff measure on K (see [21]). By the snowflake
F' we denote the union of three complanar Koch curves (see [12]). We assume that the
junction points Ay, Ay, A3 are the vertices of a regular triangle with unit side length, that is
|A; — As| = |A; — As| = |Ay — As| = 1. One can define, in a natural way, a finite Borel
measure (i supported on F' by

HF = p1 + f2 + 3 (1.2.1)
where f; denotes the normalized d¢-dimensional Hausdorff measure, restricted to Kj,
1=1,2,3.

The measure pp is a d-measure (see Definition 2.1.1), that is there exist two positive con-

stants ¢y, co

c1r? < pup(B(P,r)NF) < cr, VP € F
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Fig. 1.1: Koch snowflake

where lood
d=ds = L (1.2.2)
logB
and where B(P,r) denotes the Euclidean ball in R%. K] is the uniquely determined self-
similar set with respect to four suitable contractions (") 1/1( ), with respect to the same
ratio = (see [16]). Let V, (1) ={A, A3}, Vj(l1 gy 1/)(1) .. w (V(l)) and
4
1
V= U Vi
Ji-gn=1

On every V}', i = 1,2, 3, it can be defined a discrete measure p”, for any h > 1, by

1
pl = o > dp (1.2.3)

PeVy

where Jp denotes the Dirac measure at the point P. Note that (V) = 1 + l It can be
proved (see [39]) that the sequence (u!');,>; weakly converge in C'(K;)’ to the measure ;.
We set V*(l) = UhZOVh(l). It holds that K; = V*( ) Let K 1( ) denote the unit segment whose
endpoints are A; and A3 and K](All_)_jh =ypMo. .o ¢§i)(K{O)). For h > 0 we denote

Ji

:{w(l) * w§i)(K£O))7j17"7jh: 17"'74}'

4
We set K\ U ¢ DK KM = U wj(l)(M), where M denotes a segment of

h 1
MGF(l) Jj=

the 1 4 1-th generation; /' 1( Y the polygonal curve and V,fi)l the set of its vertices.

In a similar way, it is possible to approximate K5, 3 by the sequences (Vh@))hzo,

(Vh(?’)) n>0, and denote their limits by V*(Q), \/*(3), and the corresponding polygonal curves
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K;h—f—l), K:gh—f—l) )

In order to approximate F', we define the increasing sequence of finite sets of points
Vy = UL,V h > 1and V, := Uy, Vy. It holds that V, = U3 V) and F = V.
In the following we denote by

3
Fryi=U Kz‘(hH)

the closed polygonal curve approximating ' at the (h + 1)—th step.

1.3 Fractal mixtures

In this section we recall the definition of scale irregular Koch curves (Koch mixtures), fol-
lowing the construction described in [51] and in [4].
Let A = {1,2}: for a € A, we consider 2 < [, < 4, and for each a € A we set

yla) — {w§a)’ - (a)}

the family of contractive similitudes ¢§“) :C— C,7=1,...,4, with contraction factor lgl

e =

_ Z 2€l 1
W (z) = ieze( a) 4 ; + i

- B =+l

a

where

0(l,) = arcsm(w).

Let = = AN: we call ¢ € Z an environment. We define a left shift S on = such that if
£=(&,&,...), then 8§ = (&, &3,...). For O C R?, we set

4
2@(0) = U 4”(0)
and
9 (0) = 2E)(0) 0 ... 0 BEW(O).

We consider the line segment of unit length K with endpoints B = (0,0) and C' = (1, 0).
We set, for each h € N, K€" — CIDEf)(K ): K©" is the h-th prefractal curve.

The fractal K (€ associated with the environment sequence ¢ is defined by

K© = U off(r)

h=1
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Fig. 1.2: Koch type snowflake
where I' = { B, C'}.

These fractals don’t have any exact self-similarity, but (&) ¢ € = satisfies
K© — @(&)(K(Si))_

For { € =, we set i|h = (i1, 12, ...,,) and ¥y, = ¢(£1) ) w(E” and for any O C R2,
Yin(0) = O, There exists a unique Radon measure u(f) on K®) such that

O @y (K59)) = 4

(see Section 2 in [4]).

The fractal set K¢ and the measure ;(&) depend on the structural constants of the families
and the asymptotic frequency of the occurrence of each family. We denote by c(g)(h) the
he b > 1:

frequency of the occurrence of a in the finite sequence &

(©) ¢
S (h) = F3 1, a=1,2
i=1
Let p, be a probability distribution on A and suppose that ¢ satisfies
A (R) = Pas h — o0,

where 0 < p, < 1, p1 + p2 = 1; it also holds
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) - < 22,

a = 1,2 (h > 1), where f is an increasing function on the real line, f(0) = 1, f(h) < foh?,
fo>1,0< By < L.
If By = 0, the measure (¢ is a d'©)-measure in the sense of the Definition 3.1, that is there

exist two positive constants C', Cs, such that
Crr® <y O(B(P,r) N K©®) < Cor®™®,vP € K©

with

4 — In4d

- 1.3.4
pilnly 4 palnlsy ( )

where B(P, ) denotes the Euclidean ball with center in P and radius 0 < r < 1 and p, is
the probability distribution on A.
If 5y > 0 instead

Crr?¥ =1 < fO(B(P,r) N K®) < Cor®™@ i vP e K©

We will confine ourselves to the case 3y = 0.
Following [16], we introduce the snowflake-type set F'(¢), obtained by the union of three
Koch mixtures K ¢) with the same structural constants, that is

3
FO = K®

=1
and we define a finite Radon measure supported on F'(¢)

i o= il + s+ i,

where /Lgﬁ) denotes the d'®)-dimensional normalized Hausdorff measure restricted to Ki@),
i=1,2,3.
The dimension of F(©) is

d© = dy. (1.3.5)

We denote by Q) the open bounded two-dimensional domain with boundary F'(€).

14 Geometry of Q, Q©), Q. 5, 5©), S\ and 5,

By S;, we denote

F, x 1, (1.4.6)
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Fig. 1.3: Surface S

where F}, is the prefractal approximation of F' at the step h, I = [0, 1]. S}, is a surface of
polyhedral type. We give a point P € Sj the Cartesian coordinates P = (x,z3), where
x = (x1,x) are the coordinates of the orthogonal projection of P on the plane containing
F}, and x5 is the coordinate of the orthogonal projection of P on the x3-line containing the
interval .

By (2, we denote the open bounded two-dimensional domain with boundary F}. By @), we
denote the domain with S}, as lateral surface and €2, x {0} , €, x {1} as bases of ()},. The

measure on S}, is
do = dl X dzs,

where dl is arc-length measure on F}, and dx3 is the one-dimensional Lebesgue measure on
I. We introduce S = F' x [ the fractal surface given by the Cartesian product between F
and /; S is a polyhedral surface. It can be defined on S the finite Borel measure

dg = dup X dxg

supported on S. The measure ¢ is a d-measure (see Definition 2.1.1), that is there exist two

positive constants ¢y, ¢y
cr? < g(B(P,r)NS) < cyrd, VP € S

where d = dy + 1 = lfg‘% and where B(P,r) denotes the Euclidean ball in R3. By Q
we denote the two-dimensional domain whose boundary is F'. By ) we denote the open
cylindrical domain where S = F x [ is the “lateral surface” and where the sets 2 x {0},
2 x {1} are the bases. By R we denote the open equilateral triangle whose midpoints are
the vertices A, As, A3 and by T the open prism R x [0, 1] with bases R x {0} and R x {1}

By S we denote the cylindrical-type fractal surface
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S = F@) x T

where [ = [0, 1].

Fig. 1.4: Fractal mixture surface

We define on S'¢ the following measure
dg®© = dp'? x dc, (1.4.7)

supported on S©), where £, is the one dimensional Lebesgue measure on I, ¢g‘¢) is a
d—measure with d = d%) + 1.

By Q'¢) we denote the open cylindrical domain where S©) = F(€) x I is the “lateral surface”
and where the sets Q€ x {0}, Q) x {1} are the bases.

We denote by P € S©), the couple (,y), where x = (71, x2) are the coordinates of the
orthogonal projection of P on the plain containing F€) and y is the coordinate of the orthog-
onal projection of P on the interval [0, 1]: (z1,25) € F &,y € 1.

Similarly we denote by S,(f) the Cartesian product F,Eg) x I, where Fég)

is the prefractal ap-
proximation of F¢) at the step h, I = [0,1]. S ,(f) is a surface of polyhedral type.
Finally, by Q,(f) we denote the open cylindrical domain where S ,(f) =F ,55) x I is the “lateral

surface” and where the sets ng) x {0}, ng) x {1} are the bases.



2. FUNCTIONAL SPACES

By L?(-) we denote the Lebesgue space with respect to the Lebesgue measure £3 on measur-
able subsets of R?, which will be left to the context whenever that does not create ambiguity.
Let T be a closed set of R?, by C'(T') we denote the space of continuous functions on 7" and
C%B(T) is the space of Holder continuous functions on 7, 0 < 3 < 1. Let G be an open
set of R3, by H*(G), s € RT we denote the Sobolev spaces, possibly fractional (see [54]).
D(G) is the space of infinitely differentiable functions with compact support on G.

From now on we will refer to the sets (), S, Sy, Qn, S ,(f), Ef), Q'®), S© as defined in Section
1.4.

2.1 Trace theorems on prefractal sets

Definition 2.1.1. A closed set M is a d-set in R", (0 < d < n), if there exist a Borel measure
w with suppp = M and two positive constants ¢y, co

car < pup(B(P,r) N M) < cord, VP € M

Remark 2.1.2. F is a ds-set. The measure [y is a dg-measure. S is a dy + 1-set. The

measure g is a dy + 1-measure.

Definition 2.1.3. Let G be an open subset in R3. If f € H*(G), we call trace of f

20 (P) = im0 g Jownng /(@)dLs

Remark 2.1.4. It is known that the limit exists at quasi every P € G with respect to the
(s,2)—capacity (see [1]).

The following result is the Theorem 3.1 in [22], specialized in the case of interest. We refer

to [19] and [10] for a more general discussion.

Proposition 2.1.5. Let G denote ()}, or ng) respectively and let I" denote Sy, and S }(f)

respec-
tively.

Let 1 < s < 3. Then H#=3(T) is the trace space to I of H*(G) in the following sense:

1. 7o is a continuous and linear operator from H*(G) to H*~2(T),
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2. there is a continuous linear operator Ext from H*~2(T) to H*(S), such that ~o o Ext
is the identity operator in H*~2 ().

From now on we denote by u|r the trace operator, that is u|r = you.
The following Theorem characterizes the trace on the polyhedral set S;, of a function be-
longing to the Sobolev space H”(R?).

Theorem 2.1.6. Let S), be as defined in (1.4.6). Let u € HP(R3) and 6, = (317%)". Then
for3 < B <1,

Cs
lulsillza(s,) < 5l @), 2.1.1)

where Cjg is independent from h. In order to prove it, we recall the following lemma, (see
[25] page 104):

Lemma 2.1.7. Let 0 < d < n and let ju be a positive measure satisfying u(B(P,r)) < cr?,
r <rg, x € R" Then
P =t du(t) < cat™,
P-t<a
ifd>~,a<ryand
|P—t|77 < ca®™

a<|P—t|<b

Y

ifd <, b<r.
Here c is a constant depending on cy, v, ro, d. we also recall some estimates on Bessel
kernels (see [59]):

Proposition 2.1.8. G is a positive, decreasing function of |x|, analytic on R"™ \ 0, satisfying
o |DIGs(x)| < cla|*FImn, for B < n+ |j]
e |DiGs(x)| < cquﬁ, 0<lz| <1, forB=n+]|j

o |DIGs(7)| < ce=le, for all j,

x| > 1, for some ¢; > 0

Proof. Theorem 2.1.6.

We adapt the proof from the two dimensional case treated in [25]. Any u € H?(R") can be
written in terms of Bessel kernels Gg, of order (3, thatisu = Gg* g, g € L?(IR3), (see [58]).
Then

lalsu |25,y = S5, | fos Galx = 9)g(@)dyl2do < [ (oo |Galx = 9)[*|g(y) 2dy)
(Jps |Gz = y) P~ dy)do,
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where 0 < a < 1 will be chosen later. By using the estimates for the Bessel kernels and
Lemma 1 on page 104 in [25], we get

Jos |Gz — y) [P dy < ¢
if
3>2(3—-p)(1~-a), (2.1.2)

where (] is independent of h.
Moreover, since Sy, is a 2—set with Cy = (34, ', we get again from Lemma 1 on page 104
in [25]

s, 1Gs(x —y)Pedo < Cusy.
if
2> 2a(3 — B), (2.1.3)

where C} is independent of h.
By choosing a in order to satisfy (2.1.2) and (2.1.3), we get

luls, 1Z2s,) < Ch fsh Jus |Ga(z = y)I*lg(y)Pdy)do = [za (], |GB z=y)|*)g(y)Pdy <
C1Ci6;, " [ l9(y)[Pdy = C1C46 1||9||L2(R3 Cad; || s (R3)>

where Cs = CC} is independent of h. O

Remark 2.1.9. We note that the Theorem 2.1.6 holds also when the trace is taken on the
polyhedral set S ,(f) (on the Sobolev spaces of the functions belonging to H®(R®)) with 0, =

i3]
0 = (L)' =4 )™

Let T denote the (d + 1)— sets S or S equipped with their (d + 1)—measures 7. The
following theorem that characterizes the trace on the set I' of a function belonging to Sobolev
spaces H”(R?) is a consequence of Theorem 1 in Chapter 5 of [25] as the fractal I is a d—set.

Theorem 2.1.10. Let v € H?(R®). Then, for1 — 4 < §,
sy < Collullyseey 214

It is possible to prove that the domains €2, are (¢, d) domains with parameter indipendent of
the increasing number of sides F}, and, taking into account the underlying Cartesian structure
of ), = 0, x I, this result holds for ().

The following theorem, consequence of extension Theorem for (¢,d) domains (see [23])
holds:
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Theorem 2.1.11. There exists a bounded linear extension operator Ext; : HY(Q}) —
H'(R3), such that
|Ext 0] 2 @s) < Collvllingg,), (2.1.5)

with C; independent of h.

Theorem 2.1.12. There exists a linear extension operator Ext : H?(Q) — HP(R?), such
that, for any 5 > 0,
| Bt go@s) < Cpllvllasq) (2.1.6)

with 65 depending on [3.

2.2 Besov spaces

We recall that F' is a d-set, the measure up is a dg-measure, S is a dy + 1-set and the

measure g is a dy + 1-measure.

We define the Besov space on .S: we recall here the definition which best fits our aims and

we restrict ourselves to the case p = ¢ = 2 and § = g; for a general treatment see [25].

Definition 2.2.1. We say that [ € BZ’Q(T) if f € L*(T,n) and it holds
2
1/l 22 () < +o0,
2

where

NI

P) — f(P")?
11l 522y = [ fll2.0) + / / If‘(P)_P{"éHy dn(P)dn(P") (2.2.7)

|P—P'|<1

Theorem 2.2.2. Let G denote ), Q© and let T denote S or S© respectively, then BZ’Q(‘I)
2
is the trace space of H'(§) that is:

1. There exists a linear and continuous operator v, : H'(§) — B?(‘I).

2. There exists a linear and continuous operator Ext : B5*(T) — HY(S), such that
2
Yo © Ext is the identity operator on 32’2(7), that is
2

Yoo Ext = [dBZ’Q(‘J')

2

For the proof see Chapter V page 103 in [25].
In the following we denote by the symbol u |y the trace you to 7.
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2.3 Varying Hilbert spaces

We introduce the notion of convergence in varying Hilbert spaces; for more details, see [29].

Definition 2.3.1. A sequence of Hilbert spaces { H}, }en converges to a Hilbert space H if
there exists a dense subspace C' C H and a sequence {®},}hen of linear operators &y, : C —
H,, such that

limp, oo ||Prullm, = ||u||g for anyu € C

We set H = |JH, U H.
We now provide the definitions of strong and weak convergence in J{.

Definition 2.3.2. A sequence of vectors {uy, }ren strongly converges to win H if up, € Hp,

u € H and there exists a sequence {t, }men € C tending to w in H such that
limm_mo limh_mOH(I)hﬂm — Uh”Hh = 0

Definition 2.3.3. A sequence of vectors {up,}nen weakly converges to u in I, if up, € Hp,
u € H and

(un, vn)m, — (U, 0) g
for every sequence {vy,}nen strongly tending to v in H.
Remark 2.3.4. Strong convergence implies weak convergence.
Lemma 2.3.5. Let {uy, }en be a sequence weakly convergent to u in H, then
o supy, |lunllm, < oc.
o |Jullg < limy, o [lun|m,-
o u, — wifand only if ||ul| g = limp o0 ||l m,-
Now we state other characterizations of strong convergence in .

Lemma 2.3.6. Let u € H and let {uy, }ren be a sequence of vectors uy, € Hy,. Then {up, }hen

strongly converges to u in H, if and only if

(uh> Uh)Hh — (u> U)H
for every sequence {vy, } hen with v, € Hy, weakly converging to a vector v in 3.

Lemma 2.3.7. A sequence of vectors {up, }nen with uy, € H)y, strongly converges to u in 3 if
and only if
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o llunllm, = llullm

o (up, ro)u, — (u,0)u forevery p € C.

Lemma 2.3.8. Let {uy, }ren be a sequence with uy, € Hy. If ||up g, is uniformly bounded,

there exists a subsequence of {up } neny which weakly converges in H.

Lemma 2.3.9. For every u € H there exists a sequence {up}nen, up, € Hy, strongly con-

verging to u in H.

Definition 2.3.10. A sequence of bounded operators { By, }nen, Br, € L(Hy) strongly con-
verges to an operator B € L(H), if for every sequence of vectors {up, }nen with up, € Hy,

strongly converging to u in H, the sequence { Byuyp, }nen strongly converges to Bu in H.

2.3.1 Convergence of spaces

From now on we put H = L?(Q,m), where m is the measure defined in (3.2.13), and the
sequence {Hj}nen = {L*(Q, myp)}nen, dove my, is the measure defined in (3.2.6), with
norms

HUHLz(Qh + ||“|Sh||L2 (Sh,on)

lullF = llulZzq) + lulslZas )

Proposition 2.3.11. Let 5, = (3'=%)". The sequence of Hilbert spaces { H}, },en converges
to the Hilbert space H.

Proof. We put C = C(Q) and ®,, the identical operator on C'(Q). We have to prove that

limy, o0 ||u||ar, = ||v||a, forany u € C.
So we have to prove that
Jim XQh|u|2dL3:/|u]2dL3 (2.3.8)
Q
and
hm 6h//|u] dldzs = //|u|2dg (2.3.9)
F
and hence
,}Lrgoéh/|u|2dl:/|u|2dp. (2.3.10)
F

On [, Iul? di= 32 00 [y, Juf? dl,
where )M; denotes a segment of h-generation.

Since u(-,x3) is continuous on Fj, for each z3 € [0, 1], by the mean value Theorem, there
exists {; € M, such that



2. Functional spaces 28

O fi Tul? di= 332 (&g ) 237
We can write | [, [u(z, z3)[*dp — 0 [, |u(z,3)|?dl]

3.4h

< \/ru v, 5) Pdp— Z [ulFy ) |+|25h3 o) — ulEy. 25) )], 2.3.11)

where P; is one of the endpoints of M. The first term of right-hand side of the inequality
tends to zero as h — oo from the Corollary 3.4 in [40], while the second vanishes since |u|?

is uniformly continuous in every M;. Since
SUPgz;e0,1) On th |U|2 dl < 3”U2||C(Q)

the thesis follows from dominated convergence theorem. 0

©
Remark 2.3.12. We note that the Theorem 2.3.11 holds also with 6;, = (5,(f) = ((1112)1_df5 )h



3. VENTTSEL’ ENERGY FORMS

3.1 Introduction

The aim of this chapter is to introduce the approximating energy forms £")[.] and the fractal
energy form E/[-] related to the Venttsel” problems we will study in the following chapter; in
particular we are interested to asymptotic behavior for h tending to 4o of E(M[.]: we will
prove the Mosco-convergence of the approximating energy forms to the fractal one in the
framework of varying Hilbert spaces (see Theorem 3.4.4). This will allow us to deduce the
convergence of the related resolvents and semigroups and then the convergence in a suitable
sense of the solutions of the approximating problem to the limit one (see Chapter 4).

To this purpose we prove the existence of a core of smooth functions in the domains of E[-],
E[-] respectively (see Theorems 3.3.3 and 3.3.4). In order to prove these results , the main
tool is Whitney type argument. These results are contained in [33].

We point out that we can prove the Mosco-convergence only when () is the open cylindrical
domain with lateral surface S, it is still an open problem in the general case of Q). The

density results hold also for the case of Q¢ too.

3.2 Energy forms

In this chapter we consider Q®, Ef), S ,(f), S©) defined as in Section 1.4 and we suppress
all the superscripts &.

3.2.1 Approximating energy forms

We introduce now the energy forms Eg, [-] on Sy, = I}, x I, h € N. By [ we denote the arc-
length coordinate on each edge Fj, and we introduce the coordinate x; = x1(l), o = x2(l),
x3 = x3 on every affine face S ,(lj ) of Sh. By dl we denote the 1-dimensional measure given

by the arc-length [, and by do the surface measure on S U do = dldxs. Eg,[-] is defined by

Es,lu] = /U}L|Dlu|2+02|agu|2 do, (3.2.1)
I\
Sh
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where o}, o2 are positive constants, D; denotes the tangential derivative along the prefractal
Fy,, and u € H'(S},). By the Fubini Theorem, Eg, can be written in the form

Egh[u]cr,ll/(r | Dyul|?dl dxg—i—ai/ /|83u|2dx3 dl. (3.2.2)
T\ T

F,

We denote by Ej, (u, v) the corresponding bilinear form defined by polarization.

Let us consider now the function space

V(Q,Sk) ={ue H Q) : uls, € H'(SK)} (3.2.3)
and the energy form
EW[y) = / X0, A"Du DudLs + Es, [uls,] + 6n / blu|s, |*do (3.2.4)
Q Sh

defined on V(Q, Sy,), where b € C((Q)), b > 0, xq, denotes the characteristic function of
Qn» Op is a positive constant, where A" = [a'],4,j = 1,2,3; al; are uniformly bounded

functions in @,

al, =aly, Vi, j=1,23

(Hp) N> 0:
P ahEE AT G2 V(6.6,6) €RP

The corresponding bilinear form, obtained by polarization is

E"(u,v) = / X0, A"Du - DvdLy + Es, (uls,, v|s,) + / buls,vls,do  (3.2.5)

Q Sh

defined on V(Q, Sp,) x V(Q, Sp).
We introduce now the space L*(Q), my,), where my, is the measure defined as

dmh = XthL3 + Xsh(shdd, (326)
where x g, denotes the characteristic function of \S;, and ¢y, is a positive constant.

Theorem 3.2.1. The form E™, defined in (3.2.4) with dense domain V (Q, Sy,), is a Dirichlet
form in L*(Q,my,), and the space V(Q, Sy) is a Hilbert space equipped with the scalar
product

(uv U)V(Qﬁh) = fQ XQhDUDUdL?) + Esh(u|sh’ U|Sh) + (uv U)L2(Q1mh)'
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3.2.2 Fractal energy form

By proceeding as in [16] we construct an energy form on F', by defining a Lagrangian mea-
sure £ on F', which has the role of the Euclidean Lagrangian d£(u,v) = Du Dv dx. The
corresponding energy form on F'is given by

Ep(u,v) = [ dLp(u,v)
with domain D(F) = {u € L*(F, pur) : Er[u] < 400} dense in L(F, jur), (see Section 5.3

in the Appendix and the references therein).

Proposition 3.2.2. D(F) is a Hilbert space equipped with the following norm

1
lulloey = (lullZegr + Erlu))2. (3.2.7)
As in [42], Lemma 6.2.2 page 43, it can be proved that

Proposition 3.2.3. D(F) is embedded in C*(F), with § = 55—y

We now define the energy form on S and the fractal Laplacian Ag.

Eslu] = / € pluldrs + / / |Osu|*dzsdpr, (3.2.8)
F I

1

where 03 denotes the derivative with respect the direction x3.
The form Ej is defined for u € D(S),

D(S) = C(S) N L2(0, 1, D(F)) N H(0, 1; L2(F)) =), (3.2.9)
where || - ||p(g) is the intrinsic norm
[ullloes) = (Eslu] + [[ul|72(s.4))2- (3.2.10)

Proposition 3.2.4. Eg(u,v) with domain D(S) x D(S) is a Dirichlet form in L*(S, g) and
D(S) is a Hilbert space equipped with the intrinsic norm.

Proof. For the proof see [53]. ]

We now give an embedding result for the domain D(.S). Unlike the two dimensional case
where there is a characterization of the functions in D(F') in terms of the so-called Lipschitz
spaces (see Theorem 3.1 in [39]), for D(S) we do not have a characterization , but the
following result holds:

Proposition 3.2.5. D(S) C BZ’2(S),f0r any 0 < 3 < 1.

Proof. We follow the proof in [32], adapted to the present case.
We recall that
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@(S) = C(S) mLQ([()’ 1],@(}7’)) mHl([O, 1],L2(F))H”D(S)

Following [43] we define Bgi_e,l(S) = L*([0,1]; Bé?_E(F)) N H'([0,1]; L*(F)) for e >
0.

For any Banach space X and for any 0 < 3 < 1, H*([0,1]; X) ¢ H?([0,1]; X), moreover
if p = ¢ = 2 and [ is not integer, it holds

HP([0,1);X) = B5*([0,1); X).
Henceif 0 < g < 1
Bp,.1(S) € L*([0,1); By, _.(F)) N B5*([0,1]; L*(F)) ©
L2([0, 1]; B3*(F)) N B5* ([0, 1]; L*(F)) = B5*(5),
the last equivalence can be proved following [43]. [l

From Proposition 3.2.4 and Theorem 5.2.10 in the Appendix, we have

Theorem 3.2.6. There exists a unique non positive self-adjoint operator Ag on L*(S, g) with
domain D(Ag) := {u € L*(S,q) : Asu € L*(S, g)} C D(S) dense in L*(S, g) such that

Es(u,v) = — [, Aguvdyg, for eachu € D(Ag),v € D(S).

Now we introduce the energy form on (). Let us consider the space

V(Q,S) ={ue H(Q) :uls € D(9)} (3.2.11)
and the energy form
Blul = [ ADu- Dudts + Esfuls) + [ blulsPdg (32.12)
Q S

defined on V(Q, S), where b € C(Q), b > 0, [A];; = a;;, where a;; are uniformly bounded

functions in @),

Aij = Qji, Vi, j=1,2,3
(H) A >0:
S LagbE =AY G V6,6, &) € RP

We denote by L2(Q, m) the Lebesgue space with respect to the measure

dm = dLs + dg, (3.2.13)
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where dg is defined in (1.4.7).
By F(u,v) we denote the bilinear form, obtained by polarization

E(u,v) = /ADu - DvdLs + Es(uls,v|s) + /bu|51}]5dg, (3.2.14)
Q S

defined on V(Q, S) x V(Q, 5).

Proposition 3.2.7. The form E is a Dirichlet on L*(Q,m) and V (Q, S) is a Hilbert space
equipped with the scalar product

(u,U)V(QS) = (u,v)H1(Q) + Es(u’s,?}‘s) + (u‘s, U’S)LQ(S,g) (3.2.15)

with norm

1
lullvie.s) = (lullfg) + llulsliDis)?- (3.2.16)

Proof. We start proving that V' (@), S) is a Hilbert space: let {u,} be a Cauchy sequence in
V(Q,S). Then {u,} is a Cauchy sequence in H'(Q)) and {u,|s} is a Cauchy sequence in
D(S); hence there exists u € H'(Q) and v € D(.S) such that

T ffuy, — ullg(g) = 0

lim ||u,|s — v|lpes) =0
n—oo

From the Theorem 2.2.2 it follows that u|g € BZf(S ). Moreover we have
3

||u|s—v||Bz;,;(S) < ||U|S_un|5||32dvf2(S)+||Un|5_v||3z?(s) < er|lun—ull @) +eallunls—v||ns),
2 2 2

where the last inequality follows from Theorem 2.2.2 and 3.2.5. Then

Juls — UHB’Q?(S) =0
2

and thus u|s = v in Bif(S). By Theorem 3.2.5 and since v € D(S), it follows that
uls € D(S) and then u € V(Q, S).

Now we prove that the form E|u] is closed, that is, following the Definition 5.2.4, we want
to prove that if u,, € V(Q, S), u,, — win L*(Q, m) and E[u,, — u,,] — 0 thenu € V(Q, S)
and Elu, —u] — 0: if u, — win L*(Q,m), then |[u, — || 12(q,m — 0, hence

||, — um”i%@,m) + Elu, — up] — 0
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The square root of || - || + E[-]is anorm in V(Q, S) equivalent to (3.2.16), in fact

H LQ(Q,m)

/]u|2d[;3+/ADu~Dud£3+E5[u|s]+/b|u|5\2dg+/]u|5\2dg§

Q Q S S

/|u|2d53+|A|/Du.DudL3—|—E5[u|5]+/b|u|5|2dg+/|u|5|2dgS
Q Q S

S

/\u|2dL3+/Du'DudL3+Eg[u|5]+/|u|5|2dg

where |A| is the norm of the matrix A and C' = max{|A|, maxg b+ 1}. On the other hand,
by the ellipticity of A we have

)\/]Du\zdL3+/]u\2d£;3+Eg[u\s]+(m§nb+1)/\ulg\zdgg
Q Q s

/|u|2dL3—|—/.ADu-Dud53+E5[u|g]+/b|u|g|2dg+/|u|g|2dg,
5

and choosing ¢ = min{\, ming(b + 1)} we get

c /|u| dL3+/Du DudLs + Egluls] +/b|u]5 2dg+/|u]5]2dg <
Q S

/|u|2dL3 + /ADu - DudL3 + Esluls| + /b|u\g|2dg + / lu|s|*dg

Q Q 5 S
Then we proved that there exist two constants ¢ and C' such that cHuH%,(Q 5) < I 0 |u|*dLs +
Jo ADu - DudLy + Egluls| + [4bluls|*dg + [4|uls*dg < Cllull}q.5)- Then we have a
Cauchy sequence in V' (@, S), then u € V(Q, S) and Elu,, — u] — 0.
We now prove that the form £ is Markovian following the Proposition 5.2.6: let u be a
function in V' (@, S) and let v = min(max(u, 0), 1): we have to prove that v € V(Q, S) and
that F(v,v) < E(u,u). The proof that F[] is a Dirichlet form follows from the Proposition
3.2.4.
We note that, from definition 0 < v < 1 a.e. in Q then v € LZ(G, m); moreover

/|DU|2dL3 = /X{OSUSI}'DU|2dL37 (3217)
Q Q

in fact where u < 0 then v = 0 (a.e) and where © > 1 then v = 1 (a.e) and in these two

cases Dv = 0 a.e.; where 0 < v < 1 a.e., then v = u a.e and thus Dv = Du a.e. Then
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v € HY(Q) and from [, ADu - Dudls < |A| [, |Dul?dL;, from 3.2.17 it follows that
Jo ADv - DudLy < +oc. This proves that u € V/(Q, 5).
We finally prove that

fQ.ADU - DvdLs + [ blv|s|*dg < fQADu - DudLs + [¢blu|s|*dg.
In fact
fQ ADv - DvdLs = fQ Axo<u<yDu - DudLs < fQ ADu - Dudls
and
JsUlvlsPPdg = [o Xuz0y0dg + [o Oxqocusy|uls®dg + [o Xquznyb - 1dg < [g blu|s|*dg

and summing we get the thesis.
Thus this proves that £ is a Dirichlet form. 0

3.2.3 Semigroups associated with E and E™

In this subsection we will mainly refer to Kato’s Theorem and Lumer-Phillips Theorem,

which we recall in the Appendix for sake of completeness.

Proposition 3.2.8. E(u,v) is a Dirichlet form in L*(Q, m) with domain V (Q, S) dense in
L*(Q,m), hence there exists a unique non positive, self-adjoint operator A on L*(Q,m)

with D(A) C V(Q, S) dense in L*(Q, m), such that

E(u,v) = —/Au ~vdm,u € D(A),v € V(Q,S). (3.2.18)
Q

Proof. From Proposition 3.2.7 it follows that E[-] is closed in L2(Q, m), hence from Theo-
rem 5.2.10 in the Appendix we get the thesis. [

Since F[-] is a Dirichlet form, it follows that A is the infinitesimal generator of a strongly
continuous semigroup {7'(t)},5-
Moreover it holds

Proposition 3.2.9. {T'(t)},- is a contraction analytic semigroup on L*(Q,m).

Proof. The contraction property follows from the Lumer-Phillips Theorem (see Theorem
5.4.16 in the Appendix). In order to prove the analyticity, it will be enough to prove that
there exists a positive « and Ay such that

Efu] + Mollula gy = allullvig.s)
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(see Proposition 3 Section 6 in Chapter 17 of [11]).

]

Proposition 3.2.10. £ (u,v) is a Dirichlet form in L*(Q,my) with domain V(Q, S)
dense in L*(QQ,my,), hence there exists a unique non positive, self-adjoint operator A" on
L*(Q, my,) with D(A") C V(Q, Sy) dense in L*(Q,my,), such that

EMu,v) = — [ AMu - vdmy,u € D(A"),v € V(Q, S).
Proof. From Proposition 3.2.1 it follows that £ ][] is closed in L?(Q), m), hence from The-
orem 5.2.10 in the Appendix we get the thesis. [

Proposition 3.2.11. Let {T}(t)},-, be the semigroup associated with A". Then {T"(t)}

is a contraction analytic semigroup on L*(Q, my,).

t>0

Proof. The contraction property follows from the Lumer-Phillips Theorem (see Theorem
5.4.16 in the Appendix). In order to prove the existence of strongly continuous semigroups
and its analyticity, it will be enough to prove that there exists a positive  and )\ such that

EWu] + XollullZ2gm,) = allullvas,)

The proof follows from Chapter 17, Section 6 in [11]. [

3.3 Density theorems

In this section we prove two important density theorems for the energy spaces D(S) and
V(Q, S) respectively.
3.3.1 Density theorem for D(S)
Following the notations of [43] page 8, we denote by W (0, 1) the following space:
W(0,1) := L2([0, 1); D(F)) () H'([0, 1); L*(F)). (33.1)

This is a Hilbert space equipped with the norm

lullwo,1) = (lullZ2qo,mery + 105ull72 o, 2())) - (3.3.2)
From [43] Theorem 2.1 page 11, the following result holds

Proposition 3.3.1. The space D([0,1]; D(F)) is densely embedded in W (0, 1), that is

D0, 1, D(F)) e — wo, 1) (3.3.3)

We now prove that



3. Venttsel’ energy forms 37

Proposition 3.3.2. D(0,1; D(F)) C C(S).
Proof. From Proposition 3.2.3 it holds that D(F) € C%%(F), in particular D(F) C C(F),
then
D0, 1 D(F)) € C((0, 1); D(F)) € ([0, 1); C(F)).
It remains to prove
C([0,1; C(F)) = C(S).

We follow the lines of the proof given in [5] pages 68-70. If u € C(S), then for every

y € [0,1] u(-,y) € C(F), forevery z € F u(x,-) € C([0,1]) and sup sup |u(z,y)| < oo,
yel0,1] z€F
hence

C(5) € C([0,1; C(F)).

If u € C([0,1]; C(F)), then u(-,y) € C(F) for every fixed y in [0, 1] and from the continuity
of win [0, 1] for every x in F’ it follows that

sup |U(JJ, y) - u(xvyn) ’ —0
zeF

for every {y,} C I, y, — y when n — oo. Therefore C([0, 1]; C(F)) = C(S).
O

Theorem 3.3.3. The space D(0,1; D(F)) is dense in D(S) with respect to the intrinsic norm
- [loes).
Proof. From Proposition 3.3.2 and (3.3.3), it holds that

D([0,1; D(F)) € C(S) N L*([0, 1]y D(F)) (VH ([0, 1]; L*(F))

which amounts to say that D([0, 1]; D(F')) C C(S) (W (0,1); from the definition of D(.5)
we have

C(S)NW(0,1) € D(S).

It follows that
D([0,1]; D(F)) C D(S). (3.3.4)

Now let f be a function in D(.S), then from the definition of D(S) it follows that there exists
{on} C W(0,1)(N C(S) such that

len = fllpes) =0
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for n — oo.
On the other hand {¢, } C W(0,1), and from Proposition 3.3.1, there exists {{y,.n }men C
D([0,1]; D(F)) such that, for every fixed n

me,n - (PnHW(O,l) — 0 (335)

when m — oo. From Fubini Theorem for measure valued functions it follows that || - || p(g) =
| - [lw(o,1) and hence for every fixed n

|Vmm — @nllosy — 0 (3.3.6)

for m — oo.

We now use a diagonalization argument. From [2] Corollary 1.16 there exists an increasing
mapping

m — n(m),
that tends to oo for m — oo, such that

The right hand of (3.3.7) tends to zero when m — oo and from this it follows that

Lm0 || Yrmn(m) — ©nm)llp(s) = 0. Hence also
h_mm_wol‘?ybm,n(m) - Qpn(m)HD(S) = 0’

This proves that lim,,, Hlﬂm,n(m) — Pn(m) HD(S) =0.
Finally {|4nm)m = fllo(s) < 1¥nm)am = loes) +[1@nm) = flloes) = 0form — oo, [

3.3.2 Density Theorem for V' (Q, S)

We now state the main Theorem of the section, which allow us to approximate functions
in V(Q, S) by continuous functions, and this will be crucial in the proof of the Mosco-

convergence of the energy forms £"[.].

Theorem 3.3.4. For every u € V(Q, S), there exists {1,} C V(Q,S) (N C(Q) such that:
1 ||Yn — vl g ) — 0, for n — oo
2. |[tbn — ull 2@ my = 0, forn — oo
3. Egltb, —u| — 0, forn — oc.

In order to prove this Theorem, we need a preliminary proposition on trace and extension

operators.
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Proposition 3.3.5. Let § = %. Let vy and Ext be the trace and the extension operators
defined in Theorem 2.2.2 respectively. Then

(1) Ifu € C(R®) ( H'(R®) then you € C(S) (N B5*(S).

(2) Ifu € C(S) (N B5*(S) then Ext(u) € C(R*) N H(R?).

Proof. We start proving (1). Since u € H'(IR3), then for P € S, you(P) exists and from
Theorem 2.2.2 ~vyu belongs to Bé’z(S ) with § = %; since w is also in C'(R?), in particular
wisin C(S).

By the mean value Theorem there exists ( € B(P,r) () S such that

wBEs Jeienns W(P)dLs = u(C).

Hence when r — 0
u(C) — u(P).

In order to prove (2) we make use of Whitney decomposition. We refer to the Appendix,
Section 5.1 and [25] page 23 for details. Let Q; be the cubes in R?\ S such that | Q; = R?\ S,

with centers P;, [; =diam(); and {¢;} the associated unity partition. From [25], page 109,
we define for P € R?\ S

Ezt(u)(P) = ;I@(P)cl- f|t—P¢\§61i u(t)dg(t),
where ¢; = (g(|t — P;] < 61;))~".
In our assumptions u € BE’Q(S), then from Theorem 2.2.2 Ext(u) € H'(R?) and
Yo(Ezt(u)) = won S. It results, by construction, that Fxt(u) is in particular continuous
in R3\ S (see Appendix). Since u € C(S)[) B;’Q(S), it remains to prove that for every
PyeS

|Ext(u)(P) —u(Py)| — 0

when P — P, that is for every ¢ > 0 36.: |P — Py| < 0c:|Ext(u)(P) — u(F)| < e.
We now estimate | Ext(u)(P) — u(Fp)|.

(1) (P) ~ u(PO)| = | S :(P)es fy_p <, u(0)dg — u(Fy)| =
| 6i(PYes [, e, (ult) — ulB))dgl < ell) ™5 (f,_p gy, lult) — u(Fo)Pdg)?,

el

where the last inequality is obtained from Holder inequality. Since g is a (dy + 1) —measure

supported on S and since |P — P,| < J, we obtain

—(dg+1)

c(li) ™ (f|t—P¢|§6lz-

—(dg+1)

1
c(li) ™ f{|tfPi\§6li}ﬂ{\tfPo|§6} u(t) — u(Po)[*dg)>.
Asu € C(S) we get

u(t) = u(Py)Pdg)= =
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7(df+1) 9 1
()™ Jju-risonyne-missy [4(t) = u(Fo)Pdg)? <

—(Dg+1)

c(l;)— 2 sup u(x,y) — u(P . B dg% <

) (onr-ricoty Ba-ricsy Y T I uriza ngeniss 49
—(df+1) df+1

cd, * l,? e=ce,

where the last inequality follows from the continuity of w on S. U

We are now ready to prove Theorem 3.3.4.

Proof. We start proving (1).
Let us consider u € V(@Q, S), then u|g € D(S). From Theorem 3.3.3 there exists {¢, } C
D(0,1; D(F)) such that

|on — uls||os) — 0, when n — oo.

We note that since ¢,, € D(0,1; D(F)) C D(S) € B>*(S) and D(0,1; D(F)) C C(S), it
follows that ,, € B2%(S) () C(S). Let p, be the function defined as Ext(ip,,) and let & be
the function defined as Ext(u|s). Then from (2) of Proposition 3.3.5 ¢, € H*(Q) (N C(Q)
andu € H'(Q) (see [25]).

We prove that || @, — Ul g1 () — 0; in fact from Theorem 2.2.2 and the inclusion of D(S) in
B2D§ (S) (see Theorem 3.2.5),

[@n = tllim@ < Crllen — ulslizz2 (s) < llen — ulslnes)

2
From the density Theorem 3.3.3 ||, — || g1(g) — 0.
Now let us consider u — u: this is a function in H*(Q) and (v — u)|s = 0, then u — U
€ H}(Q), (see Theorem 3 in [61] ); there exists {7, }men C C2(Q) such that

[7m — (v — )| g1y — 0. (3.3.8)

Let {t,,m} denote the doubly indexed sequence of functions {®,, — 7,,}. The sequence
{nm} C HY(Q) (N C(Q). From Corollary 1.16 in [2] we deduce that {1, ,} converges to
win H'(Q) as n — oo. In fact there exists an increasing mapping n — m(n), tending to oo
as n — 0o, such that

Ty, oo (4 =T = oy | 1 @) + 110 — Tl 1)

then by applying Corollary 1.16 in [2] to the right hand side of the above inequality it follows
that

Timy, ool = P moy | 1 (Q) < M y00 iy o0 { 11 = @ = 0yl ar1@) +10 — @l () }-
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The two terms in the sum tend to 0 when m, n — oo, then

and also lim,,_, _ ||¥n m(n) — || m1(@) = 0, hence we conclude that
|Vnmm) — wllmr (@) = 0, n — oo.
From now on we denote by

wn = ¢n,m(n) .

Now we prove (2), that is

[0 — ullz2@m) = 1¥n — ullr2@) + 1¥n — ullr2(s) = 0. (3.3.10)
The first term in the right hand side of (3.3.10) tends to 0 when n — oo since

1Vn — ullz2) < |0 — ull51(0)-

We now prove that the second term in (3.3.10) tends to 0.

|9 — ullL2(s) = @als — Mals — ulsll2cs)
= |lon — ulsll2s) < |lon — uls|loes)s

and the last term vanishes since D(0, 1; D(F')) is dense in D(S) (see Proposition 3.3.3). This
proves that ¢, — u in L(Q, m).
Now we prove (3):

Es[(u—1n)|s] = Esluls — ¥uls] = Esluls — vn] < |luls = @nllns)y — 0.

3.4 M-convergence of the energy forms

In this section we study the convergence of the approximating energy forms £ to the
fractal energy E. More precisely we prove the Mosco-convergence of the energy forms in
the case of varying Hilbert spaces. The proof relies on the density results for the functions of
Section 3.3 . We will follow the notations of Section 2.3.1 and we will use the results therein.
We note that this result holds when (@) is the cylindrical domain whose lateral boundary is the
surface S, with S = F' x I, F is the equilateral snowflake.

In this asymptotic behavior the factors o} and o7 have a key role and can be regarded as sort
of renormalization factors of the approximating energies. These factors take into account the
non rectifiability of the curve F' and hence the irregularity of the surface .S, and in particular
the effect of the d-dimensional length intrinsic to the curve; for details, see [40]. We now
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give the definition of M -convergence of forms (see [50]) in the case of varying Hilbert space,
by using the definition of Kuwae and Shioya in [29].

We extend the forms £ and £ on the whole spaces H and H}, respectively as follows:
Elu] = +oo, forevery u € H\ V(Q, S)
and
EMu] = +o0, forevery u € H, \ V(Q, Sp)
Definition 3.4.1. A sequence of forms { E"W} M-converges to a form E if

1. for every vy, € Hj, weakly converging tou € H in H

lim, ,. . E™[v;] > Elu] (3.4.11)

2. for every u € H there exists {wy,}, with wy, € Hy, strongly converging to u € H such
that
Timy, 00 EW[wy] < Elul. (3.4.12)

Proposition 3.4.2. Let {v), }nen be a sequence weakly converging to a vector u € H in K,
then {vy, }nen weakly converges to u in L*(Q) and limy, 6y, fSh pupdo = [, udg, for every
peC.

Proof. From Definition 2.3.3 it follows that for every ¢;, € Hj, strongly converging to ¢ € H

hlim /vmphdﬁg +6h/vhg0hda = /u@dﬁg—i—/ugodg. (3.4.13)
—00
h Sh Q S

For every w € C we set ¢, = wxq, and ¢ = wxg: ¢n € Hjy and p € H. We prove that ¢y,
strongly converges to ¢ in J{. This result follows from Lemma 2.3.7, in fact the first claim

holds since
lonllz, = fy, lwPdta, el = f, [wl2de,
and @)}, is a family of sets invading (). By the same argument it follows that

(9, n)m, — (9,0)u Vg € C.
From (3.4.13) and the choice of ¢, and ¢

lim [ vywdls = /uwdﬁg,Vw eC (3.4.14)

h—o0

Qn Q

The constant sequence {w} strongly converges to w in J; choosing ¢, = w in (3.4.13) and

taking into account (3.4.14), by difference we obtain
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limy,_ o0 Op fSh wopdo = [gwudyg.

We now prove the weak convergence of vy, to u in L?(Q). We first prove the convergence for
every ¢ € C(Q), then the claim will follow by density.

limy, o0 fQ vpQdLs = limh—>oo(fQ VhOXQ,dLs + fQ VRPX\Q,dL3) = fQ updLs,

since ¢ x@\@, strongly tends to zero in H and ¢, strongly converges to ¢x¢ in . [

Proposition 3.4.3. If v, weakly converges to u in H'(Q) and b € C(Q), then
on fSh blog|[*do — [ blul*dg.
Proof. [0y, [g blon*do — [gblul*dg| <

|0 fSh blo|?do — by, fSh blu|*do]| +|5s fSh blu|*do — fs blu|?dg].

|0 [g, Dlvnldo — &y [g bluf*do| < oul[bllcgg)(llvn — ullzzes,) (lon + ullrzes,)) <
Onl[bll e lon — wllz2es,) (lvnllags,) + lullzs,))-

Since v;, weakly converges in H'(Q) to u, then vy, strongly converges to u in H*(Q) for every
a € (0,1). Considering the extension of (v;, —u) to H*(R?), it follows from Theorems 2.1.6
and 2.1.12

Onllvn = ullzas,) < CallExt(vn — )| gams) < cllvn — ullge(q)-

From these inequalities it follows that
|0 fSh blop|*do — 6, fSh blul*da| — 0.

Since u € H'(Q) there exists a sequence {g,} € H'(Q) () C(Q) such that ||g,, —ul| g1y —
0 (see Proposition 4.4 in [23]).

100 [, blul*do — [g bluPdg| < |on [g, blul*do — by, [, blgn|*do]|

+[0n [g, blgnl*do — [5blgnl?dg] +| [ blgal*dg — [4blul?dg].

It is possible to estimate from above the first and the third term of the right hand side of this
inequality with ||g, — u||g (), and hence we conclude that for every ¢ > 0, there exists
n. € N such that these two terms are less than ce.

If we choose n > n., the second term in the right-hand side goes to 0 for h tending to +oc0,

since Hj, converges to H. [
Now we state and proof the main theorem of this Section.

Theorem 3.4.4. Let 6, = (314", 0} = 01¢0(6,) 7Y, 02 = 02co0n. Let us assume that there
exists M > 0 such that Ha?j | zo(q) < M, forevery h € N, i, j = 1,2,3 and that a?j converge
a.e. in Q) to a;;, then the sequence (M) converges in the sense of Mosco, Kuwae, Shioya to
the form E.
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Proof. Condition 1.
We can assume that v, € V(Q, Sy,), otherwise the inequality (3.4.11) becomes trivial.
Let vy, € V(Q, Sh), there exists a ¢ independent from £ such that

|vrll1(Qu) + Esylvnls,] + Onllvnllzes,) < C

and then ||vp,|| g1 (g,) < C. For every h € N from Theorem 2.1.11 there exists a continuous
linear operator Ext : H*(Q;) — H*(R?) such that

HEl’tUhHHl(RIS) < CHUhHHl(Qh) < cC.

Let U, = Extuy|q, U € H'(Q) and ||Up|| 1(g) < ¢C, thus there exists a subsequence, still
denoted by vy, weakly converging to v in H'(Q) and hence strongly in L?(Q). By Proposition
3.4.2 it follows that vj, weakly converges to u in L*(Q).

We want to prove that v = u a.e. that is fQ (0 — u)pdLs = 0 for each ¢ € L*(Q).

fQ(i)\— u)pdLz = fQ(@— Op +0p —u)pdLs =
fQ(ﬁ— Up)pdLs + th(vh —u)pdLs + fQ*Qh(ﬁh — u)pdLs.

Since 0, — ¥ in L?(Q) and v;, weakly converges to u in L?(Q), it follows that the first two
terms of right hand side vanish. Moreover, from Holder inequality and since | — Q| — 0

for h — 00, [,_q, (0h — w)pdLs < [[¢l2(Q-qu) (10nll L2@) + [ull2@)) — 0.
Now we prove that

limy, o, [ X@uA" Doy - DupdLy > [ ADu - DudXLs.
We set VA = [c;;] and VA" = [¢;]. From the assumptions it follows that
|cli| < M for every i, 7, ¢y — c¢ij a.e.

From Severini-Egorov Theorem it follows that Zf’ i1 C%XQh converges quasi-uniformly
to > i—1 CijXq and from the weakly convergence of vy to u in H'(Q) we deduce that

Z?,j:l X, 05vn weakly converges in L?(Q) to Z?,j:l ¢;iX@O0ju. Then

limy, o fo XQuA" Doy - Dundls = limy, o [, [Xq, VAR Duy[*dLs =
limy, e >0y 3250 X divnlliagg) = oim I 250 cinxadyulliag,
The proof that lim,,_, . Es, [vs] > Eg[u] follows from Remark 5.1 in [40].
Thesis follows from the liminf properties of the sum.
Condition 2.
We suppose that u € V' (Q, S), otherwise the inequality (3.4.12) becomes trivial.
Step 1.
We suppose that u € C'(Q), hence u € H. We extend by continuity « to T and we denote by
u this extension.

Following the same approach of [35], we introduce a quasi uniform triangulation 75, of T
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made by equilateral tetrahedrons T}Z such that the vertices of the prefractal surface S, are
nodes of the triangulation at the h — th level. Let §;, be the space of all the functions being
continuous on T and affine on the tetrahedrons of 7,. We indicate by M, the nodes of 7y,
that is the set of the vertices of all T,{. For a given continuous function u, we denote by
Iu the function which is affine on every 7/ € 7, and which interpolates u in the nodes
Pj; € M, Q),- We put w, = I,u, and we prove that {wy,} strongly converges in K,
using the Lemma 2.3.6: we have to prove that (wy,, vs) g, — (u,v)y for every {v,} weakly

converging to v in J{. It holds that
||wh — u||H1(7) — 0

for h tending to oo (see [20]) and hence ||wy, — u|/g1(g) — 0. From Theorem 2.1.6, there

exists ¢ indipendent from % such that ||wy, — ul|r2(s,) < ¢(6,) V2 lwn — ul| g1 (q)-

0 < [(wn,vn)m, — (u,v)g| = \th wpvRdLs + Op, fSh wpvpdo — fQ uvdls — [guvdg| =
[(wh — w, V) 22(0,) + On fSh (wp, — w)vpdo + (u, vp) g, — (u,v)g| <
[(wn =, vn) 12(Qu) | + |((wn = W)VOh, VORva) L2, + [(ws va)m,, — (w, )| <
lwn — ull 2@ lvnllz2@) + VOnllwn — ullL2(s,) Vonllonll 2cs,y + [(us va)m, — (u,v)ml.

Taking into account that v, weakly converges to v in J, wy, strongly converges to u in H'(Q)
and from the fact that /0y, ||wy, — u||z2(s,) < c|lwn — w1 (q). it follows that right hand side
of the above inequality vanishes.

Now we show that the sequence {wj, } satisfies the condition 2) of M-convergence. It holds
limy, 00 0 [g, blwpl*do = [¢blul*dg.

From [34] we have M;HOOES,L [wr] < Esglul.

We prove that
limy, o0 fQ XQhAthh - DwpdLs < fQ XQADu - DudZLs.
The thesis follows since
T h T 3 3 h 2
limy, o fQ X@uA" Dwp - DwpdLs = limpoe 35y (1 225 ¢ijxa, 05wnll7zq)

and, from the assumptions on ¢}; and on wj,, we deduce that 25;1 ¢l X, 05wy, converges to
Z?Zl cijx@Oju in L*(Q). Then we get
limy, o0 fo X@u A" Dwy, - Dwpdls = [, ADu - DudLs.
Thesis follows from the limsup properties of the sum.
Step 2.

If w e V(Q,S), but w is not continuous, from Theorem 3.3.4 there exists {¢,} C
V(Q,S)NC(Q) such that ¢, — win H, |4, — ully@s) — 0. Letn € N fixed such
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that ||1, — ullv(qg,sy <  and |[¢h, — ullz < 1. By ¢, we denote a continuous extension in
T

From Step 1 we have that for every fixed n € N [, hzﬁn strongly converges to ¢~n in H,1, hl/;n
converges to 1, in H'(T) when h — oo and

mh—>c>oE(h) [Ihd;n] < E[q/;”]

Applying the upper limit for n — oo to both sides of the above inequality we obtain
T,y o0 (T, 00 EP[1440,]) < Timyy_y o0 E[th] = Elul. (3.4.15)

Now we want to apply Corollary 1.16 in [2] for proving that there exists an increasing map-
ping h — n(h), such that, denoting wy, = hzﬁn(h), we have that wj, converges to v in H and

limy, 0o E™[wy,] < Efu]. To this aim we have to prove that
Lm0 iy so0 | (Whps V) 1y, — (w0, 0) 1| <0, (3.4.16)

for every {v;,} weakly converging to v in K.
[(Whon V8) B, — (W, 0) ] < (Whins V1), — (Yns 0)E + (Y — w,0) | <
[(Whns vn)m, = (s V)| + ([0 — ullellvlle < [(Whns vn)m, — (Yo, v)E] 4 5
Passing to the upper limit for h — oo, we obtain
Timy,—yo0 | (Whin, O8) 1, — (0, 0) | = 0.

Then Corollary 1.16 in [2] provides the thesis. 0

Now we state a Theorem that follows from Theorem 3.4.4, which is a generalization of
Theorem 2.4.1 in [50].

Theorem 3.4.5. Let E™) and E be the energy forms defined in 3.2.4 and in 3.2.12, respec-
tively; then the semigroups {T},(t)} associated with the form E" converge, for every t > 0,
to the semigroup T(t) associated with the form E, in the sense of Definition 2.3.10.



4. EVOLUTION VENTTSEL PROBLEMS

In this chapter we will prove the existence and uniqueness, via a semigroup approach, of the
abstract Cauchy problems (P) and (P}). Then we prove in Theorems 4.2.2 and 4.2.3, that
the solutions of (P},) converge in a suitable sense to the solution of (P); finally we show that
the solutions of the abstract problems (P) and (P},) solve the Venttsel’ problems (P), (P;)
formally stated in the Introduction, proved in the Theorems 4.3.1 and 4.3.2 respectively.

4.1 Existence results for the Cauchy problems

Let us consider

du(t) _
> { G =Au(t)+f(t), 0<t<T (4.1.1)
u(0) =
and for every h € N
dun(t) _
- { 20— Ay () + o). 0<t<T (4.12)

where A : D(A) C H — H and A;, : D(A,) C H, — H,, are the infinitesimal generators
associated with the energy form £ and E™ respectively. From Theorem 4.3.1 page 149 in
[46] we deduce the following existence results.

Theorem 4.1.1. Let 0 < 0 < 1, f € C%([0, T); L*(Q, m)) and let

t

u(t) = /T(t —s)f(s)ds, (4.1.3)

0

where T'(t) is the analytic semigroup generated from A. Then u is the unique strict solution
of (4.1.1), that is

U€Cl([0 T}, L*(Q, ))ﬂC([O T]; D(A)),
W = Au(t) + f(1), Vt € [0,T] and u(0) =

and there exists c such that the following inequality holds:

0.

HUHC’l([O,T];LQ(@ﬂn)) + ||“HC([0,T];D(A)) < CHch@([o,T];m@,m))- (4.1.4)
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Theorem 4.1.2. Let 0 < 0 < 1, f, € C%([0, T); Hy,) and let

t

un(t) = /Th(t — ) fu(s)ds, Vh € N .1.5)

0

where Ty, (t) is the analytic semigroup generated by Ay,. Then uy, is the unique strict solution
of (4.1.2), that is

up € CH[0,T1; L*(Q, mx)) N C([0, T]; D(An)),
d“# Apup(t) + fu(t), ¥t € [0,T] and uy,(0) = 0,

and there exists C, independent from h, such that the following inequality holds:

lunllerqor:c2@mnyy + llunlleqompan) < Cllfullos o2 @mn))- (4.1.6)

4.2 Convergence of the solutions

This section is devoted to the study of the behavior of u; when h — co. We denote K} =
L3([0,T]; Hy) and K = L*([0,T); H). Tt holds that K} converges to K in the sense of
definition 2.3.1, where the set C' = C([0, T] x Q) and ®,, is the identical operator on C. We

denote K = | J K, | J K. Now we give a characterization of the strong convergence in X.

Proposition 4.2.1. A sequence {uy,} strongly converges to u in X if one of the following

conditions holds:

f ) ||thHf0 o ~
{ fo un(t), o(t)) g, dt — fo (), (1)) it Vo € C([0,T] x Q).

2. [ (un(®), vn (), dt — [ (u(t), v(t)) dt,
for all {v,} weakly converging to v in K.

Theorem 4.2.2. Let u and uy, be the solutions of the problems (P) and (P,) respectively.
Let 6y, be as in Theorem 3.4.4. If for every t € [0,T, { fn(t)} strongly converges to f(t) in

H and there exists a costant ¢ such that
I fullco o,y < ¢, Vh € N 4.2.7)
then

1. {up(t)} converges to u(t) in H, for every fixed t € [0, T
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2. {un} converges to u in K.

Proof. In order to prove 1) we use Lemma 2.3.6, hence we have to see that for every ¢ €
0,71
(un, vn)m, — (U, v)n

for every sequence {vy, }, with v, € Hj, weakly convergent in H to v € H.
We have

(wn, 0n)m, = o, Jo Tlt = ) fu(s, P)dsvn(P)dLs+
on g f(f Th(t — 8) fu(s, P)dsvy(P)do = fot(Th(t — 5) fu(8), vn)m, ds.
From Theorem 3.4.5, since for every ¢t € [0, 7], fn(t) — f(t) in I, then
Th(t) fu(t) = T(2) f(2) in I
Moreover, since v, weakly converges to v in H for every t € [0, T, it follows that
(Th(t = ) fu(s), vn)m, — (T(t = 5)[f(s),v)m-

From Lemma 2.3.5, the contraction property of 7; and the assumption (4.2.7)
| fullce o,y < ¢ we have that there exists a constant ¢ independent from h such
that

|(Th(t — 5) fn(s), vn)m,| < c.

The claim follows from dominated convergence Theorem.

Now we prove 2). We note that

lun ()|, < erll fulloqorym,) < e VE € [0, T]

where the last inequality follows from (4.1.6) and (4.2.7).
Thus the sequence {uy, } is equibounded in [0, 7] and from 1)

[nll = Nlu(®)]]a-
By applying dominated convergence Theorem we obtain that
[unllr, = llull -
From 1) it follows in particular that for every ¢ € [0, T]]
(un(t), ¥(t)a, — (u(t), ¥(t)n, ¥ € C((0,T] x Q).
Since

!(Uh(t)ﬂ/f(t))H;J < C||¢||c([o,T}x@)'

From the dominated convergence Theorem we have

(Uh,w>Kh — (’LL, w)K vw € C([()?T] X @)
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From Proposition 4.2.1 we proved 2). ]
Theorem 4.2.3. With the same assumptions as in Theorem 4.2.2 we have
1. {2} weakly converges to % in K,
2. {Apup} weakly converges to Au in K.

Proof. It holds

du
SUPieo,1] Hd_thHHh <c
in particular %+ € L2([0,T]; H,) and there exists ¢ independent from h such that
1| 120,73, < € VR € N.

From Lemma 2.3.8 there exists a subsequence, still denoted by %", which weakly converges

in X to a function v € X.

du
dt*

From definition of weak convergence we can write

We have to prove that v =

(% wn) ke, = (v, w)k

for every sequence{wy,} € Ky, wp, — w in K.
Choosing {wy,} = {¢(t, P)}, where » € C*(]0, T]; C(@)) we have

limy, o [y fy 26P0(t, P)dtdmy, = [, [ v(t, P)g(t, P)dtdm.
We integrate by parts and we obtain

Jo o 2B o (t, P)dtdmy, =

Joun(T, P)p(T, P) = un(0, P)p(0, P))dmn — [, [ un(t, P)2EE) dtdm,.

Passing to the limit in the first term in the right hand side of this equality for A — oo, we
obtain, by 1) in Theorem 4.2.2

fQ(uh(T, P)o(T, P) —up(0, P)e(0, P))dm), — fQ u(T, P)e(T, P)—u(0, P)p(0, P))dm

It remains to study

T
dp(t, P
lim / / uh(t,P)“O(d—é)dtdmh. (4.2.8)

h—o0

It holds that
fO fQ Uh t P d<,o tP dtdmh (’U,h(t>, M)Kh

From 2) in Theorem 4.2.2

[\

(un(t), 280, — (u(t), 252,

hence
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fQ fo o(t, P)dtdm =
fQ(u<T’ P)o(T,P) — (O,P) (0 P))dm — fQ fo ult, p)deotP dtdm
which implies v = 3—7;. It remains to prove 2): we recall that
Apup, = dsth - f.

Choosing as in 1) a test sequence {wy,} = {p}, with p(t, P) € C*([0,T]; C(Q)) we get

(Ahuh7 (10>Kh (dUh fa )

Recalling that d“h weakly converges to 2 in K, we get the thesis. [

4.3 Strong interpretation

4.3.1 The fractal case

Theorem 4.3.1. Let u be the solution of the problem (4.1.1) Then for every fixed t € [0,T]

ut(t P)— Lu(t, P) = f(t,P) fora.e.P €@

d
oz € (B(9))' =3
u(0,P) =0 forP e S
and for every z € D(S)
ou
(uy, Z)(D(S))’,D(S) = —FEs(uls, z) — s z +(f, z>(’D(5))/,D(S) — [ bu|szdg
A (D(9)),D(S) S
(4 3.9)
where -2 9n,» 18 the co-normal derivative defined as an element of (32 *(S ). Moreover — €

C((0,T7; (B2 “(9)))-

Proof. Let us consider L*(Q,m), dm = dL3 + dg, equipped with the norm ||| L2(@m)

= llullr2(Quacs) + llullr2(s,9)-
Given ¢ € C§°(Q), multiplying both members of (4.1.1) and integrating over () we obtain

/ut pdm = /Augodm+/fgodm. (4.3.10)
Q Q Q

From (3.2.8) we have
/ut wdm = —FE(u, @) + /fgodm. (4.3.11)
Q Q

Since ¢ is compactly supported on (), then

/ADu - DpdL3 = /fgodilg — /ut wdLs. (4.3.12)
Q
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Hence it follows that for every fixed ¢t € [0, 7]

3
> 0i(aii(P) djult, P)) = w(t, P) — f(t, P), (4.3.13)
ij=1

holds in D’(Q). From the density of D(Q) in L*(Q)) and since the right hand side of (4.3.13)

belongs to L*(Q) for every fixed ¢ in [0, 7], we obtain that (4.3.13) holds almost every-

where in . Taking into the right hand side belongs to C'([0,T]; L*(Q)), we deduce that

S 8i(ay(P)dju(t, P)) € C([0,T); L*(Q)), hence u € C([0,T]; V(Q)), where

i=1,j
V(Q) = {ue H(Q): 30,0 dilay dyu) € L(Q) }.
Here the derivatives are intended in the distributional sense.

We can prove, proceeding as in [38], that 2% € C([0,T7; (BE’Q(S))’ ). The Green formula
yields for every ¢ € [0, 7] and for every ¢ 6 H 1(Q)

< ou s > /ADut P)-Dp(P dLg—i-/ Z 0;(aij(P) 0ju(t, P)) @dLs;.
(B32(5)),B2%(5

an A =1
(4.3.14)
Fix ¢ in [0, T'] and consider

20— 2ulto o

| <8u(t) Ou(to)
On 4

5, ) (522 (5)y 822 (9) |-

() Sup@eBE’Q(S)ilwﬂ(32,2(5))/§1 By

From (4.3.14) and Schwartz inequality we obtain that

152 — 25 gz gsyy < Il @) (I D(u(t) = ulto)) |2 + IL(u(t) = ulto))l| =)
where w € Hl(Q) and w|g = 6, m-a.e. The thesis follows since u € C([0, T]; V(Q)).

Now let ¢ be in V(Q, S) for every fixed ¢ in [0, 7']. Multiplying (4.1.1) and integrating over
(), we obtain

Sy e 0L + [guppdg =

— fQ .AD’LL D¢d£3 — Es(u|s,77/)|5) — fS bu|5 ¢|Sdg+
fQ f’ll)dﬂg + fs f|S %MSdg

Taking into account (4.3.14), we get

fQ L + fs g =
o s B2y + Jo 2o i1 Oila;05u) dLs (4.3.15)

—Es(uls, ¥ls) — [gbulsdlsdg + [, fvdLs + [g fls ¥lsdy.
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Since u; — Zijzl 0i(a;;0;u) — f = 0 a.e. in (), we have
ou
upPdg = — 8—>¢|s — Es(uls,¥|s) — [ buls|sdg+ [ fls¥|sdg
4 A (B5*(9)).B5°(5) s s
(4.3.16)
From Proposition 3.2.5, by proceeding as in Section 6 of [31], we have
ou
U — Agu+bu=———+f 4.3.17)
aTLA
in (D(S))". L

4.3.2 The prefractal case

Theorem 4.3.2. Let uy, be the solution of problem (4.1.2) Then we have for every fixed

te[0,T]
(up)e(t, P) — Lpup(t, P) = fn(t,P) fora.e.P € Q
sas € (H2(Sh)'
u(0, P) =0 inHz2(S))
and
8uh
On(un)e = Dsyun + dnbun = === + G fa, (4.3.18)
na,

in (Hz(S),)).
(971,]1
8”Ah

associated to the Dirichlet form Eg,. Moreover 6?111}; e C([0,T7; (Hz(Sp))).

is the inward co-normal derivative and Ag, is the piece-wise tangential Laplacian

Proof. The first equality follows by proceeding as in Theorem 4.3.1. From this it follows
that for every ¢t € [0, 7]

uh(t, ) € V(Qh) = {Uh € HI(Q) : Zij:l 8Z(af]83uh) S LQ(Qh)}
Proceeding as in section 6.2 of [38] we prove that for every ¢ € [0,7], -2~ € (H2(S}))".

8T'LA
By proceeding as in Theorem 4.3.1 we can prove that for every ¢ € [0, 7”] and for every

z € V(Q, Sh)

On((un(t))es 2)r2si) = (Bsun(t), 2) 3 g0 ks, T Onbun(t), 2)recs,) =

Oup (1) > (')' t
<3"Ah VT (HE(SR)), HE (Sy) T 0u(Ja(), 2) s

that is the boundary condition

On(un)e — Ag,un + dpbup = — un_ 1§, fr

Bnﬂh

holds in the dual of Hz(S,) (see [32]). O
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4.4 Future works

A possible generalization of the present work could be to study the case of operators in non
divergence form, this is a natural extension of the present case, since in Venttsel’ problems,
appeared for the first time in [60], such operators are involved.

The presence of these operators change completely the framework, the corresponding associ-
ated energy forms associated are not symmetric, neither positive. We hope to use the theory
developed in [47] for non-symmetric forms and the Mosco-convergence for non symmetric
forms (see e.g. [48]) suitably extended to varying Hilbert spaces.



5. APPENDIX

5.1 Whitney decomposition

In this Section we recall the main properties of the Whitney decomposition and we refer to
[58] for more details.

In what follows, G will denote an arbitrary non-empty closed set in R", 2 = C(G) its
complement. By a cube we mean a closed cube in R", with sides parallel to the axes, and
two such cubes will be said to be disjoint if their interiors are disjoint. For such a cube Q,
diam(Q) denotes its diameter, and dist(Q), G) its distance from G.

Theorem 5.1.1. Let G be a closed set in R". Then there exists a collection of cubes G

={Q1,Q2, ...Qk, ...} such that
1 U, @k =2
2. The Q. are mutually disjoint,
3. ay diam(Qy) < dist(Qg, G) < as diam(Qy,).
The constants ay and as are independent of G, in fact we may take ay = 1 and as = 4.

Proof. Consider the lattice of points in R"™ whose coordinates are integer. This lattice de-
termines a mesh M, which is a collection of cubes: namely all cubes of unit length, whose
vertices are points of the above lattice.

The mesh M, leads to a two-way infinite chain of such meshes {M;,}°°,_ with M, = 27*M,,.
Thus each cube in the mesh M, gives rise to 2" cubes in the mesh My, by bisecting the
sides. Each cube in the mesh M, has sides of length 2% and thus of diameter /n2~*.

In addition to the meshes M, we consider the layers €, defined by

U, = {x: 27F < dist(x,G) < 27+

c is a positive constant to be fixed later. Obviously Q = [ J;o €.

We now make an initial choice of cubes, and denote the resulting collection by Gy. Our
choice is made as follows: we consider the cubes of the mesh M, (each such cube is of size
27%), and include a cube of this mesh in Gy if it intersects §2;, (the points of the latter are all

approximately at a distance 27* from G). That is we take
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90:Uk{QEMk; . Qka #@}
We then have

UQ€90 Q =

For appropriate choice of ¢
diam(Q) < dist(Q,G) < 4diam(Q),Q € o (5.1.1)

Let us prove (5.1.1) first. Suppose @ € M;,; then the diameter of Q = \/n27".
Since Q) € Gy there exists x € () N Q. Thus

dist(Q, G) < dist(z, G) < 27+,

and

dist(Q, G) > dist(z, G) -diam(Q) > c27% — \/n27*.
If we choose ¢ = 2v/n we get (5.1.1).
Then by (5.1.1), the cubes () € G are disjoint from G and clearly cover (2. Therefore (1) is
also proved.
Notice that the collection G, has all our required properties, except that the cubes in it are not
necessarily disjoint. To finish the proof of the theorem we need to refine our choice leading to
Yo, eliminating those cubes which were really unnecessary. We require the following simple
observation.
Suppose ()1 and () are two cubes (taken respectively from the mesh My, and My,. Then
if )1 and (), are not disjoint, one of the two must be contained in the other. (In particular
Q1 C Qqif ki > ks.)
Start now with any cube () € Gy, and consider the maximal cube in Gy which contains it. In

view of the inequality (5.1.1) for any cube @)’ € Gy, which contains ) in Gy we have
diam(Q’) < 4 diam(Q)

Moreover any two cubes ) and )7 which contain () have obviously a non-trivial intersec-
tion. Thus by the observation made above each cube () € G, has a unique maximal cube
in Gy which contains it. By the same token these maximal cubes are also disjoint. We let G

denote the collection of maximal cubes of G,. Then obviously

1. UQ69 Q=
2. The cubes of G are disjoint,
3. diam(Q) < dist(Q, G) < 4 diam(Qy).

The Theorem is therefore proved. 0
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We shall now make a few observations about the family G of cubes whose existence is guar-
anteed by Theorem 5.1.1.
Let us say that two distinct cubes of G, ()1 and (), touch if their boundaries have a common

point. (We remind the reader that two distinct cubes of G always have disjoint interiors.)

Proposition 5.1.2. Suppose ()1 and Q5 touch. Then

(1/4) diam(Q)2) < diam(Q1) < 4 diam(Q)s).

Proof. We know that dist(Q1,G) < 4 diam(Q;). Then dist(Q2, G) < 4 diam(Q;)+
diam(Q),) = 5 diam(Q),) >, since ()1 and @), touch. But diam(Q2) < dist(Q2, G), therefore
diam(Q;) < 5 diam(Q)s).

However diam(Q,) = 2* diam(Q,) for some integer k, thus

diam(Q;) < 4 diam(Q>),
and the symmetrical implication proves the proposition. [
We now set N = (12)". The exact size of N needed in what follows is of no importance;

what matters is that it can be chosen to depend only on the dimension /V, and in particular to
be independent of the closed set G.

Proposition 5.1.3. Suppose () € G. Then there are at most N cubes in G which touch Q.

Proof. If the cube () belongs to the mesh M, then as is easily seen, there are 3" cubes
(including Q) which belong to the mesh M}, and touch (). Next, each cube in the mesh M}
can contain at most 4" cubes of G of diameter > (1/4) diam(Q). If we combine this with

Proposition 5.1.2 we get the proof of Proposition 5.1.3. [

Let now ()i, denote any cube in G. Write 2 as the center of this cube and [, the common
length of its sides. Then of course diam(Qy) = /nl;. For any €, 0 < ¢ < 1/4, which is
arbitrary but will be kept fixed in what follows, denote by (); the cube which has the same
center as (), but is expanded by the factor 1 + ¢, that is,

Qi = (1+¢)[Qx — 2] + 2™

Clearly (), C @ and the cubes ()}, no longer have disjoint interiors.

However the following holds:

Proposition 5.1.4. Each point of § is contained in at most N of the cubes ()}.
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Proof. Let () and (), be two cubes of §. We claim that ()} intersects () only if ()}, touches ().
In fact consider the union of (), with all the cubes in & which touch ();; since the diameters
of these cubes are all > (1/4) diam(Q)y), it is clear that this union contains (5. Therefore )
intersects ()7 only if () touches (). However any point = € (2, belongs to some cube () and
therefore by Proposition 5.1.3 there are at most N cubes (); which contain z.

The proof also shows that every point of €2 is contained in a small neighborhood intersecting
at most NV cubes Q5. O]

Now let )y denote the cube of unit length centered at the origin. Fix a C'*° function ¢ with
the following properties:

LO<e<1
2. p(z) =1,z € Qo;
3. p(z) =0,z ¢ (1 +¢)Qo.

Let ¢, denote the function ¢ adjusted to the cube ()i, that is

pr(r) = p(55)-

s
Recall that 2% is the center of )} and I} is the common length of its sides. Notice that
therefore
l. pp(z) =1ifz € Q,
2. pr(x) =0if x ¢ Q5.
It is to be observed that for every multi-index o = (o, g, ..., ), ; € N, with |a| =
a1+ as + ... + a,,, we have

0

(5% k(@)] < Aa(diam(Qy)) ™!

We now define ¢} (x) for z € Q by

where ®(z) = >, ¢r(x).
The obvious identity

Y i) =120
k

then defines our required partition of unity.
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5.2 Bilinear forms and representation of closed bilinear forms

In this section we follow [17], [26] and [55] to which we refer for more details.

Definition 5.2.1. Let H be a Hilbert space. E is called symmetric bilinear form in H if the
following properties hold:

E :D(FE) x D(E) = R, D(E) subspace of H
E(u+v,w) = E(u,w)+ E(v,w), E(u,v+w) = E(u,v) + E(u,w)
aE(u,v) = E(au,v)

E(u,v) = E(v,u)

(5.2.2)

a€R u,ve DE):={ueH: Eu] <o} D(E) is called domain of the form E.

Definition 5.2.2. A function F' : H — [0,400] is called quadratic forms if there exists a
susbspace D of H and a bilinear form e : D x D — [0, 4+00]| such that

F(u) = E(u,u) (5.2.3)
ifueDe
F(u) = +00 (5.2.4)

ifu € H\ D(E) The form F it is said generated by ¢.
From a quadratic form F' it is possible to define a bilinear form £ by polarization:

D(E)={ue€ H: F(u) < oo}
1
E(u,v) = §(F(u +v) — F(u) — F(v)) Yu,v € D(E).
Following [26] Chapter 6, Section 1.3 we give the following definition:

Definition 5.2.3. Let E be a bilinear form in H. A sequence {u,}, is said E-convergent to
u € H(u, =g u)if

un, € D(E) u,, = win H and Elu,, — u;,] — 0.

forn,m — oo
We note that u is not necessarily an element of D(FE).

Definition 5.2.4. A form E in H is said closed if

U, =g u=u€ D(F)and Elu, —u] — 0.
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Definition 5.2.5. A symmetric form E is said Markovian if the following conditions hold:
For each € > 0, there exists a real function ¢.(t), t € R, such that

o-(t) =t,Vt €[0,1],—e < ¢(t) <1+, VteR
0<o.(t)—o-(t) <t —t, ¥t <t
u € D(E) = ¢:(u) € D(E), E(¢(u), p(u)) < E(u,u).

We say that a symmetric form is a Dirichlet form if it is a bilinear, closed and Markovian
form.

We now state a stronger condition which implies the condition in Definition 5.2.5:

Proposition 5.2.6. If the following condition holds:
u € D(E),v = inf(sup(u,0),1) = v € D(E), E(v,v) < E(u,u)

then FE is a Markovian form.
We note that if £ is a Dirichlet form, then D(FE) is a pre-Hilbert space with the intrinsic

norm |[ul[f ) = [|ullf; + Elul.

Remark 5.2.7. u, € D(FE) is E-converging if and only if u, is a Cauchy sequence in
(D(E), (\)e)-

From this we have that the Definition 5.2.4 is equivalent to the following one:

Definition 5.2.8. A form E in H is said closed if

Up € D(E), (tUy, — U, Uy, — U ) p — 0, when n, m — oo implies Fu € D(FE) such that

||un — u||g — O when n — oc.

Now we recall the representations of closed, symmetric, bilinear forms (see Theorem 2.1 in
Chapter 6 of [26]). We start recalling the representation Theorem for bounded closed forms
(see Chapter 5, Section 2.1 in [26]): Let H be a Hilbert space with scalar product (-, -); and

norm || g

Theorem 5.2.9. Let E(u,v) be a bilinear symmetric bounded form in H. Then there exists

a unique, bounded linear, operator such that
E(u,v) = (Au,v)g
foru,v e H
Proof. It is a straightforward consequence of Riesz-Frechet Theorem. [

From this Theorem we deduce the representation Theorem for closed, bilinear forms.
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Theorem 5.2.10. Let E(u,v) be a densely defined, symmetric, closed, bilinear form in H.

There exists a positive, self-adjoint operator A such that

1. D(A) C D(F) and
E(u,v) = (Au,v) g (5.2.5)

foreveryu € D(A) andv € D(E);
2. D(A) is a core of D(E);

3. ifue D(E), w e H and
E(u,v) = (w,v)y (5.2.6)

holds for every v belonging to a core of D(E), then w € D(A) and Au = w. The

operator A is uniquely determined by the condition 1.

Proof. Let Hp, be the associated Hilbert space into which D(E) is converted by introducing
the inner product
(U, U)E = E(“) U) + (u7 U)H

Consider the form £y} = E + I, where [ is the identity operator on H. F; as well as F is a
bounded form on Hg. There is a closed, bounded operator B: D(B) C Hp such that

Ei(u,v) = (Bu,v)g, (5.2.7)

u € D(B),v € Hg = D(E). Since ||u||% = E1[u] = (Bu,u)g < ||Bul|g||u| £, we have
[ullz < | Bul 2

Hence B has a bounded inverse B~ with closed domain in H. This domain is the whole
of Hy so that B&Y € B(Hy) with || B&Y||z < 1. To prove this, it suffices to show that u €
Hp, orthogonal in Hy to D(B™Y = R(B) is zero. This is obvious from ||u||% = (Bu, u) =
0.

For any fixed u € H, consider the semilinear form v — [, (v) = (u, v) defined for v € Hp.

l,, 1s a bounded form on Hg with

()] < lull[loll < flullllv]le-

By the Riesz Theorem, there is a unique v’ € Hpg such that (u,v) = [,(v) = (v,v)g,

[w/l[p < lull

We now define an operator 7' by

Tu= B~/
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T is a linear operator with domain H and range in Hp. Regarded as an operator in H, T’
belongs to B(H) with ||T|| < 1, for | Tu|| = || B~ /|| < [|B~W||g < ||v/]|z < [Ju]).
It follows from the definition of I’ that

(u,v) = (v',v)g = (BTu,v)g = Ey(Tu,v) = (E+ I)(Tu,v). (5.2.3)

Hence
E(Tu,v) = (u— Tu,v), (5.2.9)

u€ Hve Hg =D(E).
T is invertible, for Tu = 0 implies by (5.2.8) that (u,v) = 0 for all v € D(FE) and D(E) is
dense in H. On writing w = Tu, v = T~ 'w in (5.2.9), we get

E(w,v) = (T7!' = Nw,v) = (Aw,v),
where A = T~ — 1, for every w € D(A) = R(T) C D(E) and v € D(E). This proves 1)

of the Theorem.

A is a closed operator in H since T € B(H ).

To prove 2) of Theorem, it suffices to show that D(A) = R(T) is dense in Hg. Since B
maps Hp onto itself bicontinuously, it suffices to show that BR(T') = R(BT) is dense in
Hg. Letv € Hp be orthogonal in Hg to R(BT'). Then (5.2.8) shows that (u,v) = 0 for all
u € H and sov = 0. Hence R(BT) is dense in Hp. It is convenient at this point to consider
£, the adjoint form of E. Since £ is also densely defined and closed, we can construct a

linear operator A’, associated to £* in the same way as we constructed 7" from F.
For any u € D(E*) = D(E) and v € D(A’), we have then

E*(v,u) = (A'v,u)or E(u,v) = (u, A'v). (5.2.10)

In particular let u € D(A) € D(E) andv € D(A") C D(E).

(5.2.5) and (5.2.10) give (Au, v) = (u, A'v). This implies that A" C A*. But since A* and A’
are both m-sectorial (which implies that they are maximal accretive), we must have A" = A*
and hence A* = A too. This leads to a simple proof of 3) of the Theorem. If (5.2.6) holds
for all v of a core of F, it can be extended to all v € D(F) by continuity. Specializing v to
elements of D(A'), we have then (u, A'v) = E(u,v) = (w,v). Hence u € D(A™*) = D(A)
and w = A”*u = Au by the definition of A™. O

5.3 Energy form and Lagrangian on the equilateral snowflake

5.3.1 Energy form on the snowflake

In this section we recall the construction of the energy form on the snowflake; the main

reference for this construction is [16]. For the case of scale irregular sets, we mainly refer to
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[51] and the references therein.
In this section we use the notations of the section 1.2.

For any function v : V, — R we define
Lo 2
Enlul = 54" Y Y (u(P) —u(Q)) (5.3.11)
PeV, Q~L P

where P ~j () means that () is a h-neighbor of P, that is there exists a h—tuple of indices
Jis - Jn € {1,...,4} such that P, Q) € V},
{€xlul}, > is non-decreasing, the limit of the right-hand side of (5.3.11) exists and the limit

;- It can be shown (see [30]) that the sequence

.....

form
Elu] = lim &,[u] (5.3.12)

h—o00

is non trivial with domain
D(€) ={u: V. = R|E[u] < oo}

. Every function v € D,(€) can be uniquely extended to an element of C(K’). We denote

this extension still by v and set
D={uelCK):Eul <o}

where E[u] = E[uly,]. Hence D C C(K) C L*(K, u), where L*(K, 1) is the Hilbert space

of square summable functions on K with respect to the self-similar measure .

We define the space D(E) as completion of D in the norm
lulle = (lellZ2ac ) + L) 2. (5.3.13)

D(E) is injected in LQ(K , i) and is a Hilbert space with scalar product associated to norm
(5.3.13). Then we extend & as usual on the completed space D(E).
By &(+,-) we denote the bilinear form defined on D(E) x D(&) by polarization
1
E(u,v) = 5(8[u+v] — Elu] — Ev])(u,v € D(E))
. Itis easy to see that, for any pair u, v € D(E), &(u, v) is the limit of the sequence (&,,(u, v))
given by
1
enluv) = 54" 30 3 [u(P) — u(@)o(P) ~ v(Q)] (5.3.14)

PeVy, Q~p P

5.3.2 Lagrangian on Koch curve

We observe that the approximating energy forms €;, on V},, defined in 5.3.14, can be written
as
En(u,v) = / Vi - Vivdu" (5.3.15)

Vi
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where ;" is the discrete measure given in (1.2.3). For every h > 0, p”* is a measure on K
supported on V},,and for any P € V), the discrete gradient is given by

u(P)—u v(P)—v
vhu : vhU(P> = %ZQN;LP (‘P),Q|(6Q) (‘P),Q|(5Q),

u,v € D(E), § = {21 (see [52]).

Proposition 5.3.1. Let A be any subset of K. For every u,v € D(E) the sequence of
measures given by
L%)(u, v)(A) = / Vi - Vivdu®, (5.3.16)
ANV,
h > 0, weakly converges in (C(K))' to a signed finite Radon measure L (u,v) on K as

h — oo, called the Lagrangian measure on K. Moreover
E(u,v) = [, dL(u,v), u,v € D(E).

Proof. Let us restrict ourselves to the quadratic case. Fix v € D(E), and set L%) [u] =
L% (u,u), n > 0. From (5.3.15) and (5.3.12) it follows that (£ [u](K))sxo is a uniformly
bounded sequence, in fact

() = [ Al = &alul < Efu] < o

h > 0. Let h € N be fixed. It can be easily proved that, for every u € D(€) and for every
v € D(E)( Co(K), the following identity holds:

/gocwg’? (K] = &(pu, u) — %8h(¢, u?). (5.3.17)

Vi

As the energy form E[u] is a Dirichlet form of diffusion type, it admits an integral represen-
tation (see [41]): there exists a unique positive Radon measure, which we call £[u], such that

E[u] = [, dLk[u] and which is uniquely defined by

/gdeK[K] = &(pu,u) — %8(90,@3), (5.3.18)
K

v € D(E)NCo(K) (see [50]). Passing to the limit as n — oo in (5.3.17), from (5.3.12),
taking into account the regularity of the form, it follows that the right-hand of (5.3.17) tends
to the right-hand side of (5.3.18). Hence we have proved that

L) = Lk, (5.3.19)

h — oo. The signed Radon measure L%)(u, v) is given by polarization:

1
S (u,0) = 5 { L0+ 0] - £ 1] - L]}
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These are Radon measures on K uniquely associated with every u,v € D(E). The weak
convergence of the sequence L%)(u, v)p>o to the signed Radon measure £k (u,v) for any
u,v € D(&) follows from the polarization formula and (5.3.19) (see [50]).

O

Remark 5.3.2. The measure-valued map Ly on D(E) x D(E) is bilinear, symmetric and
positive. This measure-valued Lagrangian takes on the fractal K the role of the Euclidean
Lagrangian dL(u,v) = Du - Dvdx. We note that in the case of the Koch curve the La-

grangian L is absolutely continuous with respect to the volume measure 1 (see [9]).

5.3.3 Lagrangian and energy form on the snowflake

We assume that we are given a Koch snowflake [ as described in section 1.2 of the Chapter
1. We want to regard I’ as a “fractal manifold”. We cover the snowflake by sets U;(i > 1),
which are open subsets of the snowflake and which can be mapped by a corresponding set of
homeomorphism {¢; };>1 to certain “fractal reference sets ”. Here “open in the snowflake”
means open with respect to the trace toplogy on ' of the Euclidean one on R?. We choose
Uy =K, i = 1,...,6 and we define the mappings ¢; : R?> — R? as uniquely determined
orientation preserving Euclidean motions such that every ¢; maps the set K to the reference
Koch curve K. A such map ¢; is given as a composition of a rotation and a translation
of the plane: ¢;(P) = ¢ + b; i = 1,...,6, where 6; is the rotational angle and b; € R?
is a vector; we note ¢;(Vy) = V. By means of these functions we choose the maps w(i),
G=1,..,4;i=1,...,6) as

) = o7 (W (en()).

Lemma 5.3.3. Forany h > 1 andi = 1, ..., 6 the following holds: P and () are h-neighbors
in Vh(i) if and only if ¢;(P) and ¢;(Q) are h-neighbors in V. Moreover, for any h > 1 and
i=1,...,6, themap ¢;' : K — K, preserves the property on h-neighborhood in Vj,. Let

L i be the Lagrangian on the Koch curve. We introduce the space
Dp={w:F > Rlwog;' € D(EWVi=1,..,6} (5.3.20)

Let w, z be two given functions in D(F’) defined on F. We want to define a measure £ r(w, 2)
on F'.

Definition 5.3.4. Let A be a Borel set of K;. We introduce the measure valued Lagrangian
Lr(u,v) of the set A as image measure (see [15]) of the measure Lp(wop; ', zop; ") under

the map ©; ", that is

Lp(w,2)(A) = Lx(wo e, 200" )(pi(A))
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Proposition 5.3.5. The above definition of the Lagrangian L is independent of the choice
of the sets K;, i.e. if AC K; N K;(i,j =1,...,6;1 # j), then

Lr(wod; ™ z0¢; ) (di(A) = Lx(wod; ™' 200, ) (d;(A)) (5.3.21)
forallw,z € D(F)

Proof. Choose two functions w, z € D(F') and two indices i # j. From Proposition 5.3.1 it
follows that £ g is the weak limit of £ K(h). In order to prove (5.3.21) it is sufficient to show
that, for any A > 1 and for any P € K; N K; N Ly, the discrete gradient satisfies

Vi(wo ¢ ™') - Vi(z 0 ¢ ) (di(P)) = Vi(wo ¢; 1) - Vi(z 0 0,7 )(¢(P)).

From (5.3.20) we have that the functions © = w o (ﬁi_l andv =z o ¢,-—1, acting from K to
R, are in D(&).Set R = ¢;(P). Then R € K NV}, and we have to show that, for any h > 1,

Vi(w) - Vi(0)(R) = Vi(uo (dio¢; 7)) - Vi(vo (¢50 6,7 ) ((¢50 ¢ )(R)) (5.3.22)
holds. Setting k = ¢, o ¢; ', the right-hand side of (5.3.22) is given by

T (uo k") (k(R)) — (uo k™)(Q) (vo k") (k(R)) — (vo k') (Q)
|k(R) — QI k(R) = QI

Q~rk(R)
u(R) ~u(@) _o(R) (@)
e o TECR) = (@P TR(R) = K@)

- ulR) — (@) o(R) — (@)
-, R-QF R-QF

Q' ~rR
where the last two equalities follow from Lemma 5.3.3. The last sum equals to the left-hand
side of 5.3.22. U

Definition 5.3.6. If B is an arbitrary Borel subset of F, it can be regarded as disjoint union
of sets By, ..., Bs defined by B; = BN C;;41(i = 1,...,5) and Bs = B N Cg1, where C; ;14
denotes the set of all points of F located between x; and x;., including x; and excluding
241 and Cg 1 denotes the set of all points between v and x1, including x¢ and excluding ;.

Then any of the sets B, is contained in one of the sets K1, ..., Kg, and we define

6

i=1
L is defined on D(F) x D(F).
We define the energy form on the fractal snowflake F' in terms of its local energy measure
Lp.
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Definition 5.3.7. We introduce on D(F') x D(F) the symmetric bilinear form

/dLF u,v)(u,v € Dp). (5.3.23)
F

We note that

as follows from Remark 5.3.2 in this simpler situation.

5.3.4 A different definition of the energy form on F'

Now we think the set [ as the union of three Koch curves.
We recall that the energy form on one of these curves, for example K7, is the following: for

any function u: V, — R we set

=540 Y S (w(P) — u(@)”

pevt) @~nP
On
D.(eM) = {u: VO - R| lim &"[u] < oo},
—00
we set
EWu] = lim &} [u].
h—o0

It can be proved that (M), D(EM)) is a strongly local Dirichlet form on L?(K7, 1) and
D(&M) is a Hilbert space equipped with the norm (|| - |17, ..y + eM))z.

In a similar way, the energy forms £€®), ..., ) on K, ..., K¢ can be obtained as the limits
of (822)) h>1s ees (826)) n>1. The domains of these strongly local Dirichlet energy forms are
denoted by D(E?), ..., D(E®)) and the corresponding Lagrangian on K; by £ g, [-].

We define now the energy form on F: for any u : V, — R

=243 3 w(P) - u(@)?

PeV, Q~p P

h > 1. (Exfu])p>1) is a sequence non-decreasing in . We introduce the domain

@:{uec@w&@y:nmém4<m}.

h—o00

Hence D C C(F) C L2(F, ur). We define the space D(€) as the completion of D in the

norm
s 1
||u||®(éF) = ||u||%2(F7MF) + Eplu))?. (5.3.24)
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D(E ) is injected into L?(F, ) and is a Hilbert space with scalar product associated to the
norm (5.3.24).

Theorem 5.3.8. A function u is in D(Ep) if and only if u € C(F) and u|x, € D(ED)
(i =1,...,6). Moreover, it holds

(5.3.25)

6
k] =Y EDulx

i=1 =4

Proposition 5.3.9. (&7, D(Ex)) is a strongly local, closed, regular Dirichlet form on
L2(F, [LF)

Proof. The result follows from Theorem 5.3.8 and the corresponding properties of £ on
K. O

Lemma 5.3.10. For any u € Dr we have ul, € D(ED),
/dLF[u] = ED[ulg,] (5.3.26)
K;

and Lk, [u] = Lplu]|k,, i =1, ...,6.

Proof. We prove the Lemma only for the case 7 = 1.
We consider £r[u]|x, which is given by Lx[u o ¢;']. We recall that, for u o ¢;'D(€),
Lx[uo ¢y'] is the weak limit of the sequence (Lg?) [u o ¢;']) defined in (5.3.16). Hence it

can be written
/dLF[u] = /dLK[u op ] = hlim /dﬁ%)[uo o
—00

K; K Vh

1 (u(o1'(P)) —u(¢r'(@)))* 1 (u(F") —u(@))?
§hhm Z Z ‘P_Q|25 ihﬁoo Z Z |P/—Q/’2§

PeVy, QeVL:Q~p P PeVy Q' eVy:Q' ~p P!

where the last equality follows from the fact that ¢! : K — K preserves h-neighborhood.
The last limit is finite and from this it can be deduced that u|x, € €0 and that

1 (u(P") —u(@"))* _ ey,
2h—>oo Z Z |P’—Q”26 ¢ [ |K1]

PeVy, Q' eVy,:Q' ~, P!
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Theorem 5.3.11. A function u : F' — R belongs to D(F) if and only if it belongs to D(ép)
In this case,

Proof. Let u be in D(F'). Every u € D(F) is continuous on F: from Lemma 5.3.10 and
Theorem 5.3.8 it follows that u € D(E ). & can be written, for u € D(F) as

3

erld =3 [ acelul

From Theorem 5.3.8 it follows, for v € D(é F)

3
Epful =) €D ul,)
i=1
This with Lemma 5.3.10 implies 5.3.27.

Now, if u € D(& ), from Theorem 5.3.8 it follows that u|x, € D(E®). O

Theorem 5.3.12. A function u : F — R belongs to D(F) if and only if it belongs to D(E ).

In this case

5.4 Essentials on semigroups and generators

In this Section we recall the main properties of the semigroups and related generators. For

more details we refer to [55].

Definition 5.4.1. Let X be a Banach space. A one parameter family T'(t), 0 < t < 400, of

bounded linear operators from X to X is a semigroup on X if
e T(0) = I, where I is the identity operator on X ;
o T(t+s)=T(t)T(s), foreveryt,s > 0.

Definition 5.4.2. A semigroup T'(t), is uniformly continuous if

lim || T(t) — I]| = 0 (5.4.28)
t—0
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Definition 5.4.3. The linear operator A defined by

T(t)z —
D(A) = {x € X : lim Mem’sts} (5.4.29)
t—0 t
and T 4T
A = Jim LT =2 ATz, o pay (5.4.30)
t—0 t dt

is the infinitesimal generator of the semigroup T'(t), D(A) is the domain of A

Theorem 5.4.4. A linear operator A is the infinitesimal generator of a uniformly continuous

semigroup if and only if A is a bounded linear operator.

Theorem 5.4.5. Let T'(t) and S(t) be uniformly continuous semigroups of bounded linear

operators. If
limT(t) -1 :A:limM

t—0 t t—0 t

then T(t) = S(t) fort > 0.

(5.4.31)

Definition 5.4.6. A semigroup T'(t), 0 < t < 400, of bounded linear operators on X is a
strongly continuous semigroup of bounded linear operators if

lim T (t)r = z,Vr € X. (5.4.32)

t—0

Theorem 5.4.7. Let T'(t) be a strongly continuous semigroup. There exist constants w > 0
and M > 1, such that
T < Me**,0 <t < +oo0. (5.4.33)

As a consequence we have the following

Proposition 5.4.8. If T'(t) is a strongly continuous semigroup then for every x € X, the

mapping t — T'(t)x is a continuous function from RY into X.

Theorem 5.4.9. Let T'(t) be a strongly continuous semigroup and let A be its infinitesimal

generator. Then

1. Forz e X
t+h
o1
g% 7 T(s)xds =T(t)x (5.4.34)
t

2. Forz € X, f(f T(s)xds € D(A) and

A(/ T(s)xds) =T(t)x — x. (5.4.35)
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3. Forxz € D(A), T(t)x € D(A) and

%T(t)x _ AT(t)z = T(t) Az (5.4.36)
4. Forx € D(A),
t t
T(t)r —T(s)x = /T(T)A:L‘dT = /AT(T)dT. (5.4.37)

Proposition 5.4.10. If A is the infinitesimal generator of a strongly continuous semigroups
T(t), then D(A) is dense in X and A is a closed linear operator.

Theorem 5.4.11. Let T'(t) and S(t) be two strongly continuous semigroups whose infinites-
imal generators are A and B respectively. If A = B, then T'(t) = S(t), fort > 0.

Definition 5.4.12. A strongly continuous semigroup T(t) is called semigroup of contraction
if
IT()]x < 1. (5.4.38)

Definition 5.4.13. If A is linear (unbounded) operator on X the resolvent set p(A) is the set
of the complex numbers \ for which \I — A is invertible, that is (\I — A)™! is a bounded
linear operator. The family R(\; A) = (M — A)~', X € p(A), of bounded linear operators

is called resolvent of A.

Theorem 5.4.14 (Hille-Yosida). A linear (unbounded) operator A is the infinitesimal gen-

erator of a strongly continuous semigroup of contractions T'(t), t > 0 if and only if

1. Ais closed and D(A) = X.

2. The resolvent set p(A) contains R™ and for every X > 0

1
IR A < 5 (5.4.39)

Definition 5.4.15. A linear operator A is dissipative if
|AL — A)x|| > M|z (5.4.40)

Vo € D(A) and X > 0.

Theorem 5.4.16 (Lumer-Phillips). Let A be a linear operator with dense domain D(A) in
H.
If A is a dissipative operator and there exists Ao such that the range of \oI — A, R(A\oI — A),

is H, then A is the infinitesimal generator of a continuous semigroup of contractions on H.
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Proof. Since A is dissipative and R(\gI — A) = H, it follows that (A\g/ — A)~! is a linear
and bounded operator, then (\g/ — A) is closed and also A is closed. If R(A\] — A) = H for
every A > 0, then p(A) D (0,00) and || R(\; A)|| < A7, from (5.4.40).Then from the Hille-
Yosida Theorem it follows that A is the infinitesimal generator of a continuous semigroup of
contraction on H.

To complete the proof it remains to show that R(A] — A) = H for every A > 0.

Let

A={A>0:R\ — A) = H}.

Let A € A. From the dissipativeness of A, it follows that A € p(A). Since p(A) is open, it
contains a neighborhood of . The intersection of this neighborhood with the real line is in
A and then A is open. Let \,, € A such that A\, - A > 0. For every y € H there exists
x, € D(A) such that

ATy — Az, = . (5.4.41)

From the dissipativeness it follows ||z, || < A7!||y|| < C, for some C' > 0.
Anllzn = Tl < Am (20 — 2m) — A(@n — ) || = [An = Anll|2all £ ClAw = Al

Hence z,, is a Cauchy sequence and thus it converges to an element x. Then from (5.4.41) it
follows Az,, — Az — y. Since A is closed and x € D(A) then Ax = A\x — y. From this it
follows that R(A\] — A) = H and A € A. Hence A is closed and open and is non empty by
assumption (\g € A), then A = (0, 00). N

5.5 Diagonalization lemmas

In this Section we recall two diagonalization lemmas for doubly indexed sequence. We refer

to [2], page 32-33 (Lemma 1.15 and Corollary 1.16 respectively).

Lemma 5.5.1. Let {a,,,n = 1,2,...,m = 1,2, ...} be a doubly indexed family in R. Then,

there exists a mapping n — m(n) increasing to +oo, such that:

liminf @, ;n(ny > lim inf(lim inf ay, ,,,). (5.5.42)
n——+oo m—+00 n—+00
Proof. Leta = liminf,_, . ay,, and @ = liminf,, ., a,,. If a = —oo0, there is nothing to

prove. Hence, let us assume a > —oo and take (a,), € N a sequence of real numbers strictly
increasing to a.

If a < 400, take a, = a — 277.

If a = +o0, take a, = p.

By definition of a, there exists an increasing sequence (m,,)yen, M, — +00, such that
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A, > ap, for all m > m,,
This can be condensed in:

> inf(a — 277) (5.5.43)

p
for all m > m,,.

In the same way, there exists an increasing sequence (1, ),en, 1, — +00 such that
An,m, > i0f(ap, —277) (5.5.44)
p

for all n > n,,.
We set m(n) = m,, if n, < n < n,;; and prove that (5.5.42) is satisfied: when n, < n <
ny+1, from (5.5.43) and (5.5.44)

Unm@n) > i0fp (@, —27P) > inf)[inf,(a — 27P) — 277]
If follows that
liminf, ;o Gnm(ny > infp[inf,(a —27P) — 277].

This being true for any p € R, using the fact that for any a € R, inf,[inf,(a — 277) — 277
increases to a as p goes to +00, we get:

liminf, 4o @nm(ny > Hminf,, oo (iminf, o Gpm)

]

Lemma 5.5.2. Let {a,,,n = 1,2..m,= 1,2, ...} be a doubly indexed family in R. Then,

there exists a mapping n — m(n), increasing to +0o, such that:

1im SUp Gy (ny > limsup(lim sup a, ;) (5.5.45)

n—-+00 m—-+o00 n—+00
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