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Introduction

A central problem in equilibrium statistical mechanics is the derivation of phase diagrams
of fluids in which gas, liquid and solid regions are present and separated by coexistence
curves in the pressure-temperature plane (see Fig. . The challenge in the study of systems
of interacting particles in the continuum is therefore to find a good compromise between
a mathematical model which we are able to analyze rigorously and a model which has a
non trivial structure eventually responsible for the complex thermodynamic behaviour these
systems happen to have. Hence one should understand which are the relevant features of
the microscopic model that would give rise to the physical phenomena we want to look at,
such as phase transitions. This work is devoted to prove rigorously the existence of a liquid-
vapor branch in the diagram, when considering a system of particles in R? interacting with
a reasonable potential with both long and short range contributions.

There are several ways to characterize phase transitions of first order with order parameter
the density. One is to say that there is a “forbidden interval” of densities, say (o', p”), so
that if we put a mass p|A| of fluid in the region A (where |A| denotes the volume of A)
with p € (o, p”), then the fluid is separated into a part with density p’ and another one with
density p”. Another one is to say that the free energy density is linear in (o', p”) and therefore
it is no more strictly convex in the forbidden interval.

Intermolecular forces are often described by Lennard-Jones interactions
V(r)=ar 2 —br " a,b>0 (0.0.1)

where r is the intermolecular distance (the molecules being represented by points of R?).
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Figure 1: Phase diagram of fluids.

There is general agreement on the validity of the conjecture that simple fluids whose inter-
molecular forces are described by potentials like behave according to the phase diagram
discussed above. Despite serious efforts no rigorous proof of this conjecture has yet been
found. The difficulty of handling Lennard-Jones (or more realistic) interactions has promoted
the introduction of several simplified models mostly designed to investigate the vapor-liquid
coexistence line, as the model introduced by Lebowitz, Mazel and Presutti, [38] and [39],
hereafter shorthanded by LMP. Other cases in which liquid-vapor phase transitions are proved
are the Widom-Rowlinson model of two component fluids, [62], studied by Ruelle [54] and the
one dimensional continuum systems with long range interaction studied by Johansson [33].
What makes the LMP theory strong is the good compromise between realistic models of
fluids and mathematically treatable systems. In fact the LMP hamiltonian, with a two body
repulsive interaction and a four body attractive part, is supposed to mimic the interaction
(10.0.1). The model is defined through Kac potentials, i.e. functions which scale in the
following way: J,(r,r’) = v J(yr,yr'), where J(r,r') is a symmetric, translation invariant
(i.e. J(r,r") = J(0,7" —r)) smooth probability kernel supposed for simplicity to vanish for
|r—7'| > 1. Thus the range of the interaction has order y~! (for both repulsive and attractive
potentials) and the “Kac scaling parameter” ~ is assumed to be small. This choice of the
potentials makes the LMP model a perturbation of the mean field, in the sense that when
taking the thermodynamic limit followed by the limit v — 0 the free energy is equivalent to

the free energy in the van der Waals description.
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Because of the long range interaction of the Kac potential, the LMP hamiltonian a priori
excludes the appearance of spatial patterns and the model only describes the vapor-liquid
transition, the solid phase being absent from the picture. Motivated by this consideration
we studied a variant of the LMP model obtained by adding to the hamiltonian a hard core
potential of radius R independent of . This kind of interaction acts on a scale much smaller
than v~ 1. In fact, physically one expects that for densities much larger than the typical gas
phase density particles feel strongly the repulsive part of the interaction. Hence, the reasons
which lead us to implement the LMP result for this new model are of different nature. One
is due to the fact that we want to deal with a more realistic interaction and one is related
to the hope that one can get closer to answer to a fundamental open problem of statistical
mechanics: how to get to the solid phase. However, as we said at the beginning of the
introduction, this work is mainly devoted to prove liquid-vapor phase transition, the solid
phase being beyond our reach and at present still considered very hard. To be more specific
we prove perturbativly that by adding a hard core interaction to the LMP model, with the

hard core radius R sufficiently small, the LMP phase transition is essentially unaffected.

Note that we would have several problems in dealing with a stable hamiltonian where the
hard core interaction is the only repulsive potential, i.e. without the four body Kac repulsive
interaction. Indeed there is a poor control of the hard spheres gas, an obstacle at present
unsurmountable. It may very well be that it exhibits a order-disorder phase transition by
itself, as suggested by numerical computations in d = 3 dimensions. While in the regime of
small densities it is known, due to cluster expansion results, that the entropy of the hard
spheres is to leading order the same as in the ideal gas and their difference can be expressed
as a convergent power series of the density, nothing is known for large values of the density.
Unfortunately the values of the density appearing at the transition are exceeding the radius
of convergence of the cluster expansion and thus go beyond the region in which we have a

good control of the entropy for hard spheres.

Going back to the models in the continuum, it is indeed surprising that the theory of
equilibrium statistical mechanics does not yet include a rigorous derivation of the phase
diagram. Historically the first proof of liquid-vapor type phase transitions was given for lattice

systems, with the pioneering “argument of Peierls”, [52], in which is shown coexistence of

iii



different phases for the Ising model. In general discrete systems are much better understood,
also thanks to the development of the Pirogov-Sinai technique, [50], (hereafter shorthanded
by P-S) which applies in the low temperature regime. The key is to look at configurations
of the system for positive but small values of the temperature as of perturbations of the
two ground states, i.e. the configuration with all + and the configuration with all —, and
therefore study the so-called abstract contour model instead of the original one. In this new

description the goal is to prove Peierls bounds and hence phase transitions.

The extension of such theory from the lattice to the continuum systems seems very dif-
ficult, since the ground states are a lot more complex. Instead of being constant (as for the
Ising model) they will have a periodic structure as solids have. Therefore, when we raise the
temperature the ground states can evolve in too many ways as they have so many degrees of
freedom and it would be difficult to study the excitations of the system. In this scenario, by
proving closeness to the ground states one could prove existence of a solid phase and of the

formation of periodic patterns.

If instead one wants to take advantage of the techniques developed for the Ising model,
then we should look at the liquid-vapor coexistence line, where the liquid phase is character-
ized by a density essentially constant and the same happens for the gaseous phase. In the
LMP model what is perturbed are indeed the homogeneous states with densities pg+ which
appear in the mean field limit v — 0. In this way by choosing v small enough one is able
to adapt the P-S theory for the low temperature regime to the continuum model and prove
coexistence of liquid and gas phases as small perturbations at finite v from the mean field
behavior. The idea of studying phase transitions by perturbative techniques around mean
field, had already been successfully exploited in lattice systems, where the Peierls argument

applies directly because of the spin flip symmetry of the models ([5], [4], [10]).

In our model we want to study perturbations of the LMP model by adding a hard core
interaction, i.e. allowing the point particles to have a “dimension” (or analogously forbid-
ding the point particles to be too close), the volume e of the particles being the new small
parameter. Hence we have two small parameters, € and -y, where the first is considered to be
fixed, while the latter is chosen small accordingly to the former. Again we have to think to
the mean field as the unperturbed model, for which we can carry out an heuristic analysis

(see Chapter [3) which shows that the critical temperature S, ¢ for the model where the par-
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ticles are replaced by hard spheres is smaller than that for LMP. This is due to the fact that
introducing forbidden zones for the particles the entropy becomes smaller and this helps the

liquid-vapor transition to occur.

In the rest of this introduction we present a brief outline of our strategy, which at this stage
will result necessarily a little vague. Our proof will follow P-S theory in the version proposed
by Zahradnik, [63], which involves the notion of cutoff weights. The analysis requires first
of all the notion of coarse graining and contours which are introduced in Section 4.1} To
do a coarse graining for our model means to divide the space into cells whose size is much
larger than the radius of the hard core interaction but still smaller than the range of the

Kac potential v~

With this choice significant density fluctuations inside a single cell are
quite infrequent and we can reduce our analysis to the study of the model in the restricted
ensembles, i.e. where the admissible configurations are those whose empirical density in each
cube is close to the macroscopic density of one of the two phases. This equivalence between
models is true once we take into account the weight of the contours of the corresponding
abstract contour model. Hence we are dealing with a coarse grained system in which the
configurations we look at are those chosen in the restricted ensembles, roughly speaking
those which should be seen under the effects of a double well potential once we restrict to
its minima. In this scenario we are able to compute the effective hamiltonian for the coarse
grained system with a multi-canonical constraint (given by the fixed density in each cell).
This computation involves an integration over the positions of the particles in each cell leading
to a new Gibbs measure which depends only on the cells variables.

The computations which lead to the effective hamiltonian are in general very hard, nev-
ertheless due to the choice of the interaction they can be carried out. The crucial point here
is to show convergence for cluster expansion in the canonical ensemble (note that the fixed
density in each cell means a canonical constraint). This was not known before, as it was
only proved in the grand canonical ensemble, and is the content of the paper [53] written in
collaboration with D. Tsagkarogiannis. The paper in fact is for more general models, since
the only requirement is that the interaction is stable and tempered. We prove in the low
density - high temperature regime the validity of the cluster expansion for the canonical par-

tition function and that its convergence is uniform in the volume. Furthermore in the same



regime the free energy can be expressed as a series in powers of the density which tends to
Mayer’s virial expansion in the thermodynamic limit. For simplicity we report this result in
the Appendix [A] directly for the hard spheres model, where convergence holds for pe small
enough, leaving out the computation of the infinite volume limit. Analogously we carry out a
cluster expansion for the LMP model plus hard core in the coarse grained system in Chapter
[l The crucial observation is that the Kac interaction, due to its long range nature, results
more or less constant inside each box and therefore the part of the interaction which we have
to integrate over the boxes is the remaining part which is small.

Once we are left with a coarse grained description we still need to prove the most delicate
point which is the exponential decay of correlations in the restricted ensembles. More precisely
we want to see that the dependence of the particle density in each box on the boundary
condition decays exponentially with the distance from the boundary. The difficulty of this
part is related to the nature of the system, which has no analogue of the spin flip symmetry
shown in the Ising model. Hence after putting ourselves in the abstract contour model, we will
have to deal with expressions which involve not only the support of the contour, i.e. a “surface
term”, but also “bulk terms” involving its whole interior. To solve this point, in Chapter
a Dobrushin uniqueness theorem is proved through an analysis of the Vaserstein distance
between the two Gibbs measures with the same hamiltonian but with different boundary

conditions.
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1. The particle model

In this Chapter we define the microscopic particle model that we want to study.

1.1 Phase configurations and phase space

e We consider a system of identical point particles in R? d > 2, and call particle config-
uration a countable, locally finite collection of points in R?. The phase space Q" is the
collection of all particle configurations in a bounded region A. We simply write Q when
A = R4 The particle configurations are denoted by ¢ and sometimes by g when we
want to specify that they are in Q*. We write ¢ = (g1, ...qn) to indicate a configuration

of |q| = n particles positioned at points g1, ..., ¢, (the order is unimportant) of R

e Given any symmetric function f € L*°(Q"), A a bounded measurable set of R?, we

define the free measure v™(dq) so that:
— 1
/ v (dg) f(q) = Z,/ dgy -+ dgn f(q1, -, Gn) (1.1.1)
oA =0 n: Jan

e We will sometimes use the following compact notation, writing

1
o] Z F(giyy s Gin) = /dq®”F (1.1.2)
i1 Fin
where we can interpret dg®" as a point measure on R:
1
dq®" = ¢®"(dry...dry,) = ) Z Og;, (r1) dry -+ - 0q, (ry) dry (1.1.3)
i1 Fin
0,-(r") being the delta function at r. Note that this measure represents the direct product
of n point measures dg®!, except for the n! taking into account the fact that particles

are indistinguishable and for deleting all the terms where the same particle appears
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The particle model

more than once. We can also define the analogous measure in the case of a profile
density p € L®(R%,R,):

1
dp®™(r1, ...rn) = ﬁp(rl) e p(rp)dry - - - dry, (1.1.4)

e We conclude this section by observing that there is a natural notion of addition of two
particle configurations, g + ¢/, being the configuration which collects all the particles of

g and ¢'. Notice that the notion is well defined because particles are indistinguishable.

1.2 Kac potentials and energy

As we explained already at the mean field level, we want to study a model which is a
perturbation of the LMP model obtained by adding a hard core interaction on a scale much
smaller with respect to the long range of the LMP interaction.

The local version of the mean field LMP energy is an example of many body Kac poten-
tials, while the hard core potential is defined already on a microscopic scale.

The idea behind Kac potentials is that one would like to describe phase transitions as a
perturbation of the mean field. The notion of “scaling” here plays an important role. We

have three basic lengths:

e the hard core radius R which is considered small but of order 1,

1

e the range of the interaction of the Kac potentials, denoted by v+, which is very large

since it mimics locally a mean field,
e the size of the regions, which is even larger, eventually tending to infinity.

Let us consider the energy and, instead of setting the density p(r) identically
constant and equal to the total density n/|A| (where n is the number of particles and |A|
the volume of the region A), let us relax this assumption to a local condition. To do this we
first define a local particle density at r € R? given a configuration ¢ and we use the notation
p(r;q). It is local in the sense that it depends only on the restriction of ¢ to a neighborhood
of r. Then in analogy with we define the hamiltonian for the LMP model as:

Hg) = [ elplria) dr (12.1)

2



1.2 Kac potentials and energy

J(x)

Figure 1.1: The function J(0, z).

where e(p(r;q)) is the local energy density and its integral represent the total energy of the

configuration q.

1.2.1 Local particle density

For p(r;q) we use the following definition:

Jyxq(r) = Z (7, qs). (1.2.2)
q:i€q
To fix ideas, first think of .J,(r,7’) as the indicator of the ball B,-1p,(r) of radius v 'Ry
divided by its volume:

Ty rj<cn—
Ty (') = = (1.2.3)

Byig, ()]
where Ry is the radius of the ball in R? having a unit volume and |B,-1g,(r)| = v~%. In such

a case:
lgN By-1pg,(r)]
J’Y * q(r) — B’Y—d
|By-1g, ()]

is the “empirical” particle density in a ball B, -1 (7). The Kac parameter v is thought very

(1.2.4)

small, so that many particles of the given configuration contribute to the average .J, * ¢(r).
It is convenient to generalize the definition of local particle density by introducing more
general convolution kernel as it may be convenient to have J,(r,r’) smooth rather than

discontinuous.



The particle model

The main property of Kac potentials is that they depend on the scale parameter v in the
following way:

J(r, ') = 'de('yr, yr') (1.2.5)

where J is a symmetric, translation invariant, smooth probability kernel which we suppose

to vanish for |r — /| > 1 (see Fig. [1.1)). This implies of course:

/ drJ,(r,r') = / drJ(r,r') = 1. (1.2.6)

With this definition, becomes the empirical density of a configuration ¢ around a point
r weighted with the probability kernel .J, which involves only the particles which are in a ball
of radius y~' R, with centre r since it has compact support. Note that the scaling property
means that when + is small the model has a large but finite interaction range 2y~ Ry,
but a small interaction intensity between any couple of particles.

The notation J, * ¢(r) reminds one of convolutions and indeed the r.h.s. of may
be interpreted as the convolution of the kernel J, with the sum of Dirac deltas ) 6(r — ¢;)

at the positions ¢; of the particles in the configuration q.

1.2.2 LMP hamiltonian

Let us now define the LMP part of the hamiltonian as the integral of the energy density
as in ((1.2.1)):

H,\(q) = /e(J,Y xq(r))dr (1.2.7)
where the choice for e(p) in the LMP model is given by (the quartic term to ensure
stability).

Note that the LMP interaction can be written in terms of one, two and four body poten-

tials in the following way:

1 1
H'Y’A(q) - _/\|q’ - 5 Z J’§2)(Qi7qj) + E Z J'(y4)(%'17 --~7Qi4)7 (1'2'8)
i) TN
where
TN aqi,q5) = [ Iy (r,00)J(r, q5) dr (1.2.9)
J()Qzu- »%4) /']'yrq“ : (7“ Qz4)d



1.2 Kac potentials and energy

i.e. J,(Y2) is the convolution with J, with itself and Jﬂ§4) is the convolution of 4 kernels. Note

that in the case of non smooth kernel as in ([1.2.3)), we have explicitly:

TN (q1, ees ) = V”d/dr | RIERES (1.2.10)
j=1

for n = 2,4. From (1.2.6) we have that potentials Jy(n) (n = 2,4) have the following general

properties:

/dQn J»sn)((hv 7Q71) = Jf(ynil)(qh "'7Qn—1)7 /dQQ J»§/2)<q17q2) =1 (1211)

and therefore

/dqg cdgn I (g1, o) = 1 (1.2.12)
Furthermore, they depend on the scaling parameter v in the following way:
I (1, ey ) = 7 DI (va1, e v)- (1.2.13)

Recalling the notation (|1.1.3)) we can also write the LMP hamiltonian in the form:

Ho 5\ (g) = —Ala| - /dq®2J§2) +/dq®4J§4). (1.2.14)

It is convenient to give a definition of the LMP hamiltonian when instead of a configuration

p is given a continuous density p € L>®°(R% R,):

Hox(p) = —)\/drp(r) - /dp®2J§2> + /dp®4j§4) (1.2.15)

where the measure is defined in (1.1.4)).

1.2.3 Hard core interaction

In the model with hard cores the phase space is restricted like in ({A.1.2). This is equivalent
to add an interaction which is = co when the particles get too much close with each other

and is 0 when the particles are far, i.e. a potential V"¢ : R? — R such that:

+o00 if [¢; —qj| <R
V(g q) = (1.2.16)
0 if |qi — Qj| >R



The particle model

where |g; — ¢j| denotes the euclidean distance between the two particles in ¢; and g;. R is the

radius of the hard spheres and their volume is € = V4(R), i.e. the volume of the d-dimensional

sphere of radius R. The hard core potential depends on g;, g; only through their distance.
Note that the potential is stable and tempered. Stability comes from its positivity

and temperedness follows from
C(e) := /dq ’e—BVhC(Q) -1 = /dq ]l{|q|§R} =€ < 00. (1.2.17)

1.2.4 LMP-hard core hamiltonian

The hamiltonian of the model we want to consider is therefore the following:

Hopa(q) = / e(J, * q(r)) dr + H™(q) (1.2.18)
where
H™(q) := > V™(qi, q5)- (1.2.19)
1<j

Given two configurations ¢ and ¢, we will use the following notation,
Hy pa(aq) = Hyra(q+q) — Hy rA(Q) (1.2.20)
to represent the energy of the particle configuration ¢ in the field generated by ¢ and
Uy.rA(4,70) = Hy rA(47) — Hy r2(q) — Hy rA(T) (1.2.21)

to indicate the interaction energy between g and q.

1.3 Gibss measures

The Gibbs grand canonical measure in the bounded measurable region A in R? and

boundary conditions ¢ € QA is the probability measure on Q* given by the Gibbs formula:

1 5.1 (dlq) = 2 gy (Alg)e ey (dg) (1.3.1)

where [ is the inverse temperature, Z, g g x(A|g) is the grand canonical partition function

(defined as the normalization factor for ,uf\h 5.r.(dq]q) to be a probability) and v (dq) the free

measure defined in ((1.1.1)).



1.8 Gibss measures

The infinite volume Gibbs measures are probabilities iy gz on Q, such that for any

measurable region A

11,502 F) = M»/yx,ﬁ,R,)\(qu‘ch); for fi 5,r almost all g (1.3.2)

where the expression on the Lh.s. is the conditional probability given the configuration g*°

outside A.






2. Main results

In this chapter we state our main theorem, Theorem [2.1.1] on the existence of two distinct
Gibbs states for suitable choice of chemical potential and temperature. It extends to the

model with the hard core interaction what is already proven for the LMP model (see [39]).

2.1 The main theorem

We shall consider the LMP model with additional hard core interaction (for definition
see Section [1.2.4)), hereafter shorthanded by LMP-hc model. If the hard core radius R is

sufficiently small the LMP phase transition is essentially unaffected.

Theorem 2.1.1. Consider the LMP-hc model in dimensions d > 2. For such a model there

are Ry, Ber, Po,r (as in Proposition and for any 0 < R < Ry and B € (Be,r, Bo,r)
there is vg,r > 0 so that for any v < vg r there is Ag~ r such that:

There are two distinct DLR measures uéﬁ VR with chemical potential g g and inverse tem-

perature 3 and two different densities: 0 < pg~ r— < Pg~,R+-

In this work we will only prove the existence of two distinct states, which are interpreted
as the two pure phases of the system: '“; VR describes the liquid phase with density pg - r +

while 5..R describes the vapor phase, with the smaller density pg R, —-

Remark. pg~ r+ and Mg, g have limit as v — 0, the limit being pg r - < pg,r,+ and A(3, R)
which are respectively densities and chemical potential for which there is a phase transition

in the mean field model (see the next chapter).

Remark. The DLR measures /fﬁc VR have several properties one can prove:

9



Main results

the measures are obtained as weak limit of “diluted Gibbs measures” (see Section [4.3)

the measures are translational invariant,

any other translational invariant measure is a convex combination of the two,

the measures have a trivial o-algebra at infinity.

We refer to [52], Chapter 12, for the derivation of such properties which are carried out
for the LMP model, believing they are not affected too much by the presence of the hard core

interaction. We however skip the proof since it is not in the original purpose of this work.

2.2 Phase transitions in the canonical ensemble

From Theorem it is clear that we prove phase transitions using a gran canonical
description of the equilibrium states. This implies that we either see a configuration with
density pg . g+ or with density pg, r — and there is no coexistence of the two phases in the
same configuration g but only on statistical average, except when the chemical potential is
chosen to be equal to Ag - R.

The aim of this section is to reformulate the condition that there is a phase transition in
the system using a canonical description, intead of a gran canonical one. When we see phase
transitions in the canonical ensemble, they look different. In fact, the canonical constraint
forces the two phases to coexist in each configuration (which is typical, i.e. discarding a
certain number of bad configurations) for any value of p € (pg~,r,— PB,~v,R,+)-

We already gave the definition of gran canonical Gibbs measure in of Section
Analogously we can introduce the canonical Gibbs measure as the probability measure on

Q7 where each configuration ¢ € Q* is such that lg| = N, defined as

11
HENa(dg) = Z5n A N1° D1 onydg (2.2.1)

where dgq is the Lebesgue measure and where we drop for simplicity the dependence of v and
R from the hamiltonian and therefore from the measure. Indeed we can forget about our
model and give a formulation of the problem for a general model.

We do not discuss the case of phase transitions in the canonical ensemble, but we hope

to address this issue in a subsequent work. Nevertheless the picture we should have in mind

10



2.2 Phase transitions in the canonical ensemble

can be made more clear with a thermodynamic description of phase transitions in terms of
“forbidden intervals”. We have a phase transition if there is a interval of densities, say (p/, p”),
so that if we put a mass p|A| of fluid in the region A (where |A| denotes the volume of A)
with p € (o, p”), then the fluid is separated into a part with density p’ and another one with
density p”. It does not exist an equilibrium state with homogeneous density p, but inside A
one can go from one phase which occupies a region A’ to another phase in A\ A’ and see a
phase transition.

Hence we can reformulate the condition that there is a phase transition in the sense dis-
cussed above. The formulation involves “coarse graining”, a notion which will be extensively

used in the sequel.

Definition 2.2.1 (Partition D) of R%). For any ¢ € {2",n € Z} and any i € (Z?, we set
O =(reRliy<r<ig+Ok=1,..d} (2.2.2)
(rg and i being the kth coordinate of r and ¢) and call
PO = {cY i e 1z} (2.2.3)

the corresponding partition of R

We also denote C’T(Z) the cube of D which contains r. Since £ has the form 2", each cube
of DY is the union of cubes of DY) for £ > ¢'; DO is then coarser than D¢) and DY) finer
than D).

i € (7% a region

A function f(r) is D®)-measurable if it is constant on each cube CZ-(@

A is DW-measurable if its characteristic function is D®-measurable, or, equivalently, it is

union of cubes of D).

We want to define also empirical density profiles of particle configurations for every fixed

partition D®:

Definition 2.2.2 (Empirical density). Given a particle configuration ¢ we define its empirical

density profile on the scale £ the following average:

nc
pz(r;Q)ziyq 7 | (2.2.4)

where is the number of particles of the configuration g which are in the cube C,@.
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From Definition we can see that the empirical density pe(r;¢) is a non negative
function constant on the atoms of D). Hence it is D)-measurable. We shall use the empir-
ical density py(7; q) to quantify the definition of phase transition given from the viewpoint of
the“forbidden interval” (p', p").

We will have to restrict to “large probability events” since the canonical Gibbs measure
gives positive probability to all open sets and therefore for any A there is a positive probability
to see configurations which are really atypical. Moreover even in the typical configurations
we should expect to see somewhere deviations from the expected behavior. We thus choose

an accuracy parameter € > 0 and define the sets
G={reA:|pr;q) —p|>€ or |pr;q)—p"| > ¢} (2.2.5)
then the set of typical configurations in the phase transition case will be denoted by

Ghycoi={a€ Q1G] <€A}, (2.2.6)

Definition 2.2.3. (p,p”) is a forbidden density interval if for any p € (p/,p”) and any
increasing sequence of cubes A invading R%:

. . . can pt _
lig i im0 | Ghin] = 1 (227)

Thus in a first scenario p is far from the forbidden interval and with large probability
pe(r;q) is close to p in a large number of boxes and we do not have a phase transition. In
the other scenario if p is inside the forbidden interval then with large probability in a large
number of boxes py(r;q) will be either equal to p’ or to p” being different from p. In this
second case we will have a phase transition.

Besides Theorem [2.1.1] we want to conclude this chapter with the following conjecture:

Conjecture 2.2.4. Consider the LMP-hc model in dimensions d > 2. For such a model there

are Ry, Ber,Bo,r (as in Proposition and for any 0 < R < Ry and € (Be,Rr, Bo,Rr)
there is y3.r > 0 so that for any v < g r there is an interval (pg.,r,—,P~.R+) Such that

(2.2.7) holds true (where G a4 18 referred to the LMP-he model).

12



2.3 The idea of Pirogov-Sinai

2.3 The idea of Pirogov-Sinai

The idea of the proof is based on an argumend proposed by Pirogov-Sinai, which we will
discuss better in the next chapters and which relies (as for the Ising model) on the possibility
to rewrite the partition function of the model as the partition function of an abstract contour
model.

When dealing with phase transitions for systems in the continuum one has to think to
some analogies with models on the lattice, for instance the Ising model, which are understood
a lot better. In our case we want to establish a correspondence with phase transitions in the
Ising model at small temperatures for which one can prove Peierls bounds (see for instance
Chapter 9 of [52]). There are two reasons for this strategy: one is due to the fact that we want
to follow a perturbative argument, the other to the fact that reducing our continuum model
to a model on a lattice excitations have a discrete structure. In the Ising model the small
parameter is 371 and the limit Gibbs measures concentrate respectively on perturbations
of the ground states, which are the all plus and all minuses spin configurations at zero
temperature. Analogously in the LMP-hc model the small parameter of the theory is v and
the measures concentrate on perturbations of the homogeneous states with densities pg , r +
which appear in the mean field limit v — 0. Also the proofs have analogies, they are both
based on probability estimates on contours, defined as regions which separate plus and minus
islands, namely where the configurations look typical of the two phases. The analogue in
Ising of the chemical potential is the magnetic field A: due to the spin flip symmetry in Ising
the critical magnetic field is A = 0. In LMP instead there is no symmetry between the two
phases and as a consequence the critical value of the chemical potential where there is a phase
transition has to be chosen and is part of the problem. Hence, the proof of Theorem [2.1.1
is perturbative, the mean field states being the ground states and the small parameter being
the inverse of the interaction length.

Here we want just to discuss the physical picture to have in mind while talking of phase
transitions. There is a special value Ag, r of the chemical potential where the two phases
coexist. This means that the two minima of the free energy are equal and hence by selecting
the boundary conditions one gets one of the two possible phases. If instead we vary A away
from Mg, r in agreement with the selected boundary conditions then we run into the one

phase regions: one of the two phases present at A\g ., g persists becoming stable and the other

13
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one becomes metastable and disappears. We should think of a stable phase as a homogeneous
sea with rare and small islands of the other phase, separated from the sea by contours. On
the other side, when varying A in opposition to the boundary conditions then we see the
formation of a large island of the truly stable phase. This island is large as the cost of the
surface of the contour is overcome by the volume gain of having the correct phase in the
bulk. So in this case large islands are quite probable in a typical configuration and this make
impossible a real computation which involves expansions. The theory of Pirogov-Sinai forbids
this scenario, hence the existence of such big contours, by definition of metastable states.

The metastable phase defined with the constraint that contours cannot be too large has
a free energy larger than in the truly stable phase. Thus stable and metastable phases are
recognized by their free energies and the right chemical potential is selected by requiring
equality of the two and phase coexistence then follows. As a consequence of this approach
we will need a computation of the free energy of states where contours are rare, since either
we are in a stable phase where they are improbable, or we are in a metastable phase where
they are rare by definition.

To implement this idea we shall follow the approach of Milos Zahradnik, which introduces

the notion of cutoff weights for the contours, which we will develop in Section

14



3. The mean field model

Mean field models are those in which the interaction range is of the same order as the
size of the region where the system is confined. This means in our case that two particles in
the system interact in the same way independently of their location. Under such assumption
one can see that the mean field model exhibits a phase transition once it reaches a certain
critical temperature and that the phase transition is described through the density which is

the order parameter.

3.1 The model

Let us start by describing the model in its mean field version.
First of all observe that the hard-core interaction restricts the phase space in the following
way':

xf=Jaf, A ={(r1,..rn) €A min Iri —r;| > R} (3.1.1)
n

where A is a bounded region. The number of particles in finite volumes is then bounded by
the “close packing” density pcp = pep(R). The constraint is due to a pair interaction
which is equal to 400 whenever the two particles are at distance < R (R being the “hard-
core lenght”) and equal to zero otherwise. We will use € to indicate the volume of the hard
spheres, € = cqR?, ¢4 a coefficient depending on the dimension d.

The mean field hamiltonian given a configuration g = (rq,...,7,) in XfA is:

H{'p A (@) = [Alex(p) (3.1.2)

where p = |g|/|A| and e)(-) has the meaning of an energy density and has the same form
as in the LMP model. It depends only on the total particle density p, with the constraint

p € [0, pep]. The label R in the hamiltonian is to remember of the hard core condition.
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The mean field model

A is interpreted as a chemical potential, so that ex(p) = —Ap + eo(p). To mimic a fluid
of hard spheres, eg(p) should be a decreasing function of the density p from 0 till when the
energy reaches its minimum, which corresponds to an optimal disposition of the molecules.
An increase of p causes an increase of the energy, which will diverge when p — pc,. The

choice which fulfills such requirements is (as already chosen for the LMP model):

2 4
ex(p) = —Ap— ”— + Z, (3.1.3)
The first term (—\p), is the energy of the chemical potential ), the term —p?/2 comes from
the attractive pair interaction and the term p*/4! is the four body repulsive interaction, which
has been added in the LMP model to stabilize the potential.

The mean field canonical partition function is defined in the following way:

1 n? n* |A| n
mf _ 1 —B|Alex(n/IA]) _ T G IA] the
Znd =01 fon eXp{ ﬁ( o] T aAp Mt g A (|A|)}’ (3.1.4)

where
hC( ) = log Zb<, zhe =L dqy - - - dgy, (3.1.5)
Al !A! o " nl Jxr,

while the grand canonical one is Z3f = >°°° Z;L“f\ We omit the proof that in the thermo-

dynamic limit |A|,n — oo the canonical mean field free energy is:

1
dprr(p) = lim 1ogz;;lf =ex(p) + 51 3.1.6
panlp) = |l s 2T = (o) + 570 (3.1.6)
where
n
fhe(p) = lim he =p(logp—1) s 3.1.7

The existence of the thermodynamic limit in (3.1.7]) follows from general arguments, while
due to a cluster expansion argument (see for instance Theorem of Appendix |A| or for
more general interactions [53]) one can prove that the limit function f"° is analytic and

convex. Furthermore, the (3, are the Mayer’s coefficients:

1 1C P
Bn = m Z . H (e_/BVI ((h QJ) _ 1)dq2 . 'dqu+1a @ = 0 (318)
" geBuis T B (i g)eR ()
V(g)>{1}

Note that the hard-core free energy tends to oo for p — ppe.

The grand canonical pressure is the Legendre transform of ¢ 0 r(p):

) 1 —m 1
PgAR = lim _TIOg:‘Af: sup {\p—dpor(p)} = sup {\p—eolp) — =f"(p)}
[Al=oe BIA| p€[0,pep) PE[0,pcp) B
(3.1.9)
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3.2 Thermodynamics of the mean field

In this subsection we will state the main properties of ¢z x r(p) as a function of 3, A and
p. We will see that the mean field model has a phase transition, in this picture appearing as
a loss of convexity of ¢ r(p), occurring at a value of 8 which is a correction of order e of
the critical temperature of the LMP model.

The critical points of ¢ r(p) as a function of p namely the solutions of the mean field

equation:
jp{emp) + 50} =0 (3.2.1)

have the form:
p=exp{ = Ber(p) = fh(p)} = Kprn(p), (3.2:2)

where we define fr(p) to be the second term of , i.e. the free energy minus the entropy
of the free system.

We start by studying the convexity properties of ¢g r(p) as a function of p for fixed g
and A; since ¢\ r(p) = —Ap+05,0,r(p) they are independent of A and in the next proposition
we set A = 0.

Note that a multiplicity of minimizers of ¢ r(-) corresponds to a mean field phase

transition.

Proposition 3.2.1 (Convexity properties of ¢50 r(:)). There is a critical inverse temperature
Be,r, such that g0 .r(p) is convex for B < Be r, while for B > B g it has two inflection points
0 < s_(B) < s4(B), being concave for p € (s—(B),s+(B)) and convex for p & (s—(B), s+(B)).

Remark. The critical temperature has the following expansion:
Ber = Be — €823 + O(e?), (3.2.3)

where . = 3/23/2 is the critical temperature for the LMP model (without hard core interac-
tion) and € is the volume of the hard spheres with radius R.

The fact that the critical temperature is smaller than the LMP one, has the following
heuristic meaning. By adding a hard core interaction the point particles of the LMP model

have a smaller entropy. This is due to the fact that we have less ways of arranging the
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particles in the space since they already occupy a volume e and hence the phase space is
smaller. When the entropy is smaller one should have “more easily” the occurrence of a

phase transition, as when one decreases the temperature in the system.

Let us prove the expansion (3.2.3). We want to calculate the critical temperature, i.e.

the value of 8 for which the second derivative:

1/ ]' 2 ]' 1!
fam(s) = 5o =1+ % + 5 R() (3.2.4)

is equal to zero.
To fix ideas, let us first study the sign of the function without the contribution % Tr(s).
So one has to find 8. such that:

2

I 1 s
This is equivalent to study the sign of:
U(s, B) =2 — 2Bs + Bs>. (3.2.6)

For every fixed value of 3 we can look at its derivative in s: 951 (s, 8) = —28+33s%. We have
that ¢ has two critical points: s = £(2/3)'/2, but since we are interested to the behaviour
for non negative values of s we only consider the positive solution. The function (s, 3) is
first equal to 2 for s = 0, then for 0 < s < (2/3)/? is decreasing until it reaches its minimum
in so = (2/3)'/2 and then it increases. With this behaviour in mind we have to find a value

of B for which its minimum crosses the s axis, i.e. such that
2\ 2 243
Y(s0,8) =2 — 2B(§) + 6(5) =0 (3.2.7)

holds. The solution of (3.2.7)) is: B. = (3/2)%/? and it is unique.
Let us now go back to the true function ¢’,,5/’7 N r(s) and think of the hard core part as a
perturbation in e:
. 1 s

1
sAR(S) = Bs 1+ 5t Bﬁé(S)- (3.2.8)

We want again to study the sign of the following function

(s, B) i= 2 — 285 + B + 25 fA(s) (3.2.9)
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where:

w(s)=— Z nBps" ! = —e — 2e%5 + o(€?), p(s)=— Z n(n —1)B,s""2 = —2¢2 + o(e?).

n>1 n>2

(3.2.10)

Even though one may confuse the inverse temperature 5 with the n-th Mayer’s coefficient (3,,,
we keep them in agreement with the literature. Let us fix 8 and study the sign of ¥ g(s, 8)

in s, through its derivative:

Os¥r(s,B) = —2B + 3B5% + 2[—€ — 2¢s] + 25(—2¢?) (3.2.11)
= —28+ 38s% — 2¢ — 8se®> =0

where we kept at most the second order in €. We can expand equation (3.2.11)), supposing

that s has the following expression in powers of €: s = sg + s1€ + ..., and get:
— 28+ 38(s0 + s1€)* — 26 — 8€%(s0 + s1€) = 0. (3.2.12)

Hence at the order zero in € we obtain:

1/2
—28+38s2=0 = s9= (%) (3.2.13)

which gives the same minimum found in the case of the LMP model with no hard core

interaction (see discussion before), while at the first order in e:

1 /3\1/2
6s0s1 ~2=0 = 81 =7 (5) . (3.2.14)
Hence the minimum of (3.2.9) is:
N2 e 3\2

Analogously to what we have done for the case without hard core, we find 8 for which the
minimum of ¥ g(s, 3) is touching the s axis. We do this perturbatively, considering that (3

has the following expansion in powers of €: 8 = by + bie + ....

onlonn.8) =2 =200 +09[(5) "+ 5o (5) I (3.2.16)
1/2 € 1/2793 1/2 c 1/2
+<bo+b1€>[(§) +3(b0+ble)<;> ]—26[@ +3(bo+ble)<§) [ =0
(3.2.17)
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If we only keep € as higher order we get:

ot =2-2(3) "t 00~ () " ()" 0+ (3) - n2) "=

3 3 3
(3.2.18)
which gives at the zero order in e:
2\1/2 2\3/2 3/2
2 — 2(§> bo + (§> bo=0  =by= (g) (3.2.19)

i.e. the critical temperature 5. obtained in the LMP model. At the first order in € we get:

(6 R R B O MU S P

which gives that the critical value of 8 for the new model is:
Be,r = Be — €823 + O(€?) (3.2.21)

where (. is the critical temperature for the LMP model and the correction is of order ¢, i.e.
the volume of the hard shperes. Note that unicity of by and b; implies unicity of 5. r for each

fixed value of e.

Proposition 3.2.2 (Phase transitions). For any 8 > S g, thereis \(3, R) so that ¢g z3,r),r(")
has two global minimizers, pg.r.— < pa,r+ (and a local maximum at pg ro). Moreover, there

s ¢ so that for any ¢ > 0 small enough:

dare.R)R(P) = Danar) R(PaRE)+cCP  if min{lp—par il lp—psr-|} > (3.2.22)
Proof.

Let us consider ¢g x r(p) = —Ap + ¢0.r(p) for B > Ber. If pgr+ and pg r,_ are the two
inflection points of ¢ r(p), i.e. satisfying (3.2.1]), then we can choose A such that:

b8 aR(08.R+) — P AR(P8R-) = —Mps.r+ — Pp.R-) + (¢80,R(P8.R+) — D80,R(PB,R-)) =0

(3.2.23)
i.e. such that the two local minimizers become global. This means that by adding a linear
function with some slope A one can have the two minima at the same height. Moreover, by

expanding ¢g x r(p) around its minima, we get ([3.2.22]).
O
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Proposition 3.2.3 (Critical points). For any 8 > . r there is an interval (A_ (5, R), A\+(B, R))
containing A(B, R) and for any X in the interval ¢ r(-) it has two local minima pgx r +
which are differentiable functions of A and %(Qﬁﬁ,A,R(PﬂA,R&) _¢B,A,R(P6,A,R,—)) = PB,\R,— —
PR+ < 0. For all B> B R,

d

—K =K/ R+) <1, 3.2.24

p BAB,R),R(P) S B5R).R(PB.RE) ( )

the condition (3.2.24)) being equivalent to qbg,/\(ﬂ),R(pg,gi) > 0. Moreover, there exists Bo r >
Be,r such that

K \s.ryrpora) > =1, for all B € (Be,r, Bo.r)- (3.2.25)
Proof.
Let s = pg » r+ be the equilibrium densities, i.e. the solutions of
s = exp { = Beh(s) = 57h(5)} i= Knnnls) (3.2.26)
We can also write the function Kp ) r as a composition of two functions:
Kgar(s) =Dt oi(s), where: (3.2.27)
D(s) = ; ogs+ SIR(s)  U(s) = —eh(s)

To prove (3.2.27) it is enough to write the identity: D(s) = ¢(s) and to use relation (3.2.26)).

Hence:

L Ko r()] = | (D' (6(s)) sl-1+ SV Eeme] ] o
ds 2 S

and we want to prove the r.h.s. of (3.2.28) is < 1 for all 8 € (B¢,r, fo) and A = A(5, R).
From Proposition we have:

1d¢‘_

1 s 1
DA R(5) = Bs 1+ 5 + Efﬁ(s) >0 for s = pg A r+ (3.2.29)
and B > f. r. Hence, there is 5y > . g such that for all 8 € (8. r, Bo) we have:
2 2 "
st " st 1—|—sz(3)‘
/53(1 2) <l+sfils), = (1 2) < ‘755 . (3.2.30)

On the other side, we also have:

2(1+ sfi(s))

2 (3.2.31)

Ppar(s) <
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hence:
L+ i) _ L sT(s)

2
S
14+ =" _
+ 3 3. 2r(8) Bs Bs

and therefore:
2

(1-2)> _‘Hsféé(sr)‘,
2 Bs
With estimates (3.2.30) and (3.2.33)) we prove:
’iK (s) <1
dS B7A(67R)7R $=pg,R,+ ’
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4. Contours and Peierls bounds

4.1 Phase indicators and contours

In this Chapter we will mainly refer to Definition for the notion of partition D® on
scale £. First of all let us give some topological notions for the sets D)-measurable. Some
of the theorems listed in the following sections are reported without proof, as they are the

same as for the LMP model and we refer to [52], Section 10.5.

4.1.1 Connected sets

Two sets are connected if their closures have non empty intersection, thus two cubes with
a common vertex are connected and connection here is what it is usually called *-connection
when working in Z¢. A maximal connected component B of a set A is a connected subset of
A which is “maximal” in the sense that if C' C A is connected and C' O B then C = B. Any
set is the disjoint union of its maximal connected components. A connected set A is simply

connected if its complement is connected.

4.1.2 Outer and inner boundaries of a set

The outer boundary §%,,[A] of a D®)-measurable region A is the union of all the cubes

()
C € DY not in A but connected to A. The inner boundary 6% [A] of A is the outer boundary
of A¢. With reference to Fig. in Section if A is the region in the interior of the thick
line, 65, [A] is the region between the thick and the dashed external lines; d¢, [A] between the

out

thick and the internal dashed lines.

Theorem 4.1.1. Let A be a bounded, connected DY -measurable region. Then
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e The mazimal connected components of A¢ are all bounded except one which is un-

bounded.
e Any bounded, maximal connected component of A° is simply connected.

e If A is bounded and simply connected, then &5 [A] and &, [A] are both connected.

out

4.1.3 The scaling parameters
Let us introduce the following scaling parameters:

P B o e R N (4.1.1)
with 1 > a > a > 0 and, for simplicity, we suppose that 3., 03,7 ! € {2",n € N;}. We
can forget about the first scaling parameter for what follows and use only ¢ -, 3 - (it will be
useful in Chapter @ For simplicity from now on we can drop ~ from the notation of the two
scale parameters. For  small, which is the regime we are interested in, 1 < 5 < v~ < £3,
thus in the cubes of D) there are typically many particles to make statistics reliable; yet
the cubes are so small that the interaction felt by particles in the same cube is approximately
the same. Local closeness (of the particles density in cubes of D*2)) to ps gy (or to pg.r._)
with accuracy ¢ must extend to regions of size ¢3 to call the configuration in the plus (or

minus) equilibrium.

4.1.4 The three phase indicators

To quantify the above considerations we introduce three phase indicators: n(C’ZQ)(q; ),
0(t283) (q: 1) and ©4243)(g; 7). The values of the three functions will describe with in-
creasing degree of accuracy the local phase of the system. As we will see H(C’b’[?’)(q; r) and
0(424) (g: 1) depend on ¢ only via n(¢2)(g; ), so that once the function 1(¢:¥2)(¢; -) is specified
the other two phase indicators are completely determined, we may thus use only n(M?)(m; ),
but the other indicators hopefully make the definitions more clear. Since in the whole sequel

¢ and ¢y, ¢3 are fixed as in (4.1.1)) we drop them from the notation writing simply 7,  and ©.
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Definition 4.1.2. Given 3 € (8, o), 7, ¢ and «, we define a function n(g;r), r € R%, g € Q,
with values 1,0 by setting n(q;r) = +1 if

FiaYesd

(€2) (
0

(4.1.2)

P (g —ppra| <C¢  where  p*(gr) =

and 7(g;r) = 0 otherwise.

If 77(“2)(q; r) = £1 we call the cube C’,gb) in + equilibrium, otherwise n(C’ZQ)(q; r) =0 and
in C’,gb) the system is off equilibrium. Thus 7(¢*2)(¢;) indicates the phase, or its absence,

on the small scale /5.

Definition 4.1.3. 0(¢%2:6)(g: 1) and ©#243) (¢: r) are defined in terms of n(¢42)(¢; ) as:

o 0(G243) (g r) = %1 if (62 (g; ") = £1 constantly for all 7/ in clf).

9((:52753)(61; r) = 0 otherwise.

° ®(<’Z2’£3)(q;7“) = +1 if 77(C7€2)(q; r") = +1 constantly for all ' in Cﬁf” U s [CT(ZS)].

out
0(&:83) (¢ 1) = 0 otherwise.

(C£243) (q: ) = 1 means that the phase indicated by 7(5%2)(g;-) on the small scale £y is
constantly the plus phase in the whole [large] cube C’T(ZS). Points r close to the boundary of
C’,gm however may not be in local equilibrium but if ©(¢¢2:43)(g;7) = 1 then 8(¢-62:43)(¢;.) = 1
)

in all cubes of D) connected to C’ﬁz‘q’) and since f3 > 1 all points of 07@3 are in local
equilibrium. Thus, while (<) (g;7) and 8(¢-#243)(¢;r) are “local” in the sense that their
values depend only on the restriction of g to CT(ZQ) and respectively C’,QZS), this is no longer true

for ©(C:£2:43) (¢: ) which is “non local” as it depends on the restriction of ¢ to C’,(ZB) U [C'y?’)].

out

Definition 4.1.4. A point 7 is correct (for the configuration ¢) if ©(243)(g;r) # 0 and
called plus/minus (correct) if ©(¢f2:4)(g;7) = +£1. The plus/minus phases of ¢ are the sets
of its plus/minus correct points, they are mutually disconnected and the regions in between

are “the spatial supports of the contours”.
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Definition 4.1.5. A contour of ¢ is a pair I' = (sp(F), np), where sp(I'), “the spatial support
of I, is a maximal connected component of {r € R? : ©)(¢g;7) = 0} and nr is the
restriction to sp(I') of 7(¢2)(g; ).

I'= (sp(I‘), np) is “an abstract contour” if it is a contour of some q.

4.1.5 Geometry of contours

In the sequel we restrict to bounded contours, meaning that their spatial support is
bounded. Definitions and properties stated in this paragraph are exemplified and visualized
in Section
The exterior, ext(I"), of " is the unbounded, maximal connected component of sp(I')¢. The
interior is the set int(I") = sp(I')¢ \ ext(I'); we denote by int;(I') the maximal connected
components of int(I"). Let

¢(T") = sp(T") Uint(T), (4.1.3)

then, by Theorem int;(I") and ¢(I") are both simply connected.

The outer boundaries of I" are the sets

AT) := 6

out

[sp(1)] N int(T), Aext(T) := 65, [e(T)] (4.1.4)
We will also call A4;(I') = A(I") Nint;(I"). The inner boundaries of I' are the sets
Bi(T) = 6 [AT)] Nsp(T), Besa(T) = 632 [e(T)] (4.1.5)

An easy but important consequence of the above definitions is the following theorem (the

reader may check its validity in the case of Figure .

Theorem 4.1.6. If ¢ has a bounded contour T, 6(4752753)@;7“) 1S a mon zero constant on any

A;(T) and Aext(T).

Proof. ©&2:43)(q:r) # 0 for any 7 € A, A either Aey(T) or A;(T), because A is outside
sp(T") and being connected to sp(I") cannot intersect the spatial support of any other contour.
We will next prove that @(C’EQ’@)(Q; r) is constant and non zero on A. Since A is connected

(by Theorem [4.1.1)) it will suffice to prove that if two cubes C' and C’ of D(3), are connected
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4.2 Pictures and examples

to each other and both in A, then G)(C’ZQ’Z?’)(q; r) has a constant value on the union C' U C’.
Indeed, suppose for instance that ©-4243)(g;1) = 1, r € C; then §(¢£2:43)(g;7') = 1 for all
' € 6%,[C] and hence for all ' € C’, thus ©2:6) (g: ') = 1 on €' (as we already know that

out

0G2:6) (g ") # 0 on C). O

Definition 4.1.7. T' is a plus, minus, contour if ©(g;7) = £1 on Aex(I).

We add a superscript + to A;(T") writing Aii(F), i = 1,,.,ny, with + chosen so that
nr =1 on B (T) and nr = —1 on B; (T'). We also write

AT(T) = G AHTD), A(D)= GA;(F) (4.1.6)
=1 1=1

intF(T) if int;(T") contains AF(T'),

int*(T) = Ejimgt(r), int(I") = int™(I") Uint ™ (I") (4.1.7)
=1

4.2 Pictures and examples

To visualize the notions introduced in the last section we fix a configuration, compute
the phase indicators and draw pictures of the corresponding plus/minus correct regions and
contours. Let S C R? be the coordinate square with bottom left corner the origin and side
2145 In Figure S is partitioned into 21 x 21 squares of side £3, we will denote by C},
x € Z? the square of side f3 with bottom left corner /3, = the “lattice coordinate” of /.
We suppose that 0(2:£3:¢) = 1 outside S while the values in S are as in Fig. 4.1
©2:63:€) ig then completely determined. Its values on S are reported in Fig. where the
plus (marked by +), minus (marked by —) correct regions and the support of the contours
(marked by 0) are separated by the discontinuity lines of O30 Notice that @263 =1
on 6;3[5], 6;3[S].

Thus the configuration we are considering is one of those which arise when computing the
plus diluted partition function in .S, see next section.

The configuration of Fig. has three contours, I'y, Ty and T's: sp(T'y) is the region
between the discontinuity lines of F igwhich contains C(y7 3, sp(I'2) the one which contains
C(16,17) and sp(I'3) the one containing C(5 11y (i.e. the squares marked 0 in Fig[4.2). T'; and
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s where it is +, — and 0.
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Figure 4.2
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4.3 Diluted Gibbs measures

Figure 4.3: The set ¢(T').

I’y are both external, plus contours, I's is a minus contour. ¢(I'1) is drawn in Fig. I'1 has
three internal parts, int~(I'1), int{ (I';) and int (T'y), see Fig. int~(I'1) has a contour
inside, I's, see Fig. The sets Bext(I'1) and Aex(I'1) are drawn in Fig. the sets B;(I'1)
and A;(T') are drawn in Fig. observe that By(I'1) N Bs(T'1) # 0.

Values of 7(¢:2) are reported by blowing up portions of S, see Fig. and Fig.

4.3 Diluted Gibbs measures

We will prove phase transitions by introducing two classes of boundary conditions and
showing that they give rise in the thermodynamic limit to two distinct measures. We consider
“diluted Gibbs measures”, their definition involves special boundary conditions as well as
constraints on the structure of the configurations close to the boundaries. The constraints
are such that contours cannot reach the boundaries, for this reason the partition functions

are called diluted.

Definition 4.3.1. A configuration § is a plus boundary condition relative to a bounded D¢3)-
measurable region A if there is a configuration ¢© € Q. i.e. such that n(¢g™;r) = 1 for all

r € R% and g and ¢* are the same in the region {r € A°: dist (r,A) < 2y~ '}.
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Contours and Peierls bounds

Figure 4.4: int~(Ty) is the region with —, int] (T';) is the + region on top left and int (I';) the one

consisting of a single square.

Figure 4.5: int~(T'y) with inside sp(T's).
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4.8 Diluted Gibbs measures

Figure 4.6: Ae(T1) = 62,[c(T)] is the region between the external dashed and the thick line;
Bext(T'1) = 672[¢(T")] is the region between the internal dashed and the thick line.

Figure 4.7: A;(T'y) = 62 [int;(T;)] are the regions made of the x marked squares contained in int;(T';);

B;(Ty) = 6%

ooi[int;(I'1)] are the region between the dashed lines and the thick lines inside.
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++ |+ + ++] +
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Figure 4.8: Blow up of the squares C(3 ) where 6(¢¢2:63) = 0 divided into squares of side ¢ where

the values of 7(¢:¥2) are reported.
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Figure 4.9: Blow up of the squares C(3 7) where 0(¢-42:43) = ( divided into squares of side 5 where

the values of 7(¢%2) are reported.
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4.4 Weight of a contour

Definition 4.3.2. The plus diluted Gibbs measure in a bounded D¢3)-measurable region A
with plus boundary conditions g is

1

A+ N L —BH Grc A
a5 RAL0MT) = 2] paMD) s PN IV C B
7’ K k)
where ¢t € Q4 , vy is defined in Section and
_ _BH Grc A
Z10.m(MD :/QAe Al )1@(<qA+qxc);r>=ueaﬁ?w” (dga) (4.3.2)

is the plus diluted partition function.

Definition 4.3.3. Minus boundary conditions, minus diluted Gibbs measures and minus

diluted partition functions are defined analogously.

4.4 Weight of a contour

We refer again to Section for notation and properties of contours, in particular for
the definition of the sets sp(I'), ¢(T), int(T'), Aex(T), AT(I') and int*(T). All these sets
in agreement with the notation are independent of which configuration g gives rise to the

contour I'; namely which ¢ € Q(T"), where
o) = {q :I' is a contour for ¢ } (4.4.1)

Recall finally that I' is a plus or minus a contour if ©(g;7) = £1 on A (I') = st [e(I)].

out

Given a plus contour I' and a plus boundary condition ¢t for ¢(T'), we define the weight

W;RM\(F; g) of " as equal to

Y gt (n(qc(r); r) =np(r),r €sp(I'); Ogery;ir) = £L,r € Ai(F))

c(
1 g (MaeyiT) = 1,7 € sp(D); Olguqryir) = 1,7 € A=(D))

(4.4.2)

where the measure ,uf/(g)R Agt has been defined in Section Thus the numerator is the

probability of the contour I" conditioned to the outside of sp(I') while the denominator is the
probability with the same conditioning that the contour I" is absent and replaced by the plus
configurations. The weight W_- 1(I';¢7) of a minus contour I' is defined analogously. Since

1

the range of the interaction is < 2y, we obviously have:
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Contours and Peierls bounds

Lemma 4.4.1. The weights WAfR,/\(D qT) depend only on the restriction of ¢ to {r € c¢(I')¢ :
dist(r, c(T")) < 2771},

4.5 Peierls bounds

The main technical point in the proof of Theorem [2.1.1] is to prove that contours are
improbable. In particular we will prove Peierls estimates which prove that the probability of
a contour decays exponentially with its volume.

Let us introduce the notation:

_ lsp(D)

Nrp Eg

(4.5.1)

to indicate the number of cubes of the partition D*3) contained in sp(I'). Then we want to

prove the following;:

Theorem 4.5.1. It exists Ry such that for any R < Ry and any B € (Be,Rr, Bo,r) there are c
Y8, > 0 and A\g~ g, ¥ < V8, so that for any & contour I and any £ boundary condition q*t

relative to c(I),

WpA(Tiq") < exp { — Be(¢*03) Nr} (4.5.2)

As a corollary of Theorem we have:

Theorem 4.5.2. It exists Ry such that for any R < Ry and any B € (B¢, o) let ¢, va,r, ¥
and A\g~.r as in Theorem then for any bounded, simply connected, D3) measurable
region A, any plus/ minus boundary condition q¢* and any r € A,

C

At L
M%B’R’/\B,V,R,qi({g(q’ r)=%1}) =1 - eXP{ - 52

(g%‘iﬁ)}. (4.5.3)
Theorem implies that for any R < Ry and v small enough (chosen according to R)

. . . At A—

the difference between the diluted Gibbs measures N Y (dg) and R s (dq)
survives in the thermodynamic limit A * R? and a phase transition then occurs. The
implications of Theorem on the structure of the DLR measures will not be discussed in
this work and we give as reference [52], Chapter 12, where it is proved for the LMP model
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4.6 Cutoff weights

that indeed there are a plus and a minus distinct DLR measures, that they are translational
invariant and that any translational invariant measure is a convex combination of the two.
We believe however the structure of these properties is not affected by the addition of the
hard core interaction (see remark at the end of Section .

We end this section by writing the ratio of probabilities in the definition of the
weight of a contour as a ratio of two partition functions. Indeed referring for the sake of

definiteness to a plus contour I' we have

N;RM\(F) q+)

Wiralia") = Zp==m—s (4.5.4)
¥,R\ D’Jyr,R,)\(F’ q+)
where:
N paoa®) = / ¢ BH R sp(0) (Gep(r) |44, )
Gsp(r) N (@sp(ry;T)=nr (r),r€sp(T)
X 25 paint™(D)gsp(ry) 23 5. g (it ™ (D) gsp(r)) (4.5.5)
Dipalq") = / ¢ BHy Rxsp() (@sp(r) 12k )
Gsp(r) N (dsp(r);r)=1,resp(T)
x Z;tﬁ,R,A(int_(FNqu(F)) Z'Jyr,,B,R,)\(int+(F)|QSp(F))- (4.5.6)

4.6 Cutoff weights

The aim of this section is to introduce the notion of cutoff weights as required in the
approach proposed by Milos Zahradnik to the P-S theory (see Section .

The idea is that in the picture of P-S large contours are less likely to be observed. If
to implement this idea one fix a constraint which literally forbids contours larger than some
given value then also the stable phase would be modified, as any contour no matter how large
has anyways a positive probability to occur. It is thus convenient to allow for all contours,
but to give them a weight which is the true one only if the true weight is small, i.e. as in the
Peierls bounds; otherwise it is given a fictitiously small value. In the stable phase the cutoff
(if properly chosen) is not reached and the state is not modified by this procedure.

We will discuss the plus case, the minus one is completely analogous and not considered

explicitly. The starting point is to write the plus diluted partition functions as partition
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Contours and Peierls bounds

functions on the restricted ensembles

Qj\r ={q:n(g;r)=1,r€ A} (4.6.1)

4.6.1 The set of all contours as a graph

e We denote by {I'}* the collection of all plus contours with bounded spatial support.
Recalling that two sets are connected if their closures have non empty intersection, we
draw edges joining any two elements I" and I of {T'}* if sp(T") is connected to sp(I”),
thus equipping {I'}*T with a graph structure. (Notice that two connected contours

cannot appear in a configuration q).

e BT is the space of all finite subsets of {I'}T made of elements which are mutually

disconnected. Elements of BT are denoted by I.

e BTt is the subset of Bt made of mutually “external” contours: namely if I' € BText

forany ' #T" in L, ¢(T") N ¢(I”) = 0.

e {T'}}, Bi and BX’EXt, (by default A denotes a bounded D(+7)-measurable region)
denote the previous quantities with the additional restriction that all contours have
spatial support in A\ (SfH+ 7[A], i.e. [the spatial support of the| contours is not connected

to A°.

o Let W;R’A(@, q") =1 and let us write

WhpaLgt) = [T Wi, (@,¢"), LeBt ¢t cxt (4.6.2)

Tel

o If I' € BTt we write

int(F) = | ] int(T'), ext(I) = (] ext(T). (4.6.3)

I'ell I'el’
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4.6 Cutoff weights

4.6.2 Partition functions in restricted ensembles

A central point in P-S theory is a change of measure. The idea is to introduce a new
Gibbs measure simpler than the original one, but which gives the same pro

The diluted partition function in a region A can be written as a partition function in

QY ={qgeXn:n(gr)=1r e A}

Theorem 4.6.1. For any bounded D) -measurable region A and any plus b.c. ¢,

_ +
ZipraMla) = D / WAL, qa) e PHrmalanlixe) (4.6.4)
reBf aneQ}

where qj{c is made of all the particles of g which are in A°.

4.6.3 Fictitious weights

Throughout the sequel W* R, 1(Tsq ), T € {I'}*", ¢& £ boundary conditions for ¢(T),
denote strictly positive numbers which, like the true weights, see Lemma depend only
on the restriction of ¢* to {r € ¢(I')¢ : dist(r, c(T'")) < 2y~ '}. Recalling (4.6.4) we then define

for any bounded, simply connected DU“3)-measurable region A and any + b.c. ¢+ for e(T),

>+ 24 _ +
Z%B,R,A(A‘qi) - Z /A W%R,)\(L qn) e PHy.rA(alghe) (4.6.5)
PeBi &

(the integral over the free measure v*(dgy)) where, if T = (T, ..,T,,),
WAL, q) HW waling), L=(T1,.,Th). (4.6.6)

By (4.6.4)) if the weights of the contours are the true ones, then Z$B7R7A(A|qi) are the plus and
minus diluted partition functions. We should regard (4.6.5)) as the definition of Zéﬁ 5.R \(Alg®)
as a function of the variables {WW{[R, 1(I5q), T' a plus, respectively, minus contour, whose
spatial support is in A\éﬁf’” [A]}. We next define N;“R y(T,¢")and ﬁjR (', ¢™) as functions
of the weights WfR’/\(-; -) as:

_ +
N’;’:R A(F) q+) — e ﬁHw,R,)\,sp(F) (qu(F>‘QA )

ext

/qsp(r)iﬁ(qsp(r);T)ZWF(T)WGSP(F)
Z»;,B,R,)\(int_(r)MSp(F ) Z»—Yi_ﬁ R, A(lnt+(r)|QSp(F)) (467)

X
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Contours and Peierls bounds

)

~ _ +
D$R7A(F7 q+) — e BHw,R,)\,sp(F) (qsp(F)‘qA

ext

/QSp(I‘):n(QSp(I‘)§T):17T€Sp(F)
X Z,j:ﬂva)\(int_(F)‘qsp(F)) Zig,R,A(int+(F)‘qu(F))~ (4.6.8)

N

N TR, y(Thg), D;’ R, 4(I',¢7) are defined analogously. As said they are regarded as functions
of the weights VAV;%RJ\(-; -) and like the true weights, also ]\Af;E’R’/\(I‘,qi) and Ef;R’)\(F,qi)
depend only on the restriction of ¢* to {r € ¢(I')¢ : dist(r, ¢(T')) < 2y~ 1}.

4.6.4 The cutoff weights

We are now ready for the final step, the choice of the weights. We have:

Theorem 4.6.2. There is a unique choice of W;%R’A(F;qi) such that for any + contour I’

and any g%,

==
N0 o @) (4.6.9)

Di:,R,,\(Fa q)

with N$R7A(F,q) and ZA)iE’RA(F,q) as in (4.6.7)-(4.6.6) and (4.6.5) and hence dependent on

W,i[R’)\(F; ) = min{

the weights W,fR’A(-; -). Moreover the weights ijfR’/\(I‘; q) depend only on the restriction of
q* to {r € ¢()¢ : dist(r, c(T)) < 2y~ 1}.

4.6.5 Recovering the true weights

As anticipated in the introduction to the section, an important point of the scheme is
that in within the context of “the fictitious cutoff weights model” we can decide whether it

is the true one.

Theorem 4.6.3. Suppose that for any plus or minus contour I’

W (T5¢%) < e Frin (G2 N (4.6.10)

then
WiR,)\(D qi) = WW%R,)\(F; qi), ZiB’R’A(A\qi) = Zi,,B,R,A(A‘qi) (4-6-11)

where W;%R,/\(F;QAi) are the true weights, defined in (4.5.4) and Z;:E’B’R’A(Mqi) the plus

minus diluted partition functions.

38



4.6 Cutoff weights

Corollary 4.6.4. To prove Theorem[{.5.1] it suffices to show that for R < Ry and ~y small
enough, for all T’
o+

A N I, +
W;ER)\(F;qi) — M < e—ﬁc(CW‘fﬁ)NF (4.6.12)

+
e aF)

Proof. By Theorem if (4.6.12)) holds then

W (D) = W (D gF) < 7P () M (4.6.13)
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5. QOutline of the proof

In this chapter we shall present a sketch of the proof of Theorem We fix the inverse
temperature S in the open interval (5. g, 5o r) and since it is fixed we shall often drop it
from the notation. By Corollary it is enough to prove that for v small holds
for all contours I'. Hence we can proceed using the cutoff weights W;RA(F; q*) instead of
the original ones Wyij,/\(F? q).

The main difficulty in proving is that both N$R7A(F,qi) and DiR%\(F,qi) are
defined in terms of expressions which involve not only the support of I' but also its whole
interior. They are therefore “bulk quantities” while the desired bound involves only the
volume of the support of I', which for some contours, at least, is a “surface quantity”. The
main issue here is to find cancellations of the bulk terms between N ,fR’ 5 and ﬁf R This is
easy when special symmetries allow to relate the + and — ensembles, as in the ferromagnetic
Ising model. Such simplifications are not present here and this is the main issue which makes
continuum models difficult to be studied.

The analysis leading to has been rather general and it has not used in any essential
way the specific features of the LMP-hc model, which instead enter massively in its proof.

The proof immediately follows from the three basic estimates below, which can be re-

garded as the three main steps.

5.1 Step 1: equality of pressures

Looking at the “bulk terms” involving the interior components of I' one can see that up

to exponential surface correction terms, one can approximate the partition function by:

5+
Z%B,R,A

(int* () gup(ry) A= Tt (O (5.1.1)
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Outline of the proof

where P R IS the thermodynamic pressure given, for any van Hove sequence of D(3)-

measurable regions A,, and any + A,-boundary conditions ¢, by the following limit:

lim

n—oo 5|A ’

log 7R>\(A ) = P;%R)\ (5.1.2)

Although (5.1.1)) is a rough approximation, equality of pressures is necessary for the bulk
terms in WyiR L (T3 ¢F) to cancel.

Hence we have to prove that the limit in (5.1.2)) exists, that Pvi,R, ,, depend continuously
on A € [A(B,R) —1,\(8, R) + 1] and there are ¢ and A\g r € [AN(B,R) —1,A\(8,R) + 1] so

that

+ —

P’YvRv/\B,'y,R = P,%R’)\B’%R for all v small enough. (5.1.3)

Chapter |§| is devoted to prove ([5.1.3)).

Existence of the thermodynamic limit is standard and we do not report it in this work.
It is indeed more complicate than in the Ising model since there is an additional term in the
partition function which takes into account the contribution of the weights of the contours.
We refer to [52], Sect. 11.7 for both the existence of the limit and the continuity of the
pressures as functions of .

The equality of the pressures follows from a coarse graining argument a la Lebowitz-
Penrose by which we prove closeness of the pressures to their mean field values pR Limf

—¢s k(3. A Rr+). Then, since the difference of the plus and minus mean field pressures

changes sign when \ varies in an interval around A\(5, R), the same happens to the difference

+

P’WRa)\B,%R — PW,R,/\,M Continuity of P RN R P%R,A;a,%R in A then implies the existence

of a zero. The uniqueness is a much deeper question which is, however, here unessential as
we just want to prove existence of phase transitions.

A crucial point in pursuing this program is to do a coarse graining on scale v~1/2 with
both the Kac and the hard core interactions and prove that the logarithm of the partition
function with contours is close to the “mesoscopic” free energy on the given scale. The
“mesoscopic” free energy will be the sum of the coarse grained LMP hamiltonian and the
hard core free energy. The latter is computed in the canonical ensemble in the Appendix [A]
and is a consequence of [53]. When applying the Lebowitz and Penrose theory, we have no
problems for the LMP part of the hamiltonian because for its special structure it is easy to

write it as a function of the occupation numbers in each atom of the partition. On the other
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5.2 Step 2: energy estimates

side, the hard core interaction has a short range and hence it can make interact two particles
from contiguous atoms. We solve this problem with finding an upper and a lower bound.

A final remark is that in Step 1 the choice of cutoff weights is essential. In fact to have
Peierls bound on the contours one needs to fix A such that the pressures are equal.
However, to show equality of pressures one needs to show that the bound holds and

by introducing the cutoff weights one escapes from this loop.

5.2 Step 2: energy estimates

We want to prove that there is ¢ > 0 so that given v small enough, for R < Ry,

O fBI;,A(B,R)(inti(F))ZA*

N _
N77R7)‘/3,R,’Y (Fa q ) < e—B(CCz—C/W1/272ad)ngF€ 'y,R,)\ﬁy,y’R(A|XAC) (5 9 1)
D+ +) It int— () o
D%R’/\B’Rﬂ( ,qh) Py, m it ( ))ZIR’/\B’%R(MX;{C)

for all plus contour I', with Ij’)\( .R) (A) defined in (5.3.4). An analogous bound holds for the
minus contours.

We do not prove explicitly estimate , but we refer to [52] where it is carried out for
the LMP model, assuming the proofs will not be affected too much by the addition of the
hard core interaction. We report here only an outline of the proof.

First we should mention that the validity of is not restricted to the special value
A = Ag~.r, but it holds as well for all A € [A(8,R) — ¢v"/2,A\(8, R) + ¢v'/?] (c a positive
constant and 7 small enough). However, since we do not need such a strong statement we
write for this value of the chemical potential.

The proof is divided into two steps. In the first step one needs to prove that it is possible
to factorize with “negligible error” the estimate in int(I") from the one in sp(I"). In this proof
one manage to bound the L.h.s. of by a product of three factors: one is the fraction
appearing on the r.h.s., another factor is a constrained partition function in sp(I') and finally

1/2—2a9d\pd
gfer!/2e JENT ¢ > (0 a constant. The second step

the last one is the “negligible error”
involves a bound on the above constrained partition function in sp(I') which yields the gain
factor e‘ﬁ(cc2_0,71/272a2d)égNF, ¢ > 0 another constant. Combining the two one gets .

The main tool used in this part of the proof is a coarse graining argument and an analysis

a la Lebowitz and Penrose. The error in doing a coarse graining is bounded by eBer'/2lsp(D) =
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Outline of the proof

66071/272&‘16%]\]1“, which is the “negligible factor” mentioned above. Just as in the Ising model
the key point is that we can afford to make errors of this size, because it is a small fraction
of the gain term in the Peierls bounds. Thus in both steps we have a reduction, after coarse
graining, to variational problems with the LMP free energy functional. They involve two
different regions, one is at the boundary between interior and spatial support of I', the other
is in the bulk of the spatial support. In the former we exploit the definition of contours which
implies that the boundary of int*(T") is in the middle of a “large region” (of size f3) where
n(+;-) is identically equal to +1 respectively. By the strong stability properties of the LMP
free energy functional, the minimizers are then proved to converge exponentially to pg r +
with the distance from the boundaries. Here we use the assumption that 8 € (Be.r, Bo.r).
i.e. where the mean field operator Kp \(s.r),r is a contraction, see Proposition We
then conclude that with a negligible error we have “thick corridors” where the minimizers
are equal to pg g+ thus separating the regions outside and inside the corridors.

After this step we have plus/minus partition functions in int*(I') with boundary con-
ditions pg g+ and still a variational problem in the region sp(I') with the constraint that
profiles should be compatible with the presence of the contour I'. The analysis of such a

minimization problem leads to the gain factor in the Peierls bounds.

5.3 Step 3: surface correction to the pressure

The last step consists in proving that there is ¢ > 0 so that for any v small enough the

following holds: for all plus contours I

BIT (int™ (1) S+ e +
Faon Oz (D))
llog{ — W’Rfﬁ’”ﬁ H < 4 2d Ny (5.3.1)
eB|1nt (F)lp'Y’R‘/\B,’Y,R
where we use the shorthand notation:
XX(T) = pg,tlren, Xi = Xid (532)
and where Ii[,A(ﬁ,R) (A) is a surface term:
L) = /A Aexp.r)(p.rt) = e (Jy * pg, R lac)} (5.3.3)
- /A exg.r)(Jy % pp.ra1Ac). (5.3.4)
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5.8 Step 3: surface correction to the pressure

Analogous bound (with int™(T') instead of int™(T")) holds for minus contours.

. . " .. Blint~(D)|PE
Hence we want to prove that the leading term in the partition function is emm NP Roxg

which is therefore the same for the two partition functions, and thus the whole point it to
estimate the next term, i.e. the surface corrections to the pressure, proving that they are
small as e’ 7/*64Nr at least when the boundary conditions “are perfect”, i.e. given by x*.

This is definitely the most delicate point in the whole scheme and it is carried out in

Chapters [7| and [§ Furthermore ([5.3.1)) plus Step 1 (see Section would imply:

Theorem 5.3.1 (Surface corrections to the pressure). It exists Ry such that for any R < Ry

and any B € (Be,r, Po,r) there are ¢ > 0, vgr > 0 and Agyr, ¥ < 78, |AB, R) — Mg r~| <
ey'/2, so that for any bounded DY) -measurable region A,
BL s M) 7= A
e ZVvRvAﬂ,W,R (A|XAC) < 6071/2‘5ﬁit[[\]| (535)
Blrem@® g+ (Alxt)
Y RAg o XA

In the classical P-S models where we perturb the ground states, the partition functions
Z%(int~(I")) have only the contribution of the contour weights (the restricted ensembles are
in fact singletons consisting each one of a ground state). The Peierls bounds which again
hold by definition (because the weights are cutoff weights!) prove the validity of a cluster
expansion, from which then follows. A natural requirement for the extension of the
theory to the continuum where Q4 has a non-trivial structure is to prove the validity of a
cluster expansion. We shall prove it in Chapter[7] where the constraints Q4 induce an analysis
in the canonical ensemble. The idea is that is implied by the following theorem (stated

for a generic D(3) measurable region):

Theorem 5.3.2. Let A be a bounded D\3) measurable region. Let x; be the centers of the
cubes C\2) € D) then define

frrywn = / ¢ (dry..dry) IS (11, ). (5.3.6)
{riec"? 1<i<n}

There are positive constants §, ¢ and ¢ so that for all f, .,

< C,e,c[féegldist(cgl?) A)] (5.3.7)

’Elll (fxlv"uxn) - E;ﬂ (f:cl,..,xn)
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Outline of the proof

where E,i, i = 1,2, are the expectations with respect to y; , i.e. finite volume Gibbs measures

in A with b.c. ¢'.

We compute the expectations in in two steps: we first fix the number of particles
in the cubes C2) and integrate over their positions; then, in the second step, we sum over
the particle numbers. By its very nature, the Kac assumption makes the first step simple: to
first order in fact the energy is independent of the positions of the particles inside each cube.
Neglecting the higher orders terms, the energy drops out of the integrals (with fixed particle
numbers) which can then be computed explicitly. The result is the phase space volume of
the set of configurations with the given particle numbers: this is an entropy factor which,
together with the energy, reconstructs the mesoscopic energy functional.

By using cluster expansion techniques, we will show here that it is possible to compute
exactly the correction due to the dependence of the energy on the actual positions of the
particles in each cube. The correction, which is a function of the particle numbers, is a
hamiltonian with many body interactions of all orders. Even thought it has a complicated
expression, yet it is still a regular hamiltonian which becomes small as v gets small.

For what concern the hard core part of the interaction we can use again a cluster expansion
technique, using the result [53] obtained for a system with a single canonical constraint and
therefore extending it to present case of multi-canonical constraints.

The expansion will involve therefore both the two kind of interactions, giving rise to a
complex set of diagrams with multiple links. We nevertheless manage to deal with it proving
convergence of the series in the form of Kotecky and Preiss, [34].

Once we are left with an “effective hamiltonian” we still have to sum over the particle
numbers. Since we work in a contour model, the particle densities are close to the mean field
values pg r+ so that the marginal of the Gibbs measure over the set {pg(cb)}x is Gibbsian
and it is a small perturbation of a hamiltonian given by the mean field free energy functional
restricted to a neighborhood of the mean field equilibrium density (i.e. we do not feel the
double well structure). In such a setup we manage to prove the validity of the Dobrushin
uniqueness condition (Chapter , where we take into account the contribution of the hard

cores as a cluster expansion sum, which is small because of the Kothecky-Preiss Theorem.
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6. Equality of the pressures

In this chapter we prove that the pressures in the + and — contour models can be made
equal by suitably tuning the chemical potential as a function of 7v. Hence we select the value
A = Ag R of the chemical potential for which the phase transition will be proved to occur.
We first restrict A to the interval [A(5, R) — 1,A\(8, R) + 1] and then we shall prove that
actually \g g lies in the smaller interval [A\(3, R) — ¢’v'/2, (8, R) + ¢’v'/?] for all y small

enough and ¢” a positive constant.

6.1 Definitions and results

We remind some definitions and notation.

In this chapter the temperature 3 is fixed in the open interval (8. g, o) and ¢ > 0 is the
accuracy parameter which enters in the definition of the contours.

All the sets are bounded DU3)- misurable regions of R%. Plus /minus boundary conditions
are denoted by ¢, where ¢& may stand either for a particle configuration or a density

function. The plus/minus restricted ensembles are denoted by:
d
O ={qn € Q" :n(qp;r) = £1,r € A}, Qy = OF (6.1.1)
and the plus/minus partition functions with plus/minus b.c. ¢* are (like (4.6.5)):

> _ +y c +
Z5 5 rAMa®) = /Q vM(dg)e P I X L (4) (6.1.2)
+

with X, 5, (A) = Zpeps W(Llga) and where H"(qlq) = H"(q) + U"(q, ).

Note that the two partition functions Zi R’/\(A\qi) do not differ only by the boundary
conditions. They are in fact defined on different phase spaces, i.e. the restricted ensembles
QX , and the contour weights entering in their definition are also different.

The main result in this chapter is the following.
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Equality of the pressures

Theorem 6.1.1. For any X € [A(B,R) — 1, \(8, R) + 1] the following holds.

e For any van Hove sequence A,, of DY) -misurable regions and any sequence @t of £

b.c. the following limits exist:

7+ +
nlglgo 5|A |logZ ra(An lgE) = Prpy (6.1.3)

and they are independent of the sequence {Ay,qr}.

. PiRA depend continuously on A and there is a constant ¢ > 0 such that

77
P;CRA*PJ,R,A >0 if A=A, R)+cy"/? (6.1.4)
Pipy—Prpa <0  if A=X(B,R)—cy"/? (6.1.5)

As an immediate corollary of Theorem we have:

Theorem 6.1.2. For all vy small enough there is Ag g~ such that

— 1/2
P sy =Pirrgny  Pary —ABR) < ey'?, (6.1.6)

with ¢ as in (6.1.4]).

6.2 Coarse graining

The equality of pressures follows from a coarse graining argument by which we shall prove

closeness of the pressures to their mean field values:

+;mf
lim PTp s =P = —0oar(psRL)- (6.2.1)

Since the difference of the plus and minus mean field pressures changes sign when \ varies
in an interval around A(8, R), the same happens to the difference P;f R~ P,; R Then the
existence of a zero is proved, once we assure the continuity of P+ — PJ R in A
Existence of the thermodynamic limit for the two pressures P RA is standard and we skip
it. It can be proved as for the Ising model, since spin variables are here bounded because of

the hard-core interaction. One has only to take care of the contours which give contribution
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6.2 Coarse graining

in the partition function, but their contribution is exponentially small as in . For all
the details see [52], Sect. 11.7.

As already said for the equality of pressures we shall use a Lebowitz-Penrose approach via
coarse graining. Hence the main result in this section is an estimate on “constrained partition
functions” in terms of the mesoscopic free energy functional. Note that the coarse graining
in this chapter is intended to be done on a scale /1, (see Section where for simplicity we

drop ~ from the notation.

Definition 6.2.1. Let My, A being a D1)-misurable region, be the space of non-negative,
D) _misurable functions on A. Furthermore we define:
(1)
qgnNC, 1
gy = L0C L ey = L /Cul) p(r')dr’ (6.2:2)

o o

and for any “constraint” B C M we define:
Zyranq(B) = / e~ PHy.r(anlGhe) (6.2.3)
an:p“1 (qa,-)EB

where ¢ is a boundary condition.

Note that for the presence of the hard-core interaction in the hamiltonian we have that
the density is automatically bounded by the close-packing density (pcp) of the hard-spheres.
Hence:

P (qa, 1) < pep, reAl (6.2.4)

We also suppose that there is ¢ so that for any “constraint” B C My and for any pp € B

there is gp so that:
piga,)€B, and  |p(ga,") — pal < ey, (6.2.5)

We shall coarse grain with mesh ¢; and call X, the set containing the centres of the cubes
Cgl) contained in A, which from simplicity from now on will be just denoted by C. Let us

)

write the n-body coarse grained potentials J~§n as follows:

~ 1
(n) _ / 1 og(n) (.t /
R ) = e /cﬁfﬂd”“‘/cﬁiﬂdr"‘]"’ (et (620
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Equality of the pressures

Analogously we will add a tilde to denote quantities which are computed with jq(,n) instead

of Jvn). In particular ﬁ% r and Z are the coarse grained energy and partition function. For

any pp € My we define also the coarse grained mesoscopic free energy functional:

. - - B . - . B 1 B
Ey raa(pald) = Hy(palgae) + | fAR(pal7) = Hy(palgac) — 3 /A S(pa) + [Alfa,r(pAl2)
(6.2.7)
where S(p) = —p(log p — 1) is the entropy and:

_ 1 _
far(palg) = A ZW: 2k (75 pa+ ) (6.2.8)

is the contribution to the free energy coming from cluster expanding the canonical partition
function for the hard spheres over the boxes of the partition. See equation and in
general Appendix [A] where we do a cluster expansion in a volume A with periodic boundary
conditions. The extension to the case with coarse graining over the boxes with side /;
is an easy generalization and nothing changes but the fact that the multi-indices are over
the particle labels which now refer to a precise box (as we do in the more general case of
Kac interaction plus hard core in Section . In the case with a more general class of
interactions, (i.e. stable and tempered), see [53] where we also prove convergence to Mayer’s
virial expansion at the thermodynamic limit. The notation used in and has
been introduced according to the mean field model, in order to have the analogous quantities
also in the mesoscopic description.

Hence we want to prove the following theorem:

Theorem 6.2.2. There is ¢ > 0 so that for any q, any R and any B C My :

108 2, rang(B) + 8 inf, Py paa(pald)] < 1Al (6.2.9)
A

To prove Theorem we use the following lemma which will be used to replace the
partition function in (6.2.9) by its tilde analogue.

Lemma 6.2.3. There is ¢ > 0 so that for all @, all R and any B C My:

efc’yl/2|1\| < M < 6071/2“\“. (6210)
Zy RA,q(B)
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6.2 Coarse graining

We skip the proof of Lemma [6.2.3| which is the same in the LMP model without extra
hard-core interaction. In the proof we use some energy bounds for the LMP hamiltonian,
hence the R-interaction gives no contribution except giving a natural cutoff for the values of

the density (we have pc, instead of pmax). For the reference see [52], Sect. 11.1.

Proof of Theorem [6.2.3.
By Lemma we can replace Z, gy A g(B) with its tilde analogue with an error cy'/2|A|;
it is therefore sufficient to prove with the tilde partition function. Analogously as in
Sections and the energy ﬁ,y(qA|(jAc) depends only on the number of particles n, =
lgrn N Cy| in the cubes C,, x € X). We shall write f[v(mq,\c) for the ~-energy of any
configuration whose particle numbers are n = (ny)zex, € NXA. Denoting by p = v¥?n,
the density in each cube and by p = (pz)zcx, the function in M which is constant in each
cube of the partition, we look for a lower and for an upper bound of log Z'y,R,)\,A,tj(B)- While
the ~v-interaction in I}% r depends only on the occupation numbers, the hard-core interaction
is a short range potential, hence it makes two particles coming from two contiguous boxes
interact. To avoid interactions among contiguous boxes we will use upper and lower bound
which create independence on the boxes.

For the upper bound we neglect interactions among contiguous boxes. Hence for the

positivity of the hard-core interaction we have the following:
7 —BH gac —By—4/2 q |C |nZ
Zyrang(B) < Y e PHhninne) [He By fCrvR(”'q)n””—x! (6.2.11)
n:peB

where fc, g is defined in (6.2.8)).

Now we write:

xT

C, |
‘n‘; = exp{|C2|S(pz) + c(na)} (6.2.12)
where:
C, = )
c(ne) := log (| n|v ) —1CalS(pa),  c(na) < clogy™? (6.2.13)

=)
with ¢ a positive constant and having used that n, < pcpﬁg.

Since there are |A|fyd/ 2 values of x and n, may take at most pcpfg values, we have

(pcpﬁg)ww/2 terms in the sum. Hence:

~ i 3 g —ay27 A2
Zo i a(B) < e tuen Frnontold) [ g eetowr™ (6.2.14)
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Equality of the pressures

and therefore:
log Zy rang(B) < =B piAnefBF Raa(pald) + e[ Ay logy (6.2.15)

For the lower bound we neglect those configurations with particles in the frame of width
R/2 inside each cube C,. Hence the partition function is larger than the one computed as
product over disjointed smaller cubes since in the last one we have reduced the volume of the

phase space. Let us call C!, the cubes of side ¢; — R, thus we have:

Zy rang(B) > Z o BH~(1lgre) [He—ﬁ(ll—R)dfcg,R(qu)%:“% (6.2.16)
n:peB P @
We write again: ,
I explcis(e0) +¢ )} (6.2.17
where:
dna) =g (IE0) — 1100, ) 2 —etogy 2 (6219)

To reconstruct the mesoscopic free energy F% r.A We replace |Cl| with |C| paying for each

cube an error which goes like the surface, i.e. O(y~(@=1/2R):

ZypangB) = 3 e Pmane) [Hfﬁcﬂf@ﬁ(pqﬁmS(pz)—clogvdﬂ—c’v<d1>/2R
n:peB T
(6.2.19)

We can find a lower bound by choosing only one term in the sum over n, i.e. the term in

/2

which F% R A takes its minimum. Hence, having again |A|y%/* values of x,

log Z, rang(B) > -5 inEfBF Rraa(p@) — clogy HARY? — Ay Y2y~ @=D2 R (6.2.20)
n:p

Let p be the minimizer of F%R,)\’A(~|cj) on the constraint 5. Then by (6.2.5)) there is n so that
p obtained from n is in B and furthermore there is ¢ so that |p — p| < ¢y%? on A. The lower
bound (6.2.2)) then follows using that f};?R (see (6.2.7)) is convex and analytic and hence:
\f}\‘fR(’ydm(n +1) — f}{fR(’yd/Qn)] < ky?/? for all |t| < ¢ and n < pepld. Note that the LMP

energy is differentiable hence it gives a contribution of order ky%/2. O

6.3 Equality of the plus and minus pressures

In this section we will complete the proof of (6.1.4)).
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6.3 Equality of the plus and minus pressures

First of all we have to analyze the variational problem with constraint we have in (6.2.2)).

Observe that given any ¢ > 0 for all v small enough,

lps AR+ — PR+l <C for N = A(5,R)| < 071/2 (6.3.1)

Hence, we prove the following proposition.

Proposition 6.3.1. Let X be such that |pgx r+ — pa,r+| < (; then for all R,

dnf L Proran(oalosrelae) = Fropan(psnelalpsapalac) (6.3.2)
pan(pa;)=
= ¢par(ppars) A + I (M) (6.3.3)

where:

Ea®) = [ {es(panns) —erlpsansds s 13} = [ exparnads s lae). (63.4)

The same result holds for F%R)\,A with J, replaced by JNW.

Proof .
Denote by p the function equal to py on A and to ppe on A°. Then regarding ppc = 0 on A
and recalling that S(0) = 0, so that S(pac)Lae,

Ey ran(palpac) = /Rd{GA(Jv % p) — ex(Jy * pae)} + {2 (0) — FR(pac)} (6.3.5)
= /Rd{mA,R(Jv xp) — g r(Jy % pac)} — {fAR(Jy x p) — fAR(p)} (6.3.6)

+ {FR%(Jy % pac) — fR%(pac)} (6.3.7)

where ¢ ) g is defined in (3.1.6)) In our case ppc = pg g +1ac so that we can write the integral

of the sum as the sum of the integrals, and in the integral with { J”}Q}CR(J7 * p) — fkfR(p)} we

can replace f}\"CR(p) by Jy * f}\lfR(p). Then F, r xa(pa|pac) becomes:

/R {08 Ry 5 p) = G0y * pac)t + {3+ [XR(0) = IXR(y *p)} (6.3.8)
+{f/}\17CR(J7 * PAc) — fk?R(PAC)}- (6.3.9)

Since pae = pg.r+1ac and 7(pa;-) = *£1, for all 4 small enough the first curly bracket is

minimized by setting pan = pg g, +; the second curly bracket by convexity is non-negative (in
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Equality of the pressures

the region of convergence of cluster expansion) and vanishes when py = pg g +14; the third
one is independent of py and the first equality of (6.3.2)) is proved.
To prove the second equality in (6.3.2) we have to look at the original expression for

Iy

(6.3.1)), we then get:

BAAPB R +1A|P,R+1Ac) and set pa = pg p+. Recalling the definition of IﬁR’)\(A) in

Ey raa(paar1alpgar+1ne) = / {eA(pﬁ,)\,R,i) +fR?R(p5,,\,R,i)} + IR A(0) (6.3.10)
A

= [Alpsrr(psrrt) + L A(A) (6.3.11)

The same proof works for jﬂ, and F% RA- O

Lemma 6.3.2. There is a constant ¢’ so that for any R and any X such that |pg r+—ps.+| <,

[P — Pl < o2 (6.3.12)

Proof.
Let A, be an increasing sequence of D%-misurable cubes which invades R?. Then using the

canonical partition function defined in (6.1.2)) (by the existence of thermodynamic limit):

1 ~
+ 1 s +
P’y,R,)\ = nh—{I;o 5|An| log Z%R)\(An’pg’/\’]{i). (6.3.13)

For the upper bound we have:

. A
lo8 22 (Balps ) < los Zyman () = 41) + 2 log2 (6.3.14)
3
o . 1/2 A |An|
<-8 inf By raan (Pa,lpsaralag) + e/ 7| An] + —= log2
PAn M(PAL; ) =E] 14
(6.3.15)
< —Bdpar(pprr ) Anl = BL 5 (An) + v | An] + |An [y 10g 2
(6.3.16)
< BN+ YA — BIER  (An) (6.3.17)
where Z., p A Ag(B) is defined in (6.2.3). The upper bound follows from Lemma Theo-
+ An
rem [6.2.2| and Proposition [6.3.1} because lim,,_ o %i') =0.
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6.3 Equality of the plus and minus pressures

For the lower bound we use that X ) 4, (A) > 1 and get:

log Z s (Anlpgarx) > 108 Zy ang({n(-) = +1}) (6.3.18)

and then the proof proceeds as in the upper bound. O

Lemma 6.3.3. There are § and a both positive such that

d m, sm,
SOE R > e N-ABR) <6 (6.3.19)
Proof.
d +;mf —;mf
— PR, = - - . 3.2
X PRA PR )A:A(B,R) P8R+ — PB.R~ >0 (6.3.20)
O

We are now going to show that:

Claim Let ¢ be such that ca > 2¢, a as in (6.3.19) and ¢’ as in (6.3.12)), then for all
small enough (in particular such that (6.3.1]) holds):

+ _

PV,R AB,R)+cy1/2 P77R7A(57R)+cfyl/2 >0 (6.3.21)
+ _

P’y,R AB,R)—cy1/2 P'Y’R)\(B’R),C,YI/Z > 0. (6.3.22)

Proof.
By Lemmas and writing A := \(8, R) + ¢v'/2, for all 4 small enough

Pl = P 2 pi — e — 2092 > a(N = MB,R)) —2d7? >0, (6.3.23)

Y

where we have done a Taylor expansion for both pE;;ri,f and p;%;ij,,f around A\((3, R) and used

that pR /\(@R) = pR /\(6 R)" Analogously, if N = \(8, R) — ¢y!/2,

P+

- f
ry — Popy SPEN — PR | +2092 < —a(A(B,R) = X) +2d72 <0, (6.3.24)

O]
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7. Cluster expansion

This Chapter and the following will be entirely devoted to prove Theorem Here
we use cluster expansion techniques to compute the expectations (5.3.6) as functions of the
number of particles in the cubes C'*2) that we think as of fixed. The aim of this Chapter is to

reduce our model to an effective model which depends only on the cell numbers (see Section

7.5).
7.1 Definitions and results

The setup is the following:

e We use the definitions in Section and drop the 7 in the notation ¢ and /3, for

simplicity.

e A will denote a bounded connected D¢3) measurable region, S the set of cubes C'(¢3)
in A contiguous to A°>. A = A\ S. ¥ is the strip in A made of all the cubes C‘)
contiguous to A and A® = A /3.

® fui,. . is a function defined as

fry,2n Z/ q®n(dr1..drn)J§”)(r1, s Tn) (7.1.1)
{rie0? 1<i<n}

with the condition that Cgr") is in A for some 1 < 7 < n and where the measure is

defined in (1.1.3).

e ;! and p? are two probability measures. u! is a finite volume Gibbs measure in A with
boundary condition ¢! outside A which is moreover conditioned to have all its contours
w spatially supported in A°. 2 is the same finite volume Gibbs measure with boundary

condition 2.
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Cluster expansion

Our aim is to prove that there are positive constants ¢, ¢’ and ¢ so that for all f, ..

< domcl iy tedist(CL) Ac)] (7.1.2)

‘Eul (fxl,..,:pn) - EMQ (fxl,..,xn)

7.2 Block spin hamiltonians

Let A and A° be as in the previous section and we fix § € Qf. In this chapter we
will refer interchangeably to the measures u' or p?. We split the hamiltonian into the LMP
part and the hard-core part, i.e. H, r(q|q) = H-(q|q) + H"(q|g) where H., shorthands the

hamiltonian H.,  ,. Furthermore for the hard-core part we give the following definition:
H"(qlg) = H™(q) + U"(q,q) (7.2.1)

where H"(q) is the energy of the particles inside A while (see (T.2.21])) U"(q, ) indicates the
interaction energy between a particle in A and one in A° (remembering that the configuration
outside A is fixed g € Q).

We have

ZipalM) = 3 [ tda)e 00 o ) (722)
+ Joh
TeBy  —F

which dropping all the suffixes will be denoted by Z (Alg). W stands for the Zahradnik
weights with the corresponding parameters.

Our goal is to prove that Z(A|g) can be written as the partition function of a hamiltonian
which depends on variables pg(cb), x € X/(\@), X/(\ZQ) the set of centers of cubes C2) in A. To
simplify notation we drop the superscript £5 writing p;, « tacitly supposed in X/(\EQ). The new

energy of a density configuration p = {pgc}a:e () is defined as
A

h(plg) = —log ) / Mdq)1 o) gy € ID e P WD (T g) (7.2.3)
reB: o

so that
Z(A|g) = Z e~ Mpla)
P
Setting n, = £4p,, we multiply and divide, inside the argument of the log in (7.2.3), by
dng
1%
n..\

rEX) z
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7.2 Block spin hamiltonians

We denote by {¢zi, © = 1,..,nz, © € Xp}, the particles in Cg(fZ). Thus particles are now
labelled by the pair (x,i), x specifies the cube C’;,(;ZQ) to which the particle “belongs”, i dis-
tinguishes among the particles in Cg(;@). The corresponding free measure, whose expectation

is the product of the probabilities which give uniform distribution to the
) (£2)

is denoted by E p,

positions ¢, ; in their boxes C( *) divided by n,! since the particles in each box Cj
indistinguishable. Note that when we change from labeling of all particles in A to labeling

separately the particles in each box we have to multiply by Hil' for all such possibil-

IEX £2)
ities. For reasons to be clear in the sequel we define a new prior measure where we weight

the previous free measure by only the part of the short range potential which interacts with
the boundary configuration g (i.e. U"(q,q)). To be more precise, for the particles in a given

box O 2), x € X, the new measure will be:

da..+---d —BU(¢(“»),q)
qz,l Qx,nze — — - Zx q(px) (724)
f dqe - 'sz,nxe_'BU g )

(£2)

where ¢(©=) denotes the configuration of the particles in Cy

)

, each integral in the denominator

is over Cfﬁ@ with the constraint Qﬁ\r and where:

dgg 1 dgen —BUN(¢(C2) g
Zailps) = S 1L (@"™).q) 7.2.5

is the extra factor coming from the change of measure and contributing for each cube, with:

Ny |‘J‘
Uhc cy) - szhc Qo — T))- (7.2.6)

=1 j=1

The corresponding expectation will be denoted by Eg’q. We then have

h(plg) = Zlog

dnz

— g) — hc
Z 10 Z g(pz)—log ES,q (e BH+(4l7) ,—BH(q) Z W(F]q))
C;ZQ)GaAint sp(T) C A°

(1.2.7)
where OA™ is the set of the D(2) boxes adjacent to A¢ (i.e., the interior boxes of A). Note
that the total normalization is a product of the normalizations in each cube and that, because
of the hard-core interaction, Z, 4(p,) for a given box C, gives the following contribution:

dg e |G|
Zx,q(px):</ ] ﬂqecgf) = ~ns (7.2.8)
2
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Cluster expansion

where: CZ = {r € C, : dist(r,q;) > R,Vi}. This means that, because of the presence of the
hard-core, the new measure “reduces” the admissible volume for the particles in each box.

Let H2)(¢|g) be the coarse-grained hamiltonian on scale fo. It is obtained by replacing
Jgn) by ja(,n), where:

- 1
(n) L . (n)
S ) = g ]{ﬁfﬂ dgy j{ﬁz2>dqn/J5 (@1, -0 n) (7.2.9)

are the coarse-grained potentials.

It depends only on the particle numbers n; (or the densities p,) and we can thus write

W(plp) = H(qlg),  pa = (@), px = p{?(2) (7.2.10)

Setting
AH(qlq) = H,(qlq) — H")(q|q) (7.2.11)

we have

Ednl-
hplg) == log 2 — Y logZug+ Bh%(plp) + 0h(pla) (7.2.12)
v T st copin
where
0h(p|q) = —log Eg,q(e_BAH(qlq)e_BHhc(Q) Z W(F|q)> (7.2.13)
sp(I') C A°

It is convenient to split dh(p|q) in three parts:

3 2
Sh(pld) =Y h(plg). K2 (plg) =D h'(plq) (7.2.14)
i=1 i=1
where
hb2(p|q) = —log Eg’q(efﬁAH(q@e*’BHhc(‘I)) (7.2.15)
W (plg) = —log By Y W(Tla)) (7.2.16)
sp(l’) € A°

EY, (e—BAH(qIé) e—BH"(q) f)
%dﬂzszmmmfwwm (7.2.17)
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7.3 Analysis of h'?

7.3 Analysis of h'?

In the sequel p = {pgc}:te x(2) is a fixed density configuration and all ¢ will be compatible
with p, i.e. [gN C££2)| = pxﬁg = ng. To simplify notation, we denote here by i the particle
labels (instead of the pair (z,4) used before) so that the label i encodes the knowledge of
the cube Cg(ch) where ¢; is; for such a reason we may also say that a label i is in some D¢2)
measurable set.

The “error part” of the hamiltonian is

AH(qlg) = = > [TP(ai, ) — I Gy 4in)]

11,82

+ Z [Jf§4)<qi17qi27Qi37qi4) - jf(y4)<Qi17Qi27Qi37Qi4>] (731)

11,02,13,14
We have used a shorthand notation: the sum is over distinct labels and runs over the particles
of ¢ and ¢ with the condition that at least one of the particles of ¢ should be present. For
simplicity we write ¢; also when the label ¢ refers to the particle g;. The difference between

j7 and J, is small, namely there are constants c,, n = 2,4, so that for all v small enough

‘J’gn) (Qh . qn) o j’gn) (Q1, . qn)‘ < Cn,yOlJr(nfl)dH 1|q1—¢1i|§2771' (732)
=2

With this in mind we set

wg) (G, Giy) = eﬁ[J_(Y?)(Qil7Qi2)—j§2)(qi17Qi2)] 1 (7.3.3)
“B1IY (4 i a0 V—TY (05 i i 0
w’(}/4) (qi17 %’2; qi37 qZ4) = e ﬁ[‘l"/ (%1;%2:(1137(]14) J’Y (qu ig iz :qiy )] _ 1 (734)

where both are bounded by a constant times the right hand side of (7.3.2)). Then we have
6—5AH(¢]|‘7) = H (1 + wg) ((In ) Qiz)) H (1 + w§4) (qil ) Qia s Qizs Qi4)) (735)
11,82 11,92,13,14

with same convention as for the sums in (7.3.1)). Similarly, for H"(¢) we have

_ hc _ hc(,,. .
D =TT+ 0P (@1,0)), where ol (g3, a,) i= eV @92) — 1 (7.3.6)

11,12

where we only consider the particles inside A, i.e. in ([7.3.6)) for each pair of indices i1, i2 we
must have ¢;,, ¢, € A. We next expand the products in ([7.3.5)), (7.3.6]) and classify the terms

using the following notation:
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Cluster expansion

o Let L2 = (i1,12) and LW = (i1,12,13,14) denote a pair (resp. a quadruple) of mutu-
ally distinct particle labels and, given a labeled particle configuration ¢, we denote by
q(L®) = (¢, qi,) and g(L™) = (Giy» Qiss Qis, Giy) the pair (resp. the quadruple) of the

positions of the corresponding particles.
e We will refer to the two types of 2-links by calling them respectively 7-links and R-links.
e Two links are connected if they have a common label.

e (Definition of ©.) A diagram 6 is a collection of 2- and 4-links, i.e., a ordered triple
0= (LS?(@), £?6), @ (e)), where we denote by £2(8), £2)(6) and £D(6) the set
of 2-links (of type R and <) and of 4-links in #. Note that one can have a repetition of
links, i.e. a same link L(®) can belong to both sets ££Y2)(9) and Lg)(ﬁ). We use £2)(9)
for the set of 2-links (which eventually contains twice a link when it is both a ~-link

and a R-link) and © for the set of all such diagrams.

e Two diagrams 6 and €' are compatible (6 ~ ') if the set of their common labels is
empty. A compatible collection of diagrams consists of mutually compatible diagrams.

When they are not compatible we will use the notation ~.

e We define w,, r(0, ) as the product of wE,Q)(q(L@))), vg)(q(L@))) and w§4)(q(L(4))) over
all the links that contribute to 6:

wyn(0:0) = vn(€ 0,0 [ wP@e®) ] wePee®) @37
L@ecP () LW eL@ ()

where for any L C Eg) we have also defined:

vr(L.g) = ] vi (@(L®)) (7.3.8)

From (7.2.15)), (7.3.5) and (7.3.6]) we get:

k
2(pla) = ~tog ES (> [Twnn05:0), (7.3.9)

{01,003~ G=1
where the sum is over all the compatible collections {61, ..., 6i } such that every 0;, j = 1, ..., k,

has at least one particle inside A.
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7.3 Analysis of h'?

The goal is to bring into the form of the partition function of an abstract polymer
model for which one can prove the validity of the convergence condition. As far as the y-links
is concerned, due to the smallness of their weight (see and ) when we multiply
by the large number of such structures we will eventually be able to prove convergence. But,
for the case of R-links, such labeled graph structure is dangerous since their number grows
as e" for the case of n vertices. The way out is to consider new types of diagrams where
~ links may occur deliberately, but the R-links occur at most as a tree structure. Next, we
present this construction in two steps after which we will eventually arrive to a new type of

diagram for which we can prove convergence of the corresponding abstract polymer model.

We start with a definition: given a diagram 6 and a label i such that 6 ~ i, we provide
an abstract rooted graph structure according to the following algorithm. The root of the
graph is i. Links of 6 which have ¢ as an endpoint are links of the first generation. New links
may start at the endpoints of the links of the first generation and they will be links of the
second generation and so on. We define the graph distance of the label v (and we will use
the notation d(v)) as the minimum number of links that are necessary to construct a path
connecting v to the root. The m-th generation of the graph is the set of labels I such that
d(v) =m for all v € I.

Step 1. We first get rid of all the R-links which appear over 7-links and we extract a
subdiagram 6. Let © C O be the set of all the diagrams which do not have double 2-links,
ie. ©:={0: Eg2)(é) N Eg)(é) =0}.

Definition 7.3.1. We define a map ¢ : © — ©, which to each diagram 6 € O associates a
diagram 6 = ¢(6) € O, such that: L(6(0)) = £(0) and LY (6(8)) = L (6) \ (£ () n
Eg)(e)). Moreover, the set of all the possible diagrams 6 can be obtained as the disjoint
unions of ¢~1(9) and 6, for all § € ©.

Given a diagram 6 € O, from Definition [7.3.1] we have:

w7 (0, q) = wy ((0), )r(LE (0)\ L5 (6(60)), ). (7.3.10)

63



Cluster expansion

Step 2. The next step is to obtain a diagram which is at most a tree in R.

Definition 7.3.2. (Partial ordering relation < on a diagram #). For ng), Lg) € Eg)(é) we
have that L§2) =< Léz) according to lexicographic ordering (i.e., we start by comparing the
first index and if the same we compare the next etc.). We say that a diagram is ordered if

the set of its R-links is ordered according to this definition.

Definition 7.3.3. (Redundant link). Given an ordered diagram 6, we say that a link L(?) €

ﬁﬁ?(@) is redundant in the following two cases:
o If L&) = {i, j} with d(i) = d(j) (which we will call “horizontal”);

o If L = {i1,7} with d(i1) = d(j) — 1 and it exists L = {ig,j} € E( (#), with
d(iz) = d(j) — 1, such that: LgQ) =< Lg ) (i.e., 32 < 71). We call such a link “ vertical”
and redundant with respect to some other link that has the same endpoint in the

generation more distant from the root.

We denote the set of the redundant links of a diagram 6 by: Rg) (0).

We call © C © the set of diagrams with no double 2-links and with no redundant links.
In formulas: © := {#:0 € O, RR () = 0}.

Definition 7.3.4. We define the map 1 : © — ©, which to each diagram 6 € © associates a
diagram 1(0) such that: 5(72) ((0)) = E(WQ) (6) and Eg)(d)(é)) = ( )) \7'\’, ( ). Moreover,
the set of all possible diagrams 6 € © is the disjoint union of all ¢~ 1(#) and 6, for all 6.

From (|7.3.10)), for any 6 € © we have (recall also the definition in ([7.3.8]))

wy r(0,9) = wy R (W(A(8)), ) v (L (6(8) \ RY (6(8)), a) i (LX) (0) \ £ (6(6)), 9)

(7.3.11)
For 6 € © we define:
@y 1(0,9) == wy (6, q) o(LE(0)\RY(6),q) LD O\ LF(0).q)
6:4(9)=0 0:(6)=6
(7.3.12)
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7.3 Analysis of h'?

which using ([7.3.11)) yields

> wir(0.0) = > Z Z wy,r(0,9)

6co 0€0 0:4p(0 0)=0
= Y wr@,9) Y wr(Ly0)\RE(B),q) vr(L O\ L5 (0).q)
06 ew(A) 6 0:¢(0)=0
fecd

We define the statistical weight of the diagram 6:
Z%R(é, Cj) = Eg,q(u_)v,R(éa )) (7314)

and we obtain: i
W plg)=—log > [[#.r06,0) (7.3.15)
{01,....00}~ J=1
where the sum is over compatible collections of diagrams as before. Hence, we are in the
context of the abstract polymer model on © with activities 2y, r(#) and we next prove the
convergence condition. Given § € ©, let || be the number of distinct particle labels in § and

|£,(0)] be the number of only the y-links.

Lemma 7.3.5. For k > 0 let
a(f) :=10], and b(0) = rlogy '|L,(0)| + 0] (7.3.16)

Then Vk < a and for all v and R small enough,

Z |29.r(0, ) NER 0)+b(0) < < a(f). (7.3.17)
06"
for any fized 0.
Proof. 1t suffices to prove
37 1zyr(0, )OO <1, (7.3.18)
0: Oxi

for every fixed i. We next bound (7.3.14)): given § € © and some = ¥~1(0), in order to
bound the last sum in ([7.3.12)) we recall that there is a one-to-one correspondence between
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Cluster expansion

an element 6 € ¢~1(f) and the union of § with the possible extra R-links (which have to be
chosen among the links Eg)(é)). Hence, recalling ([7.3.8)),

S e ONLP 00 = > w(Ag= Y [ v

0:¢(0)=0 Acc?(6) Acc® @) LeA

= I Ree®)+1<1 (7.3.19)
L@ec? (6)

where in the last inequality we use the positivity of the potential, i.e. vj(pb)( (LN +1<1
for every L.

To bound the second sum in ([7.3.12)) we define the set of all redundant links that one can
add to 6:

Yocy—1(8 )Rﬁz)(@ (7.3.20)

Then,

PO \RPO.g) = Y o= Y [ P

éw(é):é ACR( ) AcR(Q) L®@eA
= I pRee)+1<, (7.3.21)
L) eR(0)

again by the positivity of the potential. Thus, using ([7.3.19)) and (7.3.21]), from ([7.3.12)) we

have reduced to diagrams which are at most trees in the R-links. To bound the activity, y-links
are bounded uniformly in ¢ using ([7.3.2)) while R-links can now be integrated independently
yielding:
Ao 7 _(2 _ _ _ _ _
yn(0,0) < ES (wyr@)) < T wWwa [ oPwa [ &
Lec'?(0) LeL!? (0) e (o)
(7.3.22)

where we have used the definitions:
o (L0) = By (ona(1),0), ol (L,q) = maxul (g(L),q), =24 (1.323)

Note the difference between vg)(-), vg(+,-) and qjg)(.’ ); similarly for waiLI)%(" ) and wg?l)?.(" ),
n = 2,4. From (7.3.2) we have:
(L) < eyt @D (L, g)| < eyt (7.3.24)
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7.3 Analysis of h'?

For Eg)(L, q) supposing that L = {i,j}, if both labels correspond to particles in the same

box C we have:

‘f qule_ﬂUhC(qwq)f C ) dq] e_BUhC(qjﬂq)(e_ﬂvhc(qiqu) — 1)
) (L, q)] < 1 %00 Pnla) S (7.3.25)

_ he(g. g
‘fQit dqj e BU (qj’q)]lquC\BRCi“t

where U"¢(q, §) is defined in (7.2.6) and OgpC'™ is the inner boundary of width R of the box
C. Calculating the denominator we obtain: (fs — 2R)?¢, because when ¢; is in C' \ dgC™
the particle can not interact with the boundary and therefore U hC(qj, g) = 0. The numerator
can be bounded by cR%$. Hence,

_(2 _ €

(L, q)| < & (7.3.26)
where € is the volume of a hard-sphere of radius R and c is a constant almost equal to 1. On

the other hand, if ¢; € C, and ¢; € C, we obtain:

d i d 1 _ he(q. g
/ 3]1%681{@/ G (oo™ laa) _1)| < (7.3.27)
geC, 15 4;€CyNBR(4:) %
35— (t2—2R)'R" _2RR’ _ 2Re
Eg ﬁg — {y ﬁg - Engl

which is of even lower order.

To prove we proceed by induction. We first prove for 6 with £(9) = 1.
Suppose that |Eg) 0)| = k, \EgQ)(é)] =n and |£(74) (6)| = m. The number of vertices in @ is
at most 1+ k4 n + 3m. Since the configurations are in Q. there are at most c(pg 4 + Oy
2-links and at most c¢(pg 4 + ¢ )7_3‘1 4-links passing through it. Analogously for the R-links,
one can consider that once we fix a label, there are at most c(pg 1 + ¢)¢4 particles which can

interact with it. We have:

S k@@ @O < ST ey + O " felps + O - [elps + Oy 3™
Oi:(0)=1 n+k+m>0

,Y(a+d)n+(a+3d)m . ( € )k . enlog'y_l(n+m)+2(n+k+3m+1) <

“

< 2 Z ,y—n(n+m)62(n+3m) [c(pﬁﬂr + C),Ya]n-i-m

n+m

Y eHlelps s + Qe (7.3.28)

k
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Note that the two sums can start either from 0 or from 1, but not both from 0, since we
are supposing that there is at least a point in the first generation. The 2 in the exponential
comes from both the contribution of a(f) and b(#) to ||. Thus, choosing x < «, the following

inequality holds true for v and R small enough

Z ESC 7)|e 0)+b0) < ¢ M4zl 4y)[l+2]—€e*<1 (7.3.29)
Oi:0(0)=1

where:
z == log771+2[0(,0/3,+ +0] <1
y =el BT e (pp L ()] <1
z=e*[c(pgs + )]e < 1. (7.3.30)

We proceed by induction. We suppose that:

Xvi= Y |zr(0,q)e@O <1 (7.3.31)
0i:(0)<N

and we prove it for § with £(#) < N + 1. Summing over the links of the first generation we

have:
S @t @PO < S N S N T R o)l [ [Pl
G0il(F)<N+1 ntktm>0 4@ per® ool LeA LeB

|A|l=k |B|=n |C|=m
H |U_],(y4)<L, Cj)| . [1 + XN]1+k+n+3m€2(1+kz+n+3m)+mlog'yfl(n-‘rm)
LeC

i

(7.3.32)

where 1 in the square bracket corresponds to the case in which nothing is “growing” from a
given endpoint of the first generation link while X is the inductive estimate for the case of
nonempty subdiagrams growing from the given endpoint. Using again ) and m,

we have:

S Jayn(B e @D < 262 3 (om0 B 4 el (7.3.33)
Oi:6(0)=1 n+m

D 26%) e(pgr + Q"

k
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Hence, again choosing x < «, the following inequality holds true for v and R small enough

ST 1zr(0, @)@ < 2621 4 /1 + y/][1 + 2] - 262 < 1 (7.3.34)
Oi:0(0)=1
where:
¥ =20<1, Yy =8y<1, 22:=2:<1, (7.3.35)
with z,y, 2z as in . Lemma is proved. ]

By Lemma [7.3.5] it is a standard result (see e.g. [34]) that (7.3.15) becomes:

h2(plg) = ZZA,R ;G (7.3.36)

where 7 is a collection of non-compatible diagrams (repetitions are allowed) and z$ r(mip)is

the Mo6bius inversion:

Aplmip)= > ()" og > ] 2r0)), |r|:={0:0ex} (7.3.37)

w7/ Crw {0:1,...,9_71}*,1':1
0jen’ Vi

Note that 2’3 gr(mp) = 0 if 7 is not connected and from now on we will call 7 a cluster.

Moreover we have that for any fixed diagram 6’

> | g p) "™ < a(6'), where  b(m) := > b(0)w(0) (7.3.38)
Tl der
or
S LR )™ < |2y ()] (7.3.39)
=1

recalling also that b(f) = klogy 1L (0)| + |0| for some x < c.

Geometrically a cluster is a diagram-like object with possibly some links entering more
than once. We underline that despite in diagrams the particles are labelled, the sum on the
r.h.s. of becomes however independent of the labels, depending only on the number

of particles in each cube C*2) je., on p-

7.4 Analysis of h?

We fix, for a while, I' = {I';}';, where I'; = (sp(I';),nr;) and set f = W(L|q) =
[T, W(Ti|g) in the numerator in (7-2.17). Recall that W (I';|q) depends only on ¢ := gND;
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where D; := {r € ¢(I';)° : dist(r,c¢(T;)) < 297!} € D¥2). We also let D := U, D;. Condi-
tioning on the values of ¢ in D, we are in the same setup as in the previous subsection with

A replaced by A\ D, because W(I'|q) does not depend on g N D¢. We then have
_ =\ _ arrhc _31,2(,A\D|~ ,D
qu(e BAH(q|q) ,—BH (q)W(F|q)) _ Eng <W(F’q)e hL2(pM\P|qug )) (7.4.1)

with obvious meaning of the symbols.

We write h''? as a sum of clusters using . As we saw in the previous section, due
to the dependence of the prior measure on ¢ (now on both g and ¢”), the clusters involving
a particle in a neighboring fo-cell to D will also depend on ¢”. We denote the union of the
set D with the frame consisting of the neighboring ¢s-cells by D* € D(¢2),

To distinguish between clusters we introduce D; := D; U {r : dist(r, D;) < £3/4} € D)
and we call B; the set of all clusters m whose points are all in D;. As the distance between
contours is > /3, the sets B; are mutually disjoint; we call B their union. Note that they
depend on I' through the domain where they are constructed.

By R; we denote the set of 7 which have points both in D} (so that they depend on ¢?)
and in the complement of D; (such 7 are therefore not in B;). There may be points of 7 € R;
which are in D7, j # 4, hence also m € R;, so that the sets R; are not disjoint. We call R
their union.

For any given I" we do analogous splitting on the polymers appearing when developing
the denominator of thus defining the sets B}, B/, R., R'.

The clusters that appear in the numerator and denominator of are different, how-
ever those not in BUR (i.e., those that do not involve ¢”) are common to the corresponding
ones in the denominator (i.e., those not in B'UR’) and have same statistical weights,
hence they cancel in the formula below. We therefore get (F(¢”) is defined later in (7.4.3))

Bl = —log Y ESD,q<F<qD>W<r\qD>

T:sp(l) C A°
X eXp{ - Z 2 p(mlquq®) + Z zﬂR(w\q)}) (7.4.2)
TER TER!

Recall that the clusters in R’ can have links also in the interior of D*. The expectation E/?D p

is over the positions ¢” of the particles in D, their numbers being specified by p” and we
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also know which particles are in which box. We have also defined:

F(¢") =[] F("),  F("):= exp{ = 2 pld?y + > Z«{R(W)} (7.4.3)

=1 weB; weB]
We have used that both sets B; and B, are mutually disjoint and the sets D; are in A°
hence away from A°. Note that F'(¢”?) is a probability density: ESDZ, (F(¢P) = 1, with the
normalization being the second sum (over 7 € B, in (7.4.3))). In fact, calling DY = D; \ D;,

0 b o/ DY
exp{ = 2 L p(rlg?) | = B0y (e PAHGT a0 mRH W )
TEB; P

where the energy AH (qD? |¢P?) is defined as in (7.2.12) with nothing outside D;. We then
get

. _ Di _ hc Di
B, (exp{ = 3 L p(mla™)}) = B, (e #2H@ s 6)

web;

which is exactly the second sum in ([7.4.3)), since:

_ Di _ hc Di
exp{ — Z Z%ﬂ’R(ﬂ')} = E;?Dz (6 BAH( )6 BH"(q )>
weB]
hence EgDi (F(qP¥)) = 1.
Both F(g”) and W (T'|¢”) are product of factors depending on the variables ¢”¢, thus the
only interaction in ([7.4.2)) comes from the exponent in the last term (which represents the

interaction between the contours I';). To decouple the variables qP" we define:
fE(m:q,q°) = eForr(mad®) _ 1, form € RorR resp. (7.4.4)
and in ((7.4.2)) we expand the products obtaining:

exp{ =Y Zalad) + Y Z{R(w@} =[[a+rmad®) [+ ()

TER TER! TER TER!

k
= > IIrmaad) (7.4.5)
T, Ty 4=1

T ERUR/

If we plug it into (7.4.2) we obtain products of F(¢”)W (T'|¢P) and f*(r) for 7 € R or R'.
To integrate, it might occur that there is an element f¥(7) with labels which belong to the

sets D} and D;-‘ (i # j), i.e., the “frames” around two contours I'; and I'; in I". Hence, to
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formulate the problem into the general context of the abstract polymer model we define as
connected polymer P a set of contours with “connections” consisting of elements of R U R’
which necessarily “connect” all contours in the given set and “decorations” consisting of
clusters in R UR’ not necessarily connecting contours. We denote by P the space of all such

elements:

P = {P=(L(P),R(P)), VIl eL(P),3mr € R(P)C RUR/

i

connecting D}, D} € D*(I)} (7.4.6)

We use D(P), D*(P) to denote the set of frames corresponding to the contours in P and
R(P) to denote the set of clusters. We also introduce A(7) to denote the union of the C'(/2)
cells which correspond to the labels of 7. Similarly, let A(P) := Upep(p)D* (') Urepr(p) A(T).
We say that two polymers P and P’ are compatible, P ~ P’, if

sp(T') Nsp(I”) = 0,VI' € CandI” € T, and
{D*(P)N AP} U{D*(P)NAP)} =0

A compatible collection of polymers consists of mutually compatible polymers. The statistical

weight of P is

GnlP) = B ([T P@PywaEm)®) T 1 (ma.a™) (7.4.7)
DeD(P) TER(P)
where fF is one of the two appearing in (7.4.4)), which one being specified by the clusters in
R(P). Expressed in terms of polymers, the expectation in (7.4.2]) becomes

k
Wplg) =—log > [[¢.r(P) (7.4.8)
(P1,.., P}~ i=1
P,eP

where the sum is over compatible collections of diagrams.

We have an analogue of Lemma|7.3.5l We define n(7) and n(L, (7)) to be respectively the
number of distinct particle labels and of y-links in 7; n(P) := n(Urerpym) and n(Ly(P)) :=
n(Urer(p)Ly(m)) of those in R(P). Moreover, let Nt be the total number of cubes C%) in
sp(I), m(P) = ZFGL(P) Nr.
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Lemma 7.4.1. For any b > 0 let
|[Pl:==n(P)+m(P),  gy(P):=bllogy ™ 'n(Ly(P)) + 7>~ = m(P)] (7.4.9)
Then there is b* > 0 so that for all v and R small enough
> 1Cyr(P) el (P) < | p/| (7.4.10)
PP’

for any fized P’ € P.

Proof. We claim that it suffices to prove that there is 6 > 0 (to be determined) so that
for all x € XI({:‘)
> ¢, m(P)|ePH9s(P) <4 (7.4.11)
P:sp(L(P))>CLS)

It is straightforward that ([7.4.11f) further implies

> |Gy, r(P)[elP1H90(P) < exp { — gyy20- (17 )d} (7.4.12)

P:sp(I'(P)) DC;Z?’)

where 61 = g and ¢ as in (7.4.11)). With this result at hand we first prove the claim.
Recalling the definition of compatibility, our goal is to bound the following (for some b* to

be determined):

Z G, m(P)[elP o (P) - < Z z 1y m(P)[elP o ()
el 2ex(®: Pisp(D(P)NCB) £0
o) csp(r(P"))
+ > 3 G R (P)[elP1+ov (P)
:EEX/(\Z2>: P: D*(P)DCQ(DZQ)
2 cA(P\D*(P)
+ > |Gy, r(P)|elPITo (£7.4.13)
veX{?:  P:A(P)\D*(P)>CL?
i cp(p)

In the first term, the first sum can be bounded by m(P’), while the second by (7.4.12), for
b* = §1. In the second term, the first sum is bounded by the number of labels in R(P’) (i.e.,

n(P")), while the second sum can be bounded by the second sum of the first term, i.e., again
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by (7.4.12). For the third term, the first sum is bounded by m(P’) like before. The second

sum we further bound it by:

sup ) > |Gy r(P)]e!P1 o ()

Y yeXayte  p, A(P)>C?)
In€R(P): A(m) 02

< sup Z Z |Z,{R(7T)’€(1+b* logy~1)n(r) Z |<%R(ﬁ>/)|e\ﬁ”\+gb* (P)
yeXa: y#T 7TZ7TDC;(,;£2)UCéZ2) p: D*(ﬁ/)jcélﬁ
< C'sup Z exp{ — 5172“_(1_°‘)d} (7.4.14)

z
yeEXp: y#x

for some constant C' > 0. In the second line we wrote the polymer P as the union of a cluster
7 with 7 5 CY?) U Gl and of another polymer P with D*(P) 5 C{?). Then using that
64,r(P)] < |¢yr(P)] - |2 z(m)| going to the third line we applied (7.3.3§) for b* < x* and

(7.4.12) for b* < §;. Then, overall, from ([7.4.13]) using ([7.4.14)) and the fact that x* < «, we
choose b* < min{§, g} and conclude the proof of the Lemma, pending the proof of (7.4.11)).

Proof of : we endow the polymer P with a graph structure with vertices the set
{I': T' e [(P)} and edges {I';,I';} whenever there is at least one cluster 7 € R(P) such that
A(m) N D*(I';) # 0 and A(m) N D*(T'j) # 0. (Recall that a polymer may have more clusters
attached to a contour, which however do not end to some other contour.) Choosing some I'y
to be the root of the graph, we define the level ¢(P) of the polymer P to be the maximum

distance (see the definition given before) of some vertex I' € I'(P) from the root.

We prove ([7.4.11]) by induction: we first prove it by summing over all polymers P with
¢(P) = 1. We start with the case ¢(P) = 0, i.e., when P consists of only a contour that we

call it I'g. Using the uniform bound:

sup |[W(To|¢P0)| < exp{—BcC?(4Nr,} (7.4.15)

qPo
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where N, = |sp(T0)|/¢4 we get (notice that for each I'y we have 315p(0)16; " choices of nry)

Z K%R(p)’ellerga(P)

P:4(P)=0,sp((P))>C3)
< Z o~ B2~ (1 =N alsp(To) |6 @ (148722~ (=) Np

Sp(FQ)DC,SZg)
< Z eNFO(*,BC'YQO‘_(l_a)(LFIOgS'Y_(1+a)d+(1_a)d+1+5’}’2a_(1_a)d)

Sp(Fo)DC§;[3)
L
< Y en{ - N0 - g
sp(I‘o)DCyg)
1
< _ 2a—(1—a)dr - 4.
_exp{ ~ 5 5]} (7.4.16)

for 6 < 1/4 and all v small enough. The last inequality follows from a known estimate (see

Errico, Enzo).

We next consider the contribution of links of the first level and prove (choosing § < *)

_(—ayar]
S P ¢ Y ]t g
. | D*(To)|
(1+2 > ”er”> ’ (7.4.17)
n>vyl3 /4

where ¢y is defined in below. A polymer P with ¢(P) = 1 consists first of the root,
say ['g, which contributes the first factor in and it is obtained as in . Once
Iy is fixed, we have a given number of particles in D*(T'g), which cannot exceed ¢|D*(T'y)|,
¢ = pg+ +(, as we are in a contour model. From each particle it may or may not grow a
cluster m, the latter case contributes by 1. Otherwise there are two possible types of clusters
7 (€ R or R’), hence the factor 2. Note that n(L, (7)) > 7%3 and that card(R') > card(R)
so it suffices to consider the sum over 7 € R’ (with the factor 2). From each point of the
cluster 7 it may (or may not) start another contour. This can happen only once for each =
and in such a way that the new contour does not intersect the contour in the root, hence
only for clusters whose labels are far enough (more than a distance of order ¢3). Then, for

the statistical weight (7.4.7) we recall that F(¢”) is a probability density and bounding all
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the other factors uniformly in ¢ we obtain:

Gr@)< [ wEd I 14
Tel(P) TER(P):
A(m)ND* (Do) #£0

where we bounded by 1 all other factors of the type |fF| that correspond to clusters which

start from the contours of the first generation. Thus, following the above argumentation we

have
Y G < S e { - Ny i )
Y — 0 2

P:sp(I(P))>CL) sp(L'o)DCL

¢(P)=1

11 (“2 > | f| (M APEn(m)8l08Y ™ (] > !W(RqD)!eNF(l””%(l*a)d)))
1€D*(Ty) TER!, w1 rel(P):

D*(D)NA(m)#£0

which is a quite generous upper bound. To estimate the last parenthesis we use again ([7.4.16|)

and obtain:
1+ > W, gD)|eNr oy et im O g exp{—%a*(l*a)d[i — 0]} =: e (7.4.18)
rel(P):
D*(T)NA(r)£0

where ¢, — 0 as v — 0. For the sum over the clusters 7 we sum over the values n(L, (7))

recalling that, by definition, n(L, (7)) > v¥¢3/4. Using (7.3.38]) we obtain:

Z |f7frc|€n(ﬂ)+6log'y_1n(ﬁv(ﬂ)) — ,Yfén,yn*n Z ’f7ri|en(7r),yfﬁ*n < C,_yfén,yn*n

T T T T
n(Ly(m))=n n(L(m))=n
(7.4.19)
Note that |fF|, defined in (7.4.4), can be bounded by zfz r(m; p) since the latter is small.
In this way we prove ([7.4.17)), details are omitted. By taking § < k*, the r.h.s. of (7.4.17)) is
bounded by 1 for all v small enough, and with this we conclude the case ¢(P) = 1.
We then suppose that the inequality holds for ¢(P) < N for some N and we are going
to prove that it then remains true for N + 1. We sum over the first level and get exactly
the same bound as in ([7.4.17) except for replacing the factor e“"™ by [1 4 e“]", the extra 1

coming from the induction assumption. By taking v small enough this term is bounded by 1

in a similar manner. This proves the induction assumption and ((7.4.11]). ]
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7.5 Reduction to a density model

By Lemma [7.4.1] using KP we obtain:
1 (plq) = Z T R(Csp) (7.4.20)

having denoted by C' the new clusters associated to the polymers P and ng r(C;p) are the

coefficients of the new cluster expansion.

7.5 Reduction to a density model

In this section we will prove the following lemma:

Lemma 7.5.1. Let fy,, o, be as in (7.1.1)), then:

Ei(far,an) = Euilgn) + Ri, i=1,2 (7.5.1)

where gn s a function of {p,} with x € X contained in one of the cubes C'(NZS)

1=1,..,n;
N s the integer part of N' such that: dzst(C’g(cfQ), A9)/2 = dzst(C’(N t) ,A°); R; are remainder

terms. Moreover, there are § > 0 and constants ci,ca,c so that

o0
gl < c1, | Rilloo < coe™® "N (7.5.2)

Proof.
Let us start from the identity
d
Eyi(fer,en) = 7-log 2 (Alg) . (7.5.3)

where

ZW(Alq) = VA(dq)e—ﬁHw(q\Q)e—ﬁHhc(QIé)+ufz1,,.,znW(Hq) (7.5.4)
T:sp(I) C A° o
By the measurability properties of gy, the measures ' in E,i(gn) can be replaced by their
marginals on {p,}, so that the proof of (7.1.2) will be reduced, using ([7.5.1] , to an analysis
of the two Gibbs measures with hamiltonian h(p|cj) (see (7.2.3)) and different boundary
conditions.
We proceed as in Section we fix a density profile {p,} and study the multi-canonical
partition function with the extra energy term wufs, . .,
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We rewrite the extra factor e%fz1..=n ag:

eule,..,wn — eufml,..,mneu(le,..,wn_.fwl,..,zn) (755)
where:
~ 1 -
f-Tl,-wl’n = E Z J'sn) (qi17 ceey an) (756)
Qijeca(:i-2)
j:17"'7n

so that the term e®fs1-2n does not see the integration and gives an extra contribution to h°
of the same kind as in (7.2.10). The new energy is given by with dh as in (7.2.13))
and with w(fy, . 2, — fxlxn) added to AH and Hi. We divide again the hamiltonian dh
into three parts as in and we first do the analysis of h'? and then of h3.

Following Section [7.3| we expand the extra term, as well as the ones coming from AH and

Hpg, and we rewrite it as:

eu(le,“,zn—fxl,“,zn) — H [euﬁ(‘fén)—jsn))(lhly7an) _ 1 _|_ 1]

qz‘jGC;?)
7j=1,..n
sy €02
j=1,..n
where we will have contributions for n = 2 or n = 4. In giving the definition of the

new diagrams for the expansion we have to take into account that now we have three
kind of possible links (y-, R- and u- links). Hence, we will give a slightly different def-
inition of a diagram 6#: it will be a collection of 2- and 4-links, i.e., a ordered quintuple
0 = (cg)(e), c'P0), Y (e),cg?i(e),c%(e)), where £12),(6) and £{")(6) denote the set of
2-links and of 4-links in 6 of the new type, i.e. carrying a weight u?EYu). Furthermore, we will
have the same definition as , but with two more terms chosen in the last two set of

links. Hence:

Wy Ru(b,q) = vR(ﬁg)(e),q) H wﬂf)(q(L@))) H wg4)(q(L(4))) )

L@eclP (o) Lwerl o)
11 (" (9) 11 w((@) (7.5.8)
L@eLf)(g(L®)) L@WeL) (g(L™))

We proceed as before following the Step 1, i.e. getting rid of the R-links which have the

same endpoints as other ~-links or/and u-links.
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Hence, analogously to ([7.3.15)), we obtain again:

k
hb2(plg) = —log Z H 2y Rou(05, @ 1, oy Th) (7.5.9)

{ély"'ze_k}"‘ J=1

where 1, ..., 2, is the n-uple which appears in the definition of f;, .., and where 2z, g, is

the obvious generalization of z, r defined in (7.3.14)). Given any v > 0, for v small enough
the new links satisfy the same bound as the old ones and the analogue of Lemma holds
as well. We then obtain the expression:

W2 lq) = =Y 2T g (s s G w1, ey ) (7.5.10)

s

like in ([7.3.36]), but where the polymers on the r.h.s are not only those considered in Section
but also those containing the new u-links. The analysis of [the analogue of] h? is unchanged,

provided we consider all polymers 7, including those with the new wu-links. Hence we have:

h3(p|q) = Z@,Ru (Cp;x1y ey ) (7.5.11)

instead of (7.4.20). Thus ([7.3.36]) and ((7.4.20) still hold, with the sums on their r.h.s. including

the new polymers. In conclusion

W(A|g) = Z exp { Z log = — Z log Z, s — Bh°(p|p)

{pa} z: O eppint
+ Z Z$R7u(ﬂ;p; G; T1y ooy Ty) + Z (,F‘YF’R#(C; p; T, ,xn)} (7.5.12)
mgA° C¢(A)}

where in h0 there are both the contributions coming from the old term h° and the new one

(see (7.5.6)). By (7.5.3) we have:
d
E/ﬂ (fz1,.., ( Z fyRu U paQ7$1>"'7$n) + Z dugy’Ru(C PiT1y .., T ) u—0>
Cg(A%)¢ B

Tr§EAc

(7.5.13)
where the expectation on the r.h.s. is over the Gibbs measure with hamiltonian
h(plg) = Zlog +5h°(p!p) S dpmpa)— >, Cr(Cip)  (75.14)
T C¢(A0)e
where Z:‘YF r and C:{, r are the old weights (since the square bracket term in (7.5.7)) gives 1 for
u = 0). Notice that this expectation is the same as E,;:, since passing to the Gibbs measure

with hamiltonian h(p|g) one has only a dependence over the cell variables {p,}.
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Since the derivative w.r.t. u of the weights, on the r.h.s. of is computed at u = 0,
only polymers with a single u-link contribute and the derivative is obtained by replacing, in
the computation of the weight, the original square bracket term [e“i(‘én)*‘iﬁn))(qﬁ""’qin) —1]
by %(an) - j,(yn))(qil, ..,@i,)- In fact using an analogous of formula with the new

activities we get:

d _ - _
Z %zimu(w; 05 Q5 X1y ey Tp,) o= Z ziR(ﬂ;p;q;xl, ey L) (7.5.15)
TEAC - rgAc

where (using the definition z = x1, ..., x,):

Srmpgz) = Y (D" Tog Y [[5r0:pa2). |rl={0:0en}

' Cn {61,..., ?n}?a,jzl
S (7.5.16)
and where:
21053 30:2) = B g [ @) (0 — F)()). (7.5.17)

with the link given by (Jfgn) — ~,(Yn)) belonging to the connected diagram # and carrying the
indices 1, ..., Tn.
Note that since:

|2y,R| < |24,R| (7.5.18)

where in the r.h.s. there are only the old weights, then (using (7.3.39)):

ST p(ms s )™ < 3 1T gm0 @ 2) [ < |z m (0 0535 2) ™) (7.5.19)
=14 =14
hence we can use the corollary of Lemma also for the new sum .
We divide the sum in into two parts: the polymers which are entirely contained
in the box Cg(c]iw‘?’) for i = 1,...,n (which will contribute to the definition of gy) and the

remaining polymers. Hence we define:

gv = Y. A g(mipiGo) (7.5.20)

NZ¢
WCCQ(EZ. 3)
TOX

and using (7.5.19)), (7.3.39) and Lemma we get:

lohllo < D2 D 1 gm0 G 2) ™™™ <> |2 k(6 p3 G 2) e < ). (7.5.21)

0>z; >0 0>z;
WCC;];]%)
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For the remaining terms,
R! = Z 5$R(7T;p; q;x) (7.5.22)
mr(CN3)ye g
instead, we exploit the exponential decay given by ([7.3.39)):
1 5T (7 00 G b(m) p=b() I o=V N
oo —= s Py Uy L >~ RN
IR <> 3 1 ampga)le@e ™ < e (7.5.23)

0>z, o0
m(CY3))ep

where we remind that: b(m) = > 4. b(0)7(0) and where |0] > Nlzy (if there is at least one
7-link) in order for the polymers to exit from the box C’g(gfz) .

Observe that if in z, r(0; p;q;z) there are only R-links one has to do the estimate dif-
ferently, but the result is even better, since for every R-link which crosses a box /3 we get
a term of order 1//43, see , in addition to the exponential term e~V R Hence we
can keep estimate as the relevant term.

For the second sum in we do exactly the same procedure defining:

gvi= > Cr(Cipga) (7.5.24)

CCC;J.VZS)

Csz
for (T the analogous of 27 (see (7.5.16)) in the case with contours. Then, using Lemma
we get:

llgarl] < ef (7.5.25)

while for the remaining terms:

R? .= Z Q?R(C; p;q; x) (7.5.26)
on(CsY e
we have:

1Rl < ) Yo IR g )] Qe (@) < e TN (7.5.27)

P>x; C>5P
on(es) )0

where g,(C) := > pcc 9o(P)C(P) and gy(P) is defined in (7.4.9). In the last inequality we
have used the fact that if a contour exceeds the box 05%) then it must have a number of

C") cubes which is larger than N.
Hence estimates (7.5.2)) and Lemma are proved with:
E,i(gn) = Eulgy +9%),  Ri=Eu(R'+ R?). (7.5.28)
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8. Dobrushin condition

8.1 Setting and Vaserstein distance

Let’s consider the space:
XA = {@ = (Na)eexy € N¥A ¢ [03%n, — pgy| < C, forall z € XA} (8.1.1)

and the following effective hamiltonian:

hpla) = Y {=635(ps) + c(na)} + BR%(p|p) + h'2(pla) + B> (plq) (8.1.2)
zeEX)

where p, and n, are used interchangeably, since:

pr=1Ly%ny, L=~ o= (pr)eex, (8.1.3)

qe Qf is a boundary condition and:

dn
e 1
c(ng) = —log 73 ‘ + 035 (py) = log 27mn, + Ton +0(ny,?) (8.1.4)
is the remainder of the Stirling formula, where S(p) := —p(logp — 1) is the entropy. The
effective hamiltonian is given by:
hpla) = h({p,7}) — h(q) (8.1.5)

where the first term on the r.h.s. is the energy of the configuration {p, g} (with p in A and ¢
outside A), while the second term is only the energy given by ¢ outside A. We remind that:

o h%(p|p) is the hamiltonian H(¢2)(g|G), obtained in Section (see ([7.2.10))) by replacing
Jén) by j,(yn) in the LMP hamiltonian.

83



Dobrushin condition

e h12(p|q) is the cluster expansion of the quantity in (7.2.15)), i.e. the series in (7.3.36])

that we recall for simplicity:
h'2(plg) = Z%R (w5 0.4 (8.1.6)

We separate the contribution of the hard cores from the terms in the sum which contain

both R and ~ obtaining by an abuse of notation:

W2 (plg) = W7 (plq) + 1% (017) (8.1.7)

where:

W (plg) = = 2k(m; p, ). (8.1.8)

™

Note that h (p\q) is at least of order 7.

e h3(p|q) is the cluster expansion of the quantity in (7.2.16)), i.e. the series in (7.4.20):

h(plq) = ZC7 r(Cip,q (8.1.9)
and analogously to hl2:

1 (plg) = W' (plg) + B3 R(plq) (8.1.10)

where the notation C' reminds of the contribution coming from the contour model:

W (plg) - ZCR (C;pa (8.1.11)

Notice that hi’iz(p](j) and hi,R(p\(j) are at least of order +.

We want to bound the Vaserstein distance between two Gibbs measures with the same
hamiltonian (8.1.2)) but with different b.c. ¢*, i = 1,2. It is convenient to define the Vaserstein
distance in terms of the following cost function:

=Y dlng,nd),  dlng,nd)=|n, - (8.1.12)

zeEX)
Following Dobrushin, we need to estimate the Vaserstein distance between conditional prob-
abilities at a single site. We thus fix arbitrarily z € A, n’, i = 1,2, in XM call pl = Kgd@i;

¢ are the b.c. outside A. The energy in x plus the interaction with the outside is, as usual,

h(palp'. @) = h({pe, p'}T') — R(p'|T) (8.1.13)
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where the first term on the r.h.s. is the energy of the configuration {p., p’} (with g’ outside
A). The second term is the energy in A\ x of p’ with nothing in = and ¢ outside A. We also
set, recalling the decomposition of the energy h into a sum of h¥, k = 0,1,2,3 (see (8.1.2)),

W (palp', @) = W ({ps, p3T) — RF(0'|),  k=0,1,2,3. (8.1.14)

The conditional Gibbs measures are then the following probabilities on X* (for i = 1,2):

o 1 o
p(nz|p', ') = ———=5exp{ — hplp", 7') ¥, 8.1.15
(i, 7) = 5y o0 { = hleelo' 7)) (8.1.15)
and their Vaserstein distance is
ny,n2

where the inf is over all the joint representations Q of p(pz|p’,¢"), i = 1,2.
The key bound for the Dobrushin scheme to work is the following:
R(p(1o",a" ) p(o% ) £ D rrle,2)dmln) + Y (e 2)Da(a',¢) (81.17)
2€X ), 2#T 2€X e
complemented by suitable conditions on the parameters ., r(x, 2), like those proved in the
next theorem. D.(q',g?) in (8.1.17) is the distance of two configurations, i.e. the number of
discrepancies in ng) between ¢! and ¢?. In formulas, if we suppose: ' = (g, ...,g;) and

62 = ((j%) teey ng-ﬁ-p)’

D.(q", @) :=p+miny Lp e, (8.1.18)
ey o= 7

the min being over all the subsets {js} of {1,...,n + p} which have cardinality n.

Theorem 8.1.1. The bound (8.1.17)) holds and there are positive constants u < 1 and ¢; so
that for all x € A,

S rale,2) < u (8.1.19)

ry.r(z,2) < cre= el g >t (8.1.20)

Proof.
By using triangular inequalities we can reduce to two cases: when we change the single n,
by 1 and when we change the b.c. ¢ in Cz(,b), 2 € Xpe. Let n', n? and n be such that:

n?=n; n;:ny forall y # 2, nl=mn,+1 (8.1.21)
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Dobrushin condition

We also suppose ' = ¢* =: q.
Let t € [0,1] and, recalling (8.1.13) and (8.1.14)), we define the following interpolated
hamiltonians:
ht(px‘ﬂa Cj) = th(px|ﬂ2, (j) + (1 - t)h(px‘ﬂlv Q)
hi (peln, @) = th*(pe|n®, @) + (1 = )h*(pe[n', @), k=0,..,3. (8.1.22)

We call p;(n,) the density of the corresponding Gibbs measure (without making explicit the

dependence on n and ¢, often omitted in the sequel):

pr(ng) = thexp{ — hupa)}- (8.1.23)

Again p; is normalized and we call Z; its normalization, with Z; = Z,(p') and Zy = Z.(p?).
In general one can prove an upper bound for the Vaserstein distance given in the following

lemma:

Lemma 8.1.2. For every antisymmetric function ¢y : X* x X* - R, t € [0,1] such that:

d
> i(nk n?) = n2), (8.1.24)
we have:

/ Y lnhn)ldnl ). (8.1.25)
0

(ng:m3)€(Xe)?

R(p(1o"),p(1p%) <

Because of bound (8.1.25)), our goal is now t construct a function ¢; with the above
properties.

If we define the following quantities:

dpy

Adlne) = =4 (1) Lt ) <o)
dpy
By(na) = () Lpane 100 (8.1.26)
we have:
d
%(nm) = Bi(ng) — Ae(ng). (8.1.27)

Also, since ¢; is antisymmetric,

$ %(nx) —0 (8.1.28)

Ny
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8.2 Contribution of h°

and this implies:

D Bi(ne) =) Aulng) =1 (8.1.29)

and:
Ai(ny)Bi(n3) — Bi(ny)Ay(n3)

Qst(n%??ni) = I

(8.1.30)

So if we manage to have a sharp cntrol of where dp;/dt(n,) is positive or negative we can
easily construct ¢¢(n;) as in .

In the next section we will investigate the expression of dp;/dt(n,) with its sign and, as
we will see, it will be easier to write it as a sum of terms each one having 0 sum and apply

the above procedure to each of them separately.

8.2 Contribution of A’

We remind that A is the hamiltonian obtained by replacing Jv(n) by jv(n), with j,sn) as in

(7.2.9) satisfying bound ([7.3.2]).

Hence with a more compact notation we can write:

1 = 1
ho(p) = —)\an; - ? Z ‘]'*(/2)($17$2)g(n3313n962) + E Z ‘]A(/4)($17 ...,$4)g(n3¢1, ...,’I’Lx4)

Z1,T2 O RTE T4

(8.2.1)
where ¢ is the Poisson polynomial, defined as followed. Let us consider A = A(X) the set
of all x; € X where every z; is repeated a certain number of times. Let I(x;) € {0,1,2,...}
be the moltiplicity of each z; in A and supp(A) = {x; € A : I(z;) > 0} be the support of the
set A. Then for each B C A:

9B)= ] GClu;I(z:) (8.2.2)

z;€supp(B)

where: G(a,k) =a(a—1)---(a —k+1). By (8.1.14) we have (for i = 1,2):

. - 1 .
ho(pdf‘pl) = _)‘nw - Z J'§2)(x7y)g(nl‘7ny) + ? Z J§4)(x,xl,mg,:cg)g(nx,nxl,n@,nm)

Yy Z1,22,T3

(8.2.3)
where all the variables on which we sum are varying in A\ z and n, = péﬁg for all y # x. Note

that from the normalization of j,(f) (i.e. fdrljy) (r1,72) = 1), one has ) jg) (z,y) ~ 0,4
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Dobrushin condition

while J:(YQ) (z,y) itself is of order 4%. One can do the same kind of estimates for the 4-bodies
interaction in order to establish the order of the terms in (8.2.3)).

Setting n! — n? = 1, the interpolated hamiltonian is:

h(pz) = B (palp?) + thO(pzlp") — B (palp®)] =

~ 1 ~
== _)\na: - Z Jfg2)($7y)g(n£57ny) + a1 Z J,E,4)(¢T, xla x27x3)g(nl’7nl’17n$27 na:3)

3!
x1,22,23
. 1 .
+ t[ — JD(z, 2)n, + o1 Z J,(Y4)(w, 2,21, 22)g(Nay My s Ny ) | - (8.2.4)
x1,T2
Setting:
~ 1 ~
N=A+ Y TP @ynyg + 5 Y TV (@ w10, 38)9(n0 My, Mg )+
y# T1,L2,L3FT
- 1 -
+ t[ — JP(z,2) + a1 Z J’(Y4) (x,2,21,22)g(Ngy, Ny ) | - (8.2.5)
) T1,T2FT
we get:
RY(pe) = —Nng + Z a9y =p, (8.2.6)
where a) = a?(7y,n,q) and there is ¢ > 0 so that
af] < ey, lad] < ¢, i>1 (8.2.7)
Similarly:
dhY(p. .
td(tp ) = — JO(, z)nx—l— = Z J( )2, 2,21, 22) g (N, Ty, Ty
2171,:1?2
:jg)( )(blnx + b9yIn2 + bgWan?’) Y < ¢ (8.2.8)

where we write explicitly the coefficient of n,:

3 3 1 By 3 1.
b(l)J'(yZ)(xv Z) = —J,E/Q)(QZ‘,Z)—F? Z J*(y4)($7Zawlax2)g(nzlan$2) = —J§2)(m,z)+§J§2)(x,z\n)

1,27

(8.2.9)

Since:

TP (@, 2)(pp,+ — Q)% < TP (@, 2|n) < I (,2)(pp 4+ C)°, (8.2.10)
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8.3 Contribution of hft

we can write:

1 1. ) ) 1
T, 2)[ (03,4 — 2CP,6,+)—1} < 5P (@ yln) = TP (@, 2) < TP (@, 2) [5(P%,++2§Pﬁ,+)_1

v 2
(8.2.11)
and therefore, neglecting the orders ¢?:
Li® g yin) = JO (2, 2) — D (a z)@ 3= 1)| < s IPa,2) (8.2.12)
277 Y ~ ) ~ ) 2/),8,-‘,- > 0P8+ o ’ WL
Hence:
1
0= (=14 503 )| < ops (8:2.13)

8.3 Contribution of A%

We want now to consider the contribution of h% to dp;/dt. Given a cluster T, let us define

the area of the polymer A(r) := UéewV(é). From ({8.1.8) we have (i = 1,2):
W palp) == > 2R(mipw: ) (8.3.1)
m A(m)NLy#D
where with £,, we denote the set of labels of the particles in the box C,. We remind that
|L.| = ng. Hence in (8.3.1) we are summing over all the clusters which have at least one
vertex in the box labelled with x.

Let us sum first on a generic label j belonging to the box x and then sum over the clusters
that contain that label (dividing, however, by the number of points of the clusters which are
in the box, i.e. |A(7) N Ly|):

Rloalp’) = Z A AL (T pas ) =10 Y M%(W; prp')

JEL: m: A m: A(m)31
(8.3.2)

where, with the constraint A(w) 5 j, the condition A(w) N L, # () is automatically satisfied,
so we can drop it. Notice that in the second equality we have fixed the label j to be the label
1 (which belongs to C;) multiplying by a factor n,.

For reasons that will be clear later, we want to emphasize the dependence on the number

of particles n,, of each box C, that the polymers cross. Hence we use the following notation:

hR(pz\pi) =N, Z Z f/(yl,...,yk;ml,...,mk) (8.3.3)

{Y1,yk}: {mi,...,mp}
y1=2, y; €XA m;EN;m; >0
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Dobrushin condition

where:

~ ny, — 1\ (n n 2B(75 pay pY)

|4 Y, ) = [ CEI I SR\ s 7 )

(1, ey g 1 ) (ml - 1) <m2 My Z |A(m) N L]

YL e YR }
A(m)>31

(8.3.4)
We are first summing over the sequence of boxes {y1,...,yx} and over the sequence of fre-
quencies {my, ..., my} with which the corresponding box is crosses by the polymers and then
to sum over all the polymers compatible with these constraints we use the symbol ~. With
specifying the boxes and the frequencies, one has to multiply by the binomial coefficients
counting the ways to collect m; labels from each box containing n,, labels. Notice that we

already performed the choice of one label from the box y; = x, hence we have one choice less

for that box. Now we write:

V(y17 sy Yy M1,y -0, mk) = V(y17 cey Yy M, .o mk)ﬁ;rlblil T ﬁz’;k (835)

with:
Tyt 1= G(ny,;m;), (8.3.6)
gl = G(ny, — 1;my) (8.3.7)

where the definition of the quantity G(a; k) is given in Section and:

1 ZT(W'Px pi)
|4 s Yk = ZRATD PT P 3.
(15 s 1,y ) = > Amncg (639
T~ Y1y Y ;ML M
A(m)>{1}

Then using (8.3.3) and (8.3.5]), and considering that the difference between h%(p,|p') and
hf(pz|p?) is nonzero only if we are summing on polymers long enough to go from z to z, the

R contribution to dp;/dt is:
dhl
W(px) = Z Z V(Yty ooy Yks My ooy M) (8.3.9)

{y1,eyi}: {ma,...,mp}
Y1=2,Yx=2 m,;EN,m; >0

~m1 ~ME—1 | ~myg ~ Mk
L [nyk — (”yk + 1) ]
Hence, using the approximation:

~ Mg ~ Ly ~mp—1
Tyt — (nyk + €‘§> &~ —myiy, (8.3.10)
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8.4 Contributions of hi’é and hf’/’R

we have:

dhlt -
dz (pe) = — Z Z VY1 ooy Y MUy ey M) - Mgt =+ Ty, ™ 01 (8.3.11)

{y1,ykts {maye.mi}
Y1=2,Yx=2 m,;eN,m; >0

8.4 Contributions of hY R and h3

From and (| - we have:

% (pla) = 2 (pla) — k™ (pla) = = 2L p(msp, @) + Y 2h(mip, @) (8.4.1)

™
Note that h%(p|q) is exactly the cluster expansion sum for a model of particles in the canonical
ensemble which interact only via a hard-core potential of order R (see [53]), but in this case
the multi-indices are defined over the set of all trees (instead of vertices sets). On the other
side, hi’%(p[@) is given by the remaining terms, i.e. the sum of diagrams where the ~-links
appear either by themselves or attached to some R-link, with the prescription that R-links
appear at most as trees in the structures and never form diagrams by themselves.

We now write the hamiltonian as a sum Y_* which encodes the above constraints and we

separate the hamiltonian in two parts, by fixing a large enough integer N and setting:

el =— Y. Lpmpa, Rrl=- > Zpmpq (842
wgAe,L(m)<N mgA°,L(m)>N

where L(7) denotes the number of y-links that appear in the polymer 7.

We call hi(p;) (which depends on n and ¢) the contribution of h! to hy, as in (8.1.22).
hi(ps) is therefore the sum over all the polymers with at most N ~-links and such that at
least one of the endpoints of © belongs to C’;](f?). It then follows that

ht px Zal d(i—1)+ia/3 17 |a’zl| <ec (843)

To prove ([8.4.3]) we represent the polymers by a tree structure with root a label of a particle
in C’;ﬁm. When in the tree there is a 2-link, we attach to the descendant the weight 4+
times the characteristic function that it should be at distance < ~! from the ascendant.

d+a/3 times the characteristic

If we have a 4-link we attach to each descendant the weight ~
function that it should be at distance < y~! from the ascendant. Then the weight of the

whole polymer is bounded by a constant times the product of these weights.
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Dobrushin condition

We call here equivalent two polymers which differ by a permutation of labels such that
any label in i is still in Y2 after the permutation. There are finitely many classes of

equivalence and summing over all the polymers inside each class we get (8.4.3)). Analogously

3N

dhl(ps ‘ o
¢ (pz) _ ’Yd1|x—z|§Nr1 Zbll,yd(zfl)Jra/Sznz

bl < 4.4
7t 2 e bl <e (8.4.4)

which is proved by taking as a root the special particle in C’ém and imposing that at least one

of the endpoint of the polymer is in )| As this is not possible if |z — z| > Ny~! (because
the polymer has at most NV links) we get the characteristic function in , which is then
proved by an argument analogous to that used in the proof of .

Calling h?(p,) the contribution of h? to hy, as in (8.1.22), there are two positive constants

¢ and b such that:

|17 (pa)| < ety (8.4.5)

h?(pz) is in fact given by the sum over all the polymers 7 with at least N links and an
endpoint in cif). (8.4.5)) then follows from Lemma and (7.3.38).
We also have

2
’W < cldnPN/2le=2/2. (8.4.6)

The ¢ derivative is in fact the interaction of the “extra particle” in Cﬁf” with those in ng).
We thus have to sum over all polymers that have as an endpoint the extra particle and that
have another endpoint in Cé‘”. They must also have at least N links and since each link
connects particles at distance not larger than y~! there must be at least y|x — z|. We thus
get an upper bound by summing over all polymers that start from the special particle and
have at least the maximum between N and ~y|z — z|, hence (8.4.6]).

The other contribution we want to consider in this section is given by h3. From (8.1.9)

and (8.1.10) we have:

13 r(pl@) = B (plg) = W (pla) = =D T r(Cip, @) + D CR(Csp,7) (8.4.7)
C C

Repeating the same argument as we did for hi’é to the interpolated hamiltonian h} and its

derivative dh}/dt, we get the same expressions as in (8.4.5) and (8.4.6) respectively.
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8.5 Contribution of hC

8.5 Contribution of A%¢

We want now to consider the contribution of A to dp;/dt, where hfC is defined in

(8.1.11)) and analogously to h't (see (8.3.1))) we have:
W)y == > CR(Csparph). (8.5.1)

C: A(C)NL#£D
A(C)NLEAD

where A(C) is the set of particles labels in the cluster C. Unlike A%, this contribution has
a much smaller weight in the effective hamiltonian. Indeed, if we look at Lemma [7.4.1] we
see that since every polymer which appear in the cluster sum (8.5.1)) contains at least one

contour, the interpolated hamiltonian can be bounded by:

2a—(l—a)d

‘hf’c )| < ctde (8.5.2)
On the other side, we write:
dhftc(px) T i
D SR (e (353)
C: A(C)NLo#£D
A(C)NL-#D

since, again, the derivative is the interaction of the “extra particle” in 032) with those in
). Thus, repeating the argument for dh}/dt and using Lemma [7.4.1| with £ (P) = 0 we

get:

R,C
|W| < e T el (8.5.4)

(€2)

where we used the fact that to reach the extra particle in C;*’ one needs a contour which

contains |z — 2|3 cubes C(*3).

8.6 Construction of ¢,

Denoting by (-); the expectation w.r.t. p;, we have:

e < { P (M), i (),
+dhdRc(px) <thC > +z3: [dhl (pa) _<ddij( )>J} (8.6.1)
=1
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Dobrushin condition

and substituting the contributions given in the above sections we get:

‘m““=mmw{?wWw@%u—mmww%%&wﬁw+@%%@—m%D

dt
3N ‘ o A
e T S R A L I
i=1
N Ty dh;*® dh©
+EWammfmmH[ﬁ<m—<ﬁ<mm
dh% (px) dh? (p:c) dh? (px) dh? (px)
+[ da < dt >J + [ a < dt >J (8.6.2)
where we shortened the notation:
dt Px) = Y1, -5 Yk 1y eeey k k Y1 Ye—1 "y
{yly'-'7yk}: {mlv“'vmk}
Y1=2,Yx=2 m,;EN,m; >0
= Z V(z, z,m)n," . (8.6.3)
The r.h.s. of (8.6.2) has 3N +7 terms that we call consecutively p;(n;)de(ng), £ =1,..,3N+T7:
3N+7
dpt(nx)
= 2)0p(Ny 8.6.4
i = 2 plniin) (864

Let us drop the index z from now on, always remembering that we are working in the box
¢! Since pt(n)de(n) is centered, i.e. its sum over n is 0, we can construct the function
¢¢(n,n’) in analogy with as follows. We call Ay(n) and By(n) minus the negative and
resp. the positive parts of p;(n)ds(n) and set,

3N+7

¢e(n,n') = &m0y, ¢ (n,n) = [Ae(n)By(n') — Ag(n') By(n)]

2 Ae(n)

where ¢¢(n,n’) obviously satisfies (8.1.24)). Substituting in the r.h.s. of inequality ({8.1.25)
the contributions for ¢ < 3N + 7 we have:

(8.6.5)

SN+7

1 ! / /
R(pC1p"),pC10%) < 5 > / §|¢§g)(n,n)||n—n| (5.6.6)

e We now want to investigate the terms with ¢ < 3N + 3. For each term p¢(n)dy(n) is

equal, up to a multiplicative constant, to

pe(n)[n* — (n*)4], (8.6.7)
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8.6 Construction of ¢4

hence, if we let 2 be such that 7¥ = (n*);, then one can define:

A(n) = p(n)[(n*)y — nF]1,<pn (8.6.8)

B(n) = py(n)[n* — (n*)i]1sn (8.6.9)

Since p(n)[n* — (n*),] is centered

> An)=) B(n)=:1 (8.6.10)

where, again, the sum over n above and in the sequel is always, tacitly, restricted to

n e X”.

Thus the generic contribution of these terms to the r.h.s. of (8.6.6]) gives:
1 _
LS I AM)B() — AW B In |
n,n’
= Z I"A(n)B(n') ([0 — @] + [a — n))

n<n, n’>n

=Y B —n]+ Z A(n)[n —
n'>n n<i
= Zpt [n* — |[n — 7] Zpt (% — (nF)][n — (n)]8.6.11)
We will prove in Section that for all 1 < k <3N
Zpt [n* — (")) — ()] < (6" (8.6.12)
and for the second moment there are a* and ¢ such that:

S pmin — (= {5+ 6"} ) (8.6.13)

where p* is the minimum of the functional Fi(p) defined in (8.8.4). Hence, by using
these bounds for the first 3 + 3N terms in (8.6.6) we get:

3N+3

; Z/Z|¢ n,n') I — |
-1 .
< tJ® (@, 2) {81635 [*Mgth”(p*)} (1+ ™) + e[y ()% +72(3)° }
3N . )
T TPV ) VLG A (8.6.14)
=1

95



Dobrushin condition

There are u* and ¢ = ¢(INV) so that for all { and 7 small enough

3N+3

1
7 2
=1

where, because of the contraction property (see (3.2.24)) and (3.2.28))), we have:

1
/ S 16O (n, 1) [ — '] < JO (3, 2)0 + ey 1, _enaer (86.15)
0 n,n’

* 1 1 —1 o
us ’( -1+ §P%,R,+)‘ [7 + fR”(Pﬂ,R,+)] (1+e") <1, (8.6.16)
PB,.R+
being fr(p) the mean field hard core free energy (see (3.1.7)) and using (8.8.11) and

’.84).

e We now want to estimate the contribution coming from the term 3N +4 in , ie.
> V(w, z,4)[ — (L)) (8.6.17)
i
where we used the notation in (8.6.3)). If we write:
Al — (i) = c(nk — (nl)) (8.6.18)

where ¢ < 1, we have again a term which is, up to a multiplicative constant of order
one, equal to (8.6.7). Hence, it is centered and analogously to (8.6.11]) we can write its
contribution to (8.6.6)) in the following way:

5 S 160w )l — ') = o] SV m)| S p) " — ]l — (nh] (86.19)

where in the L.h.s. £ = 3N + 4 and where we dropped the index x from n,. Instead of
using directly bound (8.6.12) we write:

m

Yo pe)n™ = (n™)]ln — ()] = ()Y Y pe(n)ln— (n)] 7 H(n), " <

i=1 n

m . d(y
< (> ety ;Y < (1 0(6,%), (8.6.20)
=1

where in the last inequality we used (8.8.30)) (see Section .

Since n, (n); € L3[ps+ — ¢, pss + (], we have the following bound:

(n)e < P+t ¢
nooppt—C

(8.6.21)
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8.6 Construction of ¢4

which implies:

(n)r <n(1+¢) (8.6.22)
and that if ¢ is a constant then:
(M (1 +0(t37) < ea™(1+ )™ (8.6.23)
Now we want to estimate:
~m m diLl{%
c’ S V(a2 m)‘n (14" = | (pa) (8.6.24)
m
which up to a multiplicative constant is expression (8.6.3)). We have:
dﬁﬁ ~mi—1~mag ~my
W(pﬁ) < ‘ Z Z V(ylw‘-ayk;ml,"'vmk) Ty Myy™ = My |
{y1,- syt {ma,...,my}
Y1=T, Yk =2 m;EN,m; >0
e log(1+¢)+log my ed(x,z)e—d(:c7z) (8625)

where we use the notation d(z, z) to indicate the euclidean distance between C, and

C, and where:

emlog(1+()Hogmy gd(z,2) < gmatmy gd(z,2) (8.6.26)
if 4 is small enough. On the other side one can say that:

emtmi d(@.2) < (AR (DI mi) (8.6.27)

for some constant b. In fact one has d(z,z) < R(Zle m;) for a cluster going from

C, to C, crossing k boxes with multiplicities m;, ¢ = 1, ..., k. Therefore, expression in

(8.6.25)) has been bounded by:

dhft
TZ(Px) < ’ Z Z VY1, es Y My ooy M) - (8.6.28)
{y1,.yk}: {m1,...,mp}
Y1=2,Yx =2 m; EN,m; >0
.ﬁﬁl—lﬁgz SRS (LR (g mi) o —d(x,2) (8.6.29)

and we can state the following lemma:

Lemma 8.6.1. It exists a constant C' such that:

dﬁﬁ e
v <

—d(z,z)

(8.6.30)
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Dobrushin condition

Lemma will be proven in Section

Hence, we have a bound for (8.6.19)) which is given by (8.6.30)) and we get for £ = 3N +4

the following contribution:

—d(z,z)

Z|¢ n,n)|In —n'] < 05 (8.6.31)

2
e For the term with ¢ = 3N + 5 in (8.6.2) we simply write:
Z|¢> n,n')||n — |<Zf [A¢(n)Be(n') + Ag(n') By(n)](n + 1)

<> Ag(n)n+ ZBg n)n < c(td)2[etde=tr* "M a=2l"(8.6.32)
n

the bracket being the Lh.s. of (8.5.4). We have used that n < ¢4 and, consequently,
Card(X®) < c/d.

e Analogously to estimate (8.6.32)), for last the two terms in (8.6.2), i.e. those with
{=3N +1i,1=6,7, we have:

D169 () [n — | < e(t3)?[clgy NP (8.6.33)

n,n’

where in the bracket we used (8.4.6) and again: n < cf¢, Card(X®) < c¢fd. For  small

enough we have:

b
APNE=21/2 = exp{— logfy_1§*y|:17 — 2|} < el (8.6.34)
and for N large enough
(D) eldAPN2) < 3y (8.6.35)
so that:
Z 169 (n,n")||n —n'] < vggde—vlm—zl_ (8.6.36)

n,n’

Putting all the contributions together (see estimates (8.6.15)), (8.6.31), (8.6.32)), (8.6.36]))

we have:
| 13NAT
2 /0 Yo > 16 () In—n'| < (2, 2) (8.6.37)
(=1 n,n’
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8.7 Proof of Lemma|8.6.1

where

ry(2,2) = J§2)(3¢ 2)€2u +c*ya/3'yd€21|x 2| <Ny-1 F el 1,—|e—z|

_|_C£%de—b"{2a_(1_a)d'|$_z|€3 + fyfg e_’y‘x_z‘ (8638)
We then have

er(sz) <uf+ CNd"}/a/g + c,.)/(d+1)(1704) _|_C,Yd[(17a)d72a+2a] +,}/d+1 <1 (8639)

z

so that (8.1.19) is satisfied. We have used:
vy dZe ezl < Wy d Z e k2lzl < Yy /e velrl gy < ve3 dyly) =4 = 4+ (8.6.40)
z£T 2€74
for the last sum and an analogue estimate for the third and the forth term. (8.1.20f) follows
obviously from (8.6.38)), since for |z — z| > ¢3 the first two terms give 0 contribution.

8.7 Proof of Lemma [8.6.1]

From the definition of V (y1, ..., yg; m1, ..., my), see , and (| we get:

’ Z Z V(yh S Yk; M1, ..., T ) Z:l 1n;’72'2.. nzzk (1+R)(ZZ | =

{y1,-yktt {maye.m}
Y1=%,Yx=2 m,;eN,m; >0

1
= X Ak e e

mA(m)31
A(m)NLAD

(8.7.1)

where b(m) := > .. b(0)7(f) with 7 a generic cluster connecting C, and C, having the
multiplicities my, ..., mg, with m; multiplicity of the box C, and mj multiplicity of C,. We
also remind the definition b(0) = rlogy 'L, (0)] + |0], which for a tree without v links
becomes: b(0) = |0].

Hence,
> W%(ﬂ; pep)e™ < > M 2R (7 pry p') M) (8.7.2)

mA(m)31 mA(m)21
A(m)NL#D A(m)NLAD

An upper bound for the r.h.s. of (8.7.2)) can be found by first summing over all the polymers
0 such that contain the label 1 and that exit the box C, with only a label, e.g. the label
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Dobrushin condition

2 in the adjacent box C,, and then over the clusters that contain such polymers. Hence we
obtain:

Ty Z Z Al ﬂE “zR T Py P ‘ b(m) (8.7.3)

0:|V(0)NLE|=1 mim30
051,V (0)NLy={2}

where n, is given by the fact that we chose the label 2 in C, among all the labels £,, with
|L,| = ny. By the corollary of the cluster expansion (see ([7.3.38)), one has:

> ‘Zﬁ(ﬂ; px,pl)(eb(”) < (23(9; pa,pt)[e® (8.7.4)

T30

with a(f) = |6|, and therefore:

B73) <n, 3 ‘ZR(G;px,pl) (0, (8.7.5)

0:|V(0)nLe|=1
051,V (0)NL,={2}

once we fixed 6 such that satisfies the constraints in the

Let us start bounding ‘zR(G; Py pb)
sum in (8.7.6) and with |@| = n. Using the definitions in Section [7.3 we have:

et | [ T % 1 00| < g [, o]

i€V (0) b (eE(6) 2 Ca

dq dga 1 _ v,
. / Ed]]‘QIEaRCz/ W(e BVr(q1,q2) _ 1)
1€Cx 2 QQECymBR(‘D) 2

where we are again using the convention that the label ¢ encodes the knowledge of the box in

(8.7.6)

which the particle ¢; is. In bounding the activity zg(; ps, p') once we fixed a given polymer,
we group all the remaining n — 2 coordinates in the box C, once we exclude the label 1 and
we change variables by considering only the relative distance with respect to the label 1 or
2, considered as fixed. Hence we obtain n — 2 equal contributions. We are left with only one
link with endpoints 1 and 2 which we integrate in the second term of . Like in
we have:

€2 2Re

Hence:

n—1
Ny Z ’ZR(QQPza ) a(6) < % Z( > " 2€§(n—1)
2

0:|V(6)nLS|=1 n>1
03{1},V(0)nLy={2}

| =

e” (8.7.8)

Y

2
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8.8 Estimates of the k-th moment

where instead of summing over the polymers # we sum over the number of vertices of such
polymers, but paying a factor which is given by all the choices of n — 2 labels among the
n, — 1 labels of the box C, (we already chose the label 1 in the box C, and the label 2 in the
box Cy) and by n" 72, i.e. the number of trees which can be constructed over n vertices. We

have:

2R n"2 g2
(8.7.8) < Eﬂy Z m (73) " len
n>1

2pr
526/)90 Z V27 an

(8.7.9)

where we used the approximation (Z) ~ "k—l: and Stirling’s bound: n! > n"e™"y/2mn.

choosing R small enough, p,e < e~2 and therefore:

] > S Ve Y ity ey ) P k(R ) < 2Bpy
’ ) ) ) , M Y1 Y2 Yk EQEP:E
{y1,- i} {ma,....mi}
Y1=%,Yx=2 m,;eN,m; >0
(8.7.10)
Hence we can bound the r.h.s. of (8.6.28)) with the following quantity:
—d(z,z)
2Ry —dw.) < o (8.7.11)
526% 2
proving the lemma. O

8.8 Estimates of the k-th moment

To prove the estimates (8.6.12)) and (8.6.13)) we first write:

k
=Y (]I — ()] (8.8.1)

i=1
hence we are reduced to estimates of
> pu(n)n— (). (8.8.2)
nexe

Letting p = p, below, we write the interpolated hamiltonian ([8.1.22)) with all its terms in the
following way:

help) = B Fulp) + G [03(0) + B} ()]} + eln) (8.8.3)
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Dobrushin condition

with:

Fi(p) = —BNp+ pllog p— 1) +62a0 i ad(i—1)

i=1
+Za1 i ad(i—1)+a/3i + FtR(P) (884)
where A* is defined in (8.2.5) and:
Fi(p) 1= 5 (hf(p) + b (p) ). (8.8.5)

Let us consider hf*(p) in and do the following approximation:
R

G (p) = E;d(h%m )10 (0) = 697(0) + 045" (5.8.6)

where h%(p|p?) is defined in (8.3.1)), dhft/dt in (8.3.9)) and:
Wp):=— Y zk(mp) (8.8.7)
mA(T)CLy

is the R-cluster expansion in a single box C, with 0-boundary conditions. The one-body

approximation in the measure is quite reasonable. Let us define:

R(p, )| = G Rl ?) o) = 57 S0 sh(mp)| (8.8.8)

mA(T)NLy AD
A(m)NLEAD

Let us sum first on a generic label j belonging to the box x and then sum over the clusters
that contain that label (dividing, however, by the number of points of the clusters which are

in the box, i.e. |A(m) N Ly]):

[R(p, p*)| = €3 ‘Z Z M%(W;p,pi)‘z

‘]Gﬁx T A(
Al )mﬁc;é(/)
1 ; R
=074 —_— DN <C— 8.
m: A(m)31
A(m)NLEFAD

where, with the constraint A(w) 5 j, the condition A(w) N L, # () is automatically satisfied,
so we can drop it. Notice that in the second equality we have fixed the label j to be the label
1 (which belongs to C;) multiplying by a factor n. See (8.7.2) - (8.7.10]) for the proof.
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8.8 Estimates of the k-th moment

Because of estimate (8.5.2)) the hamiltonian hf ‘“ in the functional (8.8.5)) can be neglected,

hence:
2a—(1—a)d

Ff(p) = 61 (p) + O™ ) = 60" () + O(6;). (8.8.10)

Note that one can make the following infinite volume approximation:
FR(p) = 63907 (p) + O(5") = falp) + O(67) (8:8.11)

by paying with an error which is of the same order as the surface and where (see (3.1.7))):

frlp) ==Y nﬁf o (8.8.12)
n>1

is the hard core free energy in the mean field model without the entropy part (p(logp — 1)).

Denoting by F} and F}’ derivatives w.r.t. p, we have, for all ¢ and 7 small enough,

F(pg++¢) >0, F/ps+—¢) <0 (8.8.13)
F{'(p) >0, forall|p—ps4| < (8.8.14)
Then there is p* so that
Fl(p) =0, |o" = psil<¢ (8.8.15)
p* being the unique minimizer of Fy(p) in |p — pg.+| < (. When |p — p*| < £2—%+6d (6 >0isa
small parameter which will be specified later) we have, by a Taylor expansion,
Ghu(p) = Fup™) + SF0) (o — 0702 + Ru(p)(p — p7)? + G5 c(ny) (8:8.16)

2

where Rt(p) contains both the rest of the Taylor expansion and the contributions coming

from h? and h3:

B, - k * $\k— — *\ —
Ri(p) = FP(0") (o — p)" = + 6303 (p) + 0 (0))(p — o). (8.8.17)
k=3
There is C' > 0 such that:
sup EN () (p—p )3 <0 (8.8.18)
Ipfp*léfgd/ﬁéd P
and therefore:
~ " —3d+38d
sup - 1Rulp)(p = PI<Cl* 49" = R (8.8.19)

lo—p* <ty
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Dobrushin condition

we are supposing 7 so small that the set |p—p*| < E;d/ﬂéd is contained in the set [p—pg 1| < ¢.
By (8.8.14))
1 _3
£2—d infd " ht(p) > Ft(p*) + 5th//(pa<)€2—zi-&—25d . C€2 5d+30d CEQ_d log {5
lo—p* |25 /2
1
> F(p") + F/ (o)1 (8.8.20)
Calling n* = ¢2p*, we will first prove that there is ¢ > 0 so that
In* — (n)| <ec. (8.8.21)
The small parameter in the following analysis is
¢ =0, "? (8.8.22)
We write: helo)
* Zne_ 1 (n_n*) o A —1
<n>t —n = Zn 6*ht(P) = miog (8823)
where:
A = & Fer) [2n*]Y/%¢ Z e Mg (n — n*), (8.8.24)
n
the sum over n is always meant to be extended over n € X*, and where:
mo = €& “Fi) [27n*]"/2¢ Z e~he(e), (8.8.25)
n

We write

A=A +A, mo = my + mg

the primed variables being obtained by restricting the sum over n in (8.8.24)) and (8.8.25)) to
{n:|n—n*| <& 179}, while the double primed ones are restricted to {n : |n —n*| > £ 1791,

By (8.8.16)

Nee Y ey e { -

|TL77L*|§§_1_5
—~Re(p)Elen — n)* — €20(p) }
Y(p) comes from the remainder of the Stirling formula: there is ¢ so that for all p
[9(p)] < ¢
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8.8 Estimates of the k-th moment

We are now going to prove that

A < . (8.8.26)

Let us shorthand the following quantity:

and write:

e ¥ /niz,/ni_i_(efw_l) n
n n n

so that we can bound the terms as follows:

[n*
‘ n

O m/f( < c€® +glg(n — ")),

< c€lé(n —n”)|

Hence we have:

Al<ee Yo ORI - )] +elen —nt)| + len - )P} < o€

[n—n*|<g=1-°

which proves (8.8.26)). Since:
my=€¢ > 1/%e—wﬂ*)[s<n—n*)12/2€—w

|n—n*|<g—1-3

, 27
‘mo = /Ft”(p)‘ < et (8.8.27)

In fact the leading term in my is given by:

by analogous procedure

£ Y e FENEnP 2 < e 57 S H -2 < ¢ / dn e~ FONEm=n")2/2 e

‘T’L*ﬂ*‘gg_l_(s

(8.8.28)
By (8.8.20))
" * Ft”(p*) —46
< — _ Tt/
a<e D Jem—nlen{ - S
[n—n*|>¢=1-9
so that

&) < (g exp { - T gar)
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Dobrushin condition

as the sum over n contains at most c£~2 terms and [£(n — n*)| < €71, Analogously
B F// p* _
mf < €(ce ) exp { - TP gar)
and we conclude

A - c§ + 05_2 exp{ - F{’ip*)§_4§}

2 — <e
mo \/7 & — cE- lexp{ _%5—46}

and (8.8.21)) follows from (8.8.23)). Analogously to (8.8.25)) we write

& F) 2] 1/252 e~ M@ g(n — (n)y)) (8.8.29)
and
mg .
> pen)in— (n))F = —Le* (8.8.30)
As before (details are omitted) for any there is ¢ so that
el (8.8.31)
mo

then, by (8.8.1)), for k& > 1,

k
Zpt > n_ SZ k ZC& i—1

Czd k—i ng/2 i+1 < gdk

||M?r

(18.6.12)) is proved.

We need a more accurate estimate when k = 1 in. We write
[n — (n)]* = [n — n*]* + [n* — (n)]* + 2[n — n*][n* — (n)] (8.8.32)

and use it in (8.8.29)), having three contributes for ms. We write explicitly the main contribu-
tion 7, which is given by the first one in (A.1.5)) where the sum in ms is over [n—n*| < =179,
Recalling (8.8.21]) one can easily see that all the other terms give corrections of order .

my = 65_2F’5(p*)[27rn*]1/2§ Z e M) [g(n — n*))? (8.8.33)

fn—n|<g18
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8.9 Changing boundary conditions

and again:

I S Y e 0| RS (8.8.34)

n
[n—n*|<g1-°

where the c£ comes from the part arising from |¢| in the expansion of e=¥. Dividing by mo,

and considering that the leading term in mg is given by F,Q,—’(rp) as proved in (8.8.27)), we
t

have:
mo 1
— = | =S¢ 8.8.35
mo ~ F () = (8.8.35)
which implies of course:
> pn)n— (n))? < €72 (# + c§>. (8.8.36)
- - F{'(p*)

8.9 Changing boundary conditions

We complete here the proof of Theorem by showing that for any p = {p,}, y € X Az

and any ¢' and ¢?

R(ﬁ(-\p,dl),p(-\p,f)) < Y rr(@,2)D.(7, ¢) (8.9.1)

z€X e

For the sake of definitiness let us suppose that
|q-200££2)’ =m, ‘ql ﬂC§€2)‘ =m+p, ql ﬂq‘2 ﬂcgég)‘ —n
with m, p, n non negative. Then, by
D¢, ¢*) =p+m-n
Let q1..g, be particles of g' which are not in ¢ and
w=d =70 (a+.+q)

meaning that we take out of ¢ the particles q1--qj- Then

p—1

R(p(‘\p, a"),p(:|p, 62)) < ZR(p('Ip, a;),p("|p, d}+1)) + R<p(-!p, @), p(:p; ff)) (8.9.2)
=0
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Let ¢}...q,,,_,, be the particles in (j}) which are not in ¢* and ¢ ...q",_,, the corresponding ones

in g% and not in q’}). We set

B=0 C=C+d+ +d)— (] +.+d)
so that
p—1
R(pClp,d) 0010, ) < 30 R(pClp @), p(1o,an) )
7=0
m—n—1
7=0

The total number of terms in is exactly equal to D.(q",¢%), it will thus be enough to
prove that each single term is bounded by r,(z,z). The terms in the first sum are treated
exactly as when z € A. For the terms in the second sum we observe that Y is the same
in both configurations. The change of the energies h*, k # 0, is due to the difference
between the interaction of the special particle with the others in the two distinct positions.
Such contributions to the Vaserstein distance are again those computed above and we get the
previous bound with a factor 2 (we do not need compensations between the two contributions
and we just sum them up).

then follows, once we recall that D.(g',3?) = k + m, where k is the difference
(£2)

between the number of particles in C; ™ and m the optimal number of shifts of particles, and
k + m is the same as the number of triangular inequalities used to reduce to the case where

we either add a particle or shift one.

8.10 The Dobrushin method for constructing couplings

In the following we refer again to (8.1.1)) for the definition of the state space and in general
to Section [7.I] and Section for the setting.

Claim 8.10.1. We are going to prove that there exists a joint representation P(n', n?|q", ¢*)
of the marginals of u' and p?® on XM such that, for any x € Xa and denoting by & the

expectation w.r.t. to P,

E[(d(nk,n2)] < Z ry.r(z,2)E[d(nk,n2)] + Z 7 r(T, 2)y % (8.10.1)

2€EXp,2#x z¢ X\
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8.10 The Dobrushin method for constructing couplings

For simplicity from now on we will drop the dependence on ¢* and g2 from P(n!, n?|q", ¢%).
The existence of such joint representation relies on the algorithm proposed by Dobrushin (for
the reference see [52]) based on a local optimization strategy. We can also state it in a more
general setting, but for the purpose of this section and to make the approach easier for the
reader we will apply such strategy directly to our problem.

The key point of the entire theory is that “local bounds can be made global”, as proved
in the next theorem.

Let us first suppose that we have already found a “good” coupling for the conditional
probabilities: p(-|p',¢") and p(:|p?, %) with p' = {p,},y € &M i = 1,2. We call it
Qg p p2,q1,32(+,+) as a probability on X* x X*. We remind again that the Vaserstein distance
is defined through a cost function, i.e. a pseudo-distance on X* defined in (8.1.12)), and we
define: dy(nt,n?) =3 ., d(nk,n2), I C X,.

Theorem 8.10.2. Suppose that there are non-negative functions K,(n',n?) = K,(p', ", p*, ¢*)
such that:

Z d(”i? ni)Qx,pl,pQ,él,QQ (nslc’ ni) < Kw(pla qla PQ, 62) (8.10.2)

1 5,2
Ny ,Ny

Then there is a coupling P of u* and p? such that,

Y du(@',n))P(n',n) = Y dng,n2)P(n',n®) < ) Kau(p',d' 0%, @)P @' n?).
ny,Ny ny,ny L)

(8.10.3)

Proof.

Let Py be a coupling of ! and p?. Let us divide n’ into n’, and p¢, i = 1,2, and call

Py(p',p%) ==Y Po(ng,p'n2, p%) (8.10.4)

1 52
NNy

namely Py(p', p?) is the marginal distribution of the components p', p?. Define next

P(EMQQ) = Qx,pl,p2,(il,q_2 (nzlw ’I’Li)P(](pl’ p2)' (8105)

We claim that P(n;,n,) is also a coupling of p' and p?: since Q, 1 2 g 52(ng,n3) is a

109



Dobrushin condition

coupling of the conditional probabilities,

S P n®) =)0 Qup g2 (nan2) Po(p, p?) (8.10.6)
n? p? n2
:ZP (nylp", @) Polp", p?) (8.10.7)

—Zp nylp',q) Y Po(nd, p' n2, p%) (8.10.8)

n3.n2

We first sum over n? = (p?,n2), and, since P, is a coupling, we get:
> Plug,my) =Y pM (o' ndlg p(nglp',q') = p'(n'). (8.10.9)
2 3

The same argument applies to the second component completing the proof that P(n!,n?)

is a coupling of x' and p2. Since a convex combination of couplings is still a coupling,
Pi(n' %) 1= 2= 3" Qo e g1 (1 n2) P 2) (8.10.10)
T
is also a coupling, where M is the cardinality of the set XA, By iteration
Pena(n, %) 1= 523" Qu gt o gt (0 ) Pl ) (5.10.11)
z
are all couplings of p! and p?. Then:

Pr(n',n?) = ——= " Pu(n',n?) (8.10.12)

is a coupling and, by letting k — oo along a convergent subsequence k; (the space X A s
finite), also

P(n',n?) = lim Py, (n',n? (8.10.13)

kj—o0

17ﬂ2) = P(nlan)a

is a coupling. Moreover, since limkjﬁoo ij (n
1 2 12
P(n',n?) = }gnOOMZQx,p a2 (g m2)Pr (0, p°) (8.10.14)

MZQM) a2 (g DP( 07, (8.10.15)



8.10 The Dobrushin method for constructing couplings

so that if y € XA

> dy(n',n?)P(n',n?) (8.10.16)
n',n?
1
= > dy(0!0?) 57 D Qupt gt 2 (0, n2)P (0! ) (8.10.17)
nl,n? a;;éy
1,2 12
+ Z d MQy p(y)vp(y)yq :q ( y’ny)P(p(y)7p(y)) (81018)
nl,n?
where p ={p:}, z € XMy i =1,2, and following this notation p' = p( ) We rewrite the
first term on the r.h.s. of (8.10.16) as follows. We fix z # y and sum over nl,n?, getting
MZZd o, p?) MZZd n',n*)P(n', n?) (8.10.19)
z#y pt,p? r#Yy nt,n?
Analogously, in the second term on the r.h.s. of (8.10.16) we write
1,2 1,2
Z P( 'O(y Z Qy p(y)»p(y)vq .2 (ny’ ny)d(nzﬁ ny) (81020)
p%y)’p%y) y’ y
p%y)’p%y)
= > P 0 )Ey(p,), a7, ). (8.10.22)
nt,n?

> dy(n',n? = > d(n nt, n?) (8.10.23)

ny,ng 71,1

1 _ _
y) y (n',n?) + i Z P(@l,QQ)Ky(p%y),ql,p%y),qQ) (8.10.24)

ny,ny ny,ny

hence (8.10.3)), once changed y into x.

O
An immediate consequence of Theorem [8.10.2]is the following corollary:
Corollary 8.10.3. Suppose there are constants C, and r(x, z) so that (8.10.2) holds with
K" @, 0% 7)) < Co+ Y _r(x,2)d(nl,nl). (8.10.25)

z#x

111



Dobrushin condition

Let P as in Theorem and v(x) =) 1 d(nl,n2)P(nt,n?).

Then
v(x) < Z r(z, z)v(z) + Cy, (8.10.26)
zF#x
hence v(-) < wu(-), where:
u(z) = Z r(z, 2)u(z) + Cy. (8.10.27)
z#x

Proof of (8.12.1]).
Let us show how Corollary [8.10.3| implies (8.12.1). By a general theorem (see for instance
Theorem 3.2.1.1 of [52]), the inf in (8.1.16) is a min. Hence, there is a coupling of p(:|p*, ¢*)

and p(-|p?, @*) which attains the Vaserstein distance on the L.h.s. of (8.1.17) and (8.10.25)
holds with

Co= Y ryr(r,2)D:(7", 1) (8.10.28)
z¢Xa

and r(z,z) = 7, g(z,2). Hence, using the bound D,(¢',¢?) < ey~ and (8.10.26), one
obtains (8.12.1)) by setting: v(z) := 3,1 2 d(nk,n2)P(n',n?) = £[(d(n},n2)] where the last

expression is the expectation w.r. to P.
8.11 Equations for the first moments and decay properties

We study here the linear system of the | X | equations:

u(z) =Y r(x,2)u(z) + Cpy, z€ Xy (8.11.1)
ZF#xT

where C'; must be of the form:

Co=Ch+ > r(@,2)P(2), supl(z)] < oo (8.11.2)
¢ X\

v(z),z € Xy, is a sub-solution of (8.11.1]) if:

v(x) <Y r(z, 2)o(2) + Co. (8.11.3)
zF#x
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8.11 Equations for the first moments and decay properties

Theorem 8.11.1. Let r(x,z) > 0 satisfy

suer(x,z) =7 <1 (8.11.4)
r z#x
Then (8.11.1) has the unique solution
u(z) =Y galz,y)Cy (8.11.5)
yeEXA
where
ga(@.y) = rR(@y),  ral@.y) =7r(@y)leyex, (8.11.6)

n>0
with Q(x,y) = 1,—, and ¥ (x,y) the n-convolution of ra(x,y). The series in (8.11.6) is
A Y A

convergent and

ga(z,y) < T oo ap := sup Z ra(z,y) <r <1 (8.11.7)
A TEXA ye Xy ytu

Finally, if v is a sub-solution of (8.11.1)), then v < u.

For the proof of Theorem see [52], Chapter 3.
Let us now investigate the decay properties of the Green function gx. We define:
g(z,y) = Zr”(m,y) (8.11.8)
n>0

and notice that gpn < g point-wise, so that the decay properties of g immediately are reflected
in the decay properties of gy and then of u.

To deduce good decay properties of u(z) we use a strong assumption on the decay rate
of r(2'y) as |z — y| — co. Suppose there is a metric 6(z,y) such that é(z,y) > a > 0 for all
x # y, and

suer(a:, y)ed@Y) <4 <1 (8.11.9)
Tyt

then (8.11.9)) implies (8.11.4)) with r < e™?.

Theorem 8.11.2. Suppose that (8.11.9) holds, then for any x, any set A C Xp and any

non-negative function f on A,

S (@, 9) () < —— sup{e 0@ ()} (8.11.10)
1

yeA — 7 yea
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Dobrushin condition

Then we have the following corollary:

Corollary 8.11.3. Let u satisfy (8.11.1)); then, if (8.11.9)) holds,
1

u(z) < sup {e 0@V 4 sup e 0@ 8.11.11
( )_1_T/ye){pA{ y} 1_r/yeApC ( )
8.12 Conclusions
Coming back to:
E[(d(ng,n2)] < Z oy r(z, 2)E[d(nL,n2)] + Z ry r(z,2)y % (8.12.1)
2€Xp,2#T 2 X\

we can apply Corollary|8.11.3|obtaining that there are three positive constants 4, ¢, ¢’ so that:
E[(d(nk,n2)] < cexp { — Iy M ist (x, AC)} (8.12.2)

with c1, co suitable positive constants.

Proof of (8.12.2)).
We have from Theorem K. 1.1}

rv.r(,2) < creeFEl g > g, (8.12.3)
First we want to prove that this condition implies (8.11.9)). Chosing §(z,y) = K|z —y|,

sup D ()0 =sup {30 r(ay)e 4 3T (el <

y# T eyt lz—y|>L3
< eoils 4 Z cre~ele—yl+enlz—yl - (8.12.4)
lz—y|>L3
where we used: k., = cy7v. In order to bound it with 1 the second term in implies
¢y < cg while the first one implies ¢, = 7% with af, > «. Hence we can apply Corollary
for v(z) := &[(d(nk,n2)], v(z) being a sub-solution of (8.11.1)), where C, being as
in (8.10.28), is of the form (8.11.2) with C, = 0 and ¥(z) := D.(q1,2) < ¢y~ Hence we
obtain by putting 6 := o — afy > 0. O
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8.12 Conclusions

Proof of (T12).
In this proof we are going to use Lemma of Section and (8.12.2)). We remind that

Byi(faroown) = Bps(gn) + Riy i =1,2 (8.12.5)

where gy and R; satisfy bounds ([7.5.2)).
We also remind that gy is defined summing the two contributions (|7.5.20)) and ([7.5.24]),

and setting y = {y1,...,ym}, £ = {21, ..., 25}, we can rewrite it as follows:

gv = Y, Apmega)+ Y. OrCpgz)=> g (8.12.6)
rcoVts) ccotNt) yoz
TI'BZQ CBZ&
where:
gy= Y. Epmeay+ Y. CrCipay) (8.12.7)
rcoNt) ccolYts)
Y ng
Hence:
Bu(on) - Balow) = | 3 Pl n?ld. ) fon(n)) - on(e?)][ = (8128
n',n?
| Y Pt DY () - a0]| < (3129)
nln? Yoz
<3N Pl elid, o) - g, < (812.10)
Yy nln?
m
<D lglloe Y P' 018 Y Tpse < (81211)
y n'n? i=1
m
<D llgyll€[ Y d(nf,nd)] < (8.12.12)
Yy =1
< m?XZ HggHoomE[d(n}, n?)] (8.12.13)
y
Using (8.12.2)) and (7.5.2) we get (7.1.2)). O
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Conclusions and open problems

As we see from Chapters [7] and [8, we manage to carry out some computations which
imply the decay of correlations as required by the third step of Chapter |5 (see Section ,
by controlling the difference of the two expectations in equation . Hence the hardest
part is to calculate these expectations. We first use cluster expansion to reduce our system
to a spin block model through the derivation of an effective hamiltonian and then Dobrushin
uniqueness theory to prove exponential decay.

Anyways, the exponential decay of correlations does not imply estimate when the
two local functions f;, ., defined in are too close to the boundary of A. In that case
the difference of expectations becomes of order 1 and we have to change strategy. We shall
address this issue in a subsequent work, adapting to our model the techniques developed by
Presutti in [52].

Another issue which we hope to address later concerns the o-algebra at infinity and
the derivation of some properties for the two Gibbs measures representing the two phases.
While we think these properties can again be derived as in [52] (Chapter 12), to prove phase
transition in the canonical ensemble is still an open problem. As we said in Chapter [2] one
would like to prove closeness to one of the two phases in the coarse grained picture.

In the more abstract context of a system of particles interacting in the continuum via
a stable and tempered pair potential we are able to compute the free energy by cluster
expanding the canonical partition function, as we do in [53]. A question arising is wether
one is able to compute the correlations and to compare the behaviour in the canonical with

that in the gran canonical ensemble, expecting that the decay is not exponential anymore
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Dobrushin condition

even though small as 1 over the volume. See [56] for the correlation functions in the gran
canonical ensemble.

We want to conclude this section by introducing a problem which seems at first very
different from the topic we dealt with in this work and which is related to the quantum
version of a system of particles in the continuum. We refer to the set of results obtained
by Ginibre in the context of quantum gases, see [24], [25] and [26], where there have been
computed the correlation functions performing a cluster expansion as for the virial series. As
these results are carried out using the formalism of the gran canonical ensemble we should be
able to obtain similar results working in the canonical, adapting to the quantum model the
methods in [53]. Hence, a first step in this direction would be to perform a cluster expansion
in the canonical ensemble for a quantum gas, while a second more ambitious project would
be to prove phase transitions for the same quantum model, to have similar results as we
have in the present work. In this regards there is an unpublished paper by Kuna, Merola
and Presutti which proves gas-liquid phase transitions for a quantum gas with the Boltzman
statistics. The main issue is whether we are able to prove the same transition in the case of
a system of bosons when the density is far from the regime in which there is condenstation,

using the Ginibre results and [53].
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A. Cluster expansion in the canonical ensemble

A.1 Model and result

This chapter is devoted to the theory of cluster expansion in the canonical ensemble when
the system is composed of hard spheres in d dimensions. In the following we refer to the paper
[53] where the interaction is more general, i.e. stable and tempered, but we report the result

directly in the case of hard core interactions for simplicity of notation.

We consider a configuration q = {q1,...,qn} of N particles (where ¢; are the position of
the " particle), confined in a box A(¢) := (—%, g]d C R? (for some £ > 0), which we will also

denote by A when we do not need to explicit the dependence on /.

We assume periodic boundary conditions since it is a general result (see e.g. [56] and [21])
that the thermodynamic limit is independent of the choice of the boundary conditions. This
particular choice in the present section is not essential, periodic boundary conditions are used
in order to obtain translation invariance in some cases (see e.g. Lemmal[A.4.1]). Furthermore,
our result remains valid with other boundary conditions by slightly changing the proof (see
Appendix [B| for estimates of the finite volume corrections).

We obtain the periodic boundary conditions by covering R? with boxes A and adding all

interactions. Let

VP (gi,q5) = > V(gi — gj + nl) (A.1.1)

nezd
with
+oo  iffg —g| <R
VhC(C_h' _ Qj) — (A.l.Q)
0 iffg—qj|>R
where |g; — ¢;j| denotes the euclidean distance between the two particles in ¢; and ¢;. R is the

radius of the hard spheres and their volume is € = V3(R), i.e. the volume of the d-dimensional

sphere of radius R. The hard core potential depends on g;, g; only through their distance.
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Cluster expansion in the canonical ensemble

The canonical partition function of the system with periodic boundary conditions is given

by
1

Zg AN = N!/AN dq ... dgy e PHN@), (A.1.3)

where H) is the energy of the system given by
Ha(q) = > V(g q). (A.1.4)
1<i<j<N
Remark. Note that the following is proved also for more general interactions, i.e. when the

pair potential is stable and tempered. This means that there exists B > 0 such that:
> V(s-gq)=-BN, (A.1.5)
1<i<j<N

for all N and all ¢1, ..., ¢y and the integral

C(B) == /Rd le V(@) —1|dg (A.1.6)

is convergent for some $ > 0 (and hence for all 5 > 0). Hence the hard core interaction is a

particular case where B = 0 and C(f) = € independent of the temperature.

Given p > 0 we define the thermodynamic free energy by

1
BIA|
The main result, given in Theorem is that, for values of the hard core volume e

fa(p) : log Zg A N- (A.1.7)

|A"N_>001,H]{[=Lp‘/\u f,B,A( ), where fﬁyA( )

small enough, the thermodynamic free energy is an analytic convex function of the density.
In addition, the coefficients of the resulting series are given by the well-known irreducible

coefficients of Mayer that we will denote by £,

1 el
Br = o E =) | | (e V" @6%) _1)dgy...dgur, @1 =0 (A.1.8)
" geBy " lij)eE
‘g(ég)aﬁ} {i.i}€E(g)

where By, ;1 is the set of 2-connected graphs g on (n+ 1) vertices and E(g) is the set of edges
of the graph g. We define a 2-connected graph to be a connected graph which by removing
any single vertex and all related edges remains connected. The precise definitions are given
in the next section. In the literature such a graph is also known as irreducible. Note the
unfortunate coincidence of notation between the inverse temperature 5 and the irreducible

coefficients f3,,, which however we keep in agreement with the literature.
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Cluster expansion in the canonical ensemble

Theorem A.1.1. There exists a constant ¢y > 0 independent of N and A such that if pe < cq
then

AN
logZﬁiAN L + 7ZFBNA (A.1.9)

\A| |A| [A] 2~

with N = |p|A]] and in the thermodynamic limit

1

li F = — Bup" T, A.1.10
Nl iy oAl = S up ( )

for alln > 1 and B, given in (A.1.8). Furthermore, there exist constants C,c > 0 such that,
for every N and A, the coefficients Fg y a(n), n > 1, (which are given by the explicit formulas

in (A.4.14) and (A.4.15)) satisfy

|Fsna(n)| < Ceem. (A.1.11)

Note that Theorem proves the validity of the cluster expansion for the canonical
partition function in the regime where the volume € of the hard spheres is small enough. The
convergence is uniform in the volume and in the thermodynamic limit it reproduces Mayer’s
virial expansion providing an alternative and more direct derivation which avoids the deep
combinatorial issues present in the original proof. Hence taking the thermodynamic limit

term by term, we have the following:

Corollary A.1.2.
1
Bs(p) = pllogp—1) = 3 ———Bup™*". (A.1.12)

n>1
In this Appendix we will only prove convergence for the cluster expansion, while we will

leave out the proof of the thermodynamic limit, which is however contained in the paper [53].

A.2 Reduction to an abstract polymer model

We view the canonical partition function Zga y as a perturbation around the ideal case,

hence normalizing the measure by multiplying and dividing by |A|Y in (A.1.3) we write

Zs N = ZWHZ5% N (A.2.1)
where N
; Al ; dgn  dqn _
zideal = AT g i :—/ =5 e @), A22
AN NI an B,A,N AN |A| ‘A’ e ( )
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Cluster expansion in the canonical ensemble

For Zglf\ n we use the idea of Mayer in [44] which consists of developing e~ PHA@) in the

following way

M@= TT a+fip= > I #is (A.2.3)

1<i<j<N ECE(N) {ij}eE

where E(N) :={{i,j}:4,j € [N],i#j}, [N]:={1,..., N} and
fig = e BV (ai—a;) _ 1 (A.2.4)

Note that in the last sum in equation (A.2.3)) we have also the term with F = () which gives
1.

A graph is a pair g = (V(g), E(g)), where V(g) is the set of vertices and E(g) is the set of
edges, with E(g) C {U C V(g) : |U| = 2}. A graph g = (V(g), E(g)) is said to be connected
if for any pair A, B C V(g) such that AU B =V (g) and AN B = (), there is a link e € E(g)
such that eN A # () and e B # (). Singletons are considered to be connected. We use Cy to
denote the set of connected graphs on the set of vertices V' C [N].

Two sets V, V' C [N] are called compatible (denoted by V ~ V') if V. NV’ = (J; otherwise
we call them incompatible (). This definition induces in a natural way the notion of compat-
ibility between graphs with set of vertices V(g),V(¢') C [N], i.e., g~ ¢ if V(g) NV (g") = 0.

With these definitions, to any set E in equation we can associate a graph, i.e., a
pair g = (V(g), E(g)), where V(g) := {i : Je € E with ¢ € e} C [N] and E(g) = E. Note
that the resulting graph does not contain isolated vertices. It can be viewed as the pairwise
compatible (non-ordered) collection of its connected components, i.e., g = {g1,..., gk}~ for
some k, where each g;, [ =1, ..., k, belongs to the set of all connected graphs on at most N

vertices and it contains at least two vertices. Hence,

k
@~ SN T [ f (A.2.5)

{9177916}/\‘ =1 {Z»]}GE(gl)
g; connected

where again the empty collection {g, ..., gk}~ = 0 contributes the term 1 in the sum. There-

fore, observing that integrals over compatible components factorize, we get

K k
Ziin= > [[aaw= > JJ[=amW), (A.2.6)

{glv'“vgk}'\/ =1 {V17...7Vk},\/ =1
g; connected |Vi|>2, Vi
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Cluster expansion in the canonical ensemble

where

(V)= > Z(g), /Ag H dql 11 fz,] (A.2.7)

geCy i€V (g) {z,]}GE
We also denote by |g| the cardinality of V(g), i.e., |g| := |V (g)|. Both expressions in (A.2.6)

are in the form of the abstract polymer model which we specify next.

A.3 Abstract polymer model

An abstract polymer model (I', Gr, w) consists of (i) a set of polymers I" := {1, ..., 1|},
(ii) a binary symmetric relation ~ of compatibility between the polymers (i.e., on I' x T")
which is recorded into the compatibility graph Gr (the graph with vertex set I" and with an
edge between two polymers ~;,v; if and only if they are an incompatible pair) and (iii) a
weight function w : I' = C. Then, we have the following formal relation which will become

rigorous by Theorem below (see [34], [6] and [47]):

Zrw = Z Hw(%) = exp {Z cjw[} , (A.3.1)

{Y1 e yn o =1 Iez
where
1
=5 > (~plFEl (A.3.2)
GCgy

or equivalently ([6])
1 827 I(v) log ZF,w
11w (yy) - - 0'0mw () lw)=0

The sum in (A.3.1)) is over the set Z of all multi-indices I : I' — {0,1,...}, w! =
I, (v )1 and, denoting suppl := {y € I': I(v) > 0}, Gy is the graph with > esuppr L (Y
vertices induced from Gguppr C Gr by replacing each vertex « by the complete graph on I(y

Ccr = (A33)

)
)
vertices.

Furthermore, the sum in is over all connected subgraphs G of G; spanning the

whole set of vertices of G; and I! = HWESupp 1 I(7)!. Note that if I is such that Gsyppr is not

connected (i.e., I is not a cluster) then c¢; = 0.
Remark. Note that one can also use the following notation (following [34]):
n
e X lutn-en{Tan)] (A3)
{15~ i=1 I€T
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Cluster expansion in the canonical ensemble

where 7 is a collection of non-compatible diagrams (repetitions are allowed) and w’ (I) is

given by the Mobius inversion formula:

W'=Y () og Y7 JJw(w). Hl:=I{y:vel} (A.3.5)
r-rci {715, 5=1
V€1, V5

Note that w” (1) = 0 if I is not a cluster.

We state the general theorem as in [6], [47] but in a slightly different form. Let
—log(1 — —log(1—9¢
L =1L(5)= sup { og( x)} = oe( ), (A.3.6)
z€(0,0) T d
for 6 € (0,1). Notice that for § small we have L = 1 + O(§). The optimal bound for the

convergence radius is beyond our scope, however we hope to come back to this issue in a

subsequent work.

Theorem A.3.1. Assume that there are two non-negative functions a,c: I' — R such that
for any v € T, |w(7)|e*M*¢() < § holds, for some § € (0,1). Moreover, assume that for any
polymer ~/

3 ()0 < La(y), (A3.7)

L
y=y'
where L is given in (A.3.6). Then, for any polymer v' € T the following bound holds

Z |ew! |eXvesunt TN < [ 1y(4) ]2 )+, (A.3.8)
I1(y)>1
where ¢y are given in (A.3.3).
Proof. Apply Theorem 1 in [6] with activities w(v)e). O

In view of (A.2.6) we can represent the partition function ZE”RN both as a polymer
model on connected graphs with weights Zy and as a polymer model on V(N) :={V : V C
{1,...,N}, |V| > 2} with weights zp and compatibility graph Gy .

A.4 Convergence of the cluster expansion

In this section we check the convergence condition of Theorem [A:3.1] We work in the case

where polymers are subsets of vertices, which in the abstract polymer formulation is given

by the space (V(N), Gy, Cp). Then, as a corollary of Theorem we prove (A.1.11)).
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Cluster expansion in the canonical ensemble

Lemma A.4.1. There exists a constant co > 0 such that for pe < cq there exist two positive

constants a,c and 6 € (0,1) such that

sup  sup |z (V)|edVIFVI <5 (A.4.1)
ACR? VEV(N)

holds, where N = |p|A||. Moreover, for any set V' € V(N):

1
sup Z lza (V) |edVIHVE < Zq| V7|
ACRT vy L

where L is given in (A.3.6)).

(A.4.2)

Proof. Let a := a 4 ¢. To bound |z5 (V)| we use a version of the tree-graph inequality
(proved in this form in [51], Proposition 6.1(a)) which states that for a hard core potential,

we have the following bound:
‘Z I1 f”‘ <> I \fw\ (A.4.3)
9€Cn {i,j}€E(g) TeTn {i,j}eE(T

where 7, and C,, are respectively the set of trees and connected graphs with n vertices. Note

28Bn

that in the case of a stable and tempered interaction we would have a coefficient e on

the r.h.s. of (A.4.3) multiplying the sum over trees, where B is the stability constant. Then,
considering a fixed V' with |V| =n,

«@ an dq dqn
AWt < e S [ S T (.4.4)

T€eTn {i,J}€E(T)

Given a rooted tree T let us call (i1, j1), (i2,J2), ---s (in—1, jn—1) its edges. We have:

n—1
dQI dQn 1
/An AT, 1 il =157 /.. [T Vi
JYEE(T) Pt
1 n .
< n/d% / dy2---/ dyn H \e—ﬂVh (yr) _ 1]
|A| A A A it

Al [/ —BVhe(z) ]nl Al oy
< — dxl|e -1 =: e,
A L ST

where we considered ¢;, as the root and we used the change of variables:
Yk = Gy, — Q> Vk=2,..n. (A.4.5)
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Cluster expansion in the canonical ensemble

We choose p e such that:
§ =pee<1l, a=a+c (A.4.6)
Then, since the number of all trees in 7, is n" 2, from (A.4.4) we obtain (recalling that
= LplAl)):

n—2 1
’ZA(V)|€OC|V| < Leanen—l < *,066204, (A‘4.7)

by using the bound 2 < n < N and the fact that pe*e < 1. Then defining § := %peem

(A.4.1)) is satisfied.

Moreover, for any fixed ¢ we have:

n72
‘ZA(V)’ea|V| < ( > omen—l
V;Si 22: n—1/1APt
nn—? N n—1
< « - a \n—1
< S aom(m) 9
n>2
1 €%
< A48
- Q\f 1—ed’ ( )
where in the last inequality we have used Stirling’s bound: n! > n"*e™"v/27mn.
Choosing a = 1 and ¢’ such that (for any given ¢ > 0)
? Loitey /
log(1 — =€ 7¢§") > ed A.49
tom og(l—ge™d) 2 e (A.4.9)
we obtain that 5 f T 655, < 1, where L is given in (A:3.6). A sufficient condition for (A-4.9)
is that e!T¢§’ < 0.45796 in which case ¢y = 0.45796 ¢=2(1+9) for any given ¢ > 0. Then, since
{V ALV} CUjep AV 2 i} we get (A.4.2) and conclude the proof of the lemma. O

The way we chose to present the cluster expansion as well as its convergence can by no
means give the best radius of convergence. Our goal was merely to obtain (giving up the
seek for the best radius) the consequence of the cluster expansion theorem, given in ,
which we use in order to establish .

After proving the convergence condition in Lemma an immediate consequence of
Theorem is that for all V' € V(N) and by choosing ¢(V) := ¢|V| and (V') := |V] the

following bound is true:

Yo lerzle M < Liza (Ve 1= Y 1)V, (A.4.10)

I 1(V)>1 V esuppl
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Cluster expansion in the canonical ensemble

where we also remind that « =1 + ¢.

Proof of (A.1.9) and (A.1.11). Let [N] = {1,...,N} and A(I) := UyesupprV C [N] be
the area of the union of V’s in the support of I. Noticing that ¢; # 0 only if |A(I)| > 2, we

have:

|A|ZIA_ |Z Z Z CIZA

n>1 AC[N] I:A(I

|A|=n+1
1 I
_— . (A4.11
|A\Zn+ 2 2 ks wglnﬂ |2 e (D
[A|=n+1 |A(I)|=n+1

Passing to the second line, we replaced the sum over sets A C [N] by N times the sum over
classes of equivalence of sets A under permutations that can be pinned down by choosing a
point from A and fixing it to equal 1 (over-counting, however, by |A| = n+ 1). This leads to

the following definition:

1
Fyna(n):=——= > ezh (A.4.12)

n+l1 I: A(I)>31
|A()|=n+1

and hence we obtain the representation (A.1.9)). The function Fj y a(n) is uniformly bounded
for all N, A as well as absolutely summable over n, namely from (A.4.10) with V' = {1} we

get:
—CNn
|Fana(n)] < — DD lershle™ < e mLe, (A.4.13)
nt I: A(I)>1
|A(D)|=n+1
which concludes the proof of (A.1.11)). O

Having proved (A.1.11)), by dominated convergence we can look at the thermodynamic
limit of each individual term Fpg n A(n). The sum in the definition of these terms does not

depend on the labels of the extra n particles (we have already chosen label 1). Thus,

1 N -1 1
Fﬂ,N,A(n) = ] ( n > Z C[Z/I\ = mPN7‘A|(n)Bﬂ’A(n), (A414)
I A(1)=[n+1]
where
N-1)...(N—n A"
Py ja|(n) = ( )|A|”( ) and Bga(n):= |n|' Z crzk. (A.4.15)

T LA =[n41]
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Cluster expansion in the canonical ensemble

While obviously Py z|(n) — p", for Bg z(n) is more complicate to show that it will give 3,
at the thermodynamic limit. We leave out the investigation of the cancellations which are
eventually responsible for the cluster expansion to give at the limit Mayer’s virial expansion

(see [53]).

Remark. We can also write, using notation (A.3.4)) and (A.3.5)):

b
Al

log Zg AN = A log + ZZA(W) (A.4.16)

where 7 is varying in the family of multi-indices over the vertices set V(N) and

a(m) = > (=) "eg N J[aa(Vy), Inl:={V:Venrt.  (A417)
min/'Cr {Vi,sVa }w, 3=1
X}jel’,w
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B. Finite volume corrections to the free energy

Let us put ourselves in the setting of Appendix [A] and recall the definition of the thermo-

dynamic free energy:

1

= li N h N)i=———1logZ B.0.1
f5(p) IR S f8.A(N), where fga(N) B 08 ZBAN, ( )

Zg a,N being the canonical partition function defined in (A.1.3)). From Corollary we
have:
1

Bfa(p) = pllogp—1) =Y

n>1

where for simplicity we recall the definition of Mayer’s coefficients:

1 g — g
B = nl Z H (e V" @=%) _1)dgy...dgus1, a1 = 0. (B.0.3)
" g€Buy, Y BD" {i,7}€E(9)
V(g)>{1}

This section is devoted to find a bound for the difference between the free energy
and its finite volume version. The estimate of the difference is used in Section [8.8] where we
want to compute the k-th moment of the number of occupation in the site x of our effective
model. In this case is essential to approximate the measure by substituting in the exponential
the free energy for the hard cores in a single box with zero boundary conditions with the
mean field free energy (see (8.8.11))).

In what follows we will consider two different models. One is the model defined in Section
for which we have chosen periodic boundary conditions and the other one is the same
model with zero boundary conditions.

Let us denote by Zg AN and Zg} AN the canonical partition function in the two cases, i.e.
periodic-b.c. and zero-b.c. respectively. Note that for the notation in Appendix [A] we have
Zgan = ZoAN-

We want to prove the following result:
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Finite volume corrections to the free energy

Theorem B.0.2. [t exists a constant ¢ > 0 independent of N and A such that:

1 Ed—l
m log Z(B),A,N —Bfslp)| < Ca (B.0.4)

Proof.

Here we give a sketch of the proof. It can be divided into two steps:

e The first step consists in showing closeness between the finite volume free energy with

zero and periodic boundary conditions, i.e.:

Lemma B.0.3. Let A := (—%, %]d and let C be the frame of width § = 2R (where R is
the hard core length) around A. Then:

0
ZeaN < Zgan < D auoN (B.0.5)

e Once we have done the periodic boundary condition approximation, we are in the same

case as Appendix [A] and using convergence of cluster expansion we want to show:

Lemma B.0.4. Let A := (=%, £]%. There exist two constants C',C" > 0 such that:

1 » ,(log |A])*
— — <O ————. .0.
1‘ 18 Zan Blatp)| < C A (B.0.6)
and .
1 p » (log [A U CY)
_ — < -_ .0.
‘ Kol %8 Do 6f5(p)’ <O (B.0.7)
O
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