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Introduction

Understanding complex, amorphous materials is a typical many-body problem.
Statistical mechanics is the main tool which allows us to recover the macroscopic
properties of a system starting from a microscopic description. In particular, the
equilibrium properties of a system can be computed choosing a suitable model and
applying the rules of statistical mechanics.

Moreover, while this approach works well to study a broad class of phenomena,
such as the equilibrium properties of a gas or the critical behavior of a substance
near a critical point, the situation becomes less clear if we want to study systems
whose dynamics involves very many interacting degrees of freedom.

For this reasons it is necessary to develop analytical and numerical techniques
able to tackle problems where dynamics evolves over different time scales. In the

present work, I will study multiscale problems of three different kinds.

Multiscale Issues in Thermodynamics

The first chapter will present some results obtained studying the thermodynamical
properties of a spin-glass model [1, 2, 3]: the Blume-Capel [4, 5] with quenched
disorder (BC-random) [6]. BC-random is an Ising-like spin-glass model where the
spin variable can take value {—1,0,+1}. It is well known that, within the mean-
field approximation, this model undergoes an inverse transition between a Spin
Glass (SG) and a Paramagnetic (PM) phase [7].

An inverse transition is said to take place when the phase appearing at low
temperature resembles a high-temperature phase. In the BC-random, varying
the pressure and decreasing the temperature, the spin-glass phase melt into a

paramagnet. The reason of this counter-intuitive phenomenon is that a phase
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having normally higher entropic content happens to exist in very peculiar patterns,
such that its entropy is actually lower than the entropy of the standard most ordered
phase [8]. From coarse-grained point of view, we can have such kind of scenario if

some degrees of freedom, in the low temperature phase, become “neutral”.

Multiscale Issues in Dynamics

The second chapter is about secondary processes in glasses and glass formers. The
glassy transition takes place when some degrees of freedom evolve over a time-
scale much larger than the typical experimental time scale, while a bifurcation of
microscopical time scales occurs [9]. In particular, I propose a mean-field theory
[10] to describe a glass former which relaxes over three time-scale. I will investigate
how dynamic processes active on well-separated time scales in glasses and viscous
liquids interact with each other. This study will be done on a model displaying
two time-scale bifurcations, once between the fast and the secondary relaxation,
other between the secondary and the structural relaxation.

This model is a generalization of the p—spin model with quenched disorder
[11, 12|, which is know to reproduce all the basic features of structural glasses, while
its dynamics above the mode coupling temperature is equivalent to the dynamics

of schematic mode-coupling theories [13].

Coupling between Continuum Mechanics and Molecular Dynamics

In the third and last chapter, I will try to build a multiscale method for coupling
atomistic an continuum degrees of freedom in the framework of molecular dynamics
(MD), done in the [1, 2, 3]Andersen-Parrinello-Rahman way [14, 15, 16].

The APR method is based on an extended Lagrangian allowing the MD cell
to change both volume and shape during the simulation, its dynamics being gov-
erned by an externally applied stress, as well as by the internal particle dynamics.
Indeed, the APR formalism allows us to write the equations of motion of a mi-
croscopic system interacting with a deformation (tensorial) fields. I am interested
in the dynamics of the deforming computational cell, wishing to identify it with a
general body element of a Cauchy continuum. On this basis, I plan to construct

atomistically informed approximations to a continuum by means of an array of
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interacting APR-like cells.



Chapter 1
Inverse Transition

The first chapter of this work is about Inverse Transionts (ITs): a reversible ther-
modynamic transition occurring between two phases, e. g., solid and liquid, in
inverse order with respect to standard transitions. I'T can be thought as a multi-
scale problem in thermodynamics: 1T can take place if some “internal” degrees of
freedom of the constituents give contribute to the thermodynamic properties of
the system. The internal degrees of freedom are active or inactive in function of
the external thermodynamic parameters.

In particular, I have numerically investigated, through Exchange Monte Carlo
simulations, the statics of a spin-glass model, i. e., the Blume-Capel model with
quenched disorder and nearest-neighbor, in three dimensions. The phase diagram
of the model is characterized by spin-glass to paramagnet phase transitions of both
first and second order in the thermodynamic sense. The results presented here have

been partially published in [1, 3, 2].

1.1 Scale separation in thermodynamics

It is well know in thermodynamics that, when a first-order phase transition with
latent heat and coexistent phases takes place, all the information about the or-
der relationship between the two phases can be obtained from the study of the
Clausius-Clapeyron equation (CC).

CC can be easily computed by minimizing the intensive Gibbs free-energy
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G(p,T) during the transition at the pressure p and temperature 7. The Gibbs
free energy G(p,T) is the Legendre transform of the free energy F(T,V) done

respect to the volume V,

vV = VpT)
G(p,T) = F(T,V)+pV (1.1)

V' being the themodinamic variable conjugated to the pressure P.
If the coexistent phases are labelled by ¢ = 1,2 and each one involves N;

particles such that Ny 4+ Ny equals N, the given total number of particles, one has
IN =6(Ny + No) =0. (1.2)

Introducing the fraction of particles «; like

N
_ M
Qo = N_ (0%

From the macroscopical point of view the observables are the entropy S, the in-
ternal energy U, the volume V and the Gibbs free energy G. We can write the

intensive thermodynamic quantities as:

S(U,V
s = (N ):asl(ul,vl)—l—(l—a)sg(ug,vg) (1.4)
N
Via,vi,v
v o= %:avl—l—(l—a)vg
G(p, T
g = v )Zagl+(1—a)ga.

N
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Imposing thermodynamic equilibrium reads

0s Os Os Os
ds = 0= (s1—s9)da+ aa—uidul +(1- oz)a—uzduQ + aa—vidvl +(1— oz)a—vzdvg
du = 0= (u; —uz)da+ adu; + (1 — a)dusy
dv = 0= (v1 —vo)da+ aduy + (1 — a)dus . (1.5)
Through Maxwell relations,
Js(u,v) 1
- - 1.
ou |, T (16)
ds(u,v)|  _ p
o |, T
egs. (1.1) lead to
910, T) = 6T) (1.7)
T1 == T2 == T
P = p2=Pp.

Differentianting g(p,T") with respect to the natural variables (p,T') it follows (cf.
1.1)
dg = vdp — sdT (1.8)

From the condition for ¢;(T, p) one has,

apr
dr

As {
= — = 1.
Coex Av  TAv (1.9)

where [ is the transitional latent heat. If phase 1 is liquid and phase 2 is solid we

can write

dpP
ar

Sp — Ss

(1.10)

Coex U — Us

Indeed, the slope of (1.10) gives information about the order of the two coexisting
phases. For example, it is known that an indication for the entropy of the superfluid
phase in “He was found through CC equation [17]: since the slope of the CC curve

between the solid phase and the superfluid phase is near by zero, the entropy of



1.1 Scale separation in thermodynamics 10

As =s(lig.) — s(sol.)

LIQUID

As >0
Av <0
(e.g. water—ice)

As >0
AV >
(ordinary sglid—liquid)

As <0
Av <0

(inverse |melting)

P

Figure 1.1: Schematic picture of the Clausius-Clapeyron classification of phase
transitions.

the superfluid must be of the same order of magnitude that of the solid. This
suggested to look for an ordering state in the superfluid phase.
We can classify phase transitions into four kinds (see fig. (1.1) ):
1. Ordinary Type I
At lower temperature there exists a solid phase less entropic and more dense
than the liquid phase.
2. Ordinary Type II
The solid is less entropic, but also less dense than the fluid: specific volume
is in the inverted order (e. g., the water-ice transition).
3. Inverse Type I

At lower temperature, there exists a phase whose symmetries are typical of
a high-temperature phase (e. g., a putative cristalline solid that melts as

temperature is decreased).

4. Inverse Type II

The low temperature phase has the symmetry features and the density typical

of high temperature phases.
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Our attention will be focused on inverse transitions (IT) of type I. The IT is
a reversible transformation occurring between phases with entropic contents and
symmetries that are in inverse-order relation relative to standard transition. The
case, already hypothesized by Tamman [18] more than a century ago, of “ordering
in disorder” taking place in a crystal solid that liquefies on cooling is generally
termed inverse melting. The IT phenomenon includes also the transformations
involving amorphous solid —rather than crystal— phases similar to that of a liquid
vitrifying upon heating. In this case, the term inverse freezing is sometimes used
in the literature, when both phases are disordered but the fluid appears to have the
least entropic content. The reason for these counterintuitive phenomena is that a
phase, usually present only at high temperature, happens to exist also in peculiar
patterns such that its entropy is actually less than that of the phase normally
considered more ordered.

Inverse transition, in their most generic meaning, have been detected in recent
years in a number of different materials and between phases of varied physical
nature. The first example —and one of the most documented— is the transition
between liquid and crystal phases of helium isotopes *He and “He at low tem-
peratures [17]. The transition curve in *He starts in on 0.315 K at a pressure
of 29.3 bar. The coexistence is between normal fluid, i. e., non-superfluid, and
body-centered cubic crystal: since 3He is a fermion, the origin of the IT is due
to the interaction between spin degrees of freedom. Nuclear spins do not give
contribute to the entropy of the liquid phase because they are strongly correlated
and oriented. Otherwise, in the solid phase, the spins are relatively free to reori-
ent increasing the entropy. IT takes place in “He between superfluid liquid and
hexagonal-close-packed crystal. The system undergoes a the transition starting in
on 0.8 K and 26.2 bar. “He has no nuclear spin: indeed the nature of the transition
is rather different than IT in ®He. In that case, IT is due to the phonon densities
of states for the crystal and the liquid phase [19].

A more complex and recent example is the polymer poly(4—methylpentene—1)
(PAMP1), in which a crystal polymer melts when the temperature is decreased or
the pressure is increased (cfr. fig. (1.2)). By means of exhaustive measurements
using differential scanning calorimetry (DSC) and X-ray diffraction, the phase

diagram of PAMP1 has been experimentally determined by Rastogi et al. |20, 21|
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and others [22], showing evidence for both an equilibrium inverse melting between
a crystal phase (tetragonal or hexagonal, depending on the pressure) and a fluid
phase, and a nonequilibrium IT between the hexagonal crystal and a glassy phase.
Raughly speaking, I'T in PAMP1 is due to the number of polymer conformations
that decreases in the amorphous state.

Another extensively studied instance is a molecular solution in water, composed
of a—cyclodextrine («CD) and 4—methylpyridine (4MP) mixed in given molecular
ratios, investigated by means of neutron scattering, X-ray diffraction, DSC, and
rheometric measuraments [23, 24, 25, 26, 27, 28, 29, 30, 31, 32|. The “solid” in
this case is a sol-gel porous system formed by an ordered network of molecules of
aCD-water-MP filled with liquid 4MP, melting for a decreasing temperature with
a constant aCD concentration.

Another important polymeric example is a methyl-cellulose solution in water
undergoing a reversible inverse sol-gel transition [33, 34]. Methyl-cellulose is a
polymeric chain: it is a hydrophilic polymers containing a few hydrophobic units.
The hydrophobic units can interact each other: in order to do it, the polymer must
be in an unfolded configuration. From the interaction between hydrophobic units
in aqueous media, the polymers can form a network and, consequently, a gel. It
is well known [34] that the viscosity of a semi-diluite solution decreases increasing
temperature: the system undergoes an IT between clear-gel and turbid-gel.

For such a system, a careful analysis of the behaviour of the microscopic com-
ponents across the transition has been performed [35]. This turns out to be par-

ticularly important for my own modelling effort, as we shall see in the following.

Apart from polymeric and macromolecular substances, in recent years I'Ts have
appeared in many different contexts. Inverse melting from an ordered lattice to
a disordered vortex phase takes place, e.g., for the magnetic flux lines in high-
temperature supercontuctor [36]. A gas of atoms at zero temperature changes from
superfluid to insulator as the lattice potential depth is increased [37]. Furthemore,
in the framework of nanosystems, the reversible transition of an isotropic liquid
into an ordered cubic phase upon heating has been detected experimentally in
ferromagnetic systems of gold nanoparticles [38, 39].

In this work, I stick to definition of IT put forward by Tammann [18]: a temper-
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Figure 1.2: Phase diagram of PAMP1 from the original paper of Rastogi et al. [20].
Left panel: the phase diagram in the plane p-T obtained by DSC calorimetry. Righ
panel: Simplified p-T phase diagram.

ature driven reversible transition at fixed pressure or, more generally, under fixed
conditions controlling the interaction strength (such as concentration, chemical
potential, or magnetic field) from a solid, high-temperature phase to an isotropic
fluid (or a paramagnet, for magnetic systems), low-temperature phase. Generaliz-
ing to nonequilibrium systems, one might also call I'T those transitions in which
an isotropic fluid is dynamically arrested into a glassy state.

A thorough explanation of the fundamental mechanism leading to ITs would
require a microscopic analysis of single components and their mutual interactions as
temperature goes through the critical point. Due to the complexity of the structure
of polymeric chains and macromolecules involved in such transformations, a clear-
cut picture of the state of the each components is often not available. For the
above-mentioned case of methyl-cellulose, Haque and Morris [35] proposed that
chains exist in solution as folded bundles in which hydrophobic methyl groups are
packed. As the temperature is raised, the bundles unfold, exposing methyl groups
to water molecules and thus causing a large increase in volume and the formation
of hydrophobic links, eventually leading to a gel. The polymers in the folded state
are thus inactive (or far less active than those in the unfolded state) but are also
less entropic than the unfoled ones. As the chains start to unfold because of the

thermal noise, they change to an interacting state, thus enforcing bonds with other



1.1 Scale separation in thermodynamics 14

r
#ﬁ‘ *‘d
» LY
[ *
F +
F *,
-
L J
:" ‘e, Entropy
» Ty
) *aa
s *y
[ *x
e an ™ *
‘i
- Ai¥ >
Typical length

Figure 1.3: Schematic picture of the free-energy landscape of the methyl-cellulose[8,
40]. The unfolded configuration is more interacting and entropic than the folded
one.

chains and condensing into a gel (fig.1.3).

Theoretical modelling for I'Ts is just starting to develop in often uncorrelated
steps and consists, at best, in heuristic reproduction of the phenomenon [41, 42, 43,
19, 44, 45, 8, 40, 46, 47, 48, 49, 50|. Many mean field model exist [8, 40, 49, 48, 47]:
all of these are lattice gas model with or without disorder. In finite-dimension it
has observed an IT in the internally decorated version of the so-called Gaussian
core model (CGM)[45]. CGM is a classical many-body model interacting through
a pairwise additive Gaussian potential. The standard CGM does not display IT,
moreover adding to the particles an internal degrees of freedom it is possible to
obtain an IT scenario.

Looking, in particular, at the transition between an amorphous “frozen” phase
and a fluid (i. e., paramagnet) phase, recent spin-glass models with spin—1 vari-
ables have turned out to effectively represent systems in which the transformation
is driven by entropic effects. In these case, inverse freezing has been studied in the
mean-field approximation.

In particular, we are interested in I'T from the static point of view (i. e., within
equilibrium thermodynamics). It is clear that a system can undergoes an IT if

some degrees of freedom of the liquid phase (in the low-temperature phase) are
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blocked. Indeed, the solid but disordered phase must have a configurational space
larger than the configurational space of the liquid. This means that some scales
are blocked in the ordered liquids therefore we can think of the statics of an IT
like that of a multiscale problem. This point will be clarified in the last section of
this chapter.

In the next sections I will describe the static properties of the Blume-Capel
(BC) [5, 4] model. In particular, I have studied the thermodynamics of BC with
random interactions (a model which will de defined in the next section) in three

dimensions by means of a Monte-Carlo simulation.

1.2 The Blume-Capel Model with disorder

The BC model [5, 4] with quenched disorder is a spin-glass model on a three
dimensional cubic lattice with bosonic spin—1 variables (i. e., a spin variable s;
can take the values £1 and 0). We assume that the interplay between inactive
(s; = 0) and interactive (s; = £1) states of a microscopic component is at the core
of the hypothesized IT [8]. The random version of the BC model was introduced
by Ghatak and Sherrington [6] in order to study the effects of the crystal field
in a spin-glass, e. g., (Ti;_,V,)O;3 displays anisotropic spin-glass behavior as a
function of x.
The BC-random is defined by the Hamiltonian:

Hyls] = — ZJZ‘]‘SZ‘S]‘ + DZS? + KZS?S? . (1.11)

(&) (49)

In finite dimension (4, j) denotes an ordered pair of nearest-neighbour sites while.
On the contrary, in the mean-field approximation, the sum runs over all pairs of
spin which interact with each other through the coupling costant J;;. The param-
eter K represents the strenght of the biquadratic interaction, i. e., an interaction
which does not distinguish the orientation of the spins. The external field D is
called crystal field or chemical potential. For D > 0, the state s; = 0 is lower in
energy than s; = £1. If all the couplings J;; are fixed at a constant value J, the

model undergoes a phase transition between paramagnet and ferromagnet. If the
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probability distribution of J;; is fixed, the transition will be between paramagnet
and spin-glass.

It is well known that the original BC model (without disorder) undergoes an IT
if, and only if, the relative degenaracy of the interacting (£1) and non-interacting
(0) states is larger than one. Schupper and Shnerb |8, 40| suggested that, starting
from a minimal model like the BC, in order to obtain an I'T we have to introduce
a parameter which tunes the entropic content of paramagnect with respect to
magnetic phase (i. e., non-interacting and interacting microscopic configurations).
Calling k the degeracy of the state s; = 0, and [ the degeneracy of the state

s; = £1. r = k/l is the relative degeneracy between the states.

l s; =0,0,... k — times
. (1.12)

r=-:
ko ls;==+1,41,... [ — times

Imagine to associate the configuration of a polymer to the spin variable: increasing
r the configurations accessible to the coil grow and than the interacting configura-
tion becomes entropically advantaged. The entropic advantage for the configura-
tion =1 w. r. t. 0 is given by the degeneracy r. We also note that the presence of
non interacting sites is favoured by the crystal field D. The order parameter ther-
modynamically conjugated to cristal field is the density p. The external parameter

D plays the role of pressure, therefore CC equation in BC model becomes

dD_As

— = 1.1
dr  Ap (1.13)

The Blume-Capel model

In the mean field (MF) approximation, the BC Hamiltonian is (where we set the
biquadratic interaction due to the coupling K to zero, since it does not play any
role in studying the IT [47, 51])

J

Hls| = ~oN 2 i + DZS?. (1.14)
i %
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Since the lattice is fully connected, thermodynamics can be easly computed

Z5 = Trppe Ml (1.15)
1
f(B) = —]Vlliﬂooﬁ—NlogZﬁ-

Introducing the magnetization m and the density p one has
Ly (1.16)
m = — S; .
N5
1 2
PF=N EZ S

the partition function can be written as follows

dm dp ISP
Z. = dm dp — — o= Nfm,p,m.p) 1.17
g / MO i omi (L.17)
™ o~ N ﬁJ 2 ~ -~ _5 ~
f(m,p,m,p) = " + BpD — mm — pp — log [1—1—26 pcoshm}

Performing a saddle point approximation the Helmholtz free-energy, i. e., the

Landau-Ginzburg free energy, reads

Jm? J
f(m,B) = s 4m —log |1+ 2e PP cosh %m , (1.18)
the order parameters satisfie self-consistency equations
2sinh Zm
m(B,m) = 2 (1.19)
PP + 2 cosh 5m
2 cosh B—Z‘Im

p(B,m) =

ePD + 2 cosh ﬂ—;m .
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T

D/

Figure 1.4: BC phase diagram for two values of . For r = 1 (inset) no IT takes
place. Otherwise, increasing the relativly entropic content of the interactive states
respect the non interacting ones, along the first-order phase-transition line, the
system undergoes an IT [8, 40|

Introducing the degeneracy r defined in the previous section, the free energy and

the self-consistency equations become

2
f(m,B) = ﬁJ4m — log 1+2re PP cosh%m (1.20)

2r sinh %—Jm

e’D + 21 cosh ﬁz—Jm

m(3,m) =

2r cosh %m

ePD + 21 cosh %—Jm '

p(B,m) =

the resulting phase diagram is depicted in Fig. (1.4) for two different values of
r. We have a second-order phase-transition curve ending in a tricitical point (in
fact, the BC model is also called tricritical Ising model). From the tricritical
point a first-order phase-transition curve originates, together with coexistence of
paramagnet (PM) and ferromagnet (FM) phases. If » = 1, along the first-order
phase transition, no IT takes place. Increasing the relative degeneracy, the slope of

the transition lines changes from ordinary to IT. It is important to keep on mind
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that IT does not take place for r < 1. Moreover, for r = 1/2, the BC-model can
be mapped onto a lattice-gas model where, two dynamical variables are located in

each site, namely, an Ising variable o; = £1 and an occupation number n; = 0, 1.

The Blume-Capel model with disorder

If we wish to reproduce the features of an IT through a simple lattice model with
ordered interaction, we have to introduce one more parameter, to allow the slope of
the CC curve to vary. Otherwise, introducing quenched disorder in the couplings
between the spins, changes the behavior of the first-order transition from ordinary
to IT without tuning the degree of degeneracy r [47, 51|. BC-random is defined
by the Hamiltonian (1.11), where each coupling constant J;; is extracted from a
given probability distribution P(J;;), e. g., a Gaussian. Due to the presence of
disorder, BC-random is a spin-glass model. The thermodynamics, in the mean-
field approximation, can be computed explicitly through the replica trick applying
Parisi’s replica symmetry breaking theory [52, 53, 54|, in order to stabilize the self-

consistency solution of the spin-glass (SG) phase. Choosing a Gaussian distribution

N1/2 JZ?.N
P(J;;) = Wexp <— 232 ) (1.21)

The disorder is quenched: we have to average over P(.J;;) the free energy to compute

the thermodynamics:

Zs[J] = Trpge Mol (1.22)
1
F9) = = lim s [ du(D)Zal

Applying the replica trick to the computation of the thermodynamics, one can re-

cover the quenched free energy as the continuation of the annealed — n-replicated—
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partition function down to the unphysical limit n = 0, it is [55]

F(8) = — lim lim ﬁan / dp(J)Z"]J] (1.23)

N—oon—0

ZM"J] = Tr[SG]e’ﬂZZHJ[S“}

Hylsa) = =D Jysisi+D> ().
i %

The overlap ¢, between two replicas labelled by a and b, i.e., a mesure of distance

between two configurations, is
Qb = i E qul? (1 24)
Y - o '

We can represent ¢, through a symmetrical matrix n xn with zero on the diagonal.
An important observable is the overlap distribution P(q), using replicas [55] P(q)

reads

Plg) = lim ——— " 5(q — qus) (1.25)

As we will see in sec. (1.4), through the study of the overlap distribution we
can obtain information about the microsopical configuration of the system. For

example, in ferromagnetic systems, overlap distribution becomes

Ppu(q) = 4(q) (1.26)
Pewla) = 50(a—m?) + 5o(g+m?)

where PM (FM) means paramagnet (ferromagnet) and m is the magnetization.
In a paramagnet it has only one equilibrium state: the PM state where m = 0.
Otherwise, since in an Ising system Z; —global spins inversion— symmetry holds,
the ferromagnetic phase is characterized by two equilibrium states with m # 0.
In order to compute the free energy we to made an Ansatz about the structure
of the matrix ¢,b. The natural choice is assume that all the replicas are equivalent
(RS solution)
0% =qpa Ya#b, (1.27)

'Some details about replica trick will be discuss in the next chapter.
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where gga is also called Edwards-Anderson parameter [56, 57]. RS, in the low

—spin-glass— temperature phase, leads to the following overlap distribution

f%Q)=:%5@r—qED)+-%5ﬁr+qEA) (1.28)

and than RS predicts only two equilibrium states connected by Zy symmetry. It is
well known that RS is unstable in the SG phase. In order to find a stable solution,
we have to break the replica-symmetry. Following the scheme suggested by Parisi
[52, 53, 54|, and making use of the full-replica-symmetry-breaking-scheme (FRSB),

free-energy and self-consistency equations read [51]

2 1
or = (K ¥ g) 7= [ dee) - o000 (1.29)
+o00 "
q(x) :.K dy P(z,y)¢'(z,y)
Y e 2re® cosh By
p = /_OO dyp(l,y)m
2
© = S (p-a1))+5Kp~ D

where p(z,y) and P(x,y) solve the partial differential antiparapolic Parisi equa-

tions
B) dq | 62 ) 2
Sty = = [a—yf(x,y)wx (a—j@,y)) ] (1.30)
OP dq [02P ) )

with boundary conditions

o(lyy) = %logQ (14 2re® cosh By) (1.31)
P(0,y) = 4y) -

As we can see in egs. (1.29), the overlap becomes a continuous function defined
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Figure 1.5: Phase diagram of the mean-field BC-random for several values of the
relative degeneracy r[47, 51]. For r > 1 an IT, across the first order phase transi-
tion, takes place. For r = 1/2 the IT disappears and the first order transition line
becomes ordinary.

on [0, 1] and it is related to the overlap distribution as follows [54]

— P(g) (1.32)

where x(q) is the inverse function of ¢(x). Since ¢(z) is an increasing and non-
vanishing function of x, the overlap distribution is a non-trivial distribution (i. e.,

not only a sum of Dirac distribution). In particular, a generic expression for P(q)

reads
Plg) = 3P(0)+5P(~q) (1.33)
P(q) = %md(qg— qm)+ 20z — qu) + P(g)
T = T(qm)
Ty = fB(C]M)>

where ﬁ(q) is a smooth function with support in the interval ¢,, < ¢ < qy;. In sec.
(1.4.3) the shape of the overlap distribution across the transition will be discuss.
Other properties of the spin-glass models will be study in the next chapter.
The phase diagram is shown in fig. (1.5) for different values of . As can be seen,
the IT scenario holds for » > 1: therefore the model, along the first order phase

transition, undergoes an I'T without changing the degeneracy.
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1.3 Monte Carlo simulations

In the previous section we have established that BC random, in the mean field
approximation, is a minimal model to describe I'T. For this reason, I have performed
an intensive study of the BC random in three dimensions by means of Monte-Carlo

and Parallel-Tempering techniques.

Model and Observables

The BC-random in three dimension is defined by Hamiltonian (1.11). This study
is performed by setting K = 0. The quenched disorder is bimodal distributed:

P(Jy) = %5(% 1+ %5(% +1). (1.34)

I simulate two real replicas labelled by ¢« = 1,2, i. e., two identical copies of
the system with the same realization of the disordered couplings, and define their
site and link overlaps, i.e., the order parameters usually characterizing the SG

transition, as

1
() = = (1) ,(2) 1.35
qs - N - <87, SZ >7 ( )
J) 1 1) (1) (2) (2
ql() = %D (sg )sé)sg- )5,(@)> (1.36)
(4k)

where (...) is the thermal average and D = 3 is the dimension of the space. If
a thermodynamic phase transition occurs, with latent heat, the most significant
order parameter that drives the transition is the density p of magnetically active
(Isi] = 1) sites:

P = ) (1.37)

The superscript J recalls that the other parameters depend on the particular way
in which the disorder is realized ({J;;}).
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Parallel-Tempering

The BC model has been studied via the so-called Parallel Tempering (PT) tech-
nique, equivalently called exchange Monte-Carlo, replicating several copies of the
system at different values of the temperature and of the external field D. For
PT done with respect to the temperature, the swap probability of two copies at
temperature 7" and T + AT, where 5 = 1/T, is

Pipap(AB) = min [1, exp {ABAHY] (1.38)
and . )

Since the two thermal bath are characterized by two different configurations of the
spin variables [s] (at the temperature T) and [¢'] (at the temperature T+ dT"), AH
reads

AH = H[s'] — H]s]. (1.40)

Whereas the swap probability in the chemical potential reads
Piap(AD) = min [1,exp {BADAp}] . (1.41)

We use the latter implementation in trying to identify the IT line in the (T, D)
plane. However, since the transition turns out to be first-order in the whole region
of inverse freezing, the PT algorithm must be handled with caution. In fact, at
transition, Ap is discontinuous, implying that the Piy,,,(AD) vanishes around the
critical point for a given fixed probe AD. In order to overcome this problem, I have
used a varying AD, smaller in the candidate coexistence region and increasingly
larger outside it.  For very large sizes, thought, this would require too precise
an a-priori knowledge of the transition curves. Hence, this method could not be
applied successfully. On the other hand, finite size scale (FSS) effects appear to
be almost nonexistent at the first-order phase transition, so that probes at large
size are actually not necessary. The choice of simulation parameters is reported in

Tables 1.1 and 1.2 Thermalization has been checked in three ways:

1. T have verified the symmetry of the site-overlap distribution function with
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Figure 1.6: Values of the chemical potential D for the replicas in the PT simulation
exchanging systems at different D. The parameters refer to the simulated L = 12
system at 7' = 0.2. The dashed (green) line is the estimate of the FS critical value
D.(L,T) estimated by means of the equal weight method (cf. Sec. 1.3.1). Inset:
Chemical potential intervals AD vs. D in log scale for the same instance.

respect to zero Pj(gs) for single random samples (cf, Fig. 1.7). In absence of
an external magnetic field this function has to be symmetric for any choice

of {J;;} realization.

2. I have checked at the logt behaviour of the energy. I have considered as
thermalized those systems in which at least the last two points coincide to
within a set tollerance, cf. Fig. 1.7. This means that at least the second half

of the data in MCS can be used for computing statistical ensemble averages.

3. T have checked that of all considered observables (e.g., & and xsg) do not

vary on logaritmic time windows on at least two log points.

The simulation has been done on 2000 samples to study the second-order phase
transition and on 100 samples to study the first-order phase transition. Since the

first-order phase transition is driven by the density —the probability distribution
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' D|[L— ] 6 | 8 | 10 | 12 | 16 [20 | 24 |

0.0 | T; 0.6 | 0.6 0.7 0.7 108 (09| 1.0
Nr 37 37 33 33 27 | 25| 21
MCS 215 215 216 217 218 219 219
1.0 | T; 0.6 | 0.6 0.7 0.7 0.7 10.8| 0.8
Nrp 37 37 33 33 33 | 29| 24
B MCS 215 215 216 217 218 219 220

1.75 | T; 06 | 0.6 0.6 0.6 0.6 | 0.6 | 0.65
Nr 37 37 33 33 33 | 20 | 22
B MCS 215 215 216 217 218 220 220
2.0 | T; 0.01 ] 0.01]0.025]0.025| 0.3 |04 0.5
Nr 90 90 36 36 25 | 21 | 17
B MCS 218 218 219 219 218 220 220

Table 1.1: Simulation parameters of the parallel tempering in temperature: number
of samples 2000, Monte Carlo Steps (MCS), number of thermal bath Nr spaced
by AT =,0.02 or 0.025.

Ti[L—-] 6 | 8 [ 10 12 | 15 |
0.2 | Dy, 1.99 1.999 | 2.00392 1.981 1.981
AD;, || 0.002 | 0.0006 | 0.00027 | 0.003 0.003
Np 21 21 37 37 37
MCS 215 217 218 220 220
0.3 | Dy, 2.0034 | 2.026 2.0212 2.0256 2.028
AD;, || 0.002 | 0.001 | 0.00037 | 0.003 | 0.00025
Np 21 21 21 31 31
MCS 215 217 217 217 218
04 | Dy, 2.05 2.06 2.057 2.06 2.062
AD;, || 0.003 | 0.002 | 0.0007 | 0.00085 | 0.0006
Np 21 21 21 31 31
MCS 215 217 217 217 218
0.5 | Dy, 2.06 2.06 2.06 2.026 2.026
AD;, 0.01 0.01 0.01 0.008 0.008
Np 21 21 21 37 37
MCS 215 217 217 218 218

Table 1.2: Simulation parameters of the parallel tempering in D. Number of
disordered samples: 1000
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Figure 1.7: Instances of thermalization checks. Left: P;(gs) and P;(—gs) for an
arbitrary sample at D = 0, L = 16. Right: average energy versus time (in MCS)

in log scale.
of the density is self-averaging— the transition curve slightly depends on disorder.

Order parameters distributions

Useful information about the equilibrium properties of the system can be obtained

from the following probability distribution functions (PDFs)

—_— 1
Plgs) = Pslgs) = <5 (qu> N ZSEI)SZ@) >
(1.42)
J 1
P(q) = Pilq)= <5 ql( ) _ ~ND Zsy)s,?)sg-l)sf) >
(k)
(1.43)
1
P(p) = Pslp)= <5 (p”) - ZS?>>
(1.44)
where ... denotes the average over quenched disorder. Though the density prob-

ability distribution is known to be self-averaging (limy_.., P;(p) = P;(p)), this
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property does not hold for the overlap distributions Pj(gs,;)[55], for which
P(Qs,l) = PJ(qs,l) 7é ]\}l_rgo P}N) (qg,l> (145>

Four-spin correlation function

In order to infer the details of the critical behaviour from numerical simulations
of finite size systems, a fundamental quantity is the four-spin correlation function,
defined as

Cy(r) = % Z (SpSsir)? (1.46)

S

under null external magnetic field. It terms of space-dependent overlaps ¢, =

sﬁ})sﬁ?), it can be shown that

04(T) = % Z <qPqP+T>12 (147)

where (...)12 stays equivalently for the thermal average ({...);)2 or ((...)2); over
the two replicas independently. The information contained in the four-point func-
tion can be exploited in different ways to identify the existence of a second order

phase transition in systems of finite size.

Correlation lenght and finite size scaling

A conventional way to identify a second-order phase transition is to look at the

behaviour of a correlation length-like scaling function defined as

2 _ [ drr?Cy(r) _ Olog 6’4(k)
T [drCy(r) Ok?

¢ (1.48)

k2=0

where |
~ _ —ik-r
Cy(k) = L /dre C(r)
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On a 3D cubic lattice, the above defined correlation length becomes [58]:

21 Cu(0)
S = 4sin®* & <é4(k1) 1> (1.49)

where k; = |ki|, k1 = (27/L,0,0) is the minimum wave-vector of the lattice
and 0 = (0,0,0). In the thermodynamic limit, a second-order transition is char-
acterized by a diverging correlation length, at a critical temperature 7., whose
F'SS behaviour is the same as in Eq. (1.49) [59, 60]. In practice, in a finite-size
system, we can not mesure an infinite correlation lenght. However, inside the
critical region, a remarkable property of critical phenomena survives in finite sys-
tems, namely, scale invariance. Measuring the correlation lenght ¢ in lattice-unit
L, when the system undergoes to a second order phase transition, we can define
a size-dependent temperature T,(L), analogous to temperature where the system
is scale-invariant. Obviously, in order to establish T.(L) we need to compare the
behaviour of two systems, whose size is L and L’ respectively. Both systems are

scale-invariant at the temperature T,(L, L') if the following relation holds:

§(L,T)/L

= 1. (1.50)
g(le T) T.(L,L")

This temperature depends weackly on the sizes L and L’ used. In particular, by

increasing the sizes, we can study the asimptotic behaviour of 7,(L)[61, 62]
T.(L) = T,(c0) + AL™Y", (1.51)
where v is the critical exponent given by the theory of the critical phenomena

£~ (T —T)". (1.52)

Another relevant observable is the SG susceptibility, defined as

XsG = %< (Z 851)852)> > : (1.53)




1.3 Monte Carlo simulations 30

Since the overlap between the replicas is defined by the first relation of (1.35), the
SG susceptibility reads (N = L?)

vse = L3 (@) = L*Cy(0) (1.54)

which diverges at the PM/SG transition as L — oo. Also for ys¢ it is possible
to define a critical region where the susceptibilities of system of different size are
scale-invariant. In order to do it, we have to introduce another exponent, which

are called n. The above can be summarized in the following expressions:

R ) R A ) (1.5)
vl = x (%) = uer - 1) (156

The values T'F at which £./L at different L cross each other are the FS respective
of the critical temperature. Thus, the latter can be estimated by FSS in the
L — oo limit. A further size-independent scaling function is the so-called Binder

parameter:

g(L,T) = % (3 - (q‘i‘*)z) , (1.57)

where ¢, = ((¢/))"). It measures the deviation of P(q) from a Gaussian distribu-
tion as the SG phase is approached. Since g4 and ¢3 scale with L in the same way,

g does not depend on L at T.:

g(L,T) = g(L"*(T - T)). (1.58)

Denoting by O(T, L) a generic observable diverging at critical temperature T, as
L — oo, and considering two sizes L, L' whose scale ratio is s = L'/L, the FSS

theory predicts that

OTsL) _ (g(L,T)

OT. 1) 7 ,s> +0(E“, L), (1.59)
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where Fp is a universal FSS function and w is the power of the subleading finite-
size corrections. Thus, through the scaling Ansatz (1.59), one introduces a class
of universal functions Fp that are size-independent in the critical region. Given
two observables O and R displaying scale invariance, Fp may be plotted versus Fg
for different values of L: if the data collapse onto a universal scaling function, the
scaling Ansatz is verified and the FSS methods can be trusted for a evaluating the

critical exponents. I will analyze the behavior of F¢, F\, and F,.

XSG

The quotient method

In order to estimate the critical exponents, one can use the quotient method [60],
based on the observation that at T = T, the correlation lengths, mesured in unit
of the linear size L, in systems of sizes L and sL are equal:

s&(TF, L)

e 1.60

€Tz 5L) 150

For an observable O diverging as t*© (¢t = T/T. — 1) in the thermodynamic
limit, one has:
w0 O(Tr sL) _
sv o= —2"—2 4+ O(L™Y), 1.61

oz n) "o oy
where the dependence on £ in the correction term is neglected because, in the
critical region, £, > L. For a SG we can obtain the exponents v and 1 by means

of the F'SS of the quotients of 93¢ and xg¢ respectively scaling with the exponents

Toge = 1+v

Txsa = (2_77)7/'

These relations hold if the Ansatz (1.59) is verified [58], i.e., if Fp is a size-

independent scaling function for different values of L and sL.



1.3 Monte Carlo simulations 32

1.3.1 Numerical study of a first-order phase transition

In the first section I have introduced the CC equation which characterizes the

behaviour of a first-order phase transition. In the BC-random CC, this reads

dD . SpM — SsG . As

- _ = —, 1.62
dI"  ppm —psc  Ap ( )

where D plays the role of the pressure. The equilibrium transition curve changes
slope at a point where the entropy of the two coexisting phases is equal, As = 0
(Kauzmann locus [63]).

In order to identify a first-order phase transition in a three-dimensional finite-
size system from numerical simulation data, four methods to estimate the critical

(and spinodal) point will now be introduced.

“Equal weight” estimate

The transition takes place at the point at which the configurations belonging to the
SG phase and those belonging to the PM phase have the same statistical weight,
i.e., they give equal contribution to the partition function of the single pure phase.
Said differently, the free energies of the two coexisting phases are equal. In this
statistical mechanical framework, the FS transition curve D.(L,T') can be obtained
as the locus of points where the two phases are equiprobable, i.e., the areas of the

two peaks are equal [64]:

/0 " dpP(p) = / dp P(p) (1.63)

where py € [ppar : psc] such that P(p) = 0 (or minimal next to the tricritical
point). A way to determine numerically the transition point is, thus, to compare

the areas under the peaks of the distributions.

Maxwell “equal distance” estimate

Other two methods to determine a first-order transition in finite system, are based
on the Maxwell construction. In the coexistence region, the curve D(p) for the

system of size L will display a sort of plateau around some D = D* ~ DL: in a



1.3 Monte Carlo simulations 33

2.22 . . . . . .

22| | .

2.18 |

216 |
214 |

n

S 212 ¢t

21 |

2.08 |

2.06 | i

204 | ]

2.02 L ' ' ' ' ' '
0 01 02 03 04 05 06

Y

SG pure phase

Figure 1.8: Graphical sketch of the equal distance (dashed/green arrows) and equal
area methods (dotted/blue areas) for FS systems undergoing first order phase
transition for a given instance (L = 6,7 = 0.5).

very short interval around D, the density changes very rapidly. In the case of a
pure state, on the contrary, the D(p) curve is much smoother. In order to estimate
the critical point we need to extrapolate the behaviour of D(p) for the pure phases
into the coexistence region. With this aim, I perform two fits based solely on the
points outside the spinodal points: for D < DJ, for the SG phase (Dsg(p)) and
D > D, for the PM phase (Dpm(p)). I will call ppassa(D) the inverse of the
curve Dpyysa(p) extrapolated from the data points pertaining to the pure PM and
SG phases, respectively. The curve p(D) will denote the inverse of D(p). In this
way a Maxwell-like construction in the p, D plane at a given temperature may be
done to determine the value of D, as the one with a corresponding p.q value along
the D(p) FS curve that is equally distant from both ppym(D,) and psa(D.), cf. Fig.
1.8

ped(Dc) = 1/2(pPM<Dc) + pSG(DC)) (164)
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Maxwell “equal area’” estimate

Alternatively, we can determine D, as the value for which,

D. Dpnm Dpn
/ PPM(D)dD+/ psa(D)dD Z/ p(D)dD (1.65)
Dsg c Dge

where Dgg and Dpy; are arbitrary, provided that they pertain to the relative pure

phases, cf. Fig. 1.8.

Symmetric distribution estimate

Let the skewness of the density probability distribution be defined as

CUp) =+ (1.66)

In Ref.[65] the critical point was estimated as the point at which the double-peaked
distribution is symmetric. Since the skewness of P(p) can be computed precisely,
this estimate does not suffer, from the arbitrariness of the choice of py as in the
equal weight method. In the thermodynamic limit, in fact, in the phase-coexistence
region, both peaks of P(p) should be Dirac distributions and equal weight would
be equivalent to a symmetric bimodal distribution. I will show the outcome of
this analysis using our system for different cases and compare it with the previous

outcomes.

1.3.2 Second-order phase transition

In Fig. 1.9 I present the T-behaviour of £/L for different values of D = 0,1,1.75,2
and 2.11. In the first four cases curves for different L clearly cross each other,
yielding evidence for a non zero T'X. From a FSS T} = T + aL~" we can, thus,
extrapolate the critical temperature to the thermodynamic limit. The T'* crossing
points between L — 2L curves are reported on column 3 of Tab.1.3. The FSS
estimates are reported in columns 2 and 5 of Tab.1.4, where L/L’ pairs are chosen
both as L/2L (col. 2) and as contiguous in the series L = 6,8, 10,12, 16,20, 24

(col. 5). Analogous, though less precise, estimates can be obtained by studying the
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Figure 1.9: Scaling functions &./L vs. T for different values D. For D = 0,1,1.75,2
(L =6,8,10,12,16,20,24) a evidence for a continuous phase transition is found
in the region of scale invariance. At D = 2.11 (L = 6,8,10,12) no crossing is
observed and, at low 7', £./L — 0.

behaviour of the Binder cumulant g, (cf. eq. (1.57) ). Applying both the quotient
and the conventional FSS methods we can, eventually, obtain two estimates for
the critical exponents.

Before applying these methods, though, we must check whether cross-over ef-
fects in the size due to F'S as the chemical potential D is varied. Since we are in
presence of a tricritical point, signalled, among others, by the weird behavior of
¢/L at D =2.11, cf. Fig. 1.9, we should control how it influences the results as it
is approached along the continuous transition-line, increasing D. In the mean-field
approximation, indeed, at the tricritical point the coefficient of the fourth-order
term in the SG free energy action goes to zero and the sixth-order term becomes

relevant for the critical behaviour, as shown in Ref. [66]. This is a typical be-
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Il D L-L ] Ts) [Qoels) | wv(s) | @Qs) | nls) |
6—12 | 1.02(4) | 1.35(1) | 2.31(1) | 5.1(1) | —0.34(4)
0.0 | 8—16 | 0.99(6) | 1.31(2) | 2.58(5) | 5.1(1) | —0.36(3)
10—-20 | 1.0(1) | 1.35(4) | 2.3(1) | 5.2(1) | —0.39(4)
1224 | 0.98(9) | 1.33(2) | 2.43(7) | 5.1(1) | —0.35(4)
oo | 1.01(1) 2.34(3) —0.36(1)
D | L-L | Ts) | Qowels) | v(s) | Qy(s) n(s)
6—12 | 0.894(9) | 1.32(1) | 2.51(4) | 4.9(3) | —0.29(9)
1.0 | 8—16 | 0.895(9) | 1.396(6) | 2.08(1) | 4.8(4) | —0.26(1)
10— 20 | 0.877(9) | 1.271(7) | 2.89(2) | 5.1(5) | —0.33(1)
1224 | 0.86(1) | 1.35(1) | 2.29(2) | 5.1(5) | —0.3(1)
oo | 0.88(1) 2.45(1) —0.31(2)
D | L—-L"| Tds) | Qoels) | v(s) | @Q(s) n(s)
6—12 | 0.715(7) | 1.41(1) *1747(5) ¥
1.75 | 8—16 | 0.679(9) | 1.37(1) | 2.12(4) | 4.8(5) | —0.3(1)
10—20 | 0.67(1) | 1.34(3) | 24(1) | 5.0(6) | —0.3(1)
12—-24 | 0.68(1) | 1.38(1) | 2.11(3) | 4.9(5) | —0.3(1)
oo | 0.69(1) 2.20(3) —0.30(1)
D | L-L' | Ts) | Qosels) | v(s) | Qy(s) n(s)
6—12 | 0.593(7) | 1.59(4) *179.5(9) ¥
2.0 | 8—=16 | 0.569(8) | 1.47(3) * | 18(2) *
10—20 | 0.54(1) | 1.37(3) * 1 16(2) *
1224 | 0.54(1) | 1.34(4) * 1 10(2) *
oo | 0.56(1)

Table 1.3: Critical temperature and exponents are calculated with QM: for D =
0.00, D = 1.00 and D = 1.75, through a F'SS analysis of the values of Qg,¢(s) and
Qy(s) for s = L'/L = 2. Cells with * mean that quotients are computed on sizes
too small to significantly represent the asymptotic behavior with L.

haviour of BC-like systems [67, 68|, that might hinder the determination of the
critical behavior in the neighborhood of the tricritical point for sizes that are not
large enough.

To estimate and control FS effects, I use the scaling methods introduced in
Sec. 1.3 and compare different universal FSS functions following to the approach
first introduced in Ref. [69]. In Fig. 1.10 I plot the Binder parameter g vs. the
rescaled correlation length &./L at all simulated values of the chemical potential
D both for a small (L = 6, left) and for a large (L = 20, right) system. From the



1.3 Monte Carlo simulations 37

ID[ T. T v [ n J&T)/L] ¢T) |
0.00 [ 1.01(1) | 2.34(3) | —0.36(1) | ~0.60 [~ 0.79
| Quotient Method | || 1.00 | 0.88(1) | 2.45(1) | —0.31(2) | ~0.66 |~ 0.77
1.75 | 0.68(2) | 2.20(3)* | —0.30(1)* | ~ 0.61* | ~ 0.79
2.00 | 0.56(1) f t f t
| D] T. | v | n J&T)/L] ¢T) |
0.00 [ 1.0(1) [25(2) [ —-0.37(2)] ~0.65 ~ 0.7
| Standard FSS ||| 1.00 | 0.8(1) | 2.6(5) | —0.31(2) | ~0.62 | ~038
1.75 | 0.6(1) | 2.6(6) | —0.30(4) | ~0.61 | ~08
2.00 | 0.5(1) | 2.3(2) | —0.31(2) | ~0.54 | ~0.7

Table 1.4: Critical temperature, exponents and critical values of scaling observ-
ables &./L, g calculated via QM Qape(s, Te(s)) and Qo (s, Te(s)) (cols. 2,3 and
4) and via standard FSS analysis of the behavior of logd¢.(L,T.(L))/05 and
log xsa(L,T.(L)) (cols. 5, 6 and 7). *: estimated through QM without L = 6. {:
not estimated by QM.

top plot one can easily observe that, as the tricritical value of D is approached,
(2.05 < D3. < 2.11) for L = 6 the curves do not overlap with each other signaling
an apparent lack of universality. At large enough sizes, on the contrary, all curves
are superimposed (right plot of Fig. 1.10, L = 20), demonstrating that universal-
ity holds along the whole continuous transition line. Moreover, because of strong
F'S effects, a crossover occurs and the analysis limited to (or including also) too
small sizes can hinder the prediction of the asymptotic behavior. The same effect
is clearly visible in Fig. 1.12 (above), where the size dependence of spin-glass sus-
ceptibility at criticality is shown. As D increases towards Ds,., there appears to be
a crossover in the scaling moving from small to large sizes, which induces wrong
asymptotic values of the critical indices. Therefore, I did not make use of the small
values of L for D ~ Ds., namely L = 6 at D = 1.75 and D = 6,8,10 and 12 at
D = 2, to interpolate the values of the critical exponents, as they induce a wrong
estimate as the limit L — oo is performed.

As a visual test, in Fig. 1.11, g vs. &./L is shown for all D and L values
employed for our FSS analysis. If the smallest sizes near the tricritical point are
discarded, universality appears quite neatly. In Fig. 1.12 (bottom panel) the uni-
versal F'SS functions F are parametrically plotted, F,, and Fj, cf. Sec. 1.3, vs.
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and §(2L,T)

E(LT)

&./L, as well, for the same simulated systems.

as a function of &&1) L

) for

The critical values of the temperature and the exponents 1 and v are shown
in Tab. 1.4 both for the QM and the canonical FSS methods. Due to the FS

cross-over no interpolation was possible with QM at D = 2. Only one estimate for
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| Model | v n |
SG 3D bd [73] | 2.53(8) | -0.384(9)
SG 3D bd [69] | 2.22(15) | -0.349(
EA 3D [74] 2.39(5) | -0.395(
(
(

EA 3D [60] | 2.15(15) | -0.337
EA 3D [75] | 2.00(15) | -0.36

Table 1.5: Critical Indices of EA models in the literature. A complete list can be
found in Ref. [74].

the indeces is thus provided. By comparison with estimates of critical exponents
summarized in Tab. 1.5, the system appears to be in the same universality class
of the Edwards-Anderson model (corresponding to the D = —oo limit of our
model).[60, 70, 71, 72|

In Fig. 1.9 T also plot £/L at D = 2.05 and D = 2.11 for L = 6, 8,10, 12. In the
first case, I obtain a T, = 0.553(7), though no analysis of the critical exponents can
be performed because of FS effects. In the latter case, no evidence is found for a
second-order phase transition, (cf. Fig. 1.9). As T" < 0.5 is approached, moreover,
¢ even appears to scale weaker than L. We will see in the following why this comes

about.
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Fg and Fg

(top to bottom) vs. &.(L,T)/L, cf., respectively, Eqs. (1.3), (1.49), (1.57) and
(1.59), at D = 0,1, L/2L = 6/12,8/16,10/20,12/24 and at D = 1.75, L/2L =

8/16,10/20,12/24.
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1.3.3 Thermodynamic first-order phase transition

Across a second order transition the system undergoes a transformation from a
PM pure phase to a SG pure phase. As far as the density distribution P(p) is
concerned, a pure phase corresponds to a single-peaked distribution. As two peaks
appear, the system exists both in PM (low p) and SG (high p) phases and we are
in the neighbourhood of a first-order phase transition. In FS systems the peaks
are not Dirac measures, but have finite width becoming sharper and sharper as
L increases. At finite L, thus, eq. (1.44) is a good order parameter that drives a
first-order transition: when D,T vary, the system undergoes a transition with a
discontinuous jump in p: the “thermodynamic” average values of p are obtained
by looking at the peaks of its distribution.

In Fig. 1.13 we show the behaviour of the density distribution through the
first-order transition at 7' = 0.4. The FS first-order transition points can be deter-
mined with the four methods mentioned in Sec. 1.3.1, as will be shown below. The
spinodal lines for a given L are estimated by looking at the values of D at which
a secondary peak arises. Since the region of phase coexistence corresponds to an
inverse freezing transition, I performed PT simulations at a given finite 7', letting
D vary. Indeed, in BC-random model, we will see that the first-order transition
curve displays a re-entrant behaviour [47, 51] due to the existence of a "fluid” (PM)
phase with an entropy lower than that of the spin-glass phase.

For what concerns the estimate of D.(T") the method of equal weight introduced
in Sec. 1.3.1, cf. Eq. (1.63) works quite well for data collected at T' < 0.4, because
the two peaks are very well separated since their appearence, (cf. Fig. 1.13), and
the estimate is robust against reasonable changes of the mid-point py (see inset of
Fig. 1.13). As T increases towards the tricritical value, however, the PM and SG
values of the density approach each other. At T'= 0.5, cf. Fig. 1.14, we thus have
the problem that the density distributions of the two phases overlap also for the
largest simulated size. In this case, due to the arbitrary choice of choosing py, we
actually determine the transition point as the D value at which the peaks have
the same height. This estimate rough however, gives the same results obtained
by fitting the two peaks separately and computing the areas under the interpo-

lating curves. In Tab. 1.6 we report the estimated values of the critical points
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Figure 1.13: Density distribution Pp(p), L = 15, across the coexistence region at
T = 0.4: two peaks develop at ppy; and pse. As D increases the thermodynam-
ically relevant phase (lowest free energy) passes from SG to PM in a first-order
phase transition. The dominant phase correpsonds to the one with larger proba-
bility, i.e., larger integral of the peak. As the peak at pgq vanishes the system is
in a purely PM phase. Inset: Pj5(p) on y-Log scale.

obtained by this method for all simulated sizes and temperatures, together with
the spinodal points. The spinodals curve are computed through the same methods
mentioned above. With a fine-tuning of the external field D, —cf. Tab. (1.6)
where the error-bar for the external field is due to the semi-dispersion between
two fixed value of D— the spinodal PM (SG) is the first point (D, T;,) where a
coexsitence of phases appears (ends).

These results can be cross-checked using the methods based on the Maxwell
construction, (cf. Sec. 1.3.1). The pure-phase properties Dpyssi(p) are interpo-
lated in the coexistence region by a polynomial fitted on those points for which

no double peak is present in the distribution P(p). At any given L we look at the
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Figure 1.14: P(p) in the coexistence region at 7' = 0.5 and L = 15. The two peaks
are hard tell apart and the coexistence region is rather narrow.

value D = D,, such that (equal distance)

pSG(Dc) - p(Dc) = p(Dc> - pPM(Dc)

and at the value of D = D, at which the areas between D. and D(p) to the left

and to the right of their crossing point are equal, i.e.,

p(De) 1
AADY) = [ dpD() =D~ [ asDih)~p) =0 (167)

(De)

1.3.4 Phase diagrams and inverse freezing

Phase diagrams are plotted in Fig.1.15. In the D,T plane we observe a pure SG
phase at low T and D < 2. The continuous transition to the pure PM phase
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T D. Dgp' Dgg
0.2 [ 2.0031(1) | 1.9833(2) | 2.024(1)
0.3 | 2.032(3) | 2.015(1) | 2.043(5)
0.4 | 2.060(1) | 2.046(2) | 2.092(5)
0.5 | 2.106(1) | 2.097(4) | 2.143(4)

Table 1.6: Results of the first-order phase transition: a fine tuning of the parame-
ters {D;} is needed in order to establish the critical values D., Dsp and Dgg.

T [ ( )] Dc[ped] DC[A‘A — 0)] DC[C - 0]
0.2 | 2.0031(1) | 2.0033(2) | 2.0031(2) | 1.991(2)
0.3 | 2.032(3) | 2.031(2) | 2.030(1) | 2.020(2)
0.4 | 2.060(1) | 2.060(1) | 2.058(1) X
0.5 | 2.106(1) | 2.103(3) | 2.102(1) x

Table 1.7: Evaluation of the first-order critical point with the method of equal
weight (col. 2), equal distance (col. 3), equal area (col. 3) and zero skewness.

is denoted by a full line connecting the five numerical estimates of T, obtained
0,1,1.75,2 and D =

a continuous phase transition at D = 2.11.

2.05. No evidence was found of
Beyond (D,T) = (2.05,0.53(2)) a
tricritical point is present. Beside changing to a first-order transition, for lower
The hottest first-order
(2.109(2),0.5). In the top inset
of Fig. 1.15(left panel) a detail of the phase coexistence region is plotted (inside

by simulations at D =

T also a re-entrant behaviour in the 7.(D) line occurs.

point for which we have an estimate is (D,T) =

the grey-dotted lines). In Fig. 1.15(right panel) we plot the (p,T) diagram. Below
T = 0.53(2) no pure phase exists with an average p in between the dashed-grey

curves. The mean-field and the three-dimensions model are compared in Fig. 1.16.

The IF takes place between a SG of high density to an almost empty PM (e.g., at
T = 0.4, in the coexistence region D € [2.046(2) : 2.092(5)], pse ~ 0.52 and ppps =~
0.03). The few active sites do not interact with each other but only with inactive
This induces zero magnetization and overlap. The corresponding
PM phase at high T has, instead, higher density (e.g., ppy(D = 2,T = 0.6) =
0.4157(2), ppu(D = 2.11,T = 0.6) = 0.596(2)) and the paramagnetic behavior

is brought about by the lack of both magnetic order (zero magnetization) and

neighbours.
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Figure 1.15: Phase diagram in D, T (right panel): a second-order transition and
an inverted FOTP occur. In the latter case also the spinodal lines are reported
(dashed). Bottom inset: latent heat |As|/T along the first order line. Top inset:
detail of IF region, interpolation of transition line D.(co,T') (dotted), spinodal
lines (dashed). The error bars are the FSS of the minimal interval in 7" and D at
each L needed to identify the crossings in {./L curves (for continuous transitions)
or compare the areas under Py(p) for FOPT. Left panel: phase digram in 7', p

plane.
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Figure 1.16: Left panel: the phase diagram of the BC model with quenched disorder
for the fully-connected lattice with Gaussian distribuited random couplings (MF
solution [66, 76]): the Second Order Phase Transition ends in a tricritical point
where an Inverse Freezing First Order Phase Transition takes place. The variance
of P(J;;) in the MF model was o 1/z, z being the number of sites connected to
each spin. In the 3D model, where z = 6 (right panel), a bimodal distribution has
been chosen with variance 1 rather than o 1/6.

blocked spin configurations (zero overlap). Using Eq. (1.62), knowing Ap and

the numerical estimate of dD/dT we are able to evaluate the latent heat employed
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Figure 1.17: Maxwell construction at 7" = 0.2 in the p, D plane. L =6, 8,10, 12,15
from bottom to top as p = 0.6 (right). The almost vertical curves at small and
large density sides are the interpolated pure phase (PM left, SG right) behaviours.
As an instance the critical D values for the equal-distance construction are plotted
at L = 6 (lower horizontal line) and at L = 15 (higher horizontal line).
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Figure 1.18: Estimates of D, vs. 1/L for L = 6,8,10,12,15 at T = 0.2,0.3,0.4,0.5
(bottom up) obtained by the four methods described in Sec. 1.3.1.

in the transition, plotted as a function of the temperature in the bottom inset in
Fig. 1.15.
We have a phase doagram quite similar to the MF scenario: in fig. (1.16) the
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two phase diagram —three dimensions and mean-field— are shown. The figure
can not give a detailed compering because in the MF solution the disorder is
Gaussian distribuited: the shape of propability distribution of the disorder changes
quantitatively the position of the critical curves. Moreover, as we can see, the
coexistence region is very small in three dimension in comparison with MF'.

In conclusion, the thermodynamical fluctuations due to the finite dimension do
not changes the sign of the slopes of the transition curves. In particular, in three

dimension, the first-order phase transition is still an IT.
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1.4 Nature of the SG phase.

As we have seen in sec. (1.2), in mean-field the SG phase of the disordered BC
model, shows the same features of the Sherrington-Kirkpatrick model [56]. In order
to obtain a stable thermodynamics the Full RSB scheme is needed [76, 66]. On the
other hand, out of the limit of validity of the mean-field regime, it is still unclear if
the properties of SG phase are in agreement with the RSB scenario. Parisi solution
predicts a function ¢(x) as order parameter which leads to a non-trivial distribution
P(q) for the overlap. In MF ¢(z) is fixed self-consistently, and is related to P(q)
through the relation

= P(q) (1.68)

The low T, D phase is characterized by a pure spin-glass phase. What this phase
consists of in terms of statistical mechanical states is the subject of the following
analysis. Three cases are contemplated in the literature in the thermodynamic
limit.

Droplet theory: there exists only one SG state (plus its symmetric spin-reversed).
Therefore, the overlaps between states in different replicas cannot fluctuate among
different disordered samples and the distributions are delta-shaped [77|. The four-
spins correlation function in the position space r = (z, y, z) should tend to a plateau
Cy(|r]) = ¢4, for large enough |r|, that becomes larger and larger as T decreases
towards 7T [78].

Trivial-Non-Trivial (TNT) scenario: there are many equilibrium states non-
trivially organized (i.e., g5 fluctuates from sample to sample), but the excited
states are droplet-like (i.e., the ¢, overlap, sensitive to interfaces, fluctuates less
and less as the size grows). This implies that the distribution P(g;) is broad and
non-trivial, whereas P(g;) is delta-shaped [79]. Since excitations are trivial, the
expected behaviour of Cy(z,y, z) is the same as for the droplet theory.

Replica Symmetry Breaking (RSB) theory: many states characterize the SG
phase, with space-filling excitations; both distributions are broad and have a com-
plex structure [52, 55]. The correlation Cy(x, y, 2) is expected to decay continuously
to zero (the minimum squared overlap for the present system, in absence of an ex-
ternal magnetic field) at all 7' [80, 81, 82].
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Figure 1.19: Behaviour of the overlap distribution P(q) through the second-order
phase transition in the low-temperature phase for L = 16.

I will consider first the overlap distribution functions, cf. Eqgs. (1.42)-(1.43),
since, in the spin glass-phase (T' < T.), the site and link overlap distributions —
P(gqs) and P(q;) — can be used as hallmarks to discriminate among different theo-
ries for finite-dimensional spin glasses. In the next sectionthe four spin correlation
functions will be analyzed.

In order to see whether a finite size P(gs) is compatible with a trivial distribu-
tion in the thermodynamic limit we need to estimate whether, for growing sizes its
support shrinks to a single value, the Edwards-Anderson parameter ggs or stays
wide. In our case, for a null magnetic field, the support of a non-trivial P(g,) should
range from ¢; = 0 to gga. In Fig. (1.19) we plot P(qs) at D = 0 and size L = 16
for all simulated temperatures: as T' decreases P(qs) moves from a Gaussian to a
bimodal distribution. The important issue is, then, whether the continuous part
between the two peaks at low 7" goes to zero or not as L increases. In Fig. (1.20),
we plot P(gs) at the lowest thermalized temperature for L = 6,8,10,12 and 16
and, in the inset, we plot the values of Pr(0) displaying no decreasing trend with
increasing L in the range of simulated sizes. The states, therrefore, appear to be
many and different from each other, since they are found with a finite probability
within a non-zero continuous range of overlap values, including ¢, = 0. Also P(q;)

appears to develop a second peak at small g; as L increases: this signature becomes
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Figure 1.20: Site overlap distribution Pp(¢s) at T = 0.5, D = 0 for L =
6,8,10,12,16. Inset: P(0) vs. 1/L does not tend to zero.

clearer and clearer at low temperature, (cf. Fig. 1.21). The analysis of FSS of the
variance of P(g;) might help to better evaluate the breadth of the distribution in
the thermodynamic limit. Its behaviour for various sizes is exemplified in the inset
of Fig. 1.21 at the lowest thermalized T'/T,. for D = 0. The variance tends to a
small finite value and we cannot make a definitive statement about the finite size
P(q) tending towards a delta distribution, as conjectured by the TNT scenario in
the thermodynamic limit. Moreover, the study of the variance does not yield any
indication on the shape of the distribution, in particular, on the FSS behavior of

the two peaks expected in RSB theory.

1.4.1 Equivalence between the site and link overlap distri-

butions

We can, then, implement a more refined analysis of the pdf data and check whether
P(qs) and P(q;) are actually equivalent and, thus, if the non-triviality of the former
implies the non-triviality of the latter. This can be realized by recalling that in the
SK model ¢ = ¢? and by comparing the finite L P(g;) to the distribution Q(q,) of
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Figure 1.21: Link overlap distribution P.(g) at T = 0.5, D = 0 for L =
6,8,10,12,16. Inset: Variance vs. 1/L tends to a very small value agl = 0.0010(7)
as L — oo interpolating with a power-law (1.5(1)).

an auxiliary variable [82]

Ga=A+B@E+ 21— ¢2 (1.69)

with z a Gaussian random variable of variance ¢, and zero mean, that mimics the
presence of fluctuations due to the finite size of the considered systems.

At a given point of the phase diagram D, T and for a given size L, the param-
eters A(L), B(L) and o,(L) can be obtained by minimizing the Kullback-Leibler
divergence [83] (KLD)

Given two distributions P(a;) and Q(a;) of a discrete random variable a;, KLD

is a non-symmetric measure of the difference between P and ). KLD divergence

is defined as

D[P, Q] = ZP (a; log ; = S(P) - S(P|Q) (1.70)

where S(P) is the entropy of the distribution P and S(P|Q) is called cross entropy
of P and ). Through KLD we can check if the two distributions encoded the same

informations.
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KLD between P(q;) and Q(g,) reads

DalP.Ql= Y Pla)los o (1.71)

We will refer to this as “left” KLD. The “right” KLD is the same formula exchanging
P and @, where the symmetrized divergence (sKLD) between P(q;) and Q(q,) is
defined as:

DalP.Q) = 3 | Plaios 1 + Qla)log A (1.72)

In Fig. 1.22, we plot the finite size values of A and B parameters. Besides the
values of the parameters minimizing the symmetrized KLD, Eq. (1.72) we also plot
the values of A and B minimizing the left and the right unsymmetrized KLD’s.
We observe that, as L increases the spread between different estimates tends to
vanish. The infinite size limit of ¢, is always compatible with zero, signaling that
F'S effects actually tend to vanish as L increases, though with large statistical er-
rors at low temperature, implying that smaller sizes might hinder a correct FSS.
As instances we plot the matching of the two distributions Q(g,) and P(g) in
Figs. 1.23 at T'=0.5~0.57T, and T'= 0.7 ~ 0.77, at size L = 16 and D = 0. In
the insets we plot the size behaviour of A and B from the sKLD for the two specific
cases. In the first case, a power-law FSS scaling to L — oo gives for B a negative
value! In the second case the L — oo limit yields a positive value. This obser-
vation contrasts with the behaviour, in the bottom panel of Fig. 1.22, of B(T)
growing with decreasing T' at all fixed sizes. Quite evidently, the low L strong
fluctuations strongly bias the interpolation at small 7. To show this in a clearer
way, in Fig. 1.24 the asymptotic values of both A and B are plotted for all sim-
ulated temperatures both from the sKLD and as the average of the extrapolation
of the values minimizing the right and left unsymmetrized KLD’s. With A, (7T)
the two estimates appear to be consistent at all temperatures and reproduce the
qualitative behaviour detected for all finite L cases, (compare with Fig. 1.22). For
Boo(T), at low T' the two estimates are not consistent anymore. Moreover, B (T)

decreases with T below a certain 7' ~ 0.7, unlike its finite L counterparts (at least
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Figure 1.22: Parameter A (top) and B (bottom) of ¢, vs. T for L = 8,10,12, 16
as obtained minimizing the left, right and symmetric Kullback-Leibler divergence.

as L > 10), cf. Fig. 1.22.

We face strong finite-size effects and a crossover between small and large sizes
is taking place. However, due to the fact that we cannot easily thermalize larger
systems at low temperature, we cannot make any definite statement on the be-
haviour of B, (T') for very low T'. We simply do not have enough reliable points in
L at our disposal. The finite size behavior, though, strongly suggests that ((q,)
and P(q;) are indeed equivalent even below 7" = 0.7. In any case, the equivalence

is proven for T' > 0.7, this implies that not only the equilibrium states but also
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Figure 1.23: The distributions Q(¢,) and P(g) at T = 0.5 ~ 0.57, (top) and
T = 0.7 ~ 0.5T, (bottom), D = 0 for an optimal choice of parameters obtained
by minimizing sKLD, cf. Eq. (1.72). Inset: F'SS behavior of the parameters A(L)

and B(L) of the sKLD between (Q(q,) and P(g) at D = 0 and T' = 0.5 ~ 0.57T..
Sizes are for L = 6,8, 10, 12, 16.

their excitations have a non-trivial distribution, providing evidence in favour of the

third scenario considered, the RSB theory, rigorously valid in mean-field systems.

1.4.2 Position Space Four-Spins Correlations

We now investigate the behaviour of the four-spin correlation function, defined in
Eq. (1.46), in position space. We recall that the droplet and TNT theories predict
that Cy(x) tends to a plateau of height ¢Z,, [78] whereas the RSB theory predicts
a power-law decay ~ x~* for Cy(z) at T' < T.[80]. We, thus, have to compare our
data with the prediction of one of these hypotheses.

Since we are dealing with small systems, we must first consider possible FS
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effects. Indeed, because of the periodic boundary conditions imposed on the simu-
lated system, the correlation function that we actually measure at a distance x also
contains the contribution of correlations at distance x + kL, with k = 1,...,00.
The true (yet unknown) correlation function Cy(z, vy, 2) is related to the measured

one — Cy(x,y, z) — by the relation:

0,00

Cu(z,y,2) = Z Ci(x + kyL,y+kyL,z+k.L) (1.73)

k':mkyvkz

For large distances, when C} is small, these extra contribution will strongly bias
the estimate of the true C4 behaviour in space. In particular, correlations at larger
distances, of the order L/2, will experience relatively stronger systematic errors
than Cy(|r| < L).

We will now present our results for the case D = 0. For temperatures down to
the critical region, I simulated lattices whose side length was up to L = 24. The
largest thermalized size for T down to 0.57, is, instead, L = 16. In Fig. 1.25 we
plot the x behavior at T'= 1.5 in a log-log plot for the sizes 10, 12,16, 20, 24. One
can observe that FS effects are confined to the last point at L/2. The rest of the
curves completely superimpose.

At high temperature, correlations are expected to decay exponentially at large
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10,12, 16, 20, 24, at the largest simulated temperature 7' = 1.5. The fit with Eq.
(1.74) is also plotted.

enough distances. As temperature is lowered towards criticality the Cy(x) should
become power-law, decaying eventually as 2=%2~" at T = T.. We, then, inter-
polate the four-spin correlation function along the z-axis at criticality with the

function:
~1/s

Clit(g) = az™ {1 + (%) o e‘sx/ﬂ (1.74)

and equivalently for y and z, due to the isotropy of the system in absence of an
external field. This is a function containing a crossover between a short distance

@ and an exponential decay, with characteristic ’correlation’

power-law decay, x~
length ¢. In Fig. 1.25 the function interpolating the L = 24 Cy(z,0,0) is plotted
with @ = 0.402(9), § = 0.69(1), £ = 1.25(1) with x* = 0.088. As the temperature
decreases the correlation length increases until it becomes too long to be observed
in the considered systems. In the inset of Fig. 1.25 we plot the T" behavior of 7, «
and ¢ until the fit becomes inconsistent, namely for 7" ~ 1.15.

In Fig. 1.26 we plot the Cy curves at T' ~ T, for sizes L = 10, 12, 16, 20, 24, as
well as the interpolation of the latter with Az~ (the correlation length is too long
to detect the exponential contribution in Eq. (1.74)). The estimated exponent of

the interpolating function equals the power at criticality o = d — 2 +n = 0.64(1)
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Figure 1.26: Behaviour of Cy(z) at D = 0, for L = 10,12,16,20,24 and T' =1~ T,.
The interpolation with a simple power-law, o = 0.64(1), is shown for L = 24. On
shorter systems: o = 0.64(1), L = 20 and o = 0.65(2), L = 16.

(at crystal field D = 0 it was n = 0.36(1), cf. Tab. 1.4). At T' = 1 the interpolated
value of « for the L = 24 Cy(z) curve is a = 0.64(1), a = 0.65(2) for L = 16 and
a = 0.64(1) for L = 20. FS effects, which how appear to be stronger than in Fig.
1.25, are evident also for x < L/2 (only points for x < L/4 actually stay on the
x~% curve).

As T < 1.2, approaches T, (cf. Fig. 1.27), it is impossible to detect a crossover
between power-law and exponential decay and the simple power-law decay. The
power behavior in 7T is shown in the inset and compared with the power at criti-
cality, @ = 0.65(1).

For lower temperature, Fig. 1.28 shows that the behaviour is power-law until
x ~ L/4 is reached. At that point, curves deviate upwards as they did at criti-
cality and even at high temperature, (cf. Fig. 1.25). This deviation, however, is
an artifact due to the contributions induced by the periodic boundary conditions.
On the right side of Fig. 1.28, we show the values of ¢&, at the same tempera-
tures and size of the plotted Cy(z). At all temperatures Cy(x) soon decays below
the corresponding value of ¢&,. For the sizes simulated, our data are, thus, not
consistent with the observation of a plateau at ¢, in the thermodynamic limit, as
predicted by the droplet and TNT theories.
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Figure 1.28: Behaviour of Cy(z) for L = 16 and T'= 0.5,0.6,0.7,0.8,0.9.1.0. The
interpolation with a simple power-law is also shown.Values of ¢, (T') are displayed
on the right side. Inset: behavior of the power « vs. T (full line), compared to the
a(T) behaviour around criticality for L = 24 (dotted line).



1.4 Nature of the SG phase. 59

1.4.3 Order-parameter distributions across transitions

Fig. (1.29) (left panel) presents the distribution of overlap P(q) for a system of
linear size L = 16 and D = 0. As alredy mentioned, across the second-order phase
transition [75] it changes between the PM and SG phase from a Gaussian to a

doubly peaked distribution

Psa(q) < 6(q — qea) +0(q + qea) + f(q, L) , (1.75)

where f(q, L) is a continuous function depending on the size. The right panel shows
the behaviour of P(p) at fixed values of the crystal field and different temperatures:
at low temperature, deep in the SG phase, the average number of active sites is

close to one:

1
%i_r&)(?):/o dp P(p, T)p~1. (1.76)
The distribution Pp(p) does not change shape across this transition.

Beyond the tricritical point, first-order phase transition takes place and the sys-
tem undergoes a discontinuous transition between an “inactive” PM phase ({(p) =
pm ~ 0) and an “active” SG phase (p,, # 0).

What happens to the overlap pdfs? In the coexistence region, we can write

P(q) as the sum of two contributions, i. e.,

P(q) = Psa(q) + Ppu(q) - (1.77)

For the PM contribution we have a Gaussian strongly peaked at ¢ = 0. The Psg(q)
consists of a doubly (trivial) peaked distribution with a continuum (non trivial)
part between the two peaks. Fig. (1.30) shows the behaviour of P(q) at different
temperatures across the FOPT. In the coexistence region, besides the double peak
with a continuous part of the SG phase, a peak in ¢ = 0 appears, due to the large

number of empty sites.
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Figure 1.29: Pp(q) and Pr(p) for L = 16 and N; = 1500 at D = 0.00. Across
the transition P(q) (left panel) changes continuously from a Gaussian (in the high-
temperature phase) to a doubly peaked distribution with a continuum part between
the peaks. In this region of the phase diagram the FOPT does not take place: P(p)
does not change its shape (right panel).
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Figure 1.30: P(q) across the FOPT at fixed 7" and different D values: we have a
coexistence region between the phases SG and PM. The PM phase contributes to
the P(q) distribution with a Dirac component ¢ = 0.
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Figure 1.31: P(p) during the first-order phase transition: a double peak is the

signature of coexistent phases: when the system is in a pure phase, we have a
single peak.

1.5 Conclusions

The intensive study of the BC-random in three dimensions has confirmed the phase
diagram of the mean-field model. In particular, fluctuations due to finite dimension
do not change the slope of the CC equation along the first-order phase transition.
Therefore, an IT takes place between a SG phase and a PM phase. The fist-order
phase transition is driven by the density: the PM low-temperature phase is less
interactive and less entropic of the SG phase and the system undergoes an I'T. The
IT is first order in the thermodynamic sense, i. e., latent heat is exchanged, and,
even though the system is disordered, it is not related to the random first-order
transition taking place in structural glasses.

We have also studied the second-order phase transition, carrying out the es-

timate of critical temperatures and indices by means of parallel tempering sim-
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ulations in temperature for different values of the chemical potential D. In this
analysis, we have carefully checked FS effects, identified eventual crossovers from
small to large size scaling. We verified that for different values of D, the system
is always in the same universality class. The outcome is that for all D < Dj,., the
second-order transition belongs to the same universality class of the three dimen-
sional Edward-Anderson model for spin glasses.

We can conclude that, in a disordered system, the neutral component (s; = 0)
is sufficient to induce an IT between an active SG phase (characterized by p,, ~ 1)
and an inactive PM phase, i. e., p,, — 0. In other terms, the idea of freezed “inner”
degrees of freedom which reduces the entropy and energy contribution to the free
energy, i. e., as suggested by Schupper and Shnerb [8, 40|, provides a good picture

able to capture the main features of the I'T phenomenon also in three dimensions.



Chapter 2

Secondary processes in structural

glasses

In the previous chapter we have studied the static properties of Blume-Capel with
quenched disorder. BC model can be thought like a coarse-grained model where,
tuning the external parameters, some interacting scales can be given active or
inactive.

The statics, i. e., the study of equilibrium thermodynamics, gives information
about the fundamental state of a system. In order to study the excitated states
we have to perform the dynamics.

In order to investigate the phenomenology of the structural glasses, i. e., real
glasses, supercooled liquids, molecular liquids etc.., it is important to build models
which show a dynamical arrest. Indeed, all glassy systems are characterized by
the increase of viscosity, during a cooling process, leading to the dramatic growing
of the relaxation times of the system [84, 85, 86, 9]. The increasing of relaxation
times in a glassy system is due to the presence of many metastable states where
the system can be trapped, whose number grows exponentially with the size of the
system.

From the theoretical point of view, a comprehesive picture to describe the glassy
behavior is still missing. At the mean-field level, some spin-glass models seem to
heuristically capture the main features of the real glassy system [13, 87, 12, 88]. The

study of the equilibrium dynamics of these SG models, exactly solvable without

63
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uncontrolled approximations, leads to the same equation as the Mode Coupling
Theory, which was developed, without introducing quenched disorder, to study
the ergodicity breaking in the glassformers and supercooled liquid [89].

From the theorytical and the experimental point of view, it is clear that the
dynamics of the glassy systems evolves, on at least two different characteristic time
scales. In particular, the glassy behaviour is due to the presence of processes which
do not reach the equilibrium with the environment, the so-called o processes. For

these reasons the equilibrium dynamics is a typical multiscale problem.

2.1 Structural glasses and time scales

Glassy behaviour is a very common feature in many fields of condensed matter
and many-body systems [9]. In general, when a bifurcation of microscopical time
scales occurs, the degrees of freedom evolving on the slow time scale do not reach
equilibrium on the observation time scale, and the system vitrifies.

In the first chapter we have studied the statics (i. e., the thermodynamics)
therefore the properties of the free energy ground state. In order to do it we have
to thermalize the system at the temperature of the thermal bath: we choose the
dynamics (Monte Carlo in the case of the BC-random) which drives the system at
the equilibrium. When the system reaches equilibrium we can measure the ther-
modynamic observables. In the high-temperature phase, far from criticality, the
dynamics evolves on a single time scale. The free energy is convex function and the
minimum is the macroscopic thermodynamic state. The system fluctuates, accord-
ing to the Boltzmann measure, between the microscopic configurations belonging
to the same macroscopic state. Evidently, we have two relevant time scales: the
time scale of the microscpic dynamics 7, and the time scale 7o of the observer. If
we study the equilibrium properties and we have to thermalize the system, this
happens on a time-scale of order 7, < 70.

If the typical time-scale 7, of the microscopic dynamics grows (i. e., when the
memory effects become relevant), the separation between the observer time scale
To and 7, may vanish and even be reversed. In particular, when 7, > 7o those
degrees of freedom wich evolve over characteristic time 7, are not able to reach the

thermodynamic equilibrium, and the system fails to be ergodic.
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More in general, as suggested by experiments and numerical simulations, more
than 7, and 7 it has to take into account: the microscopic dynamics can evolve
over several time-scales 7, and some of the processes can stay away from equilibrium
while others can thermalize.

For instance, this happens in supercooled liquid and structural glasses where a
bifurcation between two time scales takes place[84]. In particular, we associate to
the short time scale the (fast) f—processes, which thermalize at the temperature
of the thermal bath. Whereas, over the long time scale the (slow) a—processes
evolve, breaking down the ergodicity. In the mean-field (MF') scenario happens at

the Mode Coupling Temperature Thc.

2.1.1 A single time scale example: statics and dynamics

Now we try to analyze the meaning of the expression 7, < 7o for a system which
reaches the equilibrium. A simple analytically tractable example can be found in

the fully connected Ising model
J
H][U] = _ﬁzo—io—j. (21)
ij

The variable o; is an Ising spin and it assumes the values —1 and +1. The symbol
[0] denotes a configuration of N spins o; where i = 1,..., N and J is the coupling
constant. We introduce the magnetization m = % >~ 0; which will be determined
self-consistently. Since the model is fully connected, the magnetization does not

fluctuate and the free energy is

J
f(m,pB) = %mQ — log 2 cosh BJm (2.2)
with § = kB#T, Kp being the Boltzmann constant. The self-consistency relation
reads
m = tanh SJm . (2.3)

Since the free energy must be convex in m, we have the condition

9% f

om?2

>0. (2.4)
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It is easy to check that, for the paramagnetic (PM) solution m = 0, the ther-
modynamics is stable for 3J < 1. In the low temperature phase (8J > 1) we
have a spontaneous symmetry breaking which leads to a ferromagnetic phase with
m # 0. Therefore, the microscopic configuration of the system [o]| depends on the
macrosopic state identified by m.

In the PM phase, the system visits configuration [o], such as ), 0; = 0. If the
dynamics is driven by a stochastic process (e. g., the MC alghoritm in a numerical
simulation or a Langevin equation in a mean-field model), in the high-temperature
phase the correlation functions decay exponentially in time. For instance, without
loss in generality, we can refer to a Langevin equation, with white noise, for a set

of degrees of freedom [z] = x
Lo Oi(t) = —i(t) + Gi(1), (2.5)

where the first two momenta of the noise distribution are

2ry!
(G =0, (GG = 7052'15(75 — 1), (2.6)
where T';! is the time scale of the microscopic process. Computing the correlation
function C(t,t") = (z(t)z(t'))¢ we have

-2 / -1
C(t,t) = S0 g=Toh=e] =210 (2.7)

20
The system loses memory of the initial conditions: thermal noise brings it to
thermodynamic equilibrium and the time scale of the thermalization is fixed by
the microscopic time scale I'y".

The situation near a second order phase transition is different (e. g., at the
PM/FM transition in a Ising model or PM/SG in the BEG-random model, above
the tricritical point). From the static point of view, the criticality is revealed by a
correlation lenght diverging at the critical temperature. The dynamical counter-
part is a characteristic time diverging at the critical point. In such a case, the
dynamics is very sensitive to the initial conditions.

Also the mean-field theory of dynamical critical phenomena can be formulated
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in terms of a Langevin equation. But, in order to do it, we have to study a Gaussian

model for a scalar field

¢ = ¢(r,t) (2.8)

known to be in the same universality class of the Ising model (called the time-
dependent Ginzburg-Landau equation [90]). In this model it is assumed that the
“strength” of the noise, i.e., Ty in eq. (2.6), becomes a function of the spatial

variable r

Op(r,t) = —/ dr' T(r — 1) +((r,t) (2.9)

oF
6¢(r,1)
where F' is the Landau free energy and the momenta of the noise distribution P(()

are given by

(C(rt))e =0, (C(rt)C(r' 1) = %F(T —r)é(t —1). (2.10)

In the Gaussian model the functional dependence of F' on ¢ is

F = / dr (ag(r,t)> +b(Vo(r,1))?), (2.11)

where b is a positive constant and a = (T'—T.)a’ with a’ a positive constant. Since
the system is invariant under spatial translation, the problem can be solved in the

Fourier space by introducing

o(k,t) = / dr e * g (r,t) . (2.12)
Finally, integrating out the Gaussian noise, one gets

0(d(k, 1)) = —(2a + bE*)T (k) (4(k, 1)) (2.13)

where (@) plays a role analogous to that of the magnetization in the statics of the
fully-connected model. The solution of eq. (2.13) is an exponential decay with a

characteristic time scale .
T, = —. (2.14)
(2a + bk (k)

In the short wave-lenght regime (k — 0), assuming I'(0) finite, the decay time
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7o diverges as (T — T.)~! when approaching the critical temperature T,. This
phenomenon is called critical slowing down.

In ordered systems, however, no time scale appears and the divergence of the
characteristic time is due to the persistence of the initial condition.

To summarize, the critical properties of statics —though in a simple mean field
model (i. e., a coarse-grained model where the only degree of freedom is the order
parameter homogenized in space)— have a counter-part in the dynamics towards
equilibrium. In particular, the statics shows a critical scenario where the symmetry
0] — [—0] is spontaneously broken. Therefore, the free-energy landscape, plotted
as a function of the order parameter m, under the critical temperature J/T, = 1,
displays two minima. The equilibrium dynamics, far from the critical point, is
ergodic (i. e., does not depend on the initial condition). In the high-temperature

phase the system thermalizes in a time of the order of the microscopic time scale.

2.1.2 Multiscale dynamics in glassy systems

In the example of the fully connected Ising model, the dynamics evolves on a
single time scale, defined by the time needed for the system to thermalize at the
temperature of the thermal bath. In particular, when the system thermalizes,
the correlation function decays to zero. Near a second-order phase transition,
the dynamics slows down due to criticality. All the physics of the model can be
expressed through the static and the dynamic properties of a single observable:
the order parameter.

The order parameter is the slowest degree of freedom of the system [68] and
the observable which drives the system across the phase transition. At the leading
order in a theory describing a critical phenomena, the order parameter is not
affected by the fluctutations due to the finite dimension. As we have seen studying
the static properties of the BC-random model, finiteness of dimension changes the
details of criticality and, in some cases, may even destroy some general features
predicted by the leading (MF) theory.

In general, a material falls in an amorphous phase when some degrees of freedom
evolve on a time scale much larger than the time scale of an experiment. In order to

study a glassy behaviour, we need models which display more than one single time
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scale. Indeed, an evidence of the experiment is a bifurcation between, at least, two
types of processes also called a and (3 processes. Two characteristic time scales 7,
and 75 are associated with the two processes. The second one (73) is associated with
the processes which thermalize with the termal bath or, in general, which reach the
equilibrium with the environment. The first one (7,), called structural relaxation
time, is the time scale which diverges at some temperature called dynamic or
mode coupling temperature. In the next section we will see that spin-glass models
allow to define a hierachy of time scales and which different sets of cooperative
mechanism lead to a hierarchy of processes.

From the experimental point of view, in order to have a glass, we have to cool
a liquid (molecular, polymeric, etc...) fast enough to drive the sample out of the
equilibrium. Following a cooling protocol, the typical time scale of the slowest
processes increases by many orders of magnitude [9].

In the previous section we have seen how, in an ordered material, it is pos-
sible to map the static critical behaviour into dynamics: in particular, from the
dynamics we have found a correlation lenght £ which diverges at the static criti-
cal temperature T,. At the same temperature, the dynamics displays the critical
slowing down phenomenon. In glassy systems the situation is not clear because,
in an experiment, the glassy temperature 7} is a definition and it is not possible
equilibrate the system under 7,. In a experiment we can only define 7 in a con-
ventional way such as the temperature at which the viscosity reaches the value of
10'? Pa s (cf. left panel in fig.(2.1)).

Actually, some models like spin-glass models predict a precise scenario for the
glassy transition. In such models, at the mean-field level, we have a static (ther-
modynamic) transition to an ideal glass at the temperature T, called Kauzmann
temperature Tk (cf. right panel in fig.(2.1)). Moreover, the dynamics undergoes a
kinetic arrest at the temperature T;. This temperature is defined as the tempera-
ture at which the Fluctuation-Dissipation Theorem (FDT) and Time-Translation
Invariance (TTI) do not hold anymore. In an experiment, since the sample is
blocked, it is not possible to reach the temperature where some models predict a
static transition, since it is not possible to equilibrate the system under 7j. There-
fore, we are not able to check the validity of some of the scenarios predicted by

mean field models. Recently, many works on growing lenght scales have been done
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to the purpose of defining an suitable multi-point correlation function (in space and
time) which leads to a static lenght scale diverging at the dynamical temperature
[91, 92, 93, 94, 95|.

Glasses and glass-formers can be divided into two classes: strong and fragile.
The classification is based on the behaviour of the relaxation time 7, as a function of
the temperature in a cooling procedure. For strong glasses (e. g., window glasses),

characterized by an Arrhenius behaviour, the relaxation time grows exponentially

To = Toe’“BLT , (2.15)

with kp the Boltzmann constant. Indeed, the dynamics is dominated by activated
processes with a characteristic energy E.

Fragile glasses (e. g., toluene, chlorobenzene), on the contrary, follow a Vogel-
Fulcher-Tamman law

DTy
To = Toe T~ 0 . (2.16)

Equation (2.16) suggests a divergence at finite temperature 7Tj.

The dicotomy Strong/Fragile refers to different mechanisms for the excitations
and it is not related to mechanical properties. Therefore, from the point of view
of the free-energy landascape, glassy behaviour is due to the presence of many
minima, i. e., metastable states, in which the system can be trapped. A glass-to-
glass transition corresponds to a transition from a degenerate minimum to another
degenerate minimum. In the strong glasses this kind of transition is rare and the
minima are separated by high energy barriers. Whereas, in a fragile glass these
phenomena are less rare because the phase space is fragmented into a very many
basins, and in each basin there is a rich structure of other basins, divided by not
too high energy barriers.

Using a simple visco-elastic model [85], it is possible to understand the link
between diverging time scale and viscosity. Starting from an elastic solid (e. g., a
cube of side L ) we can write the relation between deformation and stress applied
to a solid like!

0ap = 2GUep = Gy (2.17)

IThe stress and strain tensor will be discussed in the next chapter.
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Figure 2.1: Left panel: viscocity as a function of
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for several glass formers [96].

Right panel: typical behavior of the entropy of a supercooled liquid as a function

of T [85].

Lowering the temperature, following the spinodal, the characteristic

time scale grows and breaks down the ergodicity at T,. Tk is the Kauzmann
temperature where the entropy of supercooled liquid is equal to the entropy of the

crystal.
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Figure 2.2: Displacement in the direction L due to an external stress.

where the greek indices run over the dimension d of the space. 0,4 is the stress
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tensor, G is the shear modulus and
1
Uap = 5 (Opta + Oaup) (2.18)

is the strain tensor, being u, the displacement in the direction a due to the shear.
Since the displacement along « will be proportional (the leading order) to the
height along 3,

Uo = VT3 (2.19)
calling ! the maximum displacement (see Fig. (2.2)), when 23 = L, defining vy = £
one has

Uag = 7. (2.20)

In a solid G will be time-indipendent but in general, for a viscoelastic body, it
is time-dependent. In particular, for the Maxwell model [97] of viscoelasticity, it

reads
t

G(t) = Goge 7r (2.21)

where 7r defines the time scale over which the stress relaxes. Imagine to deform

at time ¢’. The stress tensor at time ¢ will be
oap = G(t, )y . (2.22)

If the system is time-traslational invariant G(¢,t') = G(t —t'). In general also the

strain can be time dependent, in these cases the variation of 0,4 defined as

5005 (t) = 0a(t) — 0as(0) (2.23)

whith 0,3(0) the stress valued at ¢y = 0. Assuming v = () and ¥(t) = const and
applied at the time ty = 0.

§0us = Gt — t)oy(t) = G(t — t')3(¢)dt' . (2.24)
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The total stress 0,4 at the time ¢ will be given by an integration from 0 to ¢

aaﬁ(t):/o dt’G(t,t’)ﬁ(t’):/o dt' G(t —t")A(t) . (2.25)

It follows that .
Gaplt) = 4 / dr G(r) = ¥, (2.26)
0

where the viscosity 7 is defined as

775/0 dr G(7) . (2.27)

Viscosity is a macroscopic observable which plays an important role in the study
of the mechanical properties of a material. Imagine to have a tagged particle of
radius r which moves in a fluid of viscosity 7. We can introduce the diffusion

coefficient D, according to the Stokes-Einstein relation

1
- B6mrn

(2.28)

where 7 is also called the hydrodynamic radius. Indeed, the response of a material
to strain is a function of the shear modulus which characterizes the struscture of
the material. When a typical time scale diverges the shear modulus does not vanish
and the viscosity increases. In particular, even in a simple Maxwell-like model, we
can define a set of relaxation. If 7z is the larger relaxation time of the system, in
the Maxwell picture, we have a simple relation between viscosity and relaxation

time.

2.2 Mode coupling theory and p—spin models

In this section I will try to introduce two independent lines of research —Mode
coupling theory and spin glass theory— which lead to the same mean-field scenario
for the glassy transition: the so-called Random First Order Theory (ROFT) [13].

In the next section we generalize ROFT to study the secondary processes.
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2.2.1 MCT and Schematic Theory

As will be shown later, the glassy dynamics of a broad class of mean-field spin-
glass models [13, 87] lead to the same equations of a theory meant to describe
the glassy behaviour of supecooled liquids and glass formers [89, 98|, namely the
Mode-Coupling Theory (MCT).

The MCT reproduces some features of glassy materials and it is based on some
uncontrolled a priori approximation.

In the first part of this section we have studied, in a simple mean-field model,
how statical and dynamical properties are related, finding that static criticality has
a precise counterpart in the dynamic slowing down. Indeed, information obtained
from the statics can be used to build a dynamical theory.

In particular, all the statical information of Hamiltonian system described by

M) =Y P = P S e al) 29)

% 1<j

is embodied the partition function

dpdq _
Z(B,V.N) = / [1 e e = / Btean(T) (2.30)

where T is a shorthand notation for (p, q). With the notation f(p,q) we indicate a
function of all the generalized momenta and coordinates (p;)Y_q, (q;),. In general,

the interaction can involve more than two bodies

Plq) = m Z@l(ch) + 0422902((11,(]3) + as Z S03(Qia%;Clk) L=

1<j i<j<k

- Z Z @i, (Qiy s - - - i) (2.31)

n<N i1 <ia<-<in

where the «,, are the coupling constants for the n-body interaction. If the system
is sufficiently diluted, we can truncate (2.2.1) after the two-body term.
Since the integration over the momenta is Gaussian, all the observables of the

system can be expressed in terms of the n-particles density function p(ry,...,r,)
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(with n < N) [99]
p(ry, ..., 1) = / dpean @) D 01 —aqp) - 0(rn — ;) - (2.32)
i1 i F - Fin

For instance, the ensemble average of a general observable O(q) will be
(O(q)) = Z / dry...drofo(re...to)p(re, ... 1), (2.33)

where the functions f,(ry...r,) are defined by the expansion of the observable:

Ol)=>_ > faolay - a,) - (2.34)

n o i1AiaAFin

From the fluctuation of the Fourier transform of the microscopic density (the

1-particle density function)
plr.a) = Y o(r—aq) (2.35)
px(a) = Z et
!

we can build an important observable, namely the structure factor, an ingredient

of the MCT. Under the assumption of homegeneous and translationally invariant
fluid .

S(0) = (@) = 1+ p [ dre g0 (230
where 7 = |r|. In the last equality the radial distribution function g(r) appears. It

is defined by the 2-particle density as follows:

_ p(r1,r2,q1,q2) )
glrs,r2) = <p(r1,q1)p(rz,q2>> ’ (2:57)

for a system homogeneous and invariant under spatial translations, it is

g(r1,r2) = g(|r1 —1r2|) = g(r) (2.38)
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Figure 2.3: Behaviour of the radial distribution function ¢(r) and the corresponding
structure factor S(k) for a simple liquid (o is the size of the molecules) [100].

and

(L otrsa0) =" (2.39)

where p = N/V. For small values of r, if the interaction potential is repulsive (e.g.,
soft- or hard-core) on small distances g(r) is vanishing while, for r — oo, g(r) — 1
because p(ry,r3) factorizes into p(ry)p(re) = p*. For reasons that will be clarified
later, we define the function

h(r)y=g(r)—1 (2.40)

and the direct correlation function c(r), related to the S(k) through the Orstein-
Zernike (OZ) relation

h(r) = c(r) + p/d’r” c(r—r"h(r'). (2.41)

OZ in the Fourier space takes the form

1

S = 1

(2.42)
S(k) can be experimentally measured from the cross-section for scattering of neu-
trons or X-rays by the fluid as a function of scattering angle. Indeed, we can access
to static properties theoretically with the particle density and experimentally by
means of the structure factor.  Therefore, in order to study the kinetic arrest

near the glassy transition, we have to consider the structure factor as a dynamical
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variable. To do this we start from the dynanical evolution of a generical observable

O(t) of a Hamiltonian system

do(t) 90 . 90 .\ 90
— = > (apipz + aqiq’> + o (2.43)

7

If 90 = 0, defining the Liouvillian operator [98] i£ as

0
iL = Z(pz +qzaq> : (2.44)

from eq.(2.43) it follows that

do(t) .
0 iLO(t) . (2.45)

We can formally compute the evolution of O(t) = O(p(t),q(t)) as in the form
O(t) = '0(0) = U(t)0(0) (2.46)
where we have defined a time-evolution operator
U(t) = et . (2.47)

We can also write the evolution of the distribution function P(I') which defines

the measure over the space I' through the relation
du(T") = P(T)dl’ (2.48)

where dl" = I %. Since we assume that the probability distribution does not
depend explicitly on time (i. e., we study the equilibrium dynamics allowing the

system to reach thermal equilibrium), it follows that

oP(1)

5 = Lt P(t) = e *P(0), (2.49)

which is the Liouville Theorem. Therefore, an element of the space phase (p, q)
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evolves in (p(t),q(t)) from (p(0),q(0)) according to eq. (2.46). Since P(t) evolves

according to eq. (2.49), the measure du(I") will be time-translational invariant:

dp(L'(t)) = dp(T'(0)) = du(T) . (2.50)
Since the system is Hamiltonian, it follows that

OH . OH

. _oJn g 2.51
T api(p,r), Di ari(p,r) (2.51)

and the Liouvillian becomes

. 1 9 do(lai — q]) 0
iL = — R N Vi U PSS 2.52
m;p 9q; ; 9q; opi ( )

An important role is played by the time-correlation function C(t,t") 45 of the

dynamical observables defined as
C(t,t)as = (At)B*(t)) , (2.53)

where the supersription * denotes complex conjugation. If the system is in an

ergodic phase, one has that
C(tt")as = (A)B (1)) = / du(T)e =) A(0)B(0). (2.54)

The correlation functions take the form of a scalar product. Indeed, the auto-

correlation function is
Clt, )00 = (0WO'(®) = [ auD)es 000 ) (255
and when ¢t =t/

C(t t)oo = (OO (1)) = /dM(F)@(O)O*(O) = (0(0)0"(0)) (2.56)
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while, fot ¢ =0
C(t,0)p0 = /du(F)ewtO(O)O*(O) =C(t)o. (2.57)
In the limit ¢ — oo, if the system is not only ergodic but also mixing since,

lim C(t).as = (A(0))(B"(0)) (2.58)

t—o00

To describe a system which displays at least two time scales, one has to intro-
duce a projector formalism which allows one to separate slow from fast degrees of
freedom [98]. The plain is as follows: correlation functions define a scalar prod-
uct between the observables; the time evolution of a set of observables {A;} can
be formally computed through the time-evolution anti-hermitian operator U (t).
Moreover, the operator £ is a Hermitian operator: a general observable A(p, q)
can be expanded into an infinite set of functions (p,q) in the Hilbert space de-
fined on I'. Therefore we can associate with each function of the orthonormal set

a vector ¢y, in the Hilbert space such that

(prler) = (2.59)

where dy; is the Kronecker delta symbol. The expansion of an observable will be

Alp,a.t) =Y ar(t)pk(p,q) (2.60)

k

where ay(t) is

ar(t) = (Aler) (2.61)

and satisfies the following equation of motion
8tak(t) = Z Eklak(t) (2.62)
!

where the matrix £, is anti-Hermitian and its expression is given by

Ekl = <90k|’i£30[> . (263)
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Also an ordered set of dynamical observables (.A;) is a vector in this Hilbert space.
Now, in the space of the observables, we can build a projector IIp which projects

the other observables into the space defined by O.
[lp = (O]... Y{O|0) 'O =11, (2.64)
where (O|O) = (O0O*). Being Ilp a projector, the following properties hold

o (O|OYO|0) 'O =TI?P0 =0 (2.65)
A = IFPA=T1IA.

Defining Q = (1 — II)

(1-I)(ILA) = OIlA=IQA=0 (2.66)
Q0A = QA.

Therefore, the projector Q defines the subspace orthogonal to II.

Because we want to know what happens when the dynamics evolves over sep-
arated time scales, we have to study the dynamics of a general observable O(t) in
its space during the time-evolution due to the operator U(t) = e’*!. In general, the
observable can be a multiplet of observables suitably chosen. Indeed, the projector
operators allow us to study a subset {O;} in the space of the observables (A;). In
order to simplify the notation, we define a relevant observable O and we want to
write an evolution equation for O(t).

Starting from (2.45) and (2.46) we can write the following operatorial integro-

differential equation for O

9,0(t) = iQO(t)—/tdt’K(t’)(’)(t—t’)+f(t) (2.67)
ft) = €2 QiL 0(0)
K@) = (flf@®){0lo)~"

%
I

(O[iLOY(O|O) ! .
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To obtain (2.67) we have written the time-evolution operator as

eFt = FIM(t) + e (2.68)
t

M(t) = z/ dt' e QL 2Lt
0

M©) = 0.

The expression for M (i) is obtained by differentianting with respect the time of
the first equation of (2.68). Using the identity

iL=1LL+ (1 -1l =1L + Qil (2.69)
we can compute

F1—T)iLO = e L0 — FILLO = (2.70)
= 9,0(t) — (OliLONO|O)~O(t) =
= 9,0(t) —iQO(t) .

The action of (2.70) on the operatorial identity (2.68) leads to the following equa-

tion:
flt) + /Ot dt' e“ T (ONLf ()N O|0) O = (2.71)
= s+ [ @t L) OI0) 0t - ),
where we have introduced the noise term
f(t) = D TDiLO . (2.72)

Using the anti-Hermitian property of the inner product and the fact that (O|f(t)) =

0, we can define a kernel K(t) as

(OLLFONOO)™ = —(OiL|f(t)){0]0) " = (2.73)
= —(fIf®ON0I0)" = —K(t)
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and finally obtain the expression (2.67).
We can generalize the above results for a vector observable O(t). Projecting

along O(0) we obtain
t
0:C(t) =iQ2- C(t) —/ dt K(tC(t -t , (2.74)
0

where we used the relation (O|f(t)) = 0.

Obviously, eq. (2.74), also called Generalized Langevin Equation (GLE) [101],
is just an alias of the operatorial evolution equation which has the formal solution
O(t) = U(t)O(0). Through eq. (2.74), it is clear the role played by the other
degrees of freedom on the relevant observable. In particular, while the linear term
in the r.h.s of (2.74) depends only by the evolution of C(t), the memory term K(t)
encodes, through the noise term f(t), the effects of the other degrees of freedom
on O.

Since the most general features of the glassy systems is the decoupling of two
time scales, it is natural to try to study GLE when C(t) is a vector of slow variables
and the noise term f(¢) is due to fast degrees of freedom. The most important
correlation function for a fluid and supercooled-liquid is the density-fluctuation

function (i. e., the intermediate scattering function) defined as

1

F(k, 1) = 105 (a0l 0)) = 1 S (a0 kan@) (275

Im

where we have introduced the Fourier transform of the time-dependent local density
plr,q,t) = 5(r—qt)) (2.76)

and
Px(a,t) = Z e~ al®) (2.77)
1

We note that for t =0 it is F'(k,0) = S(k).

From hydrodynamics it is known that the slow observables [102]| are the local
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density fluctuations and the longitudinal velocities:
O = (0px(a,t), ji(p,a.t)) (2.78)
where dpx(q, ) is the local fluctuation of the density
dp(a,t) = px(a, t) — (2m)°pd (k). (2.79)

where k = |k|. The longitudinal velocity is given by the following expression
Ji(pat) Z L pie (2.80)

Finally, we can replace the previous definition of F'(k,t) with the following one:

F(k,t) = (0p-k(q,1)dpx(q,0)) (2.81)

where we have replaced the local density with its fluctuation. In order to simplify
the notation, since the thermal averages are done on the generalized coordinates

and momenta (p,q), we write

(Ox(p,a,1)) = (Ok(?)) - (2.82)

The matrix elements of C(t) will be

(6p-10pic(t))  (0p-1eic (1))

Ci(t) = : 2.83
D= Utsndo)  Ghato) 25
since (>, p?/2m) = 2/03, using the general property

(AA) =0 (2.84)

and defining the following function

_[dit . kopx




2.2 Mode coupling theory and p—spin models 84

we can write

0 0
Ky (t) = (2.86)
0 (K_xKik(t))
and rewrite eq. (2.74) in terms of the choosen observable?
d’F(k,t) Kk*F(k, Bm dF(k,t —t')
——=0. 2.
TR 6mS / dt' (K_ K (t')) o 0 (2.87)

The equation obtained is still exact for the dynamics of F'(k,t).

Now, in order to solve in closed form eq. (2.87), several approximations have to
be introduced. Eq. (2.85) contains the time-derivative of the current, proportional
to the gradient of the interaction potential. Using the formalism of density distri-
bution functions, the potential can be expressed in terms of density fluctuations
in the Fourier space. Therefore, it is useful to introduce the projector I, over the

density pairs

I, = Z (Oxgiea - - - ><Ok1k2|ok3k4>_lok1k2 (2.88)

kikaksky

and then factorize all the four-point density terms into products of two-point den-

sity correlation. In particular, choosing O = dpy,0pk,, one has

LK = > Vilka, k1)8p, 6, (2.89)
kiks
Vieka, k1) = > (676 | Kic) (e, 6 |0 O ) ™
kska

Through the projector Il the memory kernel K can be factorized as follows

Ki ~ (6p0p)(0p0p) o ZF kv, ) F(k — ki, t) (2.90)

Without entering into details on the approximations, which can be found in [89,

86, 100, 102], one is able to write a close equation for F'(k,t). In particular the

2For a detailed derivation of the MCT see[89, 86, 100, 102]
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vertex function in MCT is given by

k2 k ko, — k
Vi kop, = —k2 ) ™ 2 kb= 2.91
ek = 95N {S(k1)+5(k2—k1) 2 (2.91)
ip%

TR {kic(k) + (kg — k) c(ky — K1)}

and the MCT equation for the intermediate scattering function is

d*F(k,t) K*F(k,t) dF (k1)

t
— dt' K(k,t —t' = 2.92
iz BmSk) +/0 kt=t)—p—=0 (29
P
K(kt—t) = T / dKy |Vieeiy s | F(ky, t)F(ky — K, t)

Therefore, MCT gives a closed set of integro-differential equations for the den-
sity correlator F'(k,t). In particular, this is possible if we approximate the memory
kernel (i. e., the vertex function Vi, y,—k,) of the exact (untractable) theory with
a polynomial of density correlators. In order to study how F'(k,t) depends on the
wave number k, one needs to fix the static structure factor (or, equivalently, the
direct correlation function c(k)) as an input parameter of the theory.

In order to study the phenomenology predicted by the MCT, it is sufficient to
study the limit k& — kg, where kg is the position of the peak of S(k). We can thus
define the function

o(t) = F(0,t). (2.93)

Indeed, numerical computations of the MCT equation, show [103| that the main

contribution comes from the peak of S(k) (cfr. fig(2.2.1)), so we can approximate
S(k) ~ 0(k — k). (2.94)

Moreover, for a broad class of glassy systems we can replace the second time deriva-
tive of ¢(t) with a first time derivative (e. i., we are interested by the Aristotelic
regime). The theory obtained through these assumptions is called schematic theory
(ST) [100] and the equation (2.92) becomes

o(t) + (1) + / dt' 3t — 1)(t') = 0 (2.95)
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Figure 2.4: Intermediate Scattering Function in a Schematic Model near T);¢ with
¢? kernel.

where w and v are parameters of the model.

In a ST a more general memory kernel can appear such as a polynomial of
degree q. Through a suitable (i. e., phenomenological) choice of the memory
kernel, it is possible to build different MCT models. We have introduced the ST
because the dynamical equations of a class of spin-glass model leads to the same
equations of the ST.

Figure (2.4) shows the solution of eq. (2.95), for the memory kernel ¢(t)?,
obtained through numerical integration, near T);c. We can see a double step
relaxation: the first relaxation to the value ¢ = 0.51 is due to the 3 process that
reaches equilibrium with the environment. The plateau, extending for five decades
in time, is due to the a processes which break the ergodicity at Th;¢. In particular,
at the Mode Coupling temperature one has

lim 6(1) = ¢ (2.96)

When the solution develops a plateau it is possible to evalutate analytically the

behaviour of ¢(t) approaching to and departing from ¢[89], obtaining the MCT
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exponents
o(t) ~ q+ At for ¢ — q* (2.97)
¢(t) ~ q+Bt'for ¢ —q~
F(l-a)® _ TO4D?
I(1-2a)  T(1+20)

The last expression of (2.97) will be generalized in the last section of this chapter
for ¢(t) which displays a multistep relaxation.
Finally, it is possible to compute how the characteristcal time scale 7, diverges

at Ty/c, finding the follows relations

To ~ (T —Tye)™? (2.98)
_1 1
T 20 2b

The scaling properties (2.97) are a remarkable result of the MCT. We do not
analyse successes and failures of MCT because a broad literature about this subject
already exists (see [100] for a review). We will examine a class of models that can be

exactly solved in MF and which leads to a dynamical equation formally equivalent
to eq. (2.95) of the ST.

2.2.2 The p-spin models

Thermodynamics and dynamics of spin glass models —at mean-field level— can
be exactly computed without uncontrolled approximation. The dynamics can be

solve without replica trick and leads to the same equation of MCT-ST.

Replica Theory

In the previous chapter, we have studied the static properties of spin-glasses in
finite dimensions. Now we briefly discuss the general properties of spin glass mod-
els. These are lattice models, defined through a Hamiltonian H|[o; J], where the
couplings between the spin variables are chosen randomly with a suitable distri-
bution P(J). Quenched disorder means that the integration over the couplings is

done after the thermal average, and therefore, after the calculation of the partition
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function. In fact, thermodynamics is defined as follows [55]:

Z3lJ] = Trye Mol (2.99)
fB:J) = —]}gnooﬁ—NlogZﬂ[J]
1 -
) = = pim o [ du()tog 2400 = T
du(J) =

[[d7P(;) .
]

The overbar -~ denotes average over the disorder. The prototype SG model is the
Edwards-Anderson Model [57]: an Ising-like model with quenched disorder

Hpalo; J] = Z Jyoio; , o= =1, (2.100)

where the bracket means that the sum is extended to nearest-neighbours sites.
Several choices for P(J) are possible. In analytical treatments, the Gaussian mea-

sure

1 (Jz — J())ZZ

is often used, where z is the coordination number, i. e., the number of nearest-
neighbours. Another choice, often used in numerical simulations, is the bimodal

distribution
P(JZ]) :p(5 (Jz] — J) + (1 —p)(5 (ng + J) s 0 S P S 1, (2102)

p being the concentration of ferromagnetic bonds.

The statistical mechanics of (2.100) is analitically computable at the mean-field
level (when the space dimension is large enough for the thermodynamic fluctuations
to be neglected).

The mean-field approximation of the EA model is the Sherrington-Kirkpatrick
Model (SK) [56]

Haxlo; J] = —— Z Jiyjoio;, o;=*1. (2.103)

1<j
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We can generalize the SK model by extending the interaction from binary to n-ary
[11].
Mo J == > > I oo (2.104)

=1, i1 <<y
To obtain models with many-body interaction which are analytically soluble, we

change hard to soft spins, by imposing a global spherical constraint [12]:
Y ol=N. (2.105)

In the MF models, in order to have a stable thermodynamics, the probability
distribution of the random couplings has the following momenta (choosing a zero
mean)

(47.) = o (2.106)

2 J2t
(n) - ! . :
(']len) = W, 1 <<
The statics can be computed exactly. Since we have to compute the average of
a logarithm, we introduce replica in order to change the quenched average to an

annealed average over the replicated partition function

1
f(B) = — lim lim ——8,2" = — lim lim

In order to perform the computation, we need to exchange the order of the limits
N — oo and n — 0. Indeed, to solve the MF, we have to perform a saddle-point
approximation which is exact in the thermodynamic limit. Although a prior:
unwarranted, the trick works and leads to the right thermodynamically stable
solution [104, 105, 106, 107].

For the p-spin model [12], obtained by (2.104) as follows

Moo ) == > b Y. S on.o,=— Y I, 0.0 (2.108)

t=1,on G <--<iy i1 < <ip
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the replicated average partition function is

Z = const./DQ exp (No(Q)) (2.109)
B2J2
o(Q) = — ) Qn —logdet Qu (2.110)
ab
PQ = [[dQu (2.111)
ab

where Q is a symmetric n X n matrix, called overlap matrix, with 1 all entries in the
main diagonal equal to 1 (due to the spherical constraint). The saddle point gives
a self-consistency relation for Q. However, in order to obtain the thermodynamics,
an Ansatz is needed for the structure of the matrix Q.

The natural choice is the Replica Symmetric ansatz:

Qab = (1 — q)dap + ¢, (2.112)

which leads to a phase transition at 7™ between a PM phase and a SG phase.
Moreover, in the low temperature phase the solution is unstable. A stable solution
can be found applying a Replica Symmetry Breaking scheme at the matrix Q.

In particular, following the scheme suggested by Parisi [52, 53, 54], it is possible
to prove that a stable solution for the p-spin models can be found by imposing a
1—-RSB structure to the overlap matrix [12]. Breaking the RS structure means
to parametrize QQ through, at least, two parameters ¢y and ¢; which destroy the
invariance under permutation of the RS ansatz. In order to preserve the invariance
with respect to a sub group of permutations, the matrix may be divided into a di-
agonal block, where the overlap value is ¢y, and an out-of-diagonal block where it is
q1. Clearly, we have to introduce one more parameter, say m < n or breaking point,
the size of the diagonal block. All these parameters will be fixed self-consistently

by the MF equations. In this scheme the matrix becomes

Qab = g0+ (¢1 — qo)eqy + (1 — q1)dap (2.113)
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where the matrix € is defined as

1 if @ and b are in the diagonal block
€n = (2.114)
0 otherwise

In a spin-glass model we can build a precise link between the structure of the
matrix Q and the structure of the space phase [55]. In particular the following

relation holds

P(q) = lim % > 6(Qa — q) (2.115)

where P(q) is the distribution of the overlap, numerically computable via the evo-
lution of two identical copies of the systems, by measuring the codistance between
two real replicas. The behaviour of P(g) in a finite-size system for a short-range
interaction, was shown in the previous chapter (cf. section 1.4). In particular, the
BC-random, at the mean-field level is solved by a Full-RSB.

If a system displays a 1—RSB scheme, the overlap distribution will show a
double peak:

Py _rsg(q) =md(qg—qo) + (1 —m)d(qg —q1) . (2.116)

Without an external field the first peak will be at ¢y = 0, and the second at ¢; # 0.
The weight of each peak is proportional to the parameter m. This structure of
P(q) means that the space phase is partitioned into disconnected region. The
overlap mesure if, taken two configurations of the system in the amorphous phase,
they are in the same basin or in two different basins. The temperature where this
happens is the static temperature T,, also called Tk because the thermodynamics
transition is a Kauzmann-like transition, i. e., a supercooled liquid changes into
an ideal glass phase. Note that the T, obtained from the 1—RSB scheme is smaller
than the RS one T™.
The p + s—model is defined by the Hamiltonian

Hlo, Jp, Js] = Hslo;Js| + Hylo; Jp) (2.117)

Hiloi ] = = D 6 > S oui=— Y I o0,

t=1,..n  i1<---<ig i1 <<
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Figure 2.5: Left panel: static phase diagram of the spherical 3 + 16 spin glass
model. Between two 1-RSB regions it has a 2-RSB glass [108]. Right panel: phase
diagram in T'/Js-J16/J3 plane.

the replicated free energy reads [108]

1 1 .
Q) = % Zb Qo+ 5 ; Q3, — log det Qqp (2.118)
_ PR
ne = 5

The nature of the low-temperature glassy phase, i. e., the number of replica
symmetry breaking, depends on s and p. For a fixed s > 2 the critical value of p

to have a 2-RSB phase is given by the following equation
(P> +p+s®+s—3sp)?—ps(p—2)(s—2)=0. (2.119)

The corresponding phase diagram for s = 3 and p = 16 is shown in fig. (2.2.2).
As we will see in the next section, near the region where a 2-RSB solution holds,

the dynamics evolves on three well-separated time scales.

Equilibrium dynamics

For the SGM we can compute also the equilibrium dynamics: the dynamics that

brings the system to the equilibrium with the environment. This can be done



2.2 Mode coupling theory and p—spin models 93

through a Langevin equation where also the quenched degrees of freedom appear:

Lo 'doi(t) = —%‘FQ@) (2.120)
o) = o, <<i<t><j<t’>>=1;—6cswa< ) = Dy(tt).

With no loss in generality, we may fix the microscopic time scale I';! equal to
1. The spherical constraint can be encoded in the Hamiltonian through a time-
dependent Lagrange multiplier r(¢). The Lagrange multiplier allows the spin to
fluctuate continuously from —oo to 400 in a hypersphere of radius v/N. The
constraint is satisfied at any time ¢. We are interested in the case p > 2, where a

general Hamiltonian takes the form
r(t) 2
Z Z z1 401 04, + 7 Zo'i . (2121)
7777 n i1 <---<it 7

The main observables are the correlation function C(t,t') and the response

function G(t,t'), where the perturbation is applied at ¢/ < t.

C(t,t)y = (at)o(t)) (2.122)
G(t,t) = géah((?;, t>1 (2.123)

Since we study the equilibrium dynamics, the Fluctuation-Dissipation Theorem

holds and gives a relation between correlation and response:
G(t,t") =6(t —t")o.C(t, 1) (2.124)

where 0(t) is the Heaviside distribution. Defining the probability distribution
P(o;,t;0;,0) for a path 0;(0) — o;(t), according to the Martin-Siggia-Rose-de
Dominicis-Peliti path-integral formulation [109, 110]:

P(o;,t;0;,0) = (d(0i(t) —0(0)))c = /DC(t)eCDlC(S (o:(t) — 0(0))

(D¢ /t dt'dt" ¢(t");: D;; (', )¢ (t]) (2.125)
0
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In this formulation the average over disorder can be computed using the identity

Since the noise is Gaussian, introducing a set of response fields which play the role

of a Lagrange multiplier ¢;(t), we can write
Z; = / Do (t)Dé (t) e1] (2.127)

1 t
Slo,0] = 2/0 di'dt" &(t )kal(t’,t”)&l(t”)Jri/o dt' 6, (t) Ly
OH[o; J]

EJ = atO'k(t>+ (SO'k(t)

From eq. (2.127) it follows that we can study the equilibium dynamics by averaging
over the disorder without introducting replicas.

Averaging over the disorder involves several indipendent averages over the set
of quenched variables J; — J§, ;. Each of these variables, according to the first

two momenta chosen in (2.106) are Gauss distributed

A_J:/ J) Ay = /Hdu (J)A (2.128)

We can then factorize the terms which contain differents coupling in eq. (2.127):
in particular, we can use the well-known results about the dynamics of the p-spin
models [88].

If we have only one interaction between p-bodies one has

EJ = 5 Z Ji ipa-l'l e 0'2'1)71 + 'CO (2129)

-----

i1yeyip_1

Lo = (O —r(t)oi.

After the integration over the Gaussian disorder, we can perform a saddle-point
approximation which allows us to write an effective Langevin equation for the

single spin. The noise of the new Langevin equation is no longer delta-correlated
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[111]
do(t) = r(t)o(t) + / tdt’lC(t,t’)a(t’)+£(t) (2.130)
@) = 0, (D)) =26t —t)+ A1)
AE) = ACHE)] = p,Ot )T, Mpzw
/ _ / N1 __ oA [C(tvt/)] /
K1) = KICW1),G(1)) = =55 Gn ).

Since we are interested in the equilibrium dynamics, we assume the validity of
FDT and time translational invariance (TTI). Using the spherical constraint, we

can write a self-consistency equation for the correlation function:

Ty = - /Otdt’K@)C(t’)—c(t) (2.131)

K(t) = mC0)P2.

It is clear that eq. (2.131) is equivalent to the MCT equation (2.95) in the schematic
theoryv[13]. In particular, the equations of the schematic theory are recovered for
p=3.

Studying eq. (2.131), we find a critical temperature where the ergodicity is
broken: it is the temperature where TTI and FDT fail. When ergodicity breaks
down, C(t) develops a plateau at the value ¢ = .51.... The temperature where
this happens, after tuning the parameters, is the same of the MCT. Moreover,
in the p-spin model we have two critical temperature: at the first one, the T}, or
Thic temperature, the dynamics is arrested, the second one, the static temperature
T. < Ty, is the temperature where a true thermodynamic transition takes place.

We can straightforwardly generalize the dynamic equations to the case with

different many-body interactions by using the kernel
K(t) =) pC(t) (2.132)
s=3

In the study of the equilibrium dynamics of a spin system, Sompolinsky [112]

suggested that these models reach equilibrium through a sequence of characteristics
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time scales (7,.) all of them diverging at the thermodynamic limit. In particular,
supposing to have R time scales with 7, > 7, with » > s, it holds 7./7, — o0
when N — oo. At the same time, the shorter time scale 7, with s < r relax to
equilibrium. The Sompolinsky solution brings to the right static solution only in
models which display a Full Replica Symmetry Breaking solution, e. g., SK model
or Blume-Capel with quenched disorder. Indeed, if a model is solved by a finite
number of RSB (e. g., p-spin models) the Sompolinsky solution is actually not
correct. However, it is possible to prove that, assuming the Sompolinsky’s picture
for the hierarchy of time sectors, but following the calculation of Crisanti-Horner-
Sommers (CHS) [88], it is possible to solve the dynamics via the same procedure
used for the static calculation with the RSB scheme.

In particular, if a model displays an r-steps RSB then the dynamics evolves
over r + 1 time sectors. From the point of view of the solution of the equation
for the correlation C(t), it means that exists a region of the phase diagram where
C'(t) displays r plateaus. Choosing a suitable path in the phase diagram we send

to infinity one or more of these plateau.

Configurational Entropy

Another object which can be exactly computed in the MF-SG models is the Com-
plexity >, also called Configurational Entropy.
In structural glasses the Configurational Entropy is the excess between the

entropy of the liquid and that of the crystalline phase
Sexe = AS = Sjig — Sery - (2.133)

As we have seen in the previous section, the behaviour of the excess entropy, as a
function of temperature, can be extrapolated by the experiment below 7.

In particular, the curve obtained by extrapolation seems to show that S,
vanishes linearly at some finite temperature Tk called Kauzmann temperature [63].
If it were possible to bring a sample of supercooled-liquid following some equilibrium
protocol down to Tk, the liquid would undergo a thermodynamic transition to an
ideal glass. This is due to the fact that, below T, the entropy of the glass is lower
than the entropy of the crystal.
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In a mean-field model the configurational entropy is a true state function and
can be computed via a Legendre transformation of the replicated free energy ®

with respect to the single-state free energy f[84]
X(f,T) = min [-mP(m,T) — Bmf] (2.134)

where m is the breaking point of the RSB calculation.

We can see it also from another point of view|[113]. The complexity is related
to the number of metastable states of the system. Imagine to compute the parti-
tion function of a system in which ergodicity can be broken and the phase space
separates into many components or states. In each state the Boltzmann measure

can be different from zero:

N
Z = Trye Ml = ZTrgae_ﬁH[”“] =

N N
= ) e = Z/df 5(f — fa)e PN (2.135)
Introducing the number of states with free energy equal to f,,
N(f) =) o(f = fa) (2.136)

it is known [cita] that this number grows exponentially with the size of the system
N(f) =MD (2.137)

where X(f) is the complexity of the states with free energy f. Inserting (2.137)
into (2.135)

2 _ o BFa(BN) _ / df e PNU=TS() (2.138)

since the integrand in (2.2.2) is exponentially large in the size of the system, it

may perform a saddle-point approxiamtion:

Fuy(3,N) = min[f = T(f) (2.139)
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In the p-spin models the dynamic transition takes place when a non vanishing
configurational entropy appears and the system can be trapped in an exponen-
tially large number of metastable states. Between T, and T, at a high threshold
free energy very many (exponentially many with the size) metastable states oc-
cur between a threshold free energy and a lower free energy fy, that depends on

temperature such that
S(FT) >0, (2.140)

for f € [fo, fx]. As T \, T. the lower free energy at which ¥ is non-vanishing goes
to the global free energy minimum, and X(7") \, 0. Indeed, 3(7") is the complexity

of the lowest lying (in free energy) dynamically relevant metastable states.

2.2.3 Numerical solution for MCT equations

In this section, we want to illustrate the algorithm used to numerically solve the
MCT equations. The method implemented is well known [114]. Since we have
already studied schematic models, we discuss only the case indipendent from the
wave number k. However, the algorithm can be straightforwardly generalized to
the k—dependent case.

The equation to solve has the form

o) + w?o(t)+1(t) =0 (2.141)
szl/MKW%WM

0

the memory kernel can be integrated by parts as follows

t

) = K (t - %) s <%> — K(t)$(0) — / LAt K (=)o) + (2.142)

0

_ /F%MK@—ﬂwwy
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Now we have to discretize the problem, defining the times t; = 70 with7=10,1,....
¢ + Wi+ =0 (2.143)

% t; .
I, = Ki_;-¢;—¢0Ki—Z/ dt' K(t —t")o(t') +
j=1"7ti—1

-y / "t K (- 1))
j=1“ti-1

where % is the maximum integer small than the real number % To calculate the

integrals in (2.143) we use the following identity

/tj dt' At)B(t') = (A(t;) — A(t;_1)) dB + O(8°) (2.144)

j—1

1[4
dB / dt' B(t).
0.J

j—1
In order to simplify the notation, we introduce the following symbols

Szj%ik(Aa dB) = Z + (Agsj1 — Apsj) dB; (2.145)

g=l

using (2.144) and (2.145), the integral becomes
Ii= K 3¢y — 60K = S, (K, do) = 8,77 (6,dK). (2.146)

To approximate numerically the first derivative gzﬁz we adopt the expression

1

2 3
= 2—5@;2 — 5@'71 + 2—5@ (2.147)

o
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and we can finally write

1—d b;
o = QA0 b (2.148)
a o
_ 3 2
bi = _227’7%'7%[(7 do) — E;;:%(Q dK) = K;_i¢i 4+ ¢i1dK1 — Ki_ydgy

In MCT the memory kernel K (t) is polynomial in ¢(f). So eq. (2.148) takes the

form

¢ = %@) + % . (2.149)
Indeed, for any time t; = di, we have to find by iteration a solution of (2.149).
This means that, at each time i, we have to iterate n times eq. (2.149) until

") gt < ¢ (2.150)
for a initially selected € indipendent of n.

Since near the glassy transition the dynamics evolves in a plateau over very
long time, some tricks are needed in order to implement a numerical algorithm that
solves the self-consistency equation. The algorithm used is based on a procedure of
decimation and doubling of the integration step d. This procedure saves memory

and is able to explore many time decades.

1. Choosing 0 N; < 1, where N; is such that ¢,,,, = 0Ny, we expand eq. (2.141)
up to tmer/2 < 1. From the short time expansion, we evalutate ¢; with

- N
'Z—O,...,T—

2. Through eq. (2.149), we compute the solution from ¢,,4,/2 t0 ¢4, by solving

self-consistently the equation for ¢;.

3. Once the solution is obtained up to t,,,,, we decimate by half the number of
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points N; with the following prescriptions

(K2i7¢2i) - (Ki, ¢z‘) (2-151)
1 N,

5 (dKy; + dKgi_y, dpg; + ddai—1) — (dKG,dg;) , 1 <i < It

1 N, N,

5 (dKy; + 4d Ko 1 + dKs; o, ddoe; + 4dpe; 1 + ddo;_2) — (dK;, de;) Zt <1< 775 .

4. Go back to 2. repeating the procedure with §,,., = 20.

Since to study a multi-step relaxation we need to solve MCT equation on very long
times, we have chosen d;, = 1071°, N, = 10° repeating the decimation procedure
up to Nge. = 100.

In order to study the spectrum of ¢(t) defined through the Fourier Transform

~ 1 [t .
= — dt e ot 2.152
o) =5 [ et (2152)
I have used a Fast Fourier Transform (FFT) algorithm. Discretizing time and

frequencies one has
N-1

o= pre Nk (2.153)

k=0

If 4,40 is the support of ¢(t), the minimum frequency of (E(w) is

2
i, = — (2.154)
in order to solve wy,;, we need of
maxtmax
N = Ymaztmaz (2.155)
T

number of points. Since ¢(t) varies on a huge time scale, i. e., ¢4, can be ~ 10,
while the fast processes thermalize in a time of order ~ 1 we need of N ~ 10 to
observe both processes. Therefore, FFT has been done on increasing time windows

with NV ~ 10° defined on a varying time sector 0 < T < 4z



2.3 An introduction to secondary processes 102

2.3 An introduction to secondary processes

Secondary processes|10] in supercooled liquids and glasses are related to compli-
cated local, non- cooperative (or not fully cooperative) dynamics. They occur on
time scales much slower than cage rattling, but much faster than structural relax-
ation. Their existence was first pointed out in the sixties from the experimental
observation of a second peak in dielectric loss spectra at a frequency, vg ~ 1/73,
higher than the frequency v, ~ 1/, of the peak known to represent the structural
a relaxation. This so-called (-peak was recorded in glycerol, propyleneglycol, n-
propane, various polymeric substances and made similar liquids composed of rigid
molecules. Johari and Goldstein eventually conjectured that such processes — now
known as Johari-Goldstein (JG) — originate from the same complicated frustrated
interactions leading to the glass transition [115, 116, 117].

Also in cases where the spectral density of response losses does not show a neat
second peak, secondary processes can be active and produce anomalies at high
frequency. This feature of the susceptibility loss part is called “excess wing” and
was initially observed as a separate phenomenon [118|. Actually, classifications
exist in terms of glass formers displaying excess wings and substances showing
well defined [-peaks [119, 120, 121]. However, more recent investigations provided
evidence supporting the idea that the excess wing is not an indipendent dynamic
process, but rather a manifestation of a JG process [122][123|. That tuning proper
thermodynamic parameters (temperature, pressure, concentration, ...) the latter
can emerge out of the former (or, viceversa, a secondary peak can change into an
excess wing). Cummins [124] e. g., suggests that the relevant parameter may be
the rotation — translation coupling constant which grows as density increases, and
is larger for liquid glass former made of elongated, strongly anisotropic molecules.
Also theoretical attempts have been carried out in this direction as, for instance,
in the framework of Mode Coupling Theory (MCT). The relaxation of reorienta-
tional correlation and rotation-translation coupling in liquids composed of strongly
anisotropic molecules appears to be logarithmic in time [125]. In fig. (2.3) the di-
electric loss spectra of benzophenone for various temperatures is shown. It is
possible to distinguish « relaxation peaks and excess wings.

A comprehensive picture is not yet been established and many questions are
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open. For instance, the dependence on temperature and pressure (or concentra-
tion) of characteristic time scales of JG processes, or the possibility that seconday
processes might hide a certain degree of cooperativeness [126], or the persistence of
3 processes also below the glass transition temperature 7}, [124|. A very interesting
question is whther there is a straightforward connection, and in case which one, be-
tween processes evolving at different time scales. Or, in other terms, whether one
might deduce the long-time behaviour of the « relaxation from the behaviours of
the fast small-amplitude cage dynamics (7 processes) and of the (slower) secondary
processes.

In glasses, and glass-formers, where o and JG (3 peaks can be clearly resolved
in frequency (e.g., 4-polybutadiene, toluene [127] [128] or sorbitol [129]), one can
describe the system in terms of a scenario where two time-scale bifurcations speed
up as temperature is lowered and processes consequently evolve on three “well
separate” time sectors. A multistep relaxation mechanism over three separated
time scales has been numerically simulated in high density gel [130].

The generalization consists in coupling the dynamical variable “spin” (playing,
e.g., the role of a density fluctuation, or a component of molecular orientation)
with other spins in two different ways: as a part of a group of s variables and as a
part of a group of p variables. Variables in each group interact among themselves
through random multi-body interaction of zero mean and mean square strength of
magnitude ~ J; and J,, respectively. As one of these two interaction mechanisms
(e.g., p-body interaction) involves more dynamical variables than the other (e.g.,
s-body interaction), this triggers a mixture of strong and weak cooperativeness
that can be varied by an external control parameter (e.g, J,/Js).

Our aim is to provide a model to interpolate between different resolutions of
secondary processes and support the idea that excess wings and secondary peaks
are both manifestations of “intermediate” (slow, yet thermalized) processes between
cage rattling and structural relaxation. Relying on the results about correlation
functions and spectral densities we can argue on the possible relation between
processes evolving on different time scales and their characteristic times, 7., 73

and 7.
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Figure 2.6: Frequency-dependent dieletric loss of benzophenone (BZP) for various
temperatures [131]

2.4 The leading spin model for secondary processes

The model we will consider is a spherical s + p-spin interaction model:

H= Z Ji(f,)..z'sail O+ Z Ji(f.)..z'pail C O (2.156)
11<...<ts 11<...<ip
where Ji(f.)_‘it (t = s,p) are uncorrelated, zero mean, Gaussian variables of variance
J2t!
SN (2.157)

and o; are N “spherical spins” obeying the constraint
» ol=N. (2.158)

Since every spin interacts very slightly:

1

Ji ~ N(—1)/2

(2.159)
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with every other one, for this system the mean-field approximation is exact. We
will consider the case in which each spin interact with the rest of the system in two
different ways: in small groups (of s elements) and in large group (of p elements). If
p—s is large enough, standard MC'T provides evidence for glass-to-glass transitions
beyond the validity of time translational invariance [132], which is a fundamental
assumption for MCT. The theories developed for quenched disordered systems, al-
low to the computation of the stable solutions corresponding to the glassy phases
below the dynamic transition and the identification of the nature of the processes
going on in each glassy phase. Eventually, it can be shown that the model thermo-
dynamics displays three distinct glass phases below the line of dynamic arrest, one
of which consists of processes thermalized at three completely separate time scales
[108][133]. Starting from these considerations dynamic equations are obtained,
reducing to those of schematic MCT above the mode coupling temperature Tj.
The glass phase with double bifurcation of time scales can be obtained in the
s-p spherical spin model under a certain condition on the values of s and p, namely

for a given s, p that solve the equaltion
(p* +s°+p+s—3ps)?—ps(p—2)(s—2)=0. (2.160)

as it has been shown in Ref. [108]. Some example of “threshold” couples (s,p)
to obtain a double bifurcation are (3,8), (4,11) or (5,16). The larger p — s, the
broader the region of phase diagram where a double bifurcation can be found.
The external thermodynamic parameters are the temperature and the relative
weight of the two interaction terms (big to small) in the Hamiltonian. In unit of
Js: T/ Js and J,/Js. These are related to the usual mode-coupling parameters so

that the memory kernel of the dynamic equation takes the mode-coupling form

K(¢) = 1™+ prpo?! (2.161)
= pBJ2)2 (2.162)
s = s3J/2 (2.163)

We stress that as p — s is large, and s > 2, the theory we are considering yields

qualitatively different results from schematic MCTs with, e.g., s = 2 and p = 3
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[125, 134]. Indeed, in schematic MCT with linear and quadratic terms in the kernel
a clear separation of time scales is unfeasible and the (possible) thermodynamic
glassy phase can only speed up the bifurcation time scales, as discussed in Refs.
[135, 136, 132, 133].

The strong three-level separation we study can, then, be softened and adapted
to less defined structures than the two peaks (e.g., the excess wing), by tuning the
external parameters temperature and J,/Js, or by choosing s,p model instances
with smaller p — s.

The model was initially developed to study the nature of polyamorphism and
amorphous-to-amorphous transitions. On the static front, the analysis can be
carried out within the framework of the RSB theory, leading to the identification
of low temperature glass phases of different kinds [108]. Below the Kauzmann-like
transition line 7°(.J,/Js), the model displays both “one-step” RSB solutions, known
to reproduce all the basic properties of structural glasses [137], and a physically
consistent “two-step” solution [108].

Above the Kauzmann transition line, the thermodynamically stable phase is the
fluid paramagnetic phase, but excited glassy metastable states are present in large
number, growing exponentially with the size N of the system. The configurational
entropy of the system is thus extensive. Because barriers between minima of the
free energy landscape separating local glassy minima grow as some positive power
of N in the mean-field approximation, “metastable” states have actually an infinite
life time in the thermodynamic limit and ergodicity breaking occurs as soon as an
extensive configurational entropy appears. The highest temperature at which this
happens is known as dynamic [88|, arrest [137] or Mode Coupling [89] temperature.
We shall denote it by T;. As the temperature is lowered down to T, the spin-spin
time correlation function (analog to the correlation between density fluctuations)
develops a plateau that, eventually, extends to infinite time as T = T}, signaling
the ergodicity breaking.

In Fig. 2.7 we display the (T'/Js, J,/Js) phase diagram for s = 3 and p = 16.
We will use this specific case throughout this thesis, for which strong discrimination
of the secondary processes is easily realizable in a relative wide region of the phase
diagram. The dynamic and thermodynamic properties of such an instance below

the dynamic transition are discussed in Ref. [138].



2.4 The leading spin model for secondary processes 107

0.7 T T T T
viscous liquid
0.65 r /B
l viscous liquid dynamic l
006 1 Kauzmann
2 —
= "/ 1RSB glass
0.55  1RSBglass -~ 1
05t i ]
2RSB glass . .
0.8 0.9 1 1.1 1.2 1.3
Jie/s

Figure 2.7: Phase diagram of the s = 3, p = 16 spherical spin model. Dynanical
transition lines are dashed, while thermodynamical transition lines beneath are
full. 1RSB; stays for a glass with a single time scale bifurcation with relatively
low nonergodicity factor for the time correlation function. 1RSB;; glass stays for
a glass with a single time scale bifurcation with higher nonergodicity factor. The
2RSB displays two bifurcations and two possible correlation values in the arrested
state.

Since the dynamic counterpart of a RSB is known to be a time scale bifur-
cation [112, 139|, Eq. (2.156) provides a leading model to probe the behaviour
of characteristic time scales in presence of secondary processes and the different
mechanisms in which they can arise starting from high temperature and cooling

down the system.
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2.4.1 Dynamics

The relaxational dynamics of the system is described by the Langevin equation

Fola%p - —%{é)}]ntnk(t) (2.164)

()0 (t)) = 2kpTTy 0k, (t — ')

where 7, is the thermal white noise and I'y! is the microscopic time scale. Using a
Martin-Siggia-Rose path-integral formalism one can reduce the equations of motion
to a single variable (o(t)) formulation [109, 110]. The fundamental observables to
study the onset of a slowing down of the dynamics are the time correlation between
the spin variable at time ¢’ and time ¢t > ¢’ and the response function to a small

perturbative field h. For our system, they are defined as

ct,t) = oi)od) (2.165)
Gt,t) = ggz(gi; t>t (2.166)

where the overbar denotes average over quenched disorder, whereas brackets stay
for average over different trajectories (thermal average). For temperature above
Ty the time translational invariance (TTT) holds and the response and correlation

functions are related by the Fluctuation - Dissipation Theorem (FDT):
Git—t)=0(t—t)o.C(t—1) (2.167)

The dynamical equation of the correlation function takes the form

t /
Fglw + 7C(t) +/ dt'A[C(t — t')] 9Ctt) =7—1 (2.168)
ot 0 ot!
with initial condition C'(0) = 1, and
r=r— A[C(0)] (2.169)

The parameter 7 is the “bare mass” [140], that for the spherical model is related to

the Lagrange multiplier used to enforce the spherical constraint [88]. The value of
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Figure 2.8: Correlation function vs. time on log scale at fixed temperature for the
s = 3-spin model (J, = 0).

7 depends on the temperature, and J,,; however, in the high temperature phase
it equals 1, so that the r.h.s. of (2.168) vanishes.
The function A(t) = A[C(t)] is the memory kernel. In the specific case of our

model, it has the functional form

A(q) = psq® " + ppg ™ (2.170)

(compare with eq. (2.161)). In fact, the evolution of the correlation function is
described by a dynamical equation equivalent to that of schematic mode-coupling
theories, in which second time derivative term in MC equations is replaced by the
first [141, 89].

For Jg = 0 the usual spherical p-spin model [88] is recovered. In this model,
above T, the correlation function has the shape plotted in Fig. 2.8, with one
plateau developing for a long time.

Cooling down the system and increasing J; along certain paths in the phase
diagram approaching the tricritical point, the time-correlation function develops

two plateaus at different correlation values, cf. Figs. 2.9, 2.10 and 2.11.
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Figure 2.9: Correlation function vs. time on log scale at fixed T'/J; = 0.61245
with s = 3 and p = 16 increasing Jig from zero to Ji/J3 = 1.145 such that
Ta(J16/J5) = 0.61245.

As mentioned above we will denote by « the fastest relaxation (also referred
to as Orst [142]), by [ the secondary Johari-Goldstein relaxation (5,¢) and by
a the structural relaxation. In Fig. 2.10 we display the behaviour of C(¢) when
approaching the tricritical point from high temperature along a 7'(.J,) line normal
to the dynamic transition line with the 1RSB;; glass. Changing path, cf. Fig.
2.11 the qualitative behaviour is the same (though quantitative differences may be
sizeable). A first plateau, ¢;, occurs for t 2 ¢, and a second one, g < ¢, on the
characteristic time-scale at which the secondary relaxation occurs (t 2 tz). We
now study the behaviour in T of characteristic relaxation times for processes on
different time scales and their functional interrelation.

Near each plateau g, the dynamical equation (2.168) predicts a power law
behaviour of C(t):

C(t) — qu ~ t7", (2.171)
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Figure 2.10: Correlation function vs. time on log scale in a cooling procedure in
the 7'/ Js, J,/ Js phase diagram with s = 3 and p = 16 along a path normal to the
right hand side fluid/glass dynamic transition line, ending at the tricritical point
(0.61234,1.1446).

for C(t) Z qx, and the von Schweidler law:
C(t) — qo ~ —t" (2.172)

for C(t) < q.. We can now expand the dynamical equation (2.168) about the

plateaus in powers of
o(t) =C(t) — gw (2.173)

with ¢ < 1. To this aim, a suitable rescaled time 7 = t/t,, is introduced, where

t, diverges at the critical point, and a relative rescaling function g, (7), such that
o(t) ~ gx(7)\/T(q) — 7, cf. next section. Eventually the scaling equation

(-mgin+ [l =) =) 2 =0 @any

is obtained. The parameter my, also called “exponent parameter” A in MCT, is
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Figure 2.11: Correlation function vs. time on log scale in a cooling procedure in the
T/Js,Jp/Js phase diagram with s = 3 and p = 16 along the constant Ji5 = 0.1446
line, i.e. path normal to the left hand side fluid/glass dynamic transition line
ending at the tricritical point.

given exactly by

i = %A’%qﬁ) (2.175)

where the plateau correlations ¢; are obtained from the self-consistency equations
for the asymptotic dynamic solution for the 2RSB glass [138]. Inserting the expres-
sions (2.171)-(2.172) of gx(t) into Eq. (2.174) one obtains the following relation:

(1 - a,)
Ty = = 1/2 2.1
Ty T 2a,) 0<a,<1/ (2.176)
and 214
= L 1), 0<b, <1 (2.177)

TP 1 20,
The analysis of the exponents for the two plateaus as the tricritical point is ap-
proached along the path normal to the high J;4 dynamic transition line is reported
in Table 2.1. The approach to the tricritical point is not unique and the estimate

of the exponents is usually very sensitive in the MCT. This can possible because
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Table 2.1: Mode-coupling theory exponents of power-law relaxation to and from
high and low plateau in correlation.

‘ ay bl my ‘ aq (th) bl (th) my (th) ‘
| 0.38(1) 0.89(1) 0.54(1) | 0.38797 0.95045 0.5252 |
’ a9 b2 Mo ‘ a9 (th) b2 (th) y) (th) ‘

| 0.302(3) 0.55(1) 0.754 (6) | 0.30441 0.55738  0.7505 |

for the mismatch between numerically interpolated and theoretically evalutated
exponents, (cf., eq. (2.175)).
Moving to the frequency domain, the susceptibility loss, related to the spectral

densities by the Fluctuation-Dissipation Theorem, since TTI holds one has
1
G(t) = —?8,50@) (2.178)
performing the Fourier Transform of G(t) reads
Gw) =1+ wC(w) = X' (w) + ix"(w). (2.179)
The loss spectra x” is related to the spectrum of C(t) through

X' (w) = %S(w) (2.180)
near the tricritical point displays two peaks, analogously to the dielectric loss in
materials for which JG processes have been detected, cf., e.g., [129, 127, 128, 143|.

The development of the secondary peak is plotted in figs. (2.12,2.4.1,2.4.1,2.15)
as the tricritical point is approached in the 7', J, diagram. For small contribution
from the p interaction only the « peak is visible near the transition of dynamic
arrest. As the p-body interaction increases in strength and the tricritical point is

approached a secondary (3 peak arises.



2.5 Relation between relaxation times 114

T=.61245=.0001+T4(J=0)

l0g4gx " (V)

logyqvla.u.]

Figure 2.12: Susceptibility loss in frequency w at constant temperature T =
0.0001 + T4(J16 = 0) and different values of Jy5/.J3.
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Figure 2.13: Susceptibility loss in frequency (right panel) and corresponding cor-
relation function (left panel) at different temperatures and J = 0 (p-spin model).

2.5 Relation between relaxation times

From the characteristic decorrelation times each for well separated-plateau we can
investigate the possibility of a functional relationship among them. In Ngai’s
Coupling Model [143, 144], the evidence of a deep relation between secondary and

structural processes is connected, e. g., to a strong stretch in the exponential
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Figure 2.14: Susceptibility loss in frequency (right panel) and corresponding cor-
relation function (left panel) at different temperatures and J = 1.01.
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Figure 2.15: Susceptibility loss in frequency (right panel) and corresponding corre-
lation function (left panel) at different temperatures varying J near the tricritical
point.

relaxation to equilibrium in supercooled liquids [145][146]

Crewmw () = exp | — (;) o (2.181)

by the law
To = [t 0<n <1, (2.182)

with ¢. the time at which fast Maxwell-Debye exponential relaxation matches
KWW relaxation. The larger is n, the stronger the peak at high frequency (short

times) is pronounced. When 7 is small no peak related to secondary processes may
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Figure 2.16: Relation between the characteristic relaxation times of the fast (v),
Johari-Goldstein () and fully cooperative («) processes.

be seen.

In our model, the structural relaxation to equilibrium turns out to be purely
exponential also very near to the dynamic transition temperature. However, the
relaxation at time scales larger than 73 (decay from the highest plateau) does
exhibit a non exponential behaviour containing, on top of the final fully cooperative
relaxation at 7,, also the relaxation to the lowest plateau (where 3 processes are
thermalized and « are completely stuck) and the decay from it, that follows the von
Schweidler law, cf. eq. (2.172)%. In this respect, the stretched exponential might
still be recovered and considered as an uneducated guess for the actual multi-time-
scale dynamics. An alternative estimate of n would then support that conjecture.
As a matter of fact, the relation between fast, secondary and structural processes

appears to follow qualitatively Ngai’s law, eq. (2.182) in a general form:

log 7, = Bolog 75 + Yo log 7, (2.183)

3In MCT, it is, actually, common that stretched exponential relaxation only occurs at high
wave numbers. In our model we do not implement the wave-number dependence, since we operate
in the long distance limit.
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Figure 2.17: Behaviour of 7,, 73 and 7, vs T' — Ta(lgc) along the phase diagram path
normal to the fluid/1RSB;; dynamical transition line approaching the tricritical
point.

In Fig. 2.16 we plot the inter-dependence of the relaxation times of separated
processes and the dependence on log 7, on log 73 and log 7., turns out to lie on a
plane (with log 7, almost constant ), confirming Eq. (2.183).

In our description the time scales over which one kind of process is active are
well defined by characteristic times of relaxation to the plateaus. Cage rattling
dynamics is thermalized already at the higher plateau of the correlation function
and its equilibration time 7., does not depend on the distance from the dynamical
critical point, (cf. Fig. 2.17).

Slower JG processes of intermolecular origin [115][147] take place when struc-
tural relaxation is completely stuck and are strongly correlated off equilibrium for
a time such that C(t) ~ ¢o. Their characteristic time grows several order of mag-
nitude, yet remaining several order of magnitudes smaller than 7,, cf., Fig. 2.17.
After that, they relax to equilibrium on the characteristic time 73 and the total
correlation decreases to a second plateau ¢; where the longest processes, the coop-

erative a processes, remain off equilibrium until C'(t) ~ ¢;. Eventually, structural
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relaxation goes towards equilibrium, on the characteristic time scale 7.

2.6 Dynamic scaling equation near plateaus

When we have discussed MCT equations, we have defined the MCT exponents,
denoted a,b, which characterize the power law of ¢(t) near the plateau. In par-
ticular, it is possible to write a relation between the two exponents. This relation
can be generalized for a system which displays several plateaus.

Let us define the function 7(q) as

i 1
ra) = ;— — A (2.184)
—4q
where A is defined in eq. (2.170), related to the solution ¢ = lim;_, C'(t) of (2.168)
through

(q)=T7. (2.185)

The solution to the above equation corresponds to a minimum of 7(¢) (#(¢) = 0).
Derivatives of 7(q) take the form
d™7(q) m! d™A(q)

= - . 2.186
dg™ (I—g)mt dgm (2.186)

The phase diagram of the dynamical transition can be study through 7(q). At the

transition line the following relations hold

dr(q) d*r(q)
= =0 2.187
dq qt dq2 qt ( )
while at the tricritial point it is
. dr(q) d*r(q)
r pr— = p— . 21
T(qt ) dq qtr dq2 qtr 0 ( 88)

The function 7(q) —introduced by Crisanti-Horner-Sommers [88]— is the dynam-
ical counterpart of Franz-Parisi potential [148] (FPP). FPP is a function of the

overlap ¢ and develops a minimum near the glassy transition. In fig. (2.6) the
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Figure 2.18: Near the tricritical point the function 7(q) develops two minima at
the values of ¢ where C(t) develops the plateau. The function 7(¢q), introduced by
Crisanti-Horner-Sommers [88] in order to study the dynamics of the p—spin, plays
the same role of the Franz-Parisi potential [148] in the statics.

behaviour of 7(¢q) near the tricritical point (for s = 3 and p = 16) is shown. As we
can see 7(q) develops two minima at the values ¢;, where i = 1,2, corresponding
to the values of the plateaus of C(t).

Writing C'(t) = g + ¢(t) we can expand A[C(t)] near g, for small ¢:

o Am)
AMg+0)=) A7) g (2.189)

|
0 m:

where

(2.190)
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We can, thus, rewrite the integral in eq. (2.168) in the form:

[ aeaict - oo = -0 - 9rw (2.191)
«3 [ - a0 e
+ i A:l(!” In(t),
(0= [t 60— ) = 6] 0l0), (2192)

where I,,,(t) = O(¢™ 1 (¢)).
Expanding equation (2.168) in powers of ¢(t) and using eq. (2.191), after some

algebra we obtain

L5 o) + [F+ Ag) — (1 — AV ()] 6(t)
o m—1) (m)
I e e L P
. Am)
A m!(q>fm(t) = (1—q)[F+A()] - 1. (2.193)

From (2.186), by defining ~,, and §,, as follows:

1

Vi = i q)_mfZ (2.194)
1—q)?d™
5m = ( m!)dq_m[r(Q>_r]7
we can write Al )( )
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Substituting Eq. (2.195) into Eq. (2.193), we find

50000 + jq)g 2 [Oner (1= )] "0
q _1q)3 2 e — O] I () = — a f°q>2 . (2.196)
This, at the order ¢?, becomes
I5900(0) + o5 [0 + (1= )] (1) (2.107)
ol (- 0nl %)
o = B0B(0) +o(0") = s
If 7(q) develops a local minimum we have
#(q) =6, =0 (2.198)

near the minimum 7(q) — 7 < 1. Consequently we define the small quantity

c=0=0-q)?"F(q -7 < 1. (2.199)
Defining the quantity
— (1 — q>3 "
we can than write
0o =1—"1m, (2.201)

and rewrite Eq. (2.197) as follows:

3 0(t) (2.202)

+

(1—q)?



2.7 Conclusions 122

When o — 0 the solution of Eq. (2.202) has the form
o(t) = a'Pg(r), T=1t/t, =o(1), (2.203)

where g(7) is the solution of the scaling equation:

(1 —m)g () + / " [g(r = 7) = g(r)] Drg(r') = —1.

If the dynamical equation develops a solution with two plateaus at the values
¢, (with k = 1,2), we can fix two rescaled time scales 7,, where t/t, = o(1) and
than generalize Eq. (2.204) to Eq. (2.174)

(1 - m_n)gi(t) + /OT dr' [gli(TH - T/) - gK(TK)] aT’g:‘i(T/) =—1L

2.7 Conclusions

Glassy behaviour is a peculiar multi-scale problem. It is due to a bifurcation of
the characteristic time scales of the dynamics. In this chapter we have suggested
a model which can describe the emerging of secondary processes in glasses and
glass formers. The model discussed is a generalization of the p-spin model with
quenched disorder that reproduces some general features of structural glasses and
has a dynamics leading to the MCT equation in the so-called Schematic Theory.
I have studied in particular the equilibrium dynamics, solving numericcally the
MCT-ST equation in regions of the phase diagram where we know that there is a
dynamics evolving over three well separated time scales. Finally, I have generalized
the relations between the MCT exponents for models which shows a multistep

relaxation behaviour.



Chapter 3

Molecular Dynamics and

Continuum Mechanics

In this chapter we will study the coupling between continuum and atomistic me-
chanics. The Andersen-Parrinello-Rahman method [14, 15, 16] is based on an
extended Lagrangian allowing the MD cell to change both volume and shape dur-
ing the simulation, its dynamics being governed by an externally applied stress,
as well as by the internal particle dynamics. The APR method is well established
and widely used [149]. However, some foundational issues remained unexplored
until recently, since the Lagrangian introduced by Andersen [14] and generalized
by Parrinello and Rahman [15, 16] has always been considered just as an expe-
dient trick for generating the desired particle statistics. We assume a different
standpoint: to us, APR-like Lagrangians embody the coupling between atomistic
and continuum degrees of freedom. So, we are interested in the dynamics of the
deforming computational cell per se, wishing to identify it with the body element
of a Cauchy continuum. On this basis, we plan to construct atomistically informed
approximations to a continuum by means of an array of interacting APR-like cells
[150].

Continuum mechanics provides a set of partial differential equations governing
the evolution of physical observables. Such observables are densities of, e. g.,
momentum, energy, mass, represented by macroscopic fields of different nature

(i. e., scalar, vectorial or tensorial fields) evolving over a time and space scales

123
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much larger than the microscopic scales. From the macroscopic point of view,
determing the evolution of the system requires boundary and initial conditions, and
constitutive relations. Moreover, in a mechanical system, a constitutive relation
is a relation between the stress tensor (e. g., the pressure) and the deformation
(e. g., change in the volume) of the material. Constitutive relations encode the
mechanical properties of the medium (e. g., the response of a system to an external
perturbation). Within continuum mechanics, constitutive relations have to be
given phenomenologically. We can expect that a constitutive relation for a given
material can be computed by a microscopic theory.

This chapter aims to build a multiscale algorithm which allows information to
be exchanged between the microscopic time scales, governed by the atomistic me-
chanics (i. e., molecular dynamics in a numerical simulation) and the macroscopic
time scale appropriate to continuum mechanics.

From the microscopic point of view, in order to obtain a constitutive relation
we have to simulate the behaviour of a system at constant values of pressure,
temperature and number of particles (i. e., in the (P, 7T, N) ensemble).

It is well known from the statistical mechanics that, when a thermodynamical
variable is fixed, the conjugate variable fluctuates (e. g., in order to fix temperature
energy fluctuations are to be allowed). Therefore, to fix the external pressure (or
deformation), we have to allow to the system to change its volume (or the internal
pressure), in order to reach equilibrium with the external environment. This can
be done through the APR method.

In the following sections, after an introduction to the statistical ensemble in
molecular dynamics, we will discuss the properties of the Nosé-Hoover, Andersen
and Parrinello-Rahman algorithm and the representation of stress in molecular
dynamics. Finally, we introduce a new method to couple continuum mechanics

and molecular dynamics.

3.1 Statistical ensembles

In order to study through numerical simulations the dynamical and thermodynam-
ical properties of a particle system, the simplest numerical experiment is the inte-

gration of Newton’s equation [151, 99]. Since all the observables will be functions
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defined over the phase space, the thermodynamical (i. e., macroscopic) observ-
ables will be averaged over the measure time 7 much larger than the characteristic

microscopic times

O = lim ~ [ at0(p(t).a(t). 3.

If the system is in an ergodic phase (i.e., a phase where it is reasonable to assume
that the ergodic hypothesis holds), the equilibrium properties do not depend on

the initial conditions

O(ty) = O (3.2)
and averaging O over time is equivalent to averaging it over the phase space with

a suitable distribution function P[I’]
6:@»:/@Pmmﬂ:/mw) (3.3)

where dI' is shorthand for [], %, where I' = (p;, ¢;). For a Hamiltonian sys-
tem, the natural ensemble to average the observables is the microcanonical one:
Picro[l'] is an uniform distribution concentrated on a 3N — 1 hypersurface in the
phase space (i.e., the surface corresponding to the fixed energy of the system).
Therefore, a microcanonical measure over the system is a measure carried out at
fixed values of (E,V, N).

From statistical mechanics, it is known that the distribution function for a
system at thermal equilibrium with a fixed value of particles NV in a volume V| is

the canonical distribution, (i.e., the partition function defined by 1 = [ dI’ P, [I)

—BH
Z

e

Pccm [F} =

(3.4)

where Z is the mass of the distribution. In the Thermodynamic Limit (TL) (i.e.,

N,V — oo with fixed v = %), the free energy per particle is

N,V —o00

F(B,v) = lim {—% log Z] (3.5)

Therefore, the integration of the equations of motion allows us to study an

isolated system in which energy, volume and number of particles are fixed. In order
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to study the molecular dynamics of a system at fixed temperature something has
to be changed.
To introduce a thermostat in a MD simulation Nosé and Hoover [152, 153]

suggested the following Lagrangian

L(q,q,s,$) qul 57 — —Qs —o(q) — %logs (3.6)

where s is a slow variable which describes the coupling between the system and

the thermostat. From the Lagrangian we obtain the Hamiltonian

pl ps g
HNH(p7 q, Svps) = 2m82 + -5 QQ + ¢(q> + B 10g8 . (37)

It is easy to prove that the equation of motions deriving from eq. (3.7) leads to a
canonical measure in the phase space in the rescaling variables p} = p;/s [151].

Let us compute the microcanonical measure of (3.7)

dpldqldpsds
Zoiero(E,N,V, 3) = / H v 0 (M — ) (3.8)

In terms of the variable pi, defining H’ as

p{’
= Z % + ¢(q) (3.9)
we obtain
dp;jdq;dpsds BN , L9
E. N, ) logs—E) . (3.1
Zono8,00V,9) = [ TTPRRGTT 50 (74 3+ oss (3.10)

Using the property of the delta function

o) = ) (3.11)

f(zo) = 0
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and integrating over s, it follows that

BE(3N+1)

Zomicro(E,N,V,8) = e—g/dpse_ﬁszvjlgé/Hdpgdqie_ﬁszvgﬂﬁ’ —

9

— const / ) (3.12)

where the last term in eq. (3.12) is obtained by choosing ¢ = 3N + 1 and dIV =
IL %. In conclusion, the microcanonical measure (i. e., a numerical integration
of the equations of motion) with the Nosé-Hoover Hamiltonian is equivalent to the
canonical measure with the Hamiltonian H’.

From the point of view of MD, a thermostat is an object that rescales the mo-
menta of the system in order to allow energy fluctuations. In NH, the temperature
is fixed by an adjoint slow degree of freedom: the parameter s with the coniugate
momentum p,. This addition allows energy to fluctuate and preserves the volume
of the phase space, according to Liouville Theorem [154]|. Therefore, the resulting
algorithm is time-reversible and the dynamics is well defined. The main effects of
NH thermostat is a rescaling of the momenta of particles. In general, in order to
obtain a correct value of the temperature, we can rescale the momenta without
introducing a NH thermostat, but the algorithm obtained is not time-reversible
and so the Liouville Theorem does not hold. In fig. (3.1) the thermalization of a
system of N = 108 in a simulation box of side L = 5 interacting via Lennard-Jones
potential at T = 11.1 (fluid) is shown. From a Lagrangian point of view, it is
hard to obtain the expression (3.6) from first principle. Moreover, we can build a
simple toy model which leads to a Hamiltonian quite similar to (3.7) based on the
rescaling of the momenta.

Firstly we note that, in order to thermalize a system, we have to put it in contact
with a thermal bath. In the NH the thermal bath is represented by the slow degree
of freedom s. The program is the following: starting from a general Hamiltonian
we want to integrate over some microsopic degrees of freedom in order to obtain
an effective Hamiltonian. The idea is that the integration, after a suitable choice
of the interaction, generates an effective potential that thermalizes the system.
Following the two-temperature formalism developed to study structural glasses

[84], we can define a Hamiltonian that depends on slow (¢) and fast (¢)) degrees
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Figure 3.1: Energy and kinetic energy distribution in a Lennard-Jones fluid, T' =
1.1, N =108, L = 5

of freedom

H(g, ¥] = Ho[¢] + Hi[Y] + Hine[$, 9] - (3.13)

We can than define a partition function that depends on the slow variables ¢
Z46] = / dp e~ FHB] _ o~BHole) / i e~ P~ BHuns 0] (3.14)

From this partition function, we can also define an effective Hamiltonian

1
g

We note that, if H;,; = 0, the effective Hamiltonian is

Heg|¢] = —— log Zs[¢] . (3.15)

Herld] = Hold] — %mg 28 = Hold] + £4(6). (3.16)
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Using Heg to write the equation of motion for the variables ¢, e. g., choosing

¢ = (p,q), the effective Hamiltonia reads

1

5 log Z3[p,q], (3.17)

Heg[p, q] =

since the free energy f¥(f3) is indipendent of (p, q), we obtain the same dynamics
of the Hamiltonian H(p, q, ).

Now we can try to study the evolution of Heg[p, q] through the Hamilton equa-
tions. From statistical mechanics, we are able to compute the partition function
only for few systems. Whereas, using the mean field (MF) approximation, we can
to compute the partition function of many models. Starting from the following

Hamiltonian

Hlp,q,v] = Holp,d] + ¢2(p,q,7), (3.18)
2
Z ;);n +¢1(q),

i

Holp, d]

we can write an effective Hamiltonian that contains an effective interaction between

the variables left by the integration over ¢

i2 1 _ 1
Healp.a] = Y 2+ pu(a) - 3 log/Dwe Peapa) — Hy[p,q] — Geen(p-a).

— 2m
l (3.19)
The equations of motion are
&G = % — %—Weggj’ a) (3.20)
b = (890(%) B lasoeff(p,q)>
Z 9q; B 0Oq

choosing a mean-field interaction between fast and slow variables it is

<P2<p7q7¢) = QOMF(pa% w) ) (321>
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and one gets

av) ~ _V9(Wsp,P,q)

_l —BeomF
Blog/Dz/Je 3 (3.22)
pep s P gy g

oY gp

where we can change ~ with = at the thermodynamic limit (i. e., we think to
work in a system with a finite number of particles but large enough to allow for a

saddle-point approximation). The effective Hamiltonian reads as

Ng(d}SPa p, q)

ﬁ (3.23)

Heff[pa q] - HO [pa q] +

with the following equations of motion

: OHolp,q] | ONg(Ysp,p,d) , ONg(¥sp, p,q) O

i = 24
’ om 9P i dpp op; (3:24)
p, - (aHO[p7q] +8N9(¢Sp,p,Q) _'_aNg(IDSPaPaCI) 81/)) .

dq; 9pq; e Iq;

Which, using eq. (3.22) may be rewritten as

G4 = 3Ho[p,q]+8Ng(wsp,p,Q)

Z op; 06p;
B <0Ho[p,<ﬂ N 3Ng(wsp,p,q)>
dq; dpq; '

(3.25)

pi =

Integrating a set of variables with the Boltzmann measure is the first step to study
the static properties of such set of variables. Indeed, through the partition function
we study the properties of the variables at equilibium with a thermal bath at the
inverse temperature 3 (i. e., through integration, variables 1) thermalizes). If the
thermalized variables have an interaction (weak or strong) with other variables,
the second one will be subjected to the effect of the thermal bath. In particular,
we can think that the dynamics of eq. (3.22) is an equilibrium dynamics at fixed
temperature.

Therefore, we can try to write a Hamiltonian with generalized momenta and

coordinate which interact with a set of fast variables. The nature of the fast
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variables is not important, since we expect that the thermalization of a system
is indipendent of the nature of the thermostat. In order to make the calculation
simple, we choose a fluid interacting weakly through a long-range potential with a

bath of soft and spherical spins. The Hamiltonian of the system is

Hlp,q,s] =

2m pi + ¢(q) (3.26)

Zsf = 3N

where we have chosen an interaction between spins and momenta. The partition

function is

oo N ol 3N
Zifp.a] = P Bt >/ Hds?5<zsz_3N) PATIL 597 =
- 7,00 k
— PEE x (p) (3.27)

Xs(p)

+oo 3N ix
/ [dseo (Z(s?)Q -3 N> PATEN st

from which the effective Hamiltonian follows

pl 1
Hesslp.q] = — Blog Xs5(p) (3.28)

The delta distribution that encodes the spherical constraint, can be expressed

through an auxiliary Lagrange multiplier A\, M = 3N

oo Mg al
Xﬁ(p):/ [Ldse s expq —AD (500 + MA+ A siw b (329)

7,0 i,Q

After a Gaussian integration, one gets

0 dA —Mg(p,\)

Xs(p) = 57 ¢ 7 (3.30)
2A2 1

9(p,A) = 6 log A .

4M.>\ 2

)
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For reasons that will be clear later we define the funcion

fp) =~ 3B
M — 2m

(3.31)

where p is a shorthand for (|p;|)¥;. Solving the integral with the saddle-point

method we obtain a self-consistency equation for A

1 2A%2m
Asp @ Aip — AP — g 5—€=0. (3.32)

Finally, we obtain an effective Hamiltonian by choosing A\{, = A(p)

Hea[p, @, Ap)] = )

(2

2 2
Pi mpBA 3NA 3N
5 (1 X ) + ¢(q) 3 + 25 logA.  (3.33)

Since a self-consistency relation for A holds, the equations of motion will be

. i A?

qizfiﬁ—mg ) (3.34)
. 0Op(a)

b= g

where the coupling costant A is a free parameter of the model. We can fix
A self-consistently by imposing the equipartition for a perfect monoatomic gas.

Equipartition reads

From this, it follows that
mBA?
1— =+1. .
o\ (3.36)

The case +1 is trivial, since thus A = 0. Choosing —1, the solution is

6
A=+, /m—ﬁ (3.37)

we note that A is in the right units, being 1/[mass|/[energy] = [momentum]'.
Moreover the thermalization is indipendent of the type of interaction, i. e., attrac-

tive or repulsive.
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Figure 3.2: Perfect Gas and Lennard-Jones fluid simulated through algorithm (3.1),
N =108, T=11.1 and L = 5.

[ have numerically simulated the dynamics generated by eq. (3.1) in a gas and
Lennard-Jones fluid (see fig. (3.2)). Choosing A according to eq. (3.1) we have the
right thermalization. On the other hand we need to fine-tuning A to thermalize

the Lennard-Jones fluid. In fig. (3.3) a comparison with NH is shown.

3.1.1 Liouvillians in MD

In the previous chapter we have used the Liouvillian formulation to write the MC

equations. Now, starting from the well known expression for the evolution of an



3.1 Statistical ensembles 134

10000 [
1000 |
0.08 T T - NI T
ose +
100 | 0.07 |- Kot spn ok ] .
oosf k[ :
w 0.05 | ¥ :¥ A .
(o X 1 X A
i < o004} KA & -
X \
10 0.03 - g f X + - ]
Xyoox o+
0.02 Iy 1y \ .
%ﬂ’ B \‘JH
0.01 o % J .
0 M 1 Xt ! Vb\r*#—## ~
1 1200 1400 1600 1800 2000 2200 2400 ]
K
01 1 1 1 1
0 200 400 600 800 1000

t

Figure 3.3: Comparison between NH and algorithm (3.1) in a Lennard-Jones fluid,
N =108, T=11.1 and L = 5.

observable (9,O(t) = 0)
%(p(t), q(t)) = Z (g—ozpl + ?9_2%) (3.38)

1L

Il
N
EC
S|
+
=
)
N

o) = *0(0),

in order to build an algorithm to integrate the equation of motion, we will give eq.
(3.38) less formally.
Starting from the Hamilton equations
OH(p,q) . OH(p, q)

=ty TR 3.39
g 9, p : (3.39)
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with no loss in generality, we study the case of only two degrees of freedom

2

p
= — A4
H(p,q) = 5 -+ (q) (3.40)
defining the generalized force f, = _g_f;) we can write the Liouvillian as
. p 0 0
= —— —=A+B. A1
il m8q+fq8p + (3.41)
Choosing
p 0
A = 22 3.42
m 8g (3.42)
0
B = f,—
fq ap 9

[A,B] = ———— — < — | (3.43)
Since [A, B] # 0, we can not factorize the exponential of the Liouvillian:
eATB LA el (3.44)
However, through the Trotter Formula [155] we can write the follows identity
WD — Nim (e% e%e%)n : (3.45)
Introducing At = £ and using eq. (3.45) [156, 157], one gets
eATBIAL _ o #5¢ (BAL A5t | o(At?). (3.46)

Eq. (3.46) suggests a scheme to integrate numerically the equations of motion. We

recall a remarkable property of the Liouvillian formulation: since the evolution is
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expressed by unitary operator U(t),

U(t) = ewt—z(iﬁ)n (3.47)

U(—t) = e =U@®)"
vt = v)u@e) =1

the evolution is time-reversal invariant and preserves the phase space volume. In-

deed, the algorithm (3.46), which involves an error of order At3, is time-reversible
<e% eBAt e%> (e% eBAt eA2At>T =1. (3.48)

The operators that appear in the dynamics are of the type ad, or z0,, where a is
a constant while x is a generalized coordinate. These operators act on a general

function f(x) defined over the phase space as follows:

e f(r) = f(z+a) (3.49)
flz) = flae).

Relations (3.49) can be easily computed from the following representation of the

exponential operator

e =" (69.)" (3.50)

n!
n

The action of (3.50) over a function f(z) = >, o;2" reads

P f(2) = (Z %) <Z aizi> = f(z+a). (3.51)

n

From eq. (3.51), taking z = ax we obtain the first relation (3.49); choosing z =
log x we obtain the second one.

If the dynamics is generated by the Hamiltonian (3.40), the action of operator
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A and B on a general observable O(p, q) reads
2 9 At _ P
e 0(p,q) = Op.q+ At (3.52)
o
1M O0(p,q) = Op+ foAt,q)

For f(p,q)=(p,q) and A = fqa% ,B = %8% we obtain the Velocity-Verlet algorithm|[158,
151]

AAtL AAtL A A
o g = (e {0+ GO} S Lar) s

Nosé-Hoover dynamics: Liouvillian formulation

Via the Liouvillian formulation of the dynamics, we can easily build a class of
numerical alghoritms which preserve the volume of the phase space during the
simulation. We can apply such procedure to integrate the Nose-Hoover equations.

We start from the Hamiltonian (3.7). Performing the change of variables

¢ = logs (3.54)
pi = p;= Pie25
qQ = Ty,

the Hamiltonian reads

p; E: (3.55)

Hyulp, 1,8 pel = Z +o(r

2@5
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and we can write the Liouvillian operator as

iL = Op+Op, + Op, +O¢ + Oy, (3.56)
_ P
O, = Z 0,
0¢(r)
OPI = - i 81'7; api
OPQ = - Z Qépiapi = = Z 2%1)1‘
Of = C’@ps
0 Peo
P  — 5 3
2
_ Pi 9
C Z i

According to the Trotter formula (3.45), we can choose the following split

. At At At At At At At At
eEAt o ePre e e Oni S O T OB O 5 (Ori s 0% oOres (3.57)

In order to obtain a numerical algorithm many other choices can be done, such as

e~ UAYT (3.58)
At At At At At At At
U = %7 et OnT 0% O T oOrea O
At At At At At At At
UT = T Oret ¢On T 005 O T Oret O T |

In order to check the code used to perform the MD simulations, we have imple-
mented both algorithms (3.57) and (3.58). The results are reported in Fig. ().
As can be seen, the kinetic energy obtained from different algorithms fluctuates

around the same average value.

3.2 Strain and stress

In the previous chapter we have introduced the notion of stress and strain in order

to study a link between the charcteristic time-scales and the response of a material
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to deformation.

Now we adopt the standard notation in continuum mechanics [159]. Imagine to
have a body, thought of as a continuum, deformed with respect to a given reference
configuration. We will denote with F the deformation. For instance, giving a body
B defined in a regular region of Euclidean space &£, denoting with X € B a point
of the body. We can define a deformed configuration through a map ¢ : B — & (¢

is assumed to be a diffeomorphism between its domain B and its image ¢(B))
x = ¢(X) (3.59)
where x is a general point of the deformed body. The deformation is defined as
F=Vx¢ (3.60)

If a system of forces f acts on the body, introducing the Cauchy stress tensor o,

the equation of motion (i. e., equation of the balance for the forces) reads
V.o+f=pv (3.61)

where v = X is the velocity. In order to extend the discussion to thermo-
mechanical systems, we introduce the temperature 7' considering the themody-
namic equilibrium. Relation between the deformation F and the Cauchy stress
tensor o reads

o(T,F) = ﬁ(va) 5 D (3.62)
FT being for the transpose of F and - the inner product. We have called 1) the
free energy to distinguish it to the forces. The Cauchy stress is measured in the
deformed configuration, we can also define another stress tensor called Piola stress

S wich is measured in a reference configuration Fy
S =detFoF 7. (3.63)

A microscopical representation of the Cauchy stress can be found as follows|160].

Since a deformation can change the metric properties of the space where the body
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is defined, we adopt the following notation

pi = pi’ -pi = piCpi (3.64)

C = F'F

where C' is the metric tensor and vector p;? is the transpose of vector p;. If we

have the following Hamiltonian of a particle system
p.T . p.
Hp.al = 5 tela) (3.65)
- m
Performing a canonical transformation generated by
GP,Q)=— Z P, (FQ)) (3.66)

where we have introduced the deformed generalized coordinates

a = FQ (3.67)
P, = F'p,.

The relation between the old and the new Hamiltonian reads

~ oG
= — 3.68
H=H+ T (3.68)
since %—C: = 0, the Hamiltonian becomes
~ (F_TPi) . (F_TPi)
P =H = FQ). .
HP, Q] =H Z o +¢(FQ) (3.69)
The free energy for a fixed deformation F reads
(T, F) L ogz = (VeH[P, Q))FT (3.70)
o = — == :
| By, BT T v

Vo being the reference volume and V' = (det F)V;. Since the operator Vg acts
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linearly on a generical function g of F, at first order in ¢ we can write

VrgQ=(g+c¢L)gQ-gQ=¢cLgQ (3.71)
where L is a linear operator. If q = F one has
Vr(FQ): L~ LQ. (3.72)
If g = F~! we note that
(F+eL)(F+eL) ' =1, (3.73)
at first order in € we can write

(F+eL)™ = (A+eB)™! (3.74)
A=F! B = —F!'LF'.

Introducing the diadic product ®, we finally obtain the following expression for

the Cauchy stress

1 p; @ F'p; 1 P @ p;
J(T’F):_VZ<T+JC%®QZ>FT:_VZ< m +fqz®(h

(3.75)
where we have defined the generalized force fq, as
9¢(q)
= . 3.76
ffh aqz ( )

The r.h.s of Eq. (3.75), which is one of the relations of Irving&Kirkwood [161], is
a microscopic picture of the Cauchy-stress.

Therefore, using the continuum mechanics formalism, we can obtain a micro-
scopical interpretation of the stress tensor through a simple canonical transfor-
mation. Since the transformation is canonical, the Liouville theorem holds, i. e.,
the thermal average in eq. (3.75) can be done with respect to the new or the old
canonical variables and the measure on the phase space does not change.

The same expression for the Cauchy stress can be obtained starting directly
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from Statistical Mechanics [162, 163|. The procedure to obtain such expression
is quite similar to the method used in quantum field theory to obtain the Ward-
Takahashi (WT) identity [162, 68].

Imagine to have a theory depending by a multiplet of fields (¢(x);) = ¢(x),
i =0,..,n in d—dimensions and assume that the action Ag[¢(x)] is invariant under
the action of a symmetry group O(n). The action of the group over the fields ¢,

for an infinitesimal transformation of the fields, reads !
00 = A9, (3.77)

where the matrices \* define the Lie algebra of the group and « is a parameter.

We can define the current
jZ(X> = 8H¢Z)\f]¢y (378)

where p runs over the spatial coordinates. The generating functional it is

_ /qu( —Ao[¢]+ [ dxhi(x)bi(x /ng —Ao[¢,h( I)] (3.79)

where h;(x) is the multiplet of external fields (sources) coupled with the fields. If

we perform a variable shift

¢i(x) = ¢i(x) + a(x) ;05 (%) , (3.80)

the generataing functional becomes

1= [ Dot ool (1 [ axo,atiztn) + [ dxiutxiat )36, )

(3.81)
Since the measure is invariant under the variable shift (3.80), taking a functional
derivative with respect the external source h;(y) and satting to zero the external
fields we obtain the WT identity

0, (Ge(x)05(y)) + 050D (x — y) A% (dr(x)) = 0 (3.82)

'We adopt Einstein’s summation convention.
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where §(4(x — y) is the Dirac distribution in d—dimension.
We now consider a particle system described thorough the Hamiltonian given
in eq. (3.65). Acting with a diffeomorphism, an infinitesimal point transformation

over the generalized coordinates, which brings q — ¢’ we can write [162]

d, = q; +€(q;). (3.83)

The vector function €(q;) satisfies appropriate boundariy condition, according to
the boundary conditions of the particle system. We note that the diffeomorphism
expressed by €(q;) is a local transformation. Otherwise, the canonical transfor-
mation introduced through the deformation tensor F is a global transformation.
We can define a local deformation F(q) as follows. Acting a local deformation the

relative distance between two particles becomes

q;—dq; = [1+F(a)aq; (3.84)
qi; = g; —q;
Fab(qi) = 8b€a(Q) Qi

where the indices a,b runs over the coordinate of the space. In order to make
the transformation canonical, we have to perfom the follows transformation on the

momenta
pi = [1+F(q)]p;. (3.85)

Since the measure of phase space is invariant under canonical transformations, the
partition function will be still expressed as an integral over the undeformed mo-
menta and coordinates. The new partition function, adding an external potential

source p(q), reads

Z = / dle M (3.86)
Hl

H[pla ql] + @emt(q/) :



3.2 Strain and stress 144

The invariance of Z becomes

dlog Z’
OF (x)

) (3.87)
F(x)

The eq. (3.87) leads to the following identity

V- <Z o(x —q;) <piipi +q® fqi)> - <Z d(x — q1'>fz‘ext(Q)> =0, (3.88)

where we have defined the external force

90(q)
0q; '

£7(q) = (3.89)

As we can see, we can define a stress tensor ¢ and a bulk (macroscopic) force f
such that

0 = V-5+f (3.90)

These expressions, integrated over the body, are consistent with the papers [161,
164, 165, 166, 167, 168|.

Therefore, through a molecular dynamics simulation we can compute the Cauchy
stress. As we can read in eq. (3.75) and (3.90), there are two contributed to the
stress tensor: one kinetic and the other due to the interaction between the parti-
cles. We have use such expression to compute the internal pressure of the system
when a deformation of the simulation box is enforced.

In the next section we will discuss the details to perform a numerical simulation

under given external pressure or deformation.
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3.3 Andersen Dynamics

In Section 3.1 we have introduced the concept of a thermostat in MD. In order to
preserve the dynamical properties of the system, to thermalize it we can not simply
rescale the momenta, but we have to reproduce the correct statistical ensemble. We
could build, for instance, some model which heuristically reproduce a thermostat,
also starting from general models, but such a trick does not reproduce the dynamics
towards equilibrium.

Now we want to study model where we fix the pressure or, more general, by
the strain. The applied stress causes a deformation of the material. The material
responds to the external stress through an internal stress.

As we have seen for the temperature, from the statistical mechanics point of
view, fixing the pressure implies volume fluctuations: this is a geneal effect of the
thermodynamical Legendre transformation on statistical mechanics. We restrict
our study to linear transformations and, in particular, to spherical dilations. We
will consider a system of N particles in a cell (i. e., the simulation box) of side
L, assuming that it is possible to apply an external pressure on the box. Such
external stress is represented by a spherical tensor.

We call s; the coordinate of the particle 7 in box units.

r; = Ls; (3.91)

(3.92)

rj
Si = —
L

If we allow the simulation box to fluctuate we can substitute L with a parameter
OAL depending on time

S;i —

rj
-1 3.93
: (3.93)
hence

fi = )\Sl + }\Si . (394)

In order to introduce the pressure, we can try to make a canonical transformation
on the Lagrangian changing the variable V' with its thermodynamically coniugate

m. Now we discuss the case with only one particle in a d-dimensional cell and
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external pressure 7

L(s,\, 8, 7)) = L(r,\)—mXl=K-V (3.95)
1 : .
K = 5m <)\2$2 + A% 4 2)\)\53)
Vo= ¢(As) + 7N

In order to obtain a Hamiltonian which leads to the right ensemble average, An-

dersen suggested [14] that the dynamics be governed by the following Lagrangian

. 1 1 .
Lal\ A s8] =2 > omNE &+ 5Waw — p(As) — A%, (3.96)

As we can see, the Lagrangian proposed by Andersen differes from (3.95). However,
with an appropiate hypothesis, we can recover (3.96) from (3.95). If we assume that
the dynamics has two well-separated time scales, one microscopic 7 and another

mesoscopic t, related through

d\  d

t =nT,

and we average the Lagrangian (3.95) over a time 7 much larger than 7 but much

smaller than ¢, we obtain

- 1 = 1—; d\ [ s*(t) — s*(0)
K = —mM\s2 + —ms2)\? S (S A A )
2m/\s + 5Ms A —l—)\ndt < T ) (3.98)
since 0 < s(t) < 1 for all ¢, the last term in the r.h.s of eq. (3.98) is negligible.

If particles interact through a two-body potential it is

o(As) = o(r) =3 _o(ry) (3.99)
rij = |ri—x

differentianting the potential w.r.t r; and recalling that s; and r; are collinear, it

follows that o(r) o)
0o(r 0 Tij) o 1
— = E —— 78 = )\ 1
n o S$; A (3.100)
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where f; is the total force acting on the particle.

The Lagrangian equations of motion are

§ = %(fi—xsi) (3.101)

WX = A(Zé?-si+fi> —dr Tt

Introducing the momenta pg, and p,

P, = A% (3.102)
PN = W)\,

and using a shorthand for the potential, we can write the Andersen Hamiltonian

as follows
Ps Pu , DL ) f o 3.103
Sy ) ) )\ = - : * *
Halps; s, pa, Al 2 +2W+¢( s)+m ( )
The Hamilton equations ensue:
. Ps;
i = —, 3.104
S A2m ( )
1
; sy _fi
p i )\
: P
A= =
w’
T
. o pSi : pSi d—1
P = )\% W—i‘)\fi—dﬂ)\ .

In order to numerically integrate eqs. (3.104), we introduce the rescaled momenta

P; = A\Ds, (3.105)
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and rewrite eqs. (3.104) as follows:

/
§ = 2 (3.106)
m
1
Dy = _fia
Pi \
; P
A= B2
W’

!/

T
. A o _
Py = E W—i—)\fi—dﬂ'Ad 1.

Andersen dynamics: Liouvillian formulation

In order to implement numerically the Andersen dynamics (coupled with a Nosé-
Hoover thermal bath), we need the Liouvillian operator associated with the fol-

lowing Hamiltonian:

T 2 2
pSi : pSi p)\ d pf g
- ERRS) 7>\7 9 - )\ /\ —_— —
Ha-n.u[Ps, S, Px, A, &, Pel oz +2W—i—¢( s)+m +2Q+6£
Ps; = psi/ = psi€2§7 (3107>
P = p/A = pxezé .
Redefining the momenta

we can rewrite (3.107) as follows:

PiT - Pi pi d pg g
Ha-n1[Ps: S, x A, & pel = 5 Top t P(As) + A + 30 + Bg (3.109)
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and finally obtain the Liouvillian

iL = Oy4+0p+05+0, +0:+0,

Pi

(3.110)

13
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3.4 Parrinello-Rahman method

In order to allow the shape of the simulation box to change, we have to extend the

Andersen Lagrangian to a general linear transformation:
r; = FSi . (3111)

The deformation F encodes all the degrees of freedom of an affine box, i. e., in
three dimension is a 3 x 3 matrix. For a cubic cell the columns of the matrix of
F represent the box edges. Parrinello and Rahman (PR) suggested [15, 16] the

following Hamiltonian

L1 | o
Lapn(s,,F,F) = =S mFs - Fsi + ~WTh (FT - F) — G(F's) — wdet F

(3.112)
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where 7 is the external pressure. Asin Andersen dynamics, substituting eq. (3.111)
in a Lagrangian which describes a particle system does not lead to eq. (3.112). In

fact, assuming F' as a dynamical variable one has
i; = Fs; + F§; . (3.113)
The kinetic term of a Lagrangian contains several terms

1 1 L .
K= Z mFTs; - F§; + 5 Z ms; @ s;Tr FT . F + Z mFTFs; @ ;. (3.114)

It is possible to recover eq. (3.112) from eq.(3.114) through the following assumptions|[169|
Zmisi ®s; = Const.=WI (3.115)

The first equation (3.115) is satisfied when the inertia tensor of the particles system

is stationary and spherical: under the hypothesis that the first is satisfied the

second is satisfied if the angular velocity of the cell is negligible.

The generalized momenta of the Lagrangian (3.112) are

p;i = mF'Fs (3.116)

Introducing the metric tensor G = FTF, we can write the following Hamiltonian:

piG'pi  Trpr’ - pr 1
F) = F F A1
H(p, pr,s, F) E o o T H(F1s) + m det (3.117)
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defining the rescaled momenta ps, = G~ !p;, the equations of motion read

Ds,
Pr
Si

F

= F'f, — G 'Gp,, (3.118)

(Z fosi” + > F&s] — 7F ' det F)

Ps;
my;
Pr
w

The Hamiltonian conserved by the eq.(3.118) is

i 2W

. Gps, Trpg?
H(p.pr.s.F) =Y ° ‘Qm? s P Ph L s pls) b ndetF (3.119)

In order to numerically integrate eq.(3.118), we consider the Liouvillian

iL = {30 + Ps;0p, } + FOp + PrOp, = A+ B+C+ D, (3.120)

choosing the operators as follows

S Q W =

p—MiaF (3.121)
N

[122 + K —7F " det F| Oy,

[F*lfsi - G*lc';psi] Dp, = D1+ Dy,

where we have defined the potential and kinetic virials

while

V=) fisi’, K= Fsl, (3.122)

D, =F'f, D,=-G 'Gp,. (3.123)
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The Trotter formula reads

; Apny Bap App Cap D1 Diny Car AAp Bag A
GIEAL oG DL FAL G GO, AL DaA BN G AL G AL FA G AL (3.124)

and the evolution of Dy is given by
efG_ GapsiAtf(pSi> — f(efG_lGAtpSi) (3125>

We have performed numerical simulations using the operators (3.121). In order to
allow the thermalization of the system, we have coupled the APR Hamiltonian to
a Nosé-Hoover thermostat.

For a given value of the external pressure, startig from a cubic box, we have
equilibrated the system at a fixed temperature. After the thermalization, we have
let the system evolve according to the APR equations of motion. The Liouvillian
formulation allows to separate the time scales of the microscopic (fast) degrees
of freedom s; and the mesoscopic (slow) F. The evolution of the fast degrees of
freedom is done with a time-scale At, whereas the evolution of slow degrees of
freedom is done with a time step At = nAt.

The numerical simulations are perfomed using Argon interacting via Lennard-

Jones potential in reduced variables [151]

=)~ (0)]. o120

In order to check the code we have simulated an fcc crystal (N = 256, T' = 0.17
and pe,s = 1.62) near the transition to bee [15, 16] (cf. fig. (3.4)).

3.5 APR-based multiscale algorithm

The Lagrangian introduced by Andersen and extended by Parrinello and Rahman,
can be used to couple continuum and atomistic mechanics. In fact, in the equa-
tions of motion (3.118) both continuum and atomistic degrees of freedom appear:

through a Molecular Dynamics simulation we can compute the evolution of F and
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Figure 3.4: Transition between fcc to bec N = 256, T'= 0.17 and pey;
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Si.
} 1
o= & (V+K—7FdetF) (3.127)
5 — - <F‘1fsi —G‘lGéimi> .
my;

As we can see, F depends by the atomistic dynamic variables (s;, $;). Since we can
fix the external pressure 7, the simulation box will fluctuate: this fact is expressed
by the first equation in (3.127). Now we can think of performing a MD simulation
at zero pressure. If the particle system is in equilibrium during the simulation F
does not change. On the other hand, if initially the box is not in an equilibrium
configuration, F evolves.

If the box is thought of as an element of an array, where the array samples a
macroscopic medium, we can simulate many boxes, each of which is representative
of a microscopic point of the material.

From the macroscopic point of view, the evolution of the deformation is gov-

erned by the balance equation (3.61), if the external force is zero, it reads
V-o(F)=pi (3.128)

where u = u(x, t) is the macroscopic displacement at the point x and time ¢, while
p is the macroscopic (homogeneous) density of the material. For equation (3.128)
we have choosen periodic boundary conditions and the initial condition on the
deformation is such that

j{dxu(x, 0)=0 (3.129)

From the microsopic point of view, the continuum variable x is replaced by the
discrete index [ of the box B; (see fig. (3.5)). Eq. (3.128) gives a set of deformations
F, for the array of boxes: these deformations constitute the initial condition for
the microscopic simulations driven by the APR algorithm expressed by eq. (3.127)
at zero external pressure. From the MD simulation we obtain a new set of internal
pressures which will evolve through eq. (3.128). The key feature of this approach
is that we dispense with phenomenological constitutive relations since implicitly

recovered from the physical properties of the particle system. Indeed, imposing an
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Figure 3.5: Schematics of the multiscale algorithm. At each point x at the (macro-
scopic) time ¢ of a medium u(x,t), modelled as a continuum, we associate a simu-
lation box B;. The evolution of u is governed by the balance equation (3.128): the
deformation u(x,t + dt) it is the input of the molecular dynamics simulation.

initial box deformation away from equilibrium, according to

h; = h(x,t+dt) =hy+ u(x,t+ dt) (3.130)
F, = F(x,t+dt)=h(x,t+dt) h(x,t+ dt)
1
o(F) = VUC +V) (3.131)

where hy is the box in a referenced configuration and u(x,t + dt) is given by the
solution of (3.128). Since the microscopic dynamics evolves over a time scale much
shorter than the macroscopic time scale ¢, the rearrangement of the particles in
the boxes will be instantaneous with respect the continuum time scale.

In fig. (3.6) the evolution of u is shown. The spatial evolution is along x. I
have simulated 16 APR-cell, each one with N = 108 Argon molecules interacting
via Lennard-Jones potential at 7" = 0.7 and zero external pressure. In fig. (3.7)

the thermalization of the cell is checked.
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Figure 3.6: Evolution of u(x,t) for an array of 16 APR-cell (along the x direction)

and N; = 50 macroscopical time-steps.
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Figure 3.7: APR-cell energy behaviour at fixed macroscopical time (left panel) and

for different macroscopical times (right).
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3.6 Conclusions

In the last chapter of this Thesis we have introduced algorithm which allows to
couple continuum mechanics and molecular dynamics. We have introduced the
stress tensor in statistical mechanics: from the microscopic point of view, the
stress tensor is a well-defined observable, related with the total virial of the system.
In order to perform numerical simulation in (N, P,T) ensemble we have studied
molecular dynamics algorithms that allow to fix the temperature and the pressure.

Reconsidering the Nosé-Hoover thermostat, we have suggested a class of algo-
rithm to rescale systematically the velocity of the particles in order to obtain the
right average of the kinetic energy. We are not able to prove whether this algorithm
samples a canonical mesure over the phase space. However the scheme suggested
is time reversible, i. e., we can implement the equations of motion through a Liou-
villian formulation obtaining a stable algorithm (indipendently of the order of the
operators). Moreover, we have defined the thermostat through a simple toy-model:
a spherical-spin bath used to thermalize the system. In this model only one free
parameter appears, i. e., the coupling costant between spins and particles. For
the perfect gas the coupling can be exactly fixed imposing equipartition. When
studying interacting systems, the coupling can be fixed by studying the behaviour
of the temperature in function of the coupling itself and of the size of the system.

Finally, discussing the Andersen-Parrinello-Rahman algorithm, we have pointed
out that a time-scale separation between slow and fast degrees of freedom underlie
these schemes. The degrees of freedom of the simulation box evolve on a time
scale slower than that of the particles. The main results of this chapter is the def-
inition of a numerical algorithm to exchange information between the microscopic
dynamics, driven by an equilibrium dynamics by means of the APR method, and a
macroscopic dynamics governed by the balance equation of continuum mechanics.
In other terms, we can close the set of partial differential equations for the stress

and the deformation without guessing any constitutive relation.



Conclusions

Analytical and numerical techniques play an important role to understand complex
system, amorphous materials and, in general, models whose dynamics involves
many interacting degrees of freedom. In this Thesis I have studied three different
kinds of multiscale problems in thermodynamics, in equilibrium dynamics and in
molecular dynamics.

In the first chapter an intensive study of the Blume-Capel model with quenched
disorder in three dimensions has performed by means of Monte Carlo simulations
through Parallel Tempering techinque. The simulations have confirmed the mean-
field phase diagram. The criticality is studied through quotient method and it has
been possible to compute the critical exponents of the theory. In this analysis,
we have carefully checked finite size effects. Moreover, the second-order transition
belongs to the same universality class of Edwards-Anderson model.

The first-order transition line has the property of displaying inverse freezing:
an IT takes place between SG phase and PM phase and latent heat is exchanged.
The low-temperature phase is paramagnetic and the system freezes into a spin-
glass phase as temperature is increased. To conclude, in lattice gas model with
quenched disorder, in order to have an IT the key-role is played by the interplay
between active and neutral component.

Since glassy behaviour is a peculiar multi-scale problem, in the second chapter,
a study about the secondary processes in the framework of random firs order theory
has been presented. In particular, I suggested a mean-field theory to describe a
glass former which relaxes over three time-scale. The model is a generalization
of the p-spin model with quenched disorder whose dynamics leads to the mode-
coupling equation in the so-called schematic theory.

The mean-field equation has been solved numerically and the spectrum has

158
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been studied. Approaching the tricritical point —where the thermodynamics is
stabilized by a two-step replica symmetry breaking solution— susceptibility loss
shows a distinct secondary peak. The interrelation between relaxation times is
studied comparing the results with the Ngai’s coupling model.

Finally, I generalized analytically the relations between the mode coupling ex-
ponents for models which are characterized by a multistep relaxation behaviour.

In last chapter I have proposed a possible coupling between continuum me-
chanics and molecular dynamics. Firstly, I have reconsidered the Nosé-Hoover
thermostat suggesting a class of algorithm to rescale systematically the velocity of
the particles. In this model only one free parameter appears. For a perfect gas the
coupling can be exactly fixed imposing the equipartition. For interacting system
the coupling has to be tuned in function of the temperature and the size of the
system.

The main result of the third chapter has been the definition of a numerical
algorithm to exchange information between the microscopic dynamics —performed
by means of Andersen-Parrinello-Rahman method— and a macroscopic dynamics
governed by the balance equation of continuum mechanics. In particular, from
the equations of the molecular dynamics we can compute the constitutive relation

closing the balance equations.
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