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Introduction

Linear Logic

Starting from semantical investigations about A-calculus, Girard introduced
in 1986 (|Gir87]) Linear Logic (LL), a refinement of intuitionistic and classical
logic allowing a fine analysis of the use of resources during the cut-elimination
(i.e. execution via Curry-Howard isomorphism) process of proofs (i.e. programs
via Curry-Howard correspondence: by means of the introduction of the new
connectives | and 7, LL gives a logical status to duplication and erasure
operations (corresponding to structural rules of intuitionistic and classical
logic). One of the novelties of LL is its representation of proof by means
of some particular graphs, the nets, giving a more geometrical account of
the cut-elimination/execution process. Of course, not all the elements of
this particular class of graphs, the proof-structures, are nets, i.e. correspond
to proofs of LL’s sequent calculus, but there exists a correctness criterion
(IDR&9], among others) characterizing all (and only in certain frameworks of
LL) the proof-structures which are nets. So, proof-structures become some
interesting objects in themselves from a computational point of view, in
virtue of their geometrical aspect. Actually, proof structures still display
some sequentialized aspects because of the presence of boxes, which define
erasable or duplicable resources during the cut-elimination process. A box,
indeed, must contain a proof structure that satisfies some constrains: all its
conclusions, called auxiliary port, except one, called principle port, must be
conclusion of a ?-link. This provides a deeply inductive character to proof
structures.

Revisiting the syntax of nets. A first contribution of my thesis is revis-
iting the syntax of LL nets. Inspired by the presentation of nets developed in
[dCT12] according to the formalism of interaction nets introduced by Lafont
in [Laf95], I defined a syntax for the multiplicative and exponential framework
of LL proof structures, in which there is not an explicit constructor for boxes;
so, it’s possible to recover boxes by means of some functions (the arrows) in
a “purely geometrical” way under suitable conditions: these arrows associate
with every !-link its auxiliary doors and the cuts contained in it at depth
0. Such a geometrical approach allows to define proof structures in a non
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inductive way, bringing out the Girard’s original inner meaning of Linear
Logic (|Gir87]). Differently from [dCT12|, my definition allows to define also
the cut-elimination procedure for proof structures: the exponential reduction
step involves the composition of arrows. In these proof structures I defined
also a correctness criterion (connection and acyclicity) in a completely non
inductive (that is “purely geometric”) way. The syntax introduced in this
thesis turns out to be compatible also with the cut-elimination procedure
for differential nets of DiLLy (see below), but not those of DiLL, where a box
might contain a sum of nets.

Differential nets and Taylor expansion. In [Ehr05] Ehrhard defines a
denotational semantics for A-calculus and LL proof nets: the finiteness spaces,
in which types (formulas) are interpreted by vectorial spaces and A-terms
(LL nets) by infinitely differentiable functions defined as power series (i.e.
Taylor expansions) on these spaces. Differentiation can be internalized at
a syntactical level thanks to an extension of the A-calculus with differential
operators: the differential A-calculus, introduced by Ehrhard and Regnier
in [ER03]. The authors have then extended the differential operators to LL
nets, obtaining the differential nets (DiLL, [ER06b]), where the differential
constructors assume an interesting form: they correspond to “symmetrizing”
the exponential connectives. This means that the rules related to the two
modalities ! and ? are perfectly symmetric, apart from the promotion rule.
The differential versions of A-calculus and LL allow a finer analysis of the
use of resources during the computation process. We call A™* (resp. DilLLg)
the fragment of differential A-calculus (resp. DiLL) characterized by the fact
that only linear applications are possible (resp. by the fact that there are
no boxes). Linearity, that is the absence of a promotion rule, entails that
every term of A" (resp. every net of DiLLy) is trivially strongly normalizable
(their sizes strictly decrease under reduction). Furthermore, linearity also
causes that a term in A" (resp. a DiLLg net) reduces to a sum of terms in
A" (resp. a sum of DiLLy nets), because a linear resource (it can be used
exactly once), required from several parts, determines a plurality of possible
choices. Hence, for every term in A" (resp. DiLLg net) ¢, its normal form
NF(¢) exists and it is a finite linear combination of A-terms in A" (resp.
DiLLp nets). A" (resp. DiLLy) can be seen as an analysis tool for A-calculus
(resp. LL nets), thanks to the Taylor expansion ()*, which associates with
every A-term (resp. LL net) a (potentially infinite) sum of terms in A™ (resp.
DiLLy nets). In [ER08] it is proved that, given a every ordinary A-term M,
one can sum up all the normal forms of the resource A-terms in M*. Thus
one obtains the normal form NF(M*) of M*, a (in general) infinite linear
combination of terms in A" with relational coefficients. In [ER06a| it is
showed that NF(M*) is the Taylor expansion of the Bohm tree BT (M) of M
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(the notion of Taylor expansion is naturally extended to Bohm trees), that is
NF(M™) = (BT(M))" (1)

In other words, the Taylor expansion commutes with normalization, where
normalizing an ordinary A-term means here computing its Bohm tree. The
Boéhm tree of a ordinary lambda term can be seen as the normal form of the
head linear reduction which is the call-by-name reduction implemented by (a
version of) the Krivine’s abstract machine (|[Kri07]) .

Taking advantage of a separation theorem for differential nets ([MPO07]),
I have demonstrated that the Taylor expansion (without taking into account
the coefficients) commutes with the cut-elimination process. This means that,
for every LL net 7, one has NF(7*) = (NF(7))* (the analogous of equation (1)
for LL nets). At the same time Mazza and Pagani have shown two distinct
DiLLg nets p and p’ in the Taylor expansion 7* of a LL net m whose respective
normal forms NF(p) and NF(p’) are not disjoint. This example shows the
difference of the case of A-calculus with respect to LL: indeed, a crucial
passage in the proof of the equation (1) in [ER08, ER06a| (for the A-calculus)
consists in defining a coherence relation among the A-terms with sources such
that:

e for every ordinary A-term M, all the elements of M* are coherent two
by two among them

e if t and t' are coherent A-terms with sources, then NF(¢) and NF(¢') are
disjoint.

The Mazza and Pagani’s example shows that it is impossible to define such a
relation on LL nets.

Differential nets and experiments of relational semantics. In my
thesis I tried to understand precisely and rigorously the strict relationship be-
tween differential nets without boxes (i.e. resources A-terms) and experiments
of LL nets. An experiment (notion introduced in [Gir87| and studied in detail
in [Tor00, Tor03]) is a function which permits to associate with every LL net
7 a point of the interpretation of 7 in the relational model, the interpretation
of 7 being the set of points resulting from all the possible experiments of .
Experiments, hence, act as a bridge between syntax and semantics. Among
all the points of relational semantics of a LL net 7, some of them are "more
important": the injective points, that is those in which every their atom
occurs exactly twice. If 7 is without cuts, the injective points are the results
of experiments that associates with every axiom a different element of the
web. From the injective points it is possible to reconstruct every other point
by substitution. Furthermore two injective points of the interpretation of
7w can uniquely differ for the atom names, showing the "same structure".



8 CONTENTS

Then, we say that the two injective points are equivalent and that the one
can be transformed in the other by a suitable substitution of atoms with
atoms. Given a net 7 of LL, we denote by [r] the subset of the relational
interpretation of m, formed by the injective points quotiented modulo the
injective substitutions. In collaboration with Tortora de Falco and Pellissier,
I have demonstrated that the Taylor expansion of a cut-free n-expansed LL
net 7 coincides with [r]. In other words, a differential net in the Taylor
expansion of a cut-free n-expansed LL net 7 is a canonical representative of
an equivalence class of injective points of the relational interpretation of .
It remains to be investigated the meaning of a differential net in the Taylor
expansion of a LL net m with cuts. In this case the difficulty is that it can
reduce itself in several differential nets without cuts.

In collaboration with Tortora de Falco and Pellissier I have characterized
the relations of the relational model corresponding to interpretations of some
acyclic and connected LL net. In fact, if two cut-free n-expansed LL nets m;
and 7, acyclic and connected have the same 2-point in the Taylor expansion
(i.e. the the differential net obtained recursively taking for every box two
copies of its contents), then m = mo. In other words, a cut-free, n-expanded,
acyclic and connected LL net is completely characterized by the 2-point in its
Taylor expansion. This result simplifies the proof of injectivity of relational
semantics with respect to LL (see [dCT12]) in the acyclic and connected case.
Moreover thanks to this result it is possible to define an algorithm that, given
a relation of the relational model, takes its 2-point « (if it exists) and tries to
recover a cut-free, n-expansed, acyclic and connected LL net. If this procedure
ends successfully, then one has found the only cut-free and n-expansed LL net
that has « in its relational interpretation; otherwise, no acyclic and connected
LL net has « in its interpretation. This result of surjectivity is based on the
fundamental hypothesis of connection, pointing out the importance of this
notion.

Call-by-value lambda-calculus

In the ordinary (also called “call-by-name”) A-calculus, the prototype of
any functional programming language, the values are either variables or
abstractions (A-terms of the shape AzM). So, the A-terms are either values
or applications (A-terms of the shape M N). The “call-by-value” A-calculus is
the version of A-calculus allowing to reduce only the §,-redexes, i.e. -redexes
of the shape (Ax M)V where V is a value. The call-by-value A-calculus was
introduced by Plotkin in 70 ([Plo75]) in order to give a version of A-calculus
closer to the real implementation of functional programming languages. The
relationship between call-by-value A-calculus and Linear Logic was widely
studied for the first time by Maraist, Wadler et al. in [MOTW95] in '90.
Recently in [Ehr12] Ehrhard introduced a version (called Acgy) of the
call-by-value A-calculus such that values and terms are disjoint sets defined
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by mutual induction: a value is either a variable or an abstraction Az M
where M is a term, a term is either an application (M)N where M and N
are terms, or a “promoted” value V' where V is a value. This distinction
can be explained from the Linear Logic point of view: in [Ehr12] Ehrhard
presented a general notion of denotational model for Acgy corresponding to
the translation ( )® defined as “boring” by Girard (|Gir87]) of the intuitionistic
logic into LL, whereby (A = B)° = IAP — IBP (thus in the untyped case, the
intuitionistic isomorphism o ~ (0 = 0) becomes 0 ~ (lo —o l0)). In my thesis
I studied the relationship between Acgy and LL from a syntactical point of
view (already implicit in [Ehr12]). I defined the translation of terms and
values of Acgy into LL nets: the idea is that a “promoted” value corresponds
to a box in the LL nets, therefore a S -redex ()\acM)!V! corresponds to a
cut between the box representing (AzM)' and a dereliction (the application
is linear on the left); this allows the box representing V' to get in the net
representing M and duplicate at will. In general, one step of 5,-reduction in
Acpy corresponds to several steps of cut-elimination in LL-nets.

Reduction and call-by-value Krivine’s machine. Trees. In [Ehrl2]
Ehrhard proved that the interpretation of a term M in Acgy is empty if
and only if M is strongly normalizable for the B\, reduction, where the B\,
reduction (or weak f,-reduction) is a restriction of the f,-reduction obtained
by forbidding reductions under abstractions. This result is the analogous
of the well-known theorem for the ordinary (i.e. call-by-name) A-calculus
whereby a term is head normalizable if and only if its interpretation in the
Engler’s denotational model is not empty. In my thesis I developed a survey
about Bv—reduction, in order to see to what extent the Bv—reduction can be
considered in Acgy as a analogue of the head reduction in ordinary A-calculus.
A first difference is obvious: in the ordinary A-calculus the head redex of
any term, if any, is unique, whereas a term in Acgy might have several
betav redexes (in LL-nets they correspond to cuts at depth 0), but these
BV redexes are not overlapping, hence the ﬁ\, reduction is strongly confluent.
Therefore, one can define a parallel B\, reduction reducing in one step all the
B\, redexes: if a term M is ﬁv normalizable, then the parallel Bv reduction
reduces M to its By-normal form. So, the fact of having several 3,-redxes is
not a substantial difference with respect to the head reduction of ordinary
A-calculus.

The structure of a term M can be represented by a binary tree, called the
applicative tree of M: it breaks up the applications in M until to “promoted”
values which are subterms of M (they are the leaves of the applicative tree of
M). So, the B\,—redexes of any term are characterizable as the nodes whose
left (resp. right) child is a “promoted” abstraction (resp. “promoted” value).
The notions of applicative tree and parallel Bv—reduction suggest the definition
of a tree-like structure which is similar to a Béhm tree for the “call-by-value”
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A-calculus. Nowadays for the “call-by-value” A-calculus there does not yet
exist a notion of Béhm tree (see for example the recent [NGP12]).

In my thesis I also defined an abstract machine for Acgy similar to the
Krivine’s abstract machine for the ordinary (i.e. call-by-name) A-calculus
define in [Kri07, DR04]. The abstract machines play an important role in
implementing programming languages because on the one hand they are
“sufficiently abstract” to relate easily to the notion of reduction of A-calculus,
on the other hand they are closer to executions of a real machine, by imposing
among other things a precise reduction strategy. I introduced two call-by-
value Krivine’s machines K' and K": T showed that the K' (resp. K") machine
with an input term M will search for the leftmost (resp. rightmost) B\,—redex
in the applicative tree of M and then reduce it. By the good proprieties of
the B\,—reduction, if a closed term M is B\,—normalizable then its Bv—normal
form computed by K' and K"; actually this result holds more generally for
any “random” call-by-value Krivine’s machine at each execution step chooses
whether to apply the left or right reduction strategy.

Translations, o-equivalence and o-reduction. There exists two con-
tinuation passing style (CPS) translations of Acgy into the ordinary (i.e.
call-by-name) A-calculus: ()' (already defined in [Plo75, Sel01]) and ()" (intro-
duced in my thesis), whose only difference is in the translation of application,
more precisely in the choice of putting the function (in case of ()') or the
argument (in case of ()"). I showed that, modulo these CPS translations,
the SB,-reduction corresponds to the S-reduction of ordinary A-calculus. The
following result is more interesting: the call-by-value Krivine’s machine K!
(resp. K") is simulated by the call-by-name Krivine’s machine modulo the
CPS translation ()" (risp. ()").

In the ordinary A-calculus, o-equivalence ([Reg92, Reg94|) equates terms
differing only in their sequential structure but behaving the same. The o-
equivalence can be characterized by encoding A-terms into LL nets by means of
the Girard’s “call-by-name” translation (A = B) ~» (!4 — B): two A-terms
are o-equivalents if and only if their translations into LL nets are the same. I
proved an analogous result for Acgy by means of the “boring” translation of
the intuitionistic arrow (A = B) ~» (A — IB) into LL. The oy-equivalence
relation thus obtained on terms and values in Acpyis not included in (-
equivalence, differently from what happens in ordinary A-calculus, where
o-equivalence is included in B-equivalence.

Even more surprisingly, I showed that it is possible to give an orientation
to two of the three rules generating oy-equivalence, in such a way to get
a “completion” of §,-reduction: the add of the o-reduction rules allows to
simulate the Accattoli and Paolini’s call-by-value A-calculus with explicit
substitutions (Aysub, introduced in [AP12]). One of the novelties of Aygyp is
that it allows to characterize the solvable terms by means of internal (i.e.
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call-by-value) reduction rules. Thanks to the simulation, it is reasonable to
expect that the solvability is characterizable in Acgy by means of internal
(i.e. call-by-value) reduction rules without using explicit substitutions.
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Chapter 1

A non inductive syntax

This section is devoted to present in full details the syntactical object for
which we prove our main result: proof-structure (definition 44). We adopt the
interaction nets point of view (see for example [Laf95, ER06b, Pag09, Trall,
dCT12]) and pass through intermediate objects: cell-bases (definition 1),
pre-pre-proof-structures (definition 12), pre-proof-structures (definition 35).
Our approach, definitions and notations are those of [dCT12| (in particular,
our syntactical objects are untyped as in [LT06, PT10, dCPT11]) up to some
differences that will be explained in the following. Essentially the principal
novelties with respect to the syntax of [dCT12] are:

e our framework can represent DiLL-proof-structures, which are the dif-
ferential generalization (where boxes and duals of ?-links are allowed,
see for example [ER06b, MP07, Pag09, Trall]) of the MELL-proof-
structures (the multiplicative-exponential framework of Linear Logic,
see for example [Gir87, DR95, Tor03, dCPT11, dCT12));

e our objects are not necessarily cut-free; moreover it is possible to
define the cut-elimination in two frameworks of our syntax, the DiLLg-
proof-structures (the DiLL-proof-structures without boxes) and the
MELL-proof-structures; this fact answers positively to the difficulties
raised in [dCT12| about the definition of cut-elimination on untyped
proof-structures;

e our definition of proof-structure is completely non-inductive, so a proof-
structure is precisely a labeled hyper-graph; the boxes are computed by
starting from its principal door and by using only some “geometrical
informations” in this hyper-graph; our geometrical point of view is
strengthen by our choice of untyped syntactical objects.

Notation. We set 7 = {1, L, ®,%¥,!,7} whose elements are the connectives
of the multiplicative and exponential framework of Linear Logic. We say that
1, 1, ®, & (resp. !, ?) are the multiplicative (resp. exponential) connectives,
and 1, L are the units.

15



16 CHAPTER 1. A NON INDUCTIVE SYNTAX

1.1 Cells and ports

In the following definition of cell-base, we introduce cells and ports. This
definition differs from that one in [dCT12] only because in our cell-base there
is not the function #: this means that the word “linear” used in [dCT12]
makes no sense in our syntax.

Definition 1 (Module-base, (pseudo-)cell-base). A module-base is a 5-tuple
C = (t,P, C, PP P"ft) such that:

e t is a function such that dom(t) is a finite set and codom(t) = T U
{azx}; we set C(C) = dom(t) whose elements are the cells of C; for
every 1 € C(C), t(l) is the label of I; for every t,t’ € T, we set
CH(C) = {l € C(C) | t(l) = t} (whose elements are the t-cells of C),
Ct*'(C) = CH(C) U C (C) and C$¥(C) = {I € C®F(C) | ac(l) = 2};

e P is a finite set whose elements are the ports of C; we set P(C) = P;
e C:P(C) — C(C) is a surjection such that for everyl € C(C

),
—ift(l) € {1, L,ax} then card({p € P(C) | C(p) =1}) =1,
— ift(l) € {®, %} then 1 < card({p € P(C) | C(p) =1}) < 3;

for every I € C(C), we set P;(C) = {p € P(C) | C(p) = I} whose

elements are the ports of [;

e PP C(C) — P(C) is a function such that C o PP = ide(cy; for every
1 € C(C), PPri(1) is the principal port (or conclusion) of I, moreover we
set P3(C) = P(C) ~ {PPi(1)} whose elements are the auxiliary ports
(or premises) of I, and ac(l) = card(PP"*(C)) which is the arity of I;
we set PP'(C) = im(PP") whose elements are the principal ports of C,
and P**(C) = Uec(c) PI**(C) whose elements are the auxiliary ports
of C;

o Pleft: C2®’7?((C) — P2(C) is a function such that, for everyl € ng)’w((C),
one has P*%(l) € P2w(C).

A pseudo-cell-base is a module-base such that C%¥(C) = CSWS)(C).

A cell-base is a pseudo-cell-base such that C**(C) = ().

We denote by ModuleBases (resp. PseudoCells; Cells) the set of
module-bases (resp. pseudo-cell-bases; cell-bases).

Intuitively, a module-base corresponds to a set of “links with their premises
and conclusions” in the standard theory of linear logic proof-nets (see for
example [Gir87, DR95, Tor03, Pag09, dCPT11]). More precisely, cells cor-
respond to links, the principal port of a cell corresponds to the conclusion
of a link and an auxiliary port of a cell corresponds to a premise of a link.
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Note that our presentation reformulates the linear logic “nouvelle syntaze” of
[Reg92, DR95] (where the 7-links have any arity) in the style of (differential)
interaction nets (see |Laf95, ER06D]).

Notation. Let C = (t,P,C, PP Pleft) be a module-base. We set tc = t,
Cc=C, P(%” = prri, P!Sft = Pleft. We recall the notations P(C) = P and
C((C) = dom(t(c).

For C € ModuleBases, the function Pgi allows to distinguish the princi-
pal port from the auxiliary ones of any cell of C. As expected, for the binary
®- and Z-cells of C, the function P!Eft allows to distinguish the left auxiliary
port from the right one, whereas for the other kinds of cells a similar function
is not defined because their auxiliary ports (if any) are not ordered.

Typically a cell [ in a module-base C is graphically depicted as a triangle
with its label tc () inside, the principal port being on a vertex and the
auxiliary ones on the opposed side (in such a way that when the principal
port is downwards the left auxiliary ports of a binary ®- or %-cell is placed
on the left).

Remark 2. Let C € ModuleBases.
The functions Pg' and P!Sft induce the functions:

o P2 :C(C) = 2(P>**(C)) defined by P*(1) = P** for every | € C(C);
thus im(P2>) = P2*(C);

o PE™ . 057 (C) — P2X(C) defined by {PEE™ (1)} = P~ {PE(1)} for
every | € C ’W(C); note that P(rc'ght is well-defined since the binary ®-

and %-cells have exactly two auxiliary ports.

Notice that P(C) = PP(C) W P(C) and P;(C) = PP"(C) wP*(C) for
every | € C(C).

Furthermore, if C € PseudoCells, then dom(Pl™) = ¢®:7(C) = dom(P{&™).

Among the cell-bases, there is the empty cell-base C defined by P(C) = ()

and tc, Cc, Pgi and P!Sft are empty functions.
The following notion will be used in definitions 4 and 6

Definition 3 (Completeness). Let C € ModuleBases and let Q € P(C):
Q is C-complete when, for every | € C(C), if PR (1) € Q, then P?**(C) C Q.

The following definitions 4, 6 and 8 formalize some intuitive notions of:
e crasure of some cells and ports in a module-base;
e submodule-base of a module-base;

e disjoint union of module-bases.
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Definition 4 (Erasure of cells and ports). Let C € ModuleBases and
n € N.
Let ly,...,1l, € C(C), let Q@ C P(C) be C-complete and let Lo = {l €
C(C) | P1(C) C Q}. The erasureofly,...,l, and Qin C isC' = (t/,P’, ', PP prleft)

where:

o t' =tcle) (LoUfli,ln))
o P'=P(C)~ (QU U, P,(C));

o C'=Cclp;

P = PR le(0)n (LUt ada )’

left __ plef
P/e t — P(g trcgz’*??((c)\(LQU{ll""’l”’}).

We say then that “C’ is obtained from C by erasing Iy, ...,l, and Q”.

Remark 5. For every C € ModuleBases (resp. C € PseudoCells; C €
Cells) and [y,...,l, € C(C), if C’ is obtained from C by erasing l1,...,ln,
then C' € ModulesBases (resp. C' € PseudoCells; C' € Cells); moreover,
if @ C P(C) is C-complete and C’ is obtained from C by erasing ly,...,1,
and @, then C' € ModulesBases.

Definition 6 (Submodule-base). Let C € ModuleBases. Let Q C P(C) be
C-complete and such that, for everyl € C(C) and p € Q, if p € PP**(C) then
Pi(C) C Q;! let Lo = {l € C(C) | P,(C) C Q}. The submodule-base of C
generated by @ is modulec(Q) = (t', P, C', PP P"eft) where:

L4 t/:t(CrLQ;'
e P =Q
o C'= Cclo;

i ri
p/pri — P(% [LQ ;

Prieft = pgt rc?’?y((C)ﬁLQ'

Remark 7. Let C € ModuleBases (resp. C € PseudoCells; C € Cells).
Let @ C P(C) be C-complete and such that, for every [ € C(C) and p € Q,
if p € PP*™(C) then P (C) C Q. Then modulec(Q)) € Modules (resp.
modulec(Q) € PseudoCells; modulec(Q) € Cells).

! According to definition 3, this entails that, for every I € C(C), either P;(®)NQ = 0 or
Pi(®) C Q.
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Definition 8 (Disjoint union of module-bases). Let C and C' € ModuleBases:
C and C' are disjoint if C(C) NC(C') =0 and P(C)NP(C') = 0.
Let n € N and let Cq,...,C, € ModuleBases be pairwise disjoint: the
disjoint union of Cq,...,C,, is
U = UtCZ,UP UCCNU PE U PET) .

If n = 2, the disjoint union of Cy and Cq is denoted by Ci w Cs.

Remark 9. Foreveryn € N,if Cy,...,C,, € ModuleBases (resp. Cy,...,C, €
PseudoCells; Cy,...,C, € Cells) are pairwise disjoint and C = ", C;,
then C € ModuleBases (resp. C € PseudoCells; C € Cells).

We introduce the notion of “identity” (or better said isomorphism) between
two module-bases. The idea is that two module-bases are isomorphic iff they
are identical up to the names of their cells and ports (in particular, they have
the same graphical representation).

Definition 10 (Isomorphism on module-bases). Let C,C’ € ModuleBases.
An isomorphism from C to C' is a pair ¢ = (pc, pp) of bijections @¢ :
C(C) — C(C') and pp : P(C) — P(C') such that the following diagrams

commute:

e(€) e (o) s c(0) K T ™) e p(o)
%J« _ wri socl . wl lw»
PPrl (e ¢ pleft
C(C) —=P(C) —=C(C) 23 () L~ P(C)

We write then ¢ : C ~ C'.
If there exists an isomorphism from C to C, then we say that C and C’'
are isomorphic and we write C ~ C'.

Remark 11. Let C,C’ € ModuleBases. If ¢ is an isomorphism from C to
C’ then:

L im(¢plpax(c)) = P*(C') and im(@plpaxc)) = ;Z)El)(@) (in particu-
lar, ac(l) = acr(pc(l))) for every I € C(C);

2. if C € PseudoCells (resp. C € Cells) then C' € PseudoCells (resp.
C’ € Cells).

1.2 Pre-pre-proof-structures

A pre-pre-proof-structure (see also the analogous definition in [dCT12|) is
morally a (hyper-)graph consisting of a cell-base, isolated ports (not belonging
to any cell of the cell-base), wires connecting the ports of its cells and the
isolated ones, and arrows to add some informations.
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Definition 12 (Module, (pseudo-)pre-pre-proof-structure). A module is a
6-tuple & = (C,Z, D, W, auxd, bc) where:

e C € ModuleBases is the module-base of ®; we set C(®) = C(C)
whose elements are the cells of ®;

e 7 and D are finite sets (whose elements are respectively the isolated ports
of ® and the deadlocks of @), satisfying ZNP(C) =0, DNP(C)=10
and ZND = 0; we set P(®) = P(C) UZU D whose elements are the
ports of ®; @ is deadlock-free if D(®) = (;

o W C Zy(P(®) \ D) such that:

1. for every w,w’ € W, if wNw' # 0 then w = ',
2. PUX(C)UT C UW,

the elements of W are the wires of ®; we set Cuts(®) = {{p,q} € W |
p,q € PP(C)} whose elements are the cuts of ®; any p € |JCuts(®) is
a cut port of ®; @ is cut-free if Cuts(®) = 0;

e auxd is a partial function from C'(C) to P2(PX(C)) such that for every
1 € C(C), if auxd is defined in | then:

—ac(l) =1,
— if p € auxd(l), then p € P3*X(C) for some I' € C*(C); we say that
p is an auxiliary door of [;

we set CP™(®) = dom(auxd) (resp. Auzxdoors(®) = | Jim(auxd)) whose
elements are the promotions cells (resp. auxiliary doors) of ®; if | €
CPo™(®) and p is the premise of |, we set doorsg(l) = {p} U auxd(l)
and we say that p is the principal door of [ in ® and any q € auxd(l) is
an auxiliary door of [ in ®;

e bc is a function from CP°™(®) to Z(|JCuts(®) U D) such that:

— if be(l) Nbe(l') # O for some 1,1 € CP°™(®), then | =1',2

— if {p,q} € Cuts(®) and p € bec(l) N YCuts(P) for some |l €
CPM(®), then q € be(l);3

we set cutportsg (1) = be(l) N |JCuts(P) and deadlockse (1) = be(l) ND
for every l € CP™ (D).

2This conditions means that for every cut or deadlock, there exists at most one !-cell
pointing to it.

3This conditions means that, for every cut w of ®, the function bc either points to both
ports of w or does not point to any port of w. Therefore, we are entitled to talk about a
cut associated with a promotion cell by the function bc.
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A pseudo-structure is a module ® = (C,Z, D, W, auxd, bc) such that C
is a pseudo-cell-base, {{p,p’} € W | 3,I' € C**(C) : p = PE'(l) and p' =
PE (1)} = 0" and

3. for everyw € W, if wNZI # then wn PP (C) = 0;

we say then that C is the pseudo-cell-base of ®.

A pre-pre-proof-structure (or ppps for short) is a pseudo-structure ®
such that the pseudo-cell-base C of ® is a cell-base; we say then that C is the
cell-base of .

We denote by Modules (resp. PseudoPPPS; PPPS) the set of modules
(resp. pseudo-structures; pre-pre-proof-structures).

In a module, an isolated port is depicted as a dot, a wire {p,q} is
graphically depicted as a line connecting the ports p and ¢, a deadlock is
graphically depicted as a circle. If [ is a promotion cell then its label is
depicted as !p, furthermore the fact that an auxiliary port g of a 7-cell is an
auxiliary door of [ is represented graphically by a dotted arrow from [ to g;
likewise, if ¢ is a deadlock or cut port in be(l), this is represented graphically
by a dotted arrow from [ to g or to the cut w such that ¢ € w.

A promotion cell of a ppps ® has to be seen as a “candidate for a box”, i.e.
a cell which is the starting point to attempt to compute the box (a particular
sub-graph of ®) associated with it (in general, it is not always possible, see
definition 38).

Our definition of pre-pre-proof-structure differs from that one in [dCT12]
by the following points:

e in our pre-pre-proof-structures, cuts (wires connecting the principal
ports of two different cells) are allowed;

e in order to be closed under cut-elimination, in our definition of ppps
we add the set D of deadlocks; a deadlock has to be seen as a sort of
degenerate cut (morally, it is an axiom whose conclusions are connected
by a cut, but our syntax cannot express that explicitly);

e in order to handle differential nets with our syntax, the !-cells’ arity
does not need to be 1; furthermore, not all unary !-cells are “candidates
for a box”;

e with respect to the definition in [dCT12|, in our ppps we add the
“arrow” functions auxd and bc which associate with every promotion
cell [ respectively the set of its auxiliary doors and the set of cut ports
and deadlocks of depth® 0 in the “box-candidate” associated with I;

4This means that in a pseudo-structure there is no cut connecting the principal ports
of two az-cells.
5See definition 51 and proposition 54 for the notion of depth.
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a promotion cell [ might have no auxiliary doors (resp. no cuts nor
deadlocks) associated with it, this is the case when auxd(l) = 0 (resp.

be(l) = 0).

Definition 13 (Free port, axiom, arrow). Let ® = (C,Z, D, W, auxd, bc) €
Modules. We set:

C(®)=C, Z(®)=Z, W(P) = D(® ) =D, auxdey = auxd, bcy =
bc; CH(®) = Ct(C(q))) and CH' (® ( ) Cht(C(®)) for every t,t’ eT;
(@) = €7 (C(®)); PPI(®) = PPI(C(D)), PX(D) = P(C(®));
P (@) = PP™(C(®)) and Pi(®) = P(C(®)) for every I € C(P);
PRI = P, PlEt = PR PR = Pt = tew), Co = Cogm),
A = aAC(®)s

Plree(@) = (@) U (PPH(@) \ UW(®)) whose elements are the free
ports (or conclusions) of ®; C**™(®) = {I € C(®) | P} '(I) € Pee(®)}

whose elements are the terminal cells of ®;

Az(®) = {{p,q} € W(®) | p,q ¢ PP (®)} whose elements are the
axioms of ®; any p € |J Az(®) is an axiom port of ®; Az*™(P) =
{we Az(®) | Ip € w: p € I(®)} (resp. Az (@) = {w € Ax(D) |
Vp e w:peZ(P)}) whose elements are the terminal (resp. isolated)
axioms of ®;

Arrows(®) = {{p,q} € P2(P(®)) | 31 € CP°M(®) : p € PP*(P), g €
auxdg () Ubce (1)}, whose elements are the arrows of ®;

Cutso(®) = Cuts(P) ~ Pa(|Jim(bca)) (whose elements are the cuts at
depth 0 of ®) and Do(P) = D(®) \ Jim(bcg) (whose elements are the
deadlocks at depth 0 of @) .

For a module ®, p is an isolated port of ® when p is a port of some axiom
and a conclusion of ®. The meaning of the conditions on the set of wires in
definition 12 is the following:

condition 1 implies that three ports cannot be connected by two wires,

condition 2 entails that auxiliary ports can never be conclusions of a
ppps,

condition 3 (only for pseudo-structures) implies that when the principal
port of some cell is connected to another port this is necessarily a port
of some cell, hence “hanging” wires (i.e. connecting a principal port and
an isolated one) are not allowed in pseudo-structures.

Intuitively, a module ® can be seen as:
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e a finite undirected graph whose labeled nodes are the cells, deadlocks
and free ports of ®, and whose edges are the wires of ® and the arrows
connecting each promotion cell of ® with its auxiliary doors, its cut
ports and its deadlocks;

e a finite undirected hyper-graph whose nodes are the ports and deadlocks
of ®, whose labeled hyper-edges are the cells (connecting all its ports)
of ®, and whose edges are the wires of ® and arrows connecting each
promotion cell of & with its auxiliary doors, its cut ports and its
deadlocks.

Remark 14. Let ® € Modules. P(®) = PP(®) & P2**(®) ¥ Z(P) W D(P)
and P(®) ~ UW(®) = {P§'(1) | I € C*™(®)} ¥ D(P), thus any port of D is
a conclusion of @ iff it is either the principal port of a terminal cell of ® or
an axiom port of ®. In particular, Z(®) C |J Az (®P).

Among the ppps, the empty ppps ® is defined by:

o C(?)

The following notion defines how to transform two different ax-cells of a
pseudo-structure in an axiom: it will be used to associate with every point of
D<¥ a DilLLg-proof-structure (see definitions 35, 69 and 83).

Definition 15 (Connecting pairs of az-cells). Let & € PseudoPPPS.

Let 11,1y € C¥(®) with I3 # ly. We say that @' is obtained from ®
by connecting Iy and Iy if ® = (C',Z', D', W', auxd’, bc’) where D' = D(®),
auxd’ = auxdg, bc’ = beg, C' is obtained by C(®) by erasing l1 and ls, and
furthermore:

e if Iy and ly are not terminal cells of ® and p1 and py are the auxiliary
port of ® such that {PY'(I;),pi} € W(®) for i € {1,2}, then W' =
W(®) ~ {{Pg' (L), 1}, {P§ (I2), p2}}) U {{p1, p2}} and ' = Z(®);

o if Iy is a terminal cell of ® and la is not and py is the auxiliary port
of ® such that {P%'(l2),p2} € W(®), then I' = Z(®) U {P5'(l1)} and
W= (W(@) ~ {{P§(l2), p2}}) U {{P§" (L), p2}}:

o if I is a terminal cell of ® and ly is not and py is the auxiliary port
of ® such that {P%'(l),p1} € W(®), then I' = Z(®) U {P§'(l2)} and
W' = (W(®) \ {{Pg (1), p1}}) U {{Pg (I2), p1}};

e if Iy and Iy are terminal cells of ®, then T' = Z(®) U {Pgi(ll), Pgi(lg)}
and W = W(®) U {{P5'(l2),P% (1)} }.

Let n € N and let 11,1}, ...y, 1), be pairwise distinct ax-cells of . We

say that ®' is obtained from ® by connecting (I1,1}), ..., (ln, 1)) when:

ny “n

e ifn =0 then ® = ®;
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e if n.> 0 then @ is obtained from ®" by connecting l,, and l},, where ®"

is obtained from ® by connecting (I1,1}), ..., (ln—1,1/,_1).

Remark 16. For every ® € PseudoPPPS and pairwise distinct az-cells
I, 0, ... 1y, 1), (for some n € N), if & is obtained from ® by connecting

(11,1), ..., (ln, 1)) then & € PseudoPPPS; moreover, if {l1,1],...,1,,0,} =
C**(®), then ® € PPPS.

The following notion will be used in 77.

Definition 17 (Erasure of terminal cells, erasure of a cut at depth 0, erasure
of hanging wires). Let ® € Modules and let n € N.

Let ly,...,l, € C*™(®) be such that, for every v € CP°™(®) and 1 <
i < n, one has PP™(®) Nauxde(v) = 0. The erasure of ly,...,l, in ® is
&' = (C', 7/, D', W, auxd’, bc') where:

o C’ is obtained from C(®) by erasing Iy, ..., In;

' =Z(®)U{p € UL, PP*™(®) | 3¢ € P(®)~PP(®) : {p,q} € W(®)};
o D' =D(D);

W' = {{p.a} e W(®) | p ¢ PP(®) or q ¢ Ui, PE™(®)};

/
e auxd = auxdq>{Cprom(q))\{ll““’ln};

e bc" = bca [eeom (@) fi,... 1} -

We say then that “®’ is obtained from ® by erasing l1,...,1,”.
Let wy,...,w, € Cutso(®). The erasure of wi,...,w, in ® is & =
(C', 7', D', W, auxd’, bc') where:

o C'=C(®), T = I(®) and D' = D();
e W =W(P)~{wi,...,wp};
e auxd’ = auxdg and bc’ = bcg.

We say then that “®’ is obtained from ® by erasing wy, ..., w;,”.
Let H = {p € Pfree(®) | 3¢ € PP(®) : {p,q} € W(®)}. The erasure of
the hanging wires in ® is nohang(®) = (C',Z', D', W', auxd’, bc’) where:

o C'=C(D);
o T = T(®) H;
o D' =D(d);

W =W(®) ~ {weW(®)|3IpewnH};

e auxd’ = auxdg and bc’ = beg.
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Let T be a set such that T N (Pree(®) N PPi(®)) =0 and p : Pree(@) N
PPri(®) — T be a bijection. The add of the hanging wires in ® is hang(®) =
(C', 7', D', W', auxd’, bc’) where:

o C'=C(D);
o I' = I()UT;

o D' =D(d);

W' =W(®) U {{g,p(q)} | g € P"(®) N PP (®)};
e auxd’ = auxdg and bc’ = bcg.

Remark 18. Let ® € Modules (resp. ® € PseudoPPPS; & € PPPS)
and let n € N.

Let l1,...,1, € C*™(®) be such that, for every v € CP°™(®) and 1 <
i <n, one has Pp**(®) Nauxdg(v) = 0. If @' is the erasure of Iy,...,l, in @
then ® € Modules (resp. ¢ € PseudoPPPS; ¢’ € PPPS).

Let wy,...,w, € Cutso(®). If &' is the erasure of wy, ..., w, in ® then
®’ € Modules (resp. ¢’ € PseudoPPPS; &' € PPPS).

One has nohang(®), hang(®) € Modules. Furthermore, if & € PseduoPPPS
then nohang(®) = ®.

Roughly speaking, the erasure of a terminal cell [ in a module @ is the
module obtained from ® by erasing [, its principal port, any hanging wire
created by this erasure and the auxiliary ports of [ which are not axiom ports
in ®. This operation might create new isolated ports: the auxiliary ports
of [ which are axiom ports of ®. The request that no auxiliary port of [ is
pointed by an arrow of any promotion cell of ® is mandatory to make sure
that the erasure of [ in ® is a module.

The following notions will be used in definitions 20 and 22.

Definition 19 (Completeness and erasability of a set of ports). Let ® €
Modules.

Let Q C P(®): Q is ®-complete (resp. P-erasable) if Q is C(P)-complete
and such that, for every {p,q} € W(®), if p € Q ~ PP (D) (resp. if p € Q)
then q € Q.

The following definitions 20, 22 and 24 formalize some intuitive notions
of:

e crasure of some ports, cells and wires in a module;
e submodule of a module;

e disjoint union of modules (it will be used in definition 83).
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They are generalizations to modules of the corresponding operations seen in
definition 4, 6 and 8.

Definition 20 (Erasure of ports, cells and wires). Let ® € Modules and
let Q@ CP(P) be P-erasable.
The erasure of Q in ® is ® = (C',Z, D', W', auxd’, bc’) where:

o T is the erasure of Q in ®;

o T' =I(®)~ Q;

o D' =D(®) Q;

o W ={weW(®)|Vpecw:pgQ}°

e auxd' : (CP°M(®) \ Lg) — P (P™(®)) is a function such that, for
every | € CP™(®) \ Lg, one has auxd'(l) = auxds (1) \ Q;

e bc': (CP™(®)\ Lg) — 2 (U Cuts(® )UD) is a function such that, for
every | € CP™(®) \ Lg, one has bc' (1) = bea (1) N Q.

We say then that “®’ is obtained from ® by erasing Q7.

Remark 21. Let ® € Modules. If Q C P(®) is P-erasable and @’ is the
erasure of ) in ®, then ® € Modules.

Definition 22 (Submodule). Let ® € Modules.

Let QQ C P(®) be ®-complete, let Lo = {l € C(®) | Pi(®) C Q} and let
Q ={peQ|3leLy:peP(®P)}. The submodule of & generated by Q is
modules(Q) = (C', 7', D', W', auxd’, bc’) where:

o C' = modulec(q)(Q’);

e 7' =Q~ (QUD(P));

e D' =D(®)NQ;

e W ={weW@®)|Vpcw:pecQ};

e auxd' : (CP°™(®) N Lg) — P(P*(®)) is a function such that, for
every | € CP™(®) N Lo, one has auxd'(l) = auxds (1) N Q;

e bc': (CP°™(®)N Lg) — Z(|JCuts(® )UD) is a function such that, for
every | € CP™(®) N Lg, one has bc'(1) = bea (1) N Q.

With reference to notation used in definition 22, Q" is C(®)-complete and
such that, for every | € C(®) and p € Q, if p € P?"*(®) then P;(®) C Q,
therefore modulec()(Q') is well-defined.

6 According to definition 19, this is equivalent to W' = {w ¢ W(®) | Ipc w:p ¢ Q}.
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Remark 23. If ® € Modules and @ C P(®) is $-complete, then modules (Q) €
Modules. Furthermore, if & € PseduoPPPS (resp. ® € PPPS) then
nohang(modules(Q)) € PseduoPPPS (resp. nohang(modules(Q)) € PPPS).

Definition 24 (Disjoint union of modules). Let &, ®' € Modules: ® and
' are disjoint if C(®) and C(P') are disjoint, Z(®) NZ(P') = and D(P) N
D(®') = 0.7

Let n € N and let ®q,...,P, € Modules be pairwise disjoint. The
disjoint union of ®4,...,®,, is

n n n

e = (@), |Jz(@), [ D(@), [ W(®s), | auxde,, | ] bes,) -
i=1 i =1 i=1

i=1 i=1 i=1 i=1
If n = 2, the disjoint union of ®1 and Py is denoted by P W Ps.

Remark 25. For every n € N, if ®4,...,®,, € Modules (resp. ®4,..., P, €
PseudoPPPS; ®,..., 0, € PPPS) are pairwise disjoint and ® = ¢;._; ®;,
then ® € Modules (resp. ® € PseudoPPPS; & € PPPS).

We introduce the notion of “identity” (or better said isomorphism) between
two modules. The idea is that two modules are isomorphic iff they are identical
up to the names of their cells and ports (in particular, they have the same
graphical representation).

Definition 26 (Isomorphism on modules). Let ®, &' € PPPS.
An isomorphism from ® to ® is a pair ¢ = (¢, ep) such that:

e op : P(®) — P(P') is a bijection where im(pp [7@)) = Z(P') and
im(¢oplp@)) = D(P);

(e, prlpc@y)) : C(®) ~ C(P');

for every {p, q} € P2(P(®)), we have {p, q} € W(®) iff {or(p), pr(a)} €
W(@/);

Im(gOC GCrom(q,)) = Cprom (@l);

the following diagrams commute:

auxdg bcg

CPom(d) P (Auzxdoors(P)) CPem(@) ——————im(bcy)
wci \L,@(gpp) SDC\L l<@(¥’73)
Cprom(q)/) auxd g/ ,@(,Aul‘dOOTS(‘I)/)) Cprom(q)/) L) im(bc@/)

We write then ¢ : ® ~ @',
If there exists an isomorphism from ® to ®', then we say that ® and @’
are isomorphic and we write ® ~ @',

"This implies that W(®) N W(®') = () and CP°™(®) N CP°™ (D) = 0.
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Remark 27. Let ®, & € Modules. If ¢ is an isomorphism from ® to @’
then:

1. |m((70'P rpfree(@): Pfree(@/));

2. if ® € PseudoPPPS (resp. & € PPPS) then & € PseduoPPPS
(resp. @’ € PPPS).

1.3 Paths

In this section we introduce some usual notions of graph theory, merely
adapted to our syntax. The only originality in our definition is that we
consider the arrows (i.e. the pairs of ports connected by functions auxdg or
bcg) as edges in our undirected (hyper-)graphs.

Definition 28 (Path, connection, acyclicity). Let ® € Modules.
A path in @ is a sequence (p;)icr of ports of ® where I is an initial
segment of N and such that, for every i, + 1€ I:

® Di # Dit1;
e one of the following conditions holds

— either {pi, pi+1} € W(®) U Arrows(®),

— or p; and p;+1 are ports of a same cell of ®,

o ifi+2¢€ I and p; = pi+2 then p; and p;+1 are ports of a same cell of
® and {p;, pis1} € W(P).B

Let ¢ = (p;)icr be a path in ®. For every i € I, ¢ crosses p;, moreover
ifi # 0 and i + 1 € I then ¢ crosses internally p;. For every ¢ € W(®) U
Arrows(®) (resp. ¢ € C(®)), ¢ crosses c if there exist i,i+ 1 € I such that
{pispiv1} = ¢ (resp. pi, pi+1 € Pe(®)). If I = 0 then ¢ is the empty path. If
I = ) then pg is the start port of ¢ (or ¢ starts from pg). If I ={0,...,n} for
some n € N, then the path ¢ is said finite and from pgy to p, (or connecting
po and py, ), furthermore n is the length of ¢ (denoted by length(y)) and p,
is the end port of ¢ (or ¢ ends in p,). If I = N, then the path ¢ is said
infinite. The terminal ports of ¢ are the start and end (if any) ports of .

A cycle in ® is a finite path (p;)o<i<n i ® such that po = p, and n # 0.

® is acyclic if there is no deadlock nor cycle in .

Let p,q be ports of p: p and q are connected if there exists a path in ®
from p to q.

® is connected if all ports p,q of ® are connected.

8This condition is imposed to facilitate the definition of cycle.
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Remark 29. Let & € Modules. If p € Z(®) UD(®) or p € P(®P) for some
0-ary cell [ (and so p = P§'(l)) and if ¢ is a path in ® crossing p, then p is a
terminal port of .

Notice that a finite path on a module is not empty and it might have
length 0 (i.e. it consists of only one port), whereas an empty path has no
length. A path on a module can crosses arrows.

Notation. If a path in ® € Modules is finite, it is often denoted by a finite
sequence (p;)ier of ports of ® where I is not an initial segment of N but only
a finite set.

The following notions will be used to compute the box associated with a
promotion cell (definitions 38 and 40) in a ppps.

Definition 30 (Ascending path, path above a promotion cell, box-crossing
path). Let ® € PPPS.

A path (pi)ier in ® (where I is an initial segment of N) is ascending if,
for every i,i+1 € I, one of the following conditions holds:

° ifp; = Pgi(l) for some | € C(®) then pip1 € PP™(P);
o if pi € P2X(D) then:

— either pir1 € PP(®) with {pi, piy1} € W(P),

— or piy1 € bea(l) U auxde(l) for some | € CP°M(®) such that
pi € PP(®).

We define a binary relation <¢ on P(P) by: p <o q if there exists an
ascending path in ® from p to q. For every n € N, we write p g q if there
exists an ascending path of length n from p to q.

Let | € CP™(®), let p; be the (unique) auziliary port of I. A path above®
l'in ® is an ascending path in ® starting from p;. We set cdaboveg(l) = {q €
UCuts(®) UD(®) | 3 path above I ending in q}.

For every I,I' € C(®), we say that ' is <-above? [ if there exists an
ascending path from P§'(1) to PY'(I').

A path (pi)ier in ® (where I is an initial segment of N) is box-crossing
if it is ascending and, for every i +1 € I, if piy1 € Auxdoors(®) then
pi = PY'(1) for the | € C*(®) such that piy1 € PF(®).

We define a binary relation <¢ on P(®) by: p <¢ q if there exists a
boz-crossing path from p to q. For every n € N, we write p X% q if there
exists a box-crossing path of length n from p to q.

9The use of the term “above” will be justified in the case of proof-structures by proposition
47.1
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Roughly speaking, a box-crossing path in a ppps is an ascending path
that cannot cross an arrow from a promotion cell to one of the auxiliary
doors associated with it (but it can cross an arrow from a promotion cell to
a cut port or a deadlock associated with it).

Remark 31. Let & € PPPS.

1. Clearly, jclpg-\ill) and <¢ C <¢, furthermore <¢ = UneN <g and
jq): UnEN jg

2. An ascending path in ® starting from or ending in p € Z(®) U Dy(P) is
necessarily of length 0. More generally, if ¢ = (p;);es is an ascending
path in ® and p; € |J Az(®) UD(®) for some j € I then I = {0,...,j}
i.e. p; is the end port of .

3. <p,<a C 73(<I>)2 are pre-order relations, but in general they are not
order relations because they are not antisymmetric. Some examples of
a ppps @ such that <¢ or <4 is not antisymmetric are given in remarks
33.2-3.

4. An ascending path (p;)icr in @ is necessarily such that if i + 1 € I and
pi+1 € beg (1) for some I € CP™(®) then p; is the unique auxiliary port
of .

1.4 Pre-proof-structures

Given a ppps, one might expect that there is an intuitive notion of “above /below”
for its ports as done in the following definition 32, and that an axiom port is
“above” a unique conclusion or cut port. But for general ppps this is wrong,
because a ppps might have a “vicious cycle”, i.e. two ports which are “above”
each other.

Definition 32. For every ® € PPPS, we define a the binary relation <<11>
on P(®) as follows: p <k p' if one of the following conditions holds:

e there exists a cell | of @ such that p is the principal port of | and p’ is
an auxiliary port of I,

e p' is the principal port of some cell ' of ®, p is an auziliary port of
some cell I of ® and {p,p'} is a wire of ®.

The binary relation <g (resp. <) on P(P) is the reflexive-transitive
(resp. transitive) closure of <. For every n € N and p,p’ € P(®), we write
that p <3 p if there exists a finite sequence (p;)o<i<n of ports of ® such that
po =D, pn =1 and p; <j piy1 for every 0 <i<n—1.

Our definition of <g for a ppps @ is identical to that one in [dCT12],
where we consider cut ports as minimal elements (i.e. as conclusions of ®).
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Remark 33. Let ® € PPPS.

1. If p,q € P(®) are such that p <g g then there exists a (box-crossing)
path in @ from p to ¢ crossing no cuts nor axioms nor arrows. In
particular, if ¢ € Z(®) U D(®) then there is no p € P(®) such that

p <} q.

2. < C 77(<I>)2 is a pre-order relation by definition, but in general, <g
is not an order relation because it is not antisymmetric. For instance,
take ® € PPPS consisting of a cell [ such that ag(l) > 0 and a wire
{p, q} where p is the principal port of [ and ¢ is an auxiliary port of [:
p < q (by the first condition) and ¢ <g p (by the second condition),
but p # ¢. This is an example of “vicious cycle”. A more general
example of & € PPPS with a “vicious cycle” is a finite sequence of
cells lg,...,l, and a finite sequence of wires wy,...,w, with n € N
such that ag(l;) > 0 (where p; and ¢; are respectively the principal and
an auxiliary port of [;) for every 0 < i < n, w; = {p;,qi+1} for every
0<i<n-—1and w, ={pn,q}-

The non-antisymmetry of <g means that if p,q € P(®P) are such that
p <% ¢ with n > 1, not necessarily p # q.

3. It is immediate to verify that <}I, - j}} - 4(11) and so <¢ C =¢ C <.
Therefore:

e if <g is antisymmetric then <g is so;

e if <4 is antisymmetric then <g is so.

The converses fail to hold: take for instance a ppps ® consisting of a
1-cell whose principal port is connected by a wire to the auxiliary port
of a promotion cell [ whose principal port is connected to the auxiliary
port p of an unary terminal ?-cell and such that auxdg(l) = {p}, then
<¢ and =g are antisymmetric but <¢ is not.

Another example is a ppps ® consisting of two 1-cells whose principal
ports are connected by two wires to the auxiliary ports of respectively
an unary ?-cell I’ and a promotion cell [ such that the principal ports
of I and I’ are connected by a cut and beg(l) = {P5'(1),P%'(I')}: thus
<g is antisymmetric but < and <4 are not.

The following lemmas 34 and 37 about the relation <g are reformulations
of lemmas 10 and 14 in [dCT12| to the case of ppps with cuts.

Lemma 34. Let ® € PPPS, let p,q1,q2 € P(®), let ¢, € Pfree(d) U
UCuts(®)UD(®) and let a € |JAz(2)U Ujeea)1Pe (1) | 20()) = 0} UD(®).

1. If 1 <<11)p and qs <<11,p then q1 = qo.
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2. If 1 <o p and g2 <o p then g1 < g2 or g2 < q1.

3. If p<g c (resp. a <¢ p) then p = c (resp. a =p).

4. If c<g p and ¢ < p then c= .

5. If there is no g € P(®) such that ¢ <} p (resp. p <k q), then p €
Pfree(d) U | Cuts(®) UD(P) (resp. p € |J Az (P) U UleC(@){Pgl(l) |
ag(l) =0} UD(D)).

PROOF.

1. Since every cell has exactly one principal port and because three ports
cannot be connected by two wires.

2. Proof by induction on n € N where n is such that g1 <g p. If n =0
then g1 = p and so g2 < ¢1. If n > 0 then there exists p; € P(P)
such that ¢ ngl p1 <}D p: if go = p then ¢1 < g9; otherwise there
exists pa € P(®) such that g2 <} p2 <(1I) P, s0 p1 = p2 by lemma 34.1,
therefore g1 <g ¢2 or qo < g1 by induction hypothesis applied to p;.

3. If c € Pree(@)U Cuts(®)UD(®) (resp. a € U Az(®)UU,eca) {Ph (1) |
as(l) =0} UD(®)), then p £ ¢ (resp. a £} p) for every p € P(®).

4. By lemma 34.2, ¢ < ¢ or ¢ < ¢; in any case, ¢ = ¢’ by lemma 34.3.

5. If p ¢ Pree(@)U Cuts()UD(®) (resp. p ¢ U Az(®)UU,ecq) (PR () |
as(l) =0} UD(®)), then there are only two cases:

e cither p € PP1(®) (resp. p € P2(®)) and there exists g € P2"X(P)
(resp. ¢ € PP(®)) such that {p,q} € W(®), so ¢ <} p (resp.
P <g 9);

e or p € PP(P) (resp. p = Pgi(l)) for some cell [ of ® such that
PP (@) # 0, so Pgi(l) <% p (resp. there exists ¢ € P?“(®) such
that p <% q). 0

Lemma 34.3 means that conclusions, cuts ports and deadlocks (resp.
axiom ports, principal ports of 0-ary cells and deadlocks) of a ppps ® are the
minimal (resp. maximal) elements of the pre-order relation <g. Lemma 34.4
implies that in a ppps ®, an axiom port cannot be “above” (in the sense of
definition 32) two different conclusions or cut ports of ®.

Definition 35 (Pre-proof-structure). A pre-proof-structure (or pps for short)
is a ® € PPPS such that <g is antisymmetric.

We denote by PPS the set of pre-proof-structures.

We denote by PPSpiL, the set of ® € PPS such that CP°™(®) = 0,
whose elements are the DiLLg-proof-structures!® (or DilLLo-ps for short).

1%We have deliberately forgotten a “pre-”. The reason will explained in remark 45.
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We remind that in a pps ®, antisymmetry of the relation <g entails
that <g is an order: this prevents from creating in ® the “vicious cycles”
seen in remark 33.2. Therefore, we can see <g as a definition of a relation
“above/below” for the ports of a pps ®. We will see that <4 and <¢ extend
this relation in the case of a proof-structure ® (see proposition 47.1).

Remark 36. Let ® € PPS and & € PPPS. If & ~ &' then & € PPS.
Lemma 37. Let ® € PPS and let p € P(P):

1. there exists exactly one ¢ € PT¢(®) U |JCuts(®) U D(®) such that
c <o p.

2. there exists at least one a € |JAzx(®) U Ulec@){P%'i(l) | as(l) =
0} UD(®) such that p <g a.

PROOF.

1. For the unicity, apply lemma 34.4. For the existence, we build an
initial segment I of N and a non-empty “downward” path (p;);cr in ®
as follows:

e 0 €] and pg = p;
e if 4 € I then:
— if p; € Pfree(®) U | Cuts(®) UD(®) then I = {0,...,i},

— otherwise, by lemma 34.5, there exists ¢ € P(®) such that
q <(11) p, and then ¢ +1 € I and p;4+1 = q.

By construction, p;41 <(11> p; for every ¢,7 4+ 1 € I. By antisymmetry of
<g, I is finite (otherwise there would be a “vicious cycle” as P(®) is
a finite set, i.e. there would exist 4, j € I such that 7« < j and p; = pj,
SO p; <é, pj—1 and pj_1 < p;, that is impossible by antisymmetry
of <g), hence there exists n € N such that I = {0,...,n} and p,, €
Pfree(@) U |JCuts(®) UD(P), with p, <g p.

2. We build an initial segment I of N and a non-empty “upward” path
(pi)ier in @ as follows:

e 0 € I and pg = p;
e if { € I then:
— if p; € UA2(®) U Uyee(a{Ph (1) | ag(l) = 0} UD(®) then
1=10,...,i},
— otherwise, by lemma 34.5, there exists ¢ € P(®) such that
p <(11) q, and then ¢ +1 € I and p;+1 = q.
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By construction, p; <l p;+1 for every i,i + 1 € I. By antisymmetry of
<g, I is finite (otherwise there would be a “vicious cycle” as P(®P) is
a finite set, i.e. there would exist ¢, j € I such that ¢ < j and p; = p;,
SO Pj—1 <<11> p; and p; <¢ pj—1, that is impossible by antisymmetry
of <g), hence there exists n € N such that I = {0,...,n} and p, €

UAz(®) U Useeay{(Ph (1) | 32 (1) = 0} UD(®), with p <e pa. -

Lemma 37.1 entails that in a pps ®, any axiom port is above a unique
conclusion or cut port of ®. Lemmas 37.1-2 means that if ® is a pps then
the order relation <g defines a natural “top-down” orientation on ports from
axiom ports and principal ports of 0-ary cells to conclusions and cut ports of
@, where by lemma 34.3 deadlocks of ® have no ports above or below them
(in the sense of definition 32).

1.5 Boxes and (non-inductive) proof-structures

Similarly to [dCT12|, the main difference of our syntax from the usual
syntaxes of linear logic (or differential linear logic with boxes) proof-nets
(see for example [Gir87, Lau03, Pag09, dCPT11, Trall]) is the absence of an
explicit (inductive) constructor for boxes: this leads to define a box as a sort
of sub-graph satisfying some conditions. This more “geometrical” approach
was followed for example in [DR95, Tor03, MP07, dCT12|. In our syntax
we have to reconstruct the boxes of a pps ® by using some “geometrical”
informations coming from @, in particular the arrow functions auxde and bcg
play a crucial role. Each promotion cell in a pre-proof-structure corresponds
to the so-called “principal ports of a box” in the usual syntaxes of linear logic
proof-nets. More delicate is the issue of marking out the other boundaries
of a box, which are called “auxiliary ports of a box” in the usual syntax
(corresponding to auxiliary doors in our syntax), and the content of a box:
in order to do that, some conditions are to be fulfilled.

Definition 38 (Box). Let ® € PPS.

Let 1 € CP°™(®) and let p; be the unique auwiliary port of .11 We say
that “the box of [ is defined in ®” or “I has a box in ®” when, for every
0.4 € P(®):

1. if g € auxdg(l) then q £o pr and p; Lo q;

2. if q,q € auxdg(l) with q # ¢' then ¢ £o ¢ and ¢’ L4 q;

3. for everyl' € CP™(®) x-abovel, if ¢ € cutportsg(l') and q € doorse (1),
then ¢’ Zo q;

"Remind that as(l) = 1 and ts(l) = ! since [ is a promotion cell.
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4. if q is the end port of a path above | in ® and if ¢ = q or{q,q'} € I;lw((b),
/

then there exists r € doorsg (1) U cdaboveg (1) such that r < ¢’
We denote by C°(®) the set of | € CP°™(®) having a box in &, whose
elements are the box cells of @ .

Remark 39. C*(®) = () for every ® € PPSpj,, as CP°™(®) = (). Hence
<o = 2o = <o for every & € PPSp;,

When a promotion cell [ satisfies conditions 1, 2, 3 and 4 in definition 38,
we are able to compute the box associated with [, by taking into account only
the “geometrical” informations available in a pps. The following definition of
how to compute a box is quite delicate and it is inspired by the analogous
definition in [dCT12|, with two further complications: our definition is
completely non-inductive and our boxes might contain cuts. Intuitively, for
every | € CP(®), auxde(l) gives the auxiliary doors of the box boxg (1)
associated with [ (i.e. the boundaries of this box as well as [), bcg (1) gives
the cut ports and deadlocks belonging to boxg(l) and not belonging to more
inner boxes, the content of boxg (1) is “all that is above” the doors of boxs (1)
and the cut ports pointed by bcg(1).

Definition 40 (Computation of a box). Let ® € PPS, let v € C?%(®) and
let 1, be the unique auxiliary port of v. We set:

inboxg(v) = {p € P(®) | Ipath above v in ® ending in p}
B! = inboxe(v) \ {r,}
B {inbOXq>(v) if ry € |J Ax(P)
! B otheruwise.

inboxg (v) is the content of the box of v in ®.

Let Ly and Py be two sets such that there exist two bijections p1 : Lo —
auxdg (v) and pg : Lo — Po, moreover LoN(P(Co)(B,) NP (Co)(auxda(v))) =
0 and PoN B, = 0. We set C, = (ty,, Py, Cy, P, P*f) where:

v

e t, is a function from C(C,) = LoU(P(Ca)(B,)~ Z(Cs)(auxds(v))) to
T such that t,(1) = ? for everyl € Lo and ty| 5(Cy)(BL)~ 2(Ca)(auxdas (v) =

to | 2 (Co)(B)~2(Co) (auxda (v)) 5

® PU == PO U B;;l4

2Because of the definition of auxde and cdaboveg, this condition means that if [ has a
box in ® then either r = p; or auxds has to point from [ to r or bcs has to point from I’
to r, where I' € CP°™(®) is “above” | (in the sense of definition 30). In particular, there
exists a path above [ ending in ¢’.

13Notice that v = Ca(ry) & C(C,).

MNote that ¢ Po.
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e C,: P, — C(C,) is such that, for every p € P,,

Colp) = Co(p) if p € Bl ~ auxds(v)
= l if p=po(l) orp=pi(l) for somel € Ly

o PP C(C,) — Py is such that, for every l € C(C,),

Ppri(l) _ p()(.l) Zfl € EO
! PE'(1) otherwise

° Plift — PLEft[C&?y((b)mc(Cv).
The box of v in ® is boxg (v) = (Cy, Zy, Dy, Wy, auxd,, be,,) where:

I, - {{rv} if ry € By

0 otherwise;

Wy ={w e W(®) | w C By};

D, = D(®) Ninboxg (v);
e auxd, = aUXdcpfcprom(cp)mC((Cv) ’

[ va == bC(I) GCrom(q>)mc(C,U) .

The idea in definition 40 is that, given ® € PPS, we build the box
boxg (v) of v € C°*(®) by starting from v by means of the paths above v
(to get inboxg(v)) and then by reconstructing boxg(v) as the (in some sense)
“smallest sub-pps” of ® containing inboxg(v): nevertheless even if we give
a precise definition of sub-pps, it is not correct to say that boxg(v) is the
smallest sub-pps of ® containing inbox(v) because inboxg(v) € P(P) but
in general P, Z P(®). Some syntactical complications in the definition of
boxgs(v) are due to get that propositions 41 and 46 hold, for example the
issue whether the auxiliary port of v belongs or not to boxg(v), and the add
of the sets Lo and Py: every | € Ly is a unary 7-cell, where po(l) (resp. pi(l))
is its principal (resp. unique auxiliary) port. Note that auxd, is like auxdg
but it forgets all the arrows associated with the promotion cells of ® that are
not in C(C,), including v. Similarly for bc,.

Proposition 41. Let ® € PPS and let v € CP(®). With reference to
notation of definition 40.

1. C, € Cells and l € C(®) for every l € C(C,) \ Lo.
2. boxg(v) € PPS with C(boxg(v)) = C,.
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PRrOOF. Intuitive? O
Remark 42. Let ® € PPS.

1. Given v € C°(®) whose unique auxiliary port is r,, one has r, €
inboxg (v) and {ry, py} € W(®) for some p, € inboxg(v)NP (boxs(v)). If
{rv,pv} € Az(®) (vesp. {1y, v} ¢ Az(P)) then inboxa(v) C P(boxs(v))
(resp. inboxg(v) N\ {ry} C P(boxs(v))), {rv,ps} € W(boxs(v)) (resp.
{rv,pv} & W(boxa(v))) and ry, (resp. py) is the unique g € PT(boxe (v))
such that P§'(v) <o g.

2. Let v,v" € CP%(®): there exists a path above v in ® ending in the
unique auxiliary port p,s of v’ iff inboxg(v’) C inboxg(v). Indeed, for
the left-to-right direction, for every p € P(®), if p € inboxg(v’) then
there exists a path ¢’ above v/ in ® ending in p; by hypothesis and
definition of ascending path, there exists a path ¢ above v in ® ending
in P§'(v'), hence ¢ - ¢’ is a path above v in ® ending in p, hence
p € inboxg(v). Conversely, p, € inboxg(v') C inboxg(v), so there
exists a path above v in ® ending in p,.

The following lemma shows an expected property of boxes in a pps: all
that is below (in the sense of definition 32) the doors of a box cannot be
inside this box, i.e. the doors of the box associated with a promotion cell are
the boundaries of this box. The proof of this lemma uses all the conditions
mentioned in definition 38, so it reveals indirectly their importance.

Lemma 43. Let ® € PPS and v € C°(®). For every p,q € P(®), if
p <o q and q € doorsg(v) then p ¢ inboxg (v).

PROOF. Let ¢ € doorsg(v). If p € inboxe(v) then there exists a path
above v ending in p. By condition 4 in definition 38, there exists r €
doorsg (v) U cdaboveg (v) such that r <g p. If r € doorsg(v) then p £¢ ¢ by
conditions 1-2 of definition 38. Otherwise r € cdaboveg(v) and then there
exists v/ € CP™(P) <-above v such that r € bcg(v'); there are only two
cases: either r € deadlocksg(v') and so r = p and p £¢ ¢ by lemma 34.3, or
r € cutportsg (v') and so p £ g otherwise r <g p <4 ¢ that is impossible by
condition 3 in definition 38. O

We can introduce now the syntactical objects for which we prove our
main result: proof-structures.

Definition 44 (Proof-structure). A proof-structure (or ps for short) is a
R € PPS such that:

° Cbox(R) — (prom (R),‘15

15This means that every promotion cell of R has a box in R (in the sense of definition
38).
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e (nesting condition ) for every [,1’ € C°*(R) either inboxg (1) C inboxg(I')
or inboxg(I") C inboxg(l) or inboxg(l) Ninboxg(l") = 0;

We denote by PS the set of proof-structures.
We denote by PSyeLL the set of R € PS such that C'(R) = C**(R),
whose elements are the MELL-proof-structures (or MELL-ps for short).

We point out that our definition of proof-structure is completely non-
inductive, as in [DR95, Tor03, MP07|, differently from the usual definitions
of proof-structure in the literature on linear logic and its differential version
(see for example [Gir87, Lau03, Pag09, dCPT11, Trall, dCT12|). This leads
to consider the linear logic proof-structures as “really geometrical” objects, in
accordance with the Girard’s original spirit. This definition allows also to
define the cut-elimination directly on these “geometrical” objects. Actually
the definition of cut-free proof-structure given in [dCT12] can be reformulated
in a non-inductive way (this remark was our starting point).

Remark 45. PPSp;, C PS, since C°*(®) C CP°™(®) = {) for every
(ONS PPSDiLLo-

Proposition 46. Let R € PS and let | € CP%(®).

1. boxg(l) € PS.

2. If p: R~ R then op(l) € C°*(R') and boxg(l) ~ boxg/(¢c(l)).
PROOF. Intuitive? 0

The following proposition says that in a ps R, < and <p are order
relations. In a certain sense, in the case of a ps R, <r and g are “good
generalizations” of <p (they extend <g as a relation “above/below” for the
ports of R: see remark 33.3 but also the following lemma 49), with the further
property that any promotion cell is the least element (with respect to <g) of
the box associated with it (proposition 47.2).

Proposition 47. Let R € PS.
1. Zg and <X are order relations on P(R).

2. For every v € C*(R), the unique auziliary port of v is the least element
in inboxg(v) with respect to Xg.

3. For every v,v' € CP®(R), if v # v’ then inboxg(v) # inboxz(v').
PROOF.

1. By remarks 31.3 and 33.3, it suffices to show that < is antisymmetric.
Let us suppose by absurd that <p is not antisymmetric, so there exist
p,q € P(R) such that p<rp q, g <rpand p # q. As R€ PPS, <p is
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antisymmetric, thus it is impossible that p <p ¢ and ¢ <g p. Hence,
there exist pg, p1,p2 € P(R) and v € CP°™(R) = C°**(R) (as R € PS)
such that py (resp. p1) is the principal (resp. unique auxiliary) port of
v, p2 € auxdp(v) U cutportsp(v) and pa <r po (p2 ¢ deadlocksr(v) by
remark 31.2 since py <% p1 for some n € N*). Therefore py € inboxg(v)
po <r p1 and p; € doorsg(v), that is impossible by lemma 43.

2. By definition of inboxgr(v) and <p, if p is the unique auxiliary port
of v then p g ¢ for every ¢ € inboxgp(v). We conclude thanks to
proposition 47.1.

3. Let p, (resp. p,s) the unique auxiliary port of v (resp. v'). If there is not
path above v ending in p,s then p, ¢ inboxg(v) but p, € inboxg(v'),
hence inboxg(v) # inboxg(v'). Otherwise there exists a path above
v ending in p, (thus p, <r py), moreover p, # p, since v # v';
by antisymmetry of < (proposition 47.1), there is no path above
v' ending in p,, so p, ¢ inboxz(v') but p, € inboxg(v'), therefore

inboxg(v) # inboxp (V). -

Remark 48. In the proof of proposition 47 the hypothesis that R € PS is
used only to ensure that every promotion cell of R has a box defined in R, in
particular we never used the hypothesis that R fulfills the nesting condition.
Notice that in the examples showed in remark 33.3 the promotion cells have
no box defined. An example of pps ® such that CP%(®) = CP°™(®) (and
so <¢ is an order relation) but the nesting condition is not fulfilled (and so
® ¢ PS) is the following: take one L -cell whose principal port is connected by
a wire to the auxiliary port p of an unary ?7-cell and two 1-cells whose principal
ports are both connected by a wire respectively to the unique auxiliary ports
py and p, of two !-cells v and v’ which have both an arrow pointing to p;
in this case p € inboxg(v) Ninboxg (v') but inboxe (v) € inboxe(v') (because
the p, € inboxg(v) \ inboxgr(v')) and inboxg(v) Z inboxgr(v') (because p,s €
inboxg(v') \ inboxg(v)).

Given a ps R, we can generalize lemmas 34 and 37 for the order relation
=R, which is a restriction of xp (see remark 33.3).

Lemma 49. Let R € PS and p,p’,q € P(R).
1. Ifp=Lqandp 2% qthenp=1yp'.
2. If p 2r q and p' <R ¢ then either p g p’ or p’ g p.

8. For every c € Pee(R)U Cutso(R)UDy(R), if there exists an ascending
path from q to c then q = c.

4. There exists at most one box-crossing path in R from p to q.
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5. There exists a unique ¢ € PT(R) U |JCutso(R) U Do(R) such that
C=RQ.
PROOF.

1. ¢ ¢ Z(R) UDp(R) by remark 31.2, hence there are only three cases:

e g € PP(R), so p € P>(R) and either {p,q} € W(R) or p
is the unique auxiliary port of some I € C*®(R) such that ¢ €
cutportsp(1); analogously for p'; by definition of ppps (in particular,
condition 1 about the set of wires in definition 12), necessarily
p=r"

e g € PP(R), sop = P?{i(l) = p' for the | € C(R) such that
q € P?*(R) (because of the definition of box-crossing path);

e ¢ € D(R) and there exists v € C®®(R) such that ¢ € bcg(v),
hence p and p’ are the unique auxiliary port of v, therefore p = p'.

2. By induction on the length n € N of the box-crossing path (p;);cs from
p to q. If n =0 then p = py = ¢, thus there exists a box-crossing path
from p’ to p by hypothesis. If n > 0 then there are only two cases: if
p’ = q then there exists a box-crossing path from p to p’ by hypothesis;
otherwise there exist ¢’ € P(®), a box-crossing path from p’ to ¢’ and
a box-crossing path of length 1 from ¢’ to ¢, so p,_1 = ¢’ by lemma
49.1, therefore there exists a box-crossing path from p to p’ or from p’
to p by induction hypothesis applied to p,—_1.

3. By definition 30, there is no ascending path of length 1 from ¢ to c,
hence the only possibility is that the path from ¢ to ¢ has length 0,
therefore ¢ = c.

4. Let us suppose that (p;)o<i<m and (g;)o<j<n (for some m,n € N) are
two ascending paths such that pg = p = ¢p and p,,, = ¢ = ¢n: Wwe prove
by induction on m that m = n and p; = ¢; for every 0 < i < m.

If m = 0 then p = qo = po = ¢, furthermore n = 0 (otherwise
q = qo 4}% q1 and q1 <R ¢n = q With ¢ # q1, that is impossible since
< g is antisymmetric by proposition 47.1).

If m > 0 then pp—1 = gn—1 by lemma 49.1. By induction hypothesis,
m—1=mn—1and p; = ¢ for every 0 < i < m — 1, thus we can
conclude.

5. For the unicity, if ¢,¢’ € Pfee(R) U |J Cutso(R) U Dy(R) are such that
there exist two box-crossing path in R from ¢ to ¢ and from ¢ to ¢
then there exists a box-crossing path in R from c to ¢’ or from ¢ to ¢
by lemma 49.2, hence ¢ = ¢’ by lemma 49.3.

For the existence, we build an initial segment J of N and a sequence of
finite paths (¢;) ey in @ as follows:
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e 0 € J and ¢q is the path of length 0 consisting only of ¢;
° ifj € J and p; = (pz‘)ogign then:
— if pg € Pfee(®) U |J Cutso(®) U Do(R) then J = {0,..., 5},
— otherwise, j +1 € J and ¢;4+1 = (gi)o<i<n+1 wWhere g1 = p;
for every 0 < i < n and
* if pg € PP**(®) for some | € C(®P) then gy = P§'(1);
% if pg € PP(®) then either go € P2“(®) with {po,qo} €
W(®), or qo is the unique auxiliary port of some v €
CP*(®) such that py € cutportsg(v);

* if pg € D(R) with py € bcg(v) for some v € C°*(R) then
qo is the unique auxiliary port of v.

By construction, for every j € J, ¢; is a box-crossing path in R of length
j ending in ¢ and moreover, if j +1 € J then ¢; is a sub-path of ¢;1.
J is a finite set (otherwise there would be an infinite box-crossing path
¢, such that, for every j € J =N, ¢; would be a sub-path of ¢, that
is impossible since P(®) is a finite set and <p is antisymmetric), hence
there exists m € N such that J = {0,...,m} and ¢,, is a box-crossing

path from ¢ € Pfe¢(R) U |J Cutso(R) U Dy(R) to q.
g

Notice that lemmas 49.1,2,4,5 do not hold in the case of generic ascending
paths (i.e. for the order relation xg).

Definition 50. Let R € PS and p € P(R).

We denote by cr(p) the unique c € P(R) U |JCutso(R) U Do(R) such
that ¢ <R p.

We set boxesof g(p) = {v € CP*(R) | p € inboxg(v)}. If boxesof g(p) # 0,
we denote by C%(p) the v € boxesof r(p) such that inboxg(v) is minimal
with respect to C.

The ground of R is Ground(R) = {q € P(R) | boxesof r(q) = 0}.

By lemma 49.5, the function cp is well-defined for any R € PS. By the
nesting condition, C2(p) is well-defined for every R € PS and p € P(R)
such that p € inboxg(v) for some v € CP*(R).

Given R € PS and p € P(R), boxesof g(p) is morally the set of boxes in
R containing p.

In spite of our non-inductive definition of proof-structure, we can recover
some typical informations of the inductive one, such as the depth of a port
and the depth of a proof-structure. The following definition is nothing but
the adaptation to our syntax (allowing ps with cuts and deadlocks) of the
corresponding definition in [dCT12].

Definition 51 (Depth). Let R € PS.
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Let p € P(R) and let @, be the boz-crossing path from cr(p) to p. The
depth of p in R, denoted by depthp(p), is a nonnegative integer defined by:

depthp(p) = card({l € C°*(R) | ¢, crosses 1}) +

Z card({l' € C**(R) | ¢, crosses q € auxdg(l')}).
g€ Auzdoors(R)

If depth(p) = n then we say that “p is at depth n in R”.
For every l € C(R), the depth of | in R, denoted by depthy(1), is the depth
of PR'(1) in R. If depthyp(l) = n then we say that “l is at depth n in R”.
For everyv € CP%(R), the depth of boxg(v) in R, denoted by depth p(boxr(v)),
is the depth of v in R. If depthp(boxgr(v)) = n then we say that “boxg(v) is
at depth n in R”.
The depth of R is depth(R) = sup{depthy(p) | p € P(R)}.

The depth of a port p in a ps R is well-defined thanks to lemma 49.4,
which says that there exists a unique box-crossing path ¢, from cr(p) to
p. Roughly speaking, depthp(p) is calculated by counting the number of
promotion cells and arrows pointing to auxiliary doors of R crossed by .

Remark 52. Let R € PS.

1. If R € PPSpj.1, then depth(R) = 0, as C®®(R) = ) (remember that
PPSpi, C PS).

2. Let v € C°*(R): if p, is the unique auxiliary port of v, then depthz(p,) =
depthp(boxg(v)) + 1. Indeed if P, 18 the unique box-crossing path
. .R
from cr(P%'(v)) = cr(py) to PR'(v), then Ppri(y) " Do is the unique
box-crossing path from cr(p,) to p, and moreover Pperi(y) " Po CLOSSES U
whereas P (4) does not. '

3. Let v € C°*(R): if p € inboxg(v)NP(boxg(v)) then boxesof oy, (v) (P) =

boxesof r(p) ~ {I € C**(R) | P?{i(l) ¢ inboxg(v)}. Indeed, let [ €
CP*(R): 1 € boxesof oy, (v) () iff 1 € CP*(boxg(v)) and p € iNbOXpox s (v) (1) =

inboxp(1) iff PP (1) € inboxg(v) and I € boxesof g(v).

The following lemma shows that the depth of a port p in a ps R is nothing
but the number of boxes in R containing p, as in the usual inductive syntaxes
of linear logic.

Lemma 53. Let R € PS. For every p € P(R), one has
depth(p) = card(boxesof r(p))

In particular, depthz(p) = 0 iff p & inboxg(v) for any v € C°*(R).
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PRrROOF. By induction on the depth(p) € N. We denote by ¢, = (pi)o<i<n
(with n € N) the unique box-crossing path from cg(p) to p.

If depthz(p) = 0, then ¢, does not cross any v € CP°™(R) = C°**(R) (as
R € PS) nor any q € Auxdoors(R), according to definition 51. Hence, for
every v € CP%(R), every path above v does not end in p, by condition 4 in
definition 38. Thus, card(boxesof r(p)) = 0 = depthy(p).

If depthp(p) > 0, then ¢, crosses some v € CP(R) or some q €
Auzxdoors(R), according to definition 51. Hence, n > 0 and for some
v € CP®(R), there exists a path above v ending in p (i.e. p € inboxg(v)), by
condition 4 in definition 38. According to definition 50 (i.e. thanks to nesting
condition, as R € PS), C%(p) is defined. By condition 4 in definition 38 and
lemma 49.4, ¢, crosses either C2(p) or ¢ € auxdr(C2™(v)): in both cases,
there exists k € {0,...,n} such that pj € doorsp(CB(p)) and the subpath
(pi)k<i<n of ¢, does not cross any v € C°(R) nor any q € Auzdoors(R), be-
cause of the minimality of inbox(C5™(p)). So depthp(px—1) = depthp(p) —1,
hence depthp(pr—1) = card(boxesof g(px—1)) by induction hypothesis. Be-
cause of lemma 43, pi_1 ¢ inboxgr(C5%(p)) whereas py, ¢ inboxg(C5*(p)) and
thus card(boxesof g(pg—1)) = card(boxesof g(p)) — 1, by the nesting condition.
Therefore, depthp(p) = card(boxesof g(p)). O

The following proposition reveals some intuitive properties of some notions
already introduced.

Proposition 54. Let R € PS.

1. If {p,q} € W(R) then boxesof p(p) = boxesof r(q) and depthp(p) =
depthp(q).

2. Let v € C°(R) and let p, be the unique auxiliary port of v: for
every q € bcr(v) one has boxesof g(p,) = boxesof g(q) and depthy(q) =

depth(py).
3. Let p € |JCuts(R) UD(R): depthp(p) =0 iff p € |JCutso(R) U Dy(R).

4. Letv,v' € CP%(R): ifinboxg(v') C inboxg(v), then boxesofR(P‘;{i(v)) -
boxesof g(P%'(v')) and depthy(boxg(v)) < depthy(boxp(v')).

5. for every v € C°%(R) one has depth(boxr(v)) < depth(R).
Proor.

1. For every v € C®®(R), there exists a path above v ending in p iff there
exists a path above v ending in ¢: this is evident when {p, ¢} is neither
a cut nor an axiom, this is due to condition 4 in definition 38 if {p, ¢} is
an axiom, and this is due to definition of becp if {p, ¢} is a cut. Hence,
p € inboxg(v) iff ¢ € inboxg(v) and thus boxesof r(p) = boxesof r(q).
Therefore depthy(p) = depthp(g) by lemma 53.
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2. For every | € C®(R), | € boxesofg(p,) iff p, € inboxg(l) iff there
exists in R a path above [ ending in p, iff (by definition of ascending
path) there exists in R a path above [ ending in ¢ iff ¢ € inboxg({)
iff I € boxesofp(q). Therefore, boxesof p(p,) = boxesofr(q) and so
depth(q) = depthp(p,) by lemma 53.

3. If depthp(p) = 0 then the box-crossing path from cg(p) to p crosses
no promotion cells, hence there is no ports ¢ such that ¢ j}% p, in
particular p ¢ im(bcg) and thus p € Cutso(R) U Dy(R).

Conversely, if p € Cutso(R) U Do(R) then p = cr(p) by lemma 49.3,
therefore depthp(p) = 0.

4. By remark 42.2, in R there exists a path above v ending in the unique
auxiliary port of v'. If P%'(v) ¢ inboxgz(v) then there is no path above

v ending in Plp{i(v’), hence v = v and so Pjp{i(v) = P%ri(v’), whence
boxesof g (PP (v)) = boxesof p(P%'(v')). Otherwise in R there exists

a path ¢ above v ending in P%i(v/): if | e boxesofR(P?{i(v)) then

I € C°*(R) and Pjp{i(v) € inboxg(1), thus there exists a path ¢ above [

ending in P?{i (v) and so ¥ - ¢ is a path in R above [ ending in P'}’;(v’),
whence P%i (v") € inboxg(l) and thus [ € boxesofR(P%i(v/)). Therefore
boxesof g (P% (v)) = boxesof r(P%'(v')), so depth p (boxg (v)) < depth (boxg(v'))
by lemma 53.

5. Let p € P(boxg(v)) be such that depth(boxg(v)) = depthpgy, ) (). If
p € P(boxg(v))\inboxpr(v) then p is the principal port of a unary ?-cell
whose unique auxiliary port ¢ € auxdg(v) and so ¢ € inboxg(v) and
depthpey,, (v) (P) < depthyey,,()(q). Therefore, we can suppose without
loss of generality that p € inboxg(v) and thus boxesofye () (p) =

boxesof r(p) ~ {I € C’**(R) | P%i(l) ¢ inboxg(v)} by remark 52.3.
As PP'(v) ¢ inboxg(v) (by lemma 43), one has boxesofpey, () (p) &

boxesof r(p), whence depth(boxg(v)) = depthye, () (p) < depthg(p) <
depth(R) by lemma 53. 0

According to proposition 54.1, we are entitled to talk about of the depth
of a wire {p, q} of a ps: it is the depth of p or q. Propositions 54.2-3 mean
that in a ps R, for any v € C°*(R), the cuts and deadlocks pointed by the
arrow function bcp are the cuts and deadlock at depth 0 in boxg(v), in other
words boxp(v) is the deepest (i.e. “smallest” in the sense of proposition 54.4)
box containing them.

Notice that proposition 54.2 does not hold if we replace the hypothesis
q € bcgr(v) with ¢ € auxdg(v) because in general, we can have v,1 € CP%(R)
such that g € auxdgr(l) Nauxdgr(v) but p, ¢ inboxg(l) (where p, is the unique
auxiliary port of v), whence boxesof g(q) Z boxesof r(py).

Proposition 54.5 allows to make easily induction on the depth of a ps.
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1.6 Indexed ((pre-)pre-)proof-structures

We introduce the notion of indexed pseudo-structure (resp. ppps; pps; ps),
i.e. a pseudo-structure (resp. ppps; pps; ps) with ordered conclusions. This is
mandatory to fix an order on conclusions in order to define the interpretation
of a proof-structure in the relational model.

Definition 55 (Indexed ((pre-)pre-)proof-structure). An indexed pseudo-
structure 4s a pair (®,ind) such that ® € PseudoPPPS and ind : Pfree(®) —
{1,...,card(Pfree(®))} is a bijection. We say then that ind is an enumeration
of Pfree(d).

An indexed ppps (resp. indexed pps; indexed ps) is an indexed pseudo-
structure (®,ind) such that ® € PPPS (resp. ® € PPS; ® € PS).

We denote by PseudoPPPS™ (resp. PPPS™; PPS™ . PS) the set
of indezed pseudo-structures (resp. indexed ppps; indexed pps; indexed ps).

We set PPSE| = {(R,ind) € PS™ | R € PPSpii(,} and PS\iT)| =
{(R,ind) € PS™ | R € PSyEL}.

We introduce the notion of “identity” (or better said isomorphism) be-
tween two indexed ppps (resp. pps; ps). The idea is that two corresponding
conclusions of two indexed ppps (resp. pps; ps) have to be in the same order
position.

Definition 56 (Isomorphism between indexed ((pre-)pre-)-proof-structures).
Let (®,ind), (¥, ind’) € PPPS™ (resp. (®,ind), (¢’,ind) € PPS™; (®,ind), (®’,ind) €
PSind).
An isomorphism from (®,ind) to (®',ind’) is a p : ® ~ &' such that the
following diagram commutes:

’Pfree(@) ind {1,..., Cal’d(’Pfree(q)))}
Pfree(@/)

We write then ¢ : (®,ind) ~ (®',ind’).
If there exists an isomorphism from (®,ind) to (®’,ind’), then we say that
(®,ind) and (®’,ind’) are isomorphic and we write (®,ind) ~ (&', ind’).

Remark 57. Let ®,9’ € PPPS with ¢ : R ~ R/. For every enumer-
ation ind of Pfre¢(®), there exists an enumeration ind’ of Pfe¢(®’) such
that ¢ : (®,ind) ~ (®',ind’). Indeed, it suffices to take ind’ : Pfree(d/) —
{1,...,card(Pfee(®))} such that ind’(p) = ind(¢p" (p))-
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1.7 A non-inductive correctness criterion

A correctness criterion is a property fulfilled by all and only those proof-
structures corresponding to a proof in the (multiplicative and exponential
framework of) Linear Logic sequent calculus. This gives a geometrical
account of the Linear Logic proofs. There is a multitude of equivalent
correctness criteria for the multiplicative and exponential framework of Linear
Logic, the most common one is the Danos-Regnier criterion (see for example
[DR&9, Tor03]), which is a simplification of the primary long trip criterion of
Girard introduced in [Gir87].

All the well-known correctness criteria for the multiplicative and expo-
nential framework of Linear Logic proof-structures are defined by induction
on the depth of the proof-structure, so they can considered “purely geo-
metrical” only in the case of a proof-structure without boxes (in particular,
in the multiplicative framework). In our syntax we can reformulate the
Danos-Regnier correctness criterion for the multiplicative and exponential
framework of Linear Logic proof-structures in such a way that our criterion is
completely “non-inductive”, that is reinforces the idea of a “purely geometrical”
characterization of (multiplicative and exponential) Linear Logic proofs.

Definition 58 (Snipping, linearization). Let ® € Modules and let Q C
P2X(®). The snipping of Q in ® is a 6-tuple &' = (C', 7, D', W', auxd’, bc’)
such that:

o C' = (tg, P, Colpr, Pf;i, P'eft[LQ) where P’ = P(®)\Q and Lo = {l €
€ (®) | card({p € P' | Ca(p) = 1}) = 3};

o I'=17(®) ~ (@ N U Az(D));
e D' =D(®) and W = W(P);
e auxd’' = () = bc’ (where () is the empty function,).

If Q = 0, we say that the snipping of Q in ® is the linearization of @,
denoted by lin(®).

Remark 59. For every ® € Modules and Q C P2™(®),if ' = (C',Z/, D', W', auxd’, bc’)
is the snipping of ) in ®, then C' € ModuleBases and ® € Module. Fur-
thermore C(®) = C(®'), P(®) = P(®’), PP (®) = PP (d'), D(®) = Do(P’)
and W(®) = W(®'), but in general Z(®) 2 Z(d'), Pfree(®) 2 Pfree(d/) and
P2AX(D) € P (P'). Therefore, every path in @ is also a path in @ (but the
converse does not hold).
If R € PS, then lin(R) € PPSpyi,, Z(R) = Z(lin(R)), P™(R) =
Pfree(lin(R)) and P2"*(R) = P2**(lin(R)).

Roughly speaking, if ® is a module and @ is a set of auxiliary ports of
®, the snipping of () in ® is the module obtained from ® by disconnecting
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the ports of @ (which become isolated ports) by their cells. This operation
might transforms a ps in a module which is not a pseudo-structure, because
some binary ®- or %-cells might get 0-ary or unary, or some wires might get
hanging (i.e. they connect a principal port with an isolated port).

The linearization of a ps ® has to be seen as the DilLLg-proof-structure
obtained from ® by forgetting the boundaries of all the boxes of ® (i.e. their
arrows).

Definition 60 (Switching, correctness graph). Let R € PS and let
CV(R) =CY(R)U{l €C(R) | tr(l) =7, agr(l) > 2}.

A switching of R is a function associating with every I € C®"¢(R) an
auxiliary port of [.

For every switching s of R, we set offr(s) = {p € PP**(R) ~im(s) |l €
C™"(R)}: the s-correctness graph of ® is the snipping of offg(s) in R.

A correctness graph of R is a s-correctness graph of R for some switching
s of R.

Definition 60 reformulates in our syntax some standard notions of Linear
Logic proof-structures.

Remark 61. For every R € PS and switching s of R, if G% is the s-correction
graph of R then G} € Modules; moreover, if | € C(R) is such that there
exists a p € doorsg(v) N P (R) for some v € C°*(R), then ags, () = 1.

Conjecture 62 (Cryptic). Let R € PS. R is acyclic iff for every switching
s in boxed(R), I € C**(boxed(R)), p € P(boxed(R)) there exists at most one
path in s above [ ending in p.

Definition 63 (DR-path). Let R € PS and let s be a switching of R.

A DR-path in R according to s is a path (p;)icr (where I is an initial
segment of N) in the s-correction graph of R such that for every v € CP*(R)
and i,i + 1 € I, if p; € doorsg(v) N PP**(R) and pit1 = PY'(1) for some
l € C(R), then for every j € I such that j > i+ 1 one has p; ¢ doorsp(v).

For every p,q € P(R), we say that p and q are DR-connected according
to s if there exists a DR-path in R according to s from p to q.

The idea is that, given a ps R and a switching s of R, a DR-path in R
according to s leaving a box cannot re-enter it. By means of DR-paths we
can give a simple correctness criterion.

Definition 64 (DR-connection, DR-acyclicity, proof-net). Let R € PS.

R is DR~connected if for every switching s of R, all p,q € P(R) are
DR-connected according to s.

R is DR~acyclic if D(R) = 0 and, for every switching s of R, each path in
the s-correction graph of R is not a cycle and it is a DR-path in R according
to s.

WHY?
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R is ACC (or R is a proof-net or R satisfies the correctness criterion) if
R is DR-connected and DR-acyclic.

We denote by PN the set of proof-nets. We set PNmeL = PN NPSMEeLL
(resp. PNpiLL, = PNNPPSp;., ), whose elements are the MELL-proof-nets
(resp. DiLLo-proof-nets).

We point out that our correctness criterion, as well as our definition of
proof-structure, is completely non-inductive, by taking into account only
some “geometrical informations” available in a proof-structure. Our correct-
ness criterion can be seen as a non-inductive version of the Danos-Regnier
correctness criterion [DR89, Tor03| for the multiplicative and exponential
framework of Linear Logic (whic is non-inductive only in the multiplicative
fragment). Intuitively, in our correctness criterion DR-paths play the role of
induction on the depth of a proof-structure in the Danos-Regnier criterion.

In the case of a DR-connected ps, we can simplify the correctness criterion.

Proposition 65. Let R € PS be DR-connected. R is a proof-net iff D(R) = ()
and, for every switching s of R, the s-correction graph of R is acyclic.

PROOF. Let R € PS be DR-connected such that D(R) = () and, for every
switching s of R, the s-correctness graph of R is acyclic. We have to show
that each path in the s-correction graph of R is a DR-path in R according to
s. Let us suppose by absurd that for some switching s of R there exists a path
in the s-correction graph G'% of R which is not a DR-path in R according to s.
Thus, there would exist v € C®®(R) and a path (p;)o<i<n (for some n € N*)
in G% the such that p, € doorsg(v), py € doorsg(v)NPP**(R) and p; = P%i(l)
for some [ € C(R) and p; ¢ doorsg(v) for every 1 < i <n —1. Since R is DR-
connected, there would exist a DR-path (g;)o<i<m (for some m € N*) in R
according to s from p,, to pg, hence ¢ € inboxg(v) (in particular, ¢; # pp—1)
by remark 61 and so (p;)o<i<n - (¢j)1<j<m would be a cycle in G, that is
impossible because of acyclicity of G%. g

Definition 66 (Empire). Let R € PPSpj, and let p € P(R).

For every switching s of R, let G, be s-correction graph of R: the s-
correction graph of R rooted in p is either the snipping of {p} in G% if
p € P2™(G%), or G, otherwise.

The empire of p in R, denoted by er(p), is the set of ¢ € P(R) such that
p and q are connected in all the s-correction graph of R rooted in p, for every
switching s of R.

The boundary of eg(p) is

der(p) ={q € P(R)| 3¢ € P(R)~er(p) and (¢,q') is a path in R of length

1.8 Taylor expansion

Definition 67 (Join of two DilLLg-structures). Let R,S € PPSpj, be
disjoint, let n € N, let py,...,pn € PT(S) be pairwise distinct and let
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li,...,1n € CY"(R)." The join of S in R through (p1,l1),..., (Pn,ln) is
R = (C,Z/,D', W' auxd’, bc’) where:
[

2

We say then that “R’ is obtained by joining S in R through (p1,11), ..., (Pn,ln)”

Definition 68. Let R € PS. The Taylor expansion of R, denoted by R*,
is a set of DiLLg-proof-structures defined by induction on depth(R) € N as
follows:

o if depth(R) =0, then R* = {R};

o ifdepth(R) > 0, then let vy,...,v, (for some n € N*) be the promotion
cells of R at depth 0.

16Possibly, I; = I; for some i,j € {1,...,n} with i # j.
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Chapter 2

Relational semantics

Let us consider the category Rel of sets and relations: the Kleisli category
of the comonad associated with the finite multisets functor on Rel is a
Cartesian closed category, i.e. a denotational model for A-calculus. Such an
interpretation of A-terms is the same as the interpretation of the Linear Logic
proof-net translating the A-term in the multiset based relational model of
Linear Logic. This holds for both the typed and untyped case.

In A-calculus, the shift from typed to untyped semantics essentially relies
on the choice of a suitable object D which is reflexive, that is such that D = D
(the exponentiation of D) is a retract of D (i.e. there exist two morphisms
abs: (D = D) — D and app: D — (D = D) such that app o abs = idp—.p).
In the multiplicative and exponential framework of Linear Logic we have
more constructions than the intuitionistic arrow, then it is not enough for
the object D we look for to enjoy the A-calculus notion of reflexivity (it must
satisfy more properties). Indeed we define an object D (definition 69) in the
category Rel in such a way that not only D x D and .#4,(D) are retracts of
D, but also that each of these constructs interacts well with the others (via
some morphisms), thus allowing an interpretation of untyped proof-structures
invariant under cut-elimination.

2.1 Relational spaces

We introduce a domain D to interpret (untyped) proof-structures as it is
already defined in [dCPT11, dCT12]. All the following definitions are exactly
the same as those ones in [dCT12].

In the definition of the domain D the set {4, —} of polarities is used
in order to “semantically distinguish” cells of dual types 1/1, ®/% and !/?,
which is mandatory in an untyped framework.

Definition 69 (Atom, point). We fiz a set A not containing any pair nor
any 3-tuple and such that x ¢ A; we call atoms the elements of A.
We define D,, by induction on n € N:
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o Do=AU({+,—} x{x}),
® Dyy1=DoU({+,—} x Dy x Dp) U ({+, =} X Mgn(Dy)).

We set D =
such that o € D,,.
We set D<% =

neN Dn- The depth of an element o € D s the least n € N

nen D™; whose elements are called points.

Remark 70.

1. Dy C Dy for every n € N. The proof is by a straightforward induction
onn € N.

2. Let a, B, c01,...,ax € D (for some k € N), let v € A and ¢ € {+,—}:

e depth(vy) = 0 = depth(¢, %), as Do = AU ({+, —} x {x});

e depth(¢, o, ) = max{depth(c), depth(5)}+1, indeed if depth(a) =
n, depth(8) = m and d = max{n, m} then (a, ) € Dy X Dy and
(o, B) ¢ D; x D; for any 0 < i < d—1, hence depth(s, v, 8) = d+1,;

e depth(, a1, ..., ax]) = sup{depth(c;) | i € {1,...,k}}+1, indeed
if depth(c;) = n; for any i € {0,...,k} and d = sup{n; | i €
{1,...,k}}, then (au,...,ar) € DE and (ay,...,0) ¢ D;? for
any 0 < j <d— 1, hence depth(¢, [a1,...,ar]) =d + 1.

3. The conditions on A ensure that D satisfies the following equation
D =AW ({+, -} x{x}) 8 ({+, -} x Dx D)W ({+,—} x (D))

which means that A, {+, =} x{}, {+, =} xDxD and {+, — } x &5, (D)
are retracts of D.

Thanks to remark 70.2, we can easily define some notions and prove some
propositions by induction on the depth of elements of D.

The function ()* (which is the semantic version of the linear negation)
flips polarities.

Definition 71 (Dual). We set ++ = — and —+ = +. We define a* for
every a € D, by induction on depth(a) € N as follows (where v € A,
a,B,a1,...,an € D for somen €N, and v € {+,—1}):

o vt =~ and (1,%) = (L1, %);
o (1o, B)t = (vt at, Bh) and (1, [aq, ..., an))t = (h o, - a]).

Definition 72 (Substitution). A substitution is a function o : D — D
induced by a function o4 : A — D and defined by induction on the depth
of elements of D, as follows (where v € A, a,B,a1,...,a, € D for some
neN, and € {+,—}):
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e o(y) =0a() and o (v, %) = (¢, %);
e o(t,a,8) = (v,0(a),0(B));
o (i, ]at,...,an]) = (t,[o(ar),...,0(am)]).

Ifoa: A— D isa function such thatim(c4) C A (resp. 04 is a bijection),
then the substitution o induced by o4 is atomic (resp. bijective).

We denote by MM (resp. &) the set of atomic (resp. bijective and atomic)
substitutions.

Remark 73. By a straightforward induction on depth(«) € N, we can prove
that o(a)t = o(at) for every substitution ¢ and a € D.

Definition 74 (Occurrences of an element of D). For every o € D, we define
sub(a) € Ay (D) by induction on depth(a) € N as follows:

o sub(y) =[] if v € AU({+, =} x {+});
e sub(s, o, B) = [(¢, v, B)] + sub(a) + sub(3);
o sub(s, [, ..., an]) = (1 [ar, ... an])] + D05, sub(ay).

For every n € N and (aq,...,a,) € D<Y, we set sub(ay,...,a,) =
> i sub(ay).

For every « € D and r € D<¥, we say that « occurs in r if a €
supp(sub(r)), and that there are exactly m occurrences of v in r if sub(r) () =
m.

In the sequel we need the notion of injective k-point of D<“ for any k € N,
and for every E C D<% the notion of E-atomic point.

Definition 75 (Injective point, k-point, E-atomic point). r € D<¥ is injec-
tive if for every v € A, either vy does not occur in r or there are exactly 2 occur-
rences of v in r. For every E C D<¥, we set Eiy,; = {r € E | r is injective}.

Given k € N, we say that r € D<% is a k-point if, for every m € N and
a1, ..., € D such that (4, [aq,. .., an]) occurs in r, we have m = k.

Let E C D<¥. r € E is E-atomic if for every ' € E and every substitu-
tion o such that o(r') = r one has o(y) € A for every v € A occurring in r'.
We set Eo, = {r € E | r is E-atomic}.

Once the subset F of D<¥ is fixed, it makes sense for r € F to say
that it is F-atomic: this means that no other element of F is “more atomic”
than r. In a typed framework, we would not have to define the notion of
FE-atomic point, but in our untyped framework we need that: the reason will
be explained after definition 80.



54 CHAPTER 2. RELATIONAL SEMANTICS

2.2 Experiments

Like in [Tor03, dCPT11, dCT12|, we use experiments, introduced by Girard
in [Gir87] to compute the interpretation of a proof-net in the coherent and
relational semantics and deeply studied by Tortora de Falco in [Tor00, Tor03].
An experiment (definition 76) can be thought as objects between syntax and
semantics allowing to associate with every ps R a point of D<“ (called result
of the experiment, see definition 77) which is an element of the interpretation
of R in the relational semantics. The interpretation of R in the relational
semantics is the set of results of all the experiments of R (definition 78).
Experiments are deeply related to non-idempotent intersection types and
their derivations in the A-calculus (see [dC07, dC09, Ehr12]): an experiment
corresponds to a type derivation and the result of an experiment corresponds
to a type. The intersection types system considered in [dC07, dC09, Ehr12]
lacks idempotency and this corresponds to the fact that we use multisets for
interpreting exponentials and not sets as in the set based coherent semantics
introduced by Girard in [Gir87].

The definition of experiment of a ps (the same as that one in [dCT12]) is
inductive and it uses the nesting condition.

Definition 76 (Experiment). Let R € PS. An experiment e of R, denoted
by e : R, is a function associating with every p € P(R) a x € Mgn(D) and
with every v € C°(R) a finite multiset of finite multisets of experiments
of boxg(v). The definition is by induction on depth(R) € N, and we ask
that card(e(v)) = 1 for every v € C°(R) such that depthp(v) = 0, and
card(e(p)) =1 for every p € P(R) such that depthp(p) = 0. Furthermore the
following conditions are to be fulfilled.

1. For every {p,q} € W(R) such that depthp(p) = 0 = depthr(q):
e if {p, qL} € Az(R) U Cuts(R), e(p) = [a] and e(q) = [B], then
a=p;
o if {p,q} € W(R) \ (Az(R) UCuts(R)), then e(p) = e(q).
2. For every l € C(R) such that depthR(P?{i(l)) =0:
o f1€C3(R) (resp. 1 € C(R)), e(PE(D) = [a] and e(P}E™(1)) =
(8], then e(PR (1)) = [(+, v, B)] (resp. e(PR (1)) = [( s, B)));
o ifle CY(R) (resp. 1 € C+(R)), then e(P p”(l) [(4,%)],) (resp.
(PR (1) = [(—#)]);
o if 1€ C'(R), then e(PF (1) = [(= X pepps(r) €(P))]-
3. For every v € C°*(R) such that depthp(boxg(v)) = 0, let e(v) =

lle1, .- en]:
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e if p is the conclusion' of boxg(v) such that P'I’D:i (v) <gr p, then

e(PR (1) = [(+, X1, ei(p))];
e if w € CP(boxg(v)), then e(w) = >, e;(v);?

e if p € inboxg(v), then e(p) = > 1 ei(p).?
Let (R,ind) € PS™4. An experiment of (R, ind) is an experiment of R.

Given a ps R, experiments of R are functions defined on R allowing to
compute the interpretation of R pointwise. Indeed, for every experiment e of
R, the labels associated by e with the conclusions of R form a tuple called the
result of e representing which is a point of D<%, so the result of an experiment
is a truly semantic object. The set of results of all the experiments of R is
the interpretation of R in the (muliset based) relational semantics.

Definition 77 (Result of an experiment). Let (R,ind) € PS"Y with n =
card(P™¢(R)) and let e be an experiment of R. The result of e in (R,ind) is
lelind = (a1, ..., ap) € D™ such that «y is the unique element of the multiset

e(ind™1(d)), for everyi € {1,...,n}.

Definition 78 (Interpretation of a proof-structure). Let (R,ind) € PS™d
and let n = card(P™¢(R)). The interpretation of (R,ind) is

[(R,ind)] = {|elina € D" | € is some experiment of R}.

Experiments are defined for whatever ps, including DiLLg-ps. Any deno-
tational semantics of DiLLg-ps provides a semantics for MELL-ps. through
the Taylor expansion. This is what the following proposition says in the case
of relational semantics.

Proposition 79. For every (R, ind) € PS™ one has [(R,ind)] = U,er-[(p;ind)].
PROOF. By straightforward induction on card(C(R)) € N. O

Definition 80 (Atomic experiment). Let R € PS. An experiment e of R is
atomic if for every p € |J Az (R), one has e(p) € Msn(A).

In our untyped framework we need to restrict the set F of all results of
all experiments of a ps to the set of the results of the atomic experiments
of this ps, in order to avoid the problem of “infinite 7-expansions” which are
semantically “invisible”. Of course, a given point of D<“ can be the result of
an atomic experiment of a ps and the result of a non-atomic experiment of
another ps. However, given (R, ind) € PS™ it makes sense for r € [(R, ind)]
to say that it is [(R,ind)]-atomic: this means that no other element of
[(R,ind)] is “more atomic” than r.

1See remark 42.1.

2This is well defined thanks to the nesting condition and because each promotion cell
in boxg(v) is a cell of R by proposition 41, since tr(l) = ? for every | € Lo.

3This is well defined thanks to the nesting condition.
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Lemma 81. For every (R,ind) € PS™ cut-free, one has
[(R,ind)]at = {|€lind | € is an atomic experiment of R} .
PROOF. By straightforward induction on card(C(R)) € N. O

Lemma 82. Let (R,ind) € PS™ be cut-free and deadlock-free. For every
r € [(R,ind)]inj,at, if 7 is a 1-point then (T, ind,) ~ (lin(R),ind).

PROOF. By straightforward induction on card(C(R)) € N.

As r € [(R,ind)] is a 1-point and R is cut-free, necessarily ar(l) = 1 for
every | € C'(R).

If there exists [ € C*™(R) NC?(R) and then O

Roughly speaking, lemma 82 says that, given (R, ind) € PS™4, an injective
and atomic 1-point in the interpretation of (R,ind) is the same as (R, ind)
but the arrows of R.

2.3 The relationship between Taylor expansion and
relational semantics

In the intuition of many specialists, (a result of) an experiment of a MELL-ps
R is seen as a DiLLy-ps in the Taylor expansion R* of R, and the interpretation
of R in the relational semantics is seen as R*. But this relationship between
Taylor expansion and relational semantics has been never formulated precisely.
This is what we aim at doing here. Quite surprisingly, the relationship between
a result of an experiment of a MELL-ps R and a DiLLg-ps in R* can be stated
in the expected intuitive way only when R is cut-free. This is due to the fact
seen in section 77 that two distinct DiLLg-ps in the Taylor expansion R* of a
MELL-ps R (with cuts) having the same normal form.

Definition 83 (From points to pseudo-structures). Let o € D. We define by
induction on depth(«) a pair (&, az,) such that & is a pseudo-structure having
only one conclusion (denoted by c(a)) and az, is a function associating with
every | € C*(a) some vy € A, called the label of | as follows:

e ifa € A then a = (C,0,0,0,0,0) where C is the pseudo-cell-base

consisting only of a ax-cell I, and axy(l) = «a;

o if a=(+,%) (resp. a = (—, %)) then a = (C,0,0,0,0,0) where C is the
pseudo-cell-base consisting only of a 1-cell (resp. L-cell), and ax, = )
(the empty function);

o if a = (+,a1,a9) (resp. @ = (—,a1,a3)) then & = (C, 0,0, W(a7) ¥
W(az) W {wy,wa},0,0), where C is the pseudo-cell-base consisting of
the disjoint union of C(aq), C(az) and a ®@-cell (resp. B-cell) |, and
w1 = {c(a1),PET(1)} and wy = {c(ag),P(rcight(l)}; moreover axy, =
AT, W axa,;
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o ifa=(+,lar,...,an]) (resp. a« = (—, [, ...,a))) withn € N, then
a=(C,0,0,dycic, W(ai)W{wr,...,w,},0,0), where C is the pseudo-
cell-base consisting of the disjoint union of C(aq),. .., C(ay) and an-ary
I-cell (resp. ?-cell) I with PP (C) = {p1,...,pn}, and w; = {c(ay),p;}
for every 1 < i < mn; moreover ax, = &J?zl T ;-

For everyn € N and r = (a1,...,0p) € D", we set 7 = ;" a; and
ar, = ¥, axa,, and we define the function ind, : {c(a1),...,c(an)} —
{1,...,n} by ind,(c(e)) =i for every 1 <i < n.

Let r € D<¥. We denote by pseudo(r) the set defined as follows: ® €
pseudo(r) iff ® is obtained from 7 by connecting (11,1}), ..., (ln, 1)) (for some
n € N) where I1,1],...,ln, 1), are pairwise distinct ax-cells of T such that
axy(l;) = ax,(l}).

Remark 84. Let r € D<Y.

7 (resp. (7,ind,)) is a cut-free and deadlock-free pseudo-structure (resp.
indexed pseudo-structure) such that Z(®) = () and CP™(®) = 0.

If r is injective then there exists exactly one ® € pseudo(r) such that
® € PPSpii1,: this is the ® € pseudo(r) obtained from 7 by connecting all
the pairs of distinct az-cells with the same label in 7 (there is exactly one way
to do that because of the injectivity of r). We denote such a ® € pseudo(r)
by 7. Clearly, (7,ind,) € PPSE{, .

We will see that, for every r € D, 7 can be seen as a sort of canonical
representative of r.

Proposition 85. Let r,7 € D<% be injective points. If r ~ ' then 7 ~ 1.

Lemma 86. Let (R,ind) € PSIIY | be cut-free and deadlock-free. For every
p € (R,ind)* and for every atomic experiment e of p, if r is injective then
(7,ind;) ~ p.

PRrROOF. By induction on card(C(R)). O

Lemma 87. Let (R,ind) € PSWd | . For every r € [(R,ind)]atinj, one has
(7,ind,) € (R,ind)*.

PRrROOF. By induction on card(C(R)). O

Theorem 88. For every (R,ind) € PSId | I R is cut-free and deadlock-free
then

(R,ind)" = {(7,ind,) | r € [(R,ind)]at,inj} -

PROOF. Immediate consequence of lemmas 86 and 87. U
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2.4 The connected case

Definition 89 (Separable ?-cell). Let R € PS and let | € C*™(R) NC*(R).
| is inseparable if either ar(l) < 1 or there exists v € C°*(R) such that
depthi(v) = 0 and PP*(R) C auxdg(v).
[ is separable if it is not inseparable.

In other words, given a ps R, a terminal 7-cell in R of arity greater than
or equal to 2 is inseparable if all its auxiliary ports are auxiliary doors of one
and only one promotion cell at depth 0 in R.

Remark 90. Let R € PS and let [ € C*™(R)NC’(R). According to the
nesting condition, if [ is separable then ag(l) > 2 and:

e cither there exists p € P"*(R) such that p ¢ Auxdoors(R);

e or for every p € P"(R) there exists v € C°*(R) such that depth(v) =
0 and p € auxdg(v); moreover, there exist p,p’ € P?**(R) and v,v’ €
CP**(R) such that v # v/, depthz(v) = 0 = depth(v’) and p € auxdr(v)
and p’ € auxdg(v').

We give a notion of measure of a ps.

Definition 91 (auz-measure). Let R € PS and let m% be a multiset on
N defined by mp(i) = card({l € C*(R) | ar(l) = i}) for every i € N. The
auz-measure of R is #(R) = (m%,card(C(R)), card(P(R))).

Remark 92.
1. Given R € PS, m}, is a finite multiset, as C*(R) is a finite set.

2. For every R, R’ € PS, we can establish an order relation between m?R
and m?R,, given by the usual multiset order:

mhy < mb < for any i € N, if mp(i) > mbp (i) then there is j > i such that m%(j) < mb%

Definition 93 (1- and 2-DiLLy-ps of a MELL-ps). Let R € PSygLL and let
b c R*.

® is the 1-(resp. 2-)DiLLo-ps of R if for every l € C'(®), one has ag(l) = 1
(resp. ag(l) =2).
Definition 94 (1-projection). Let R € PSyeLL and let @ be a 2-DilLy-ps of
R. We define a 3-tuple (1(®), mp(a), me(@)) as follows, by induction on #(P)

with the lexicographical order on N3.

o If R is the empty ps, then 1(®) is the empty ps, wp@) and mc(P) are
the empty functions.
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e Ifag(l) = 0 for any | € C(®), then 1(®) = @, Tpg) = idp) and
Te(@) = tde(a);

o If there exists | € C*™(®) N CO(®), let P?(®) = {pi,pr} with
p = PET() and p, = Pg,ght(l), let ®" be the erasure of Pi(®) in
®; by induction hypothesis, one has #(®') < #(P), so there exists
(1(@/),71'73(@/),71'0(@/)). We set:

— 1(®) is the add of 1 in 1(®') in such a way that P'le(%)(l) = p,

PYES (1) = pr and if {g,p1} € W(®) (resp. {d',p} € W(®)) then

{g,p} € W(L(D)) (resp. {d',pr} € W(P));
— Tp@) = Tp@) Uidp (@),

- Te(d) = Te(d) U Zd{l}

o If there exists | € C*™(®) N C*(®) such that either there exists p €
PR(D) such that p & ea(l') for any I € C'(®), or there exist

Lemma 95. Let ® be a 2-DiLLg-ps and let R € PSwmeLL be such that
O, 1(P) € R*. For every R’ € PSwmeLL, if ©,1(P) € R then R~ R'.

Proor. We prove by induction on that R = R’ up to isomorphisms. For
the sake of simplicity, we ignore in this proof all the problems related to

isomorphisms.
We show [l

The following theorem says that a cut-free and deadlock-free MELL-proof-
net R is completely characterized by its atomic 2-point in its interpretation
in the relational semantics.

Theorem 96. Let 7,1 € D<¥ be 2-points, let (R, ind), (R',ind’) € PN pe
cut-free, deadlock-free and such thatr € [(R,ind)][injat and " € [(R,ind")]injat-
If 7 =7’ then (R,ind) ~ (R,ind’).
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Part 11

Call-by-value lambda calculus
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Chapter 3

About a call-by-value
A-calculus

First formulated by Alonzo Church in 1936, A-calculus is a formal system in
mathematical logic and theoretical computer science for expressing computa-
tion by way of variable binding and substitution. It found early successes
in the area of computability theory, such as a negative answer to Hilbert’s
Entscheidungsproblem. As pointed out by Peter Landin’s 1965 paper [Lan65],
sequential procedural programming languages can be understood in terms
of the A-calculus, which provides the basic mechanisms for procedural ab-
straction and procedure (subprogram) application. The A-calculus may be
seen as the idealized prototype of functional programming languages, like
Lisp, Haskell or the various dialects of ML. Under this view, S-reduction
(the operation performing substitution of a bound variable for an argument)
corresponds to a computational step.

Because of the importance of the notion of variable binding and substitu-
tion, there is not just one system of A-calculus, and in particular there are
typed and untyped variants. Historically, the most important system was
the untyped A-calculus, in which function application has no restrictions (so
the notion of the domain of a function is not built into the system). In the
Church—Turing Thesis, the untyped lambda calculus is claimed to be capable
of computing all effectively calculable functions; actually untyped A-calculus
is equivalent to all the models of computation having the highest expressive
power nowadays known, like Turing machines and recursive functions. The
typed A-calculus is a variety that restricts function application, so that func-
tions can only be applied if they are capable of accepting the given input’s
“type” of data.

Another variant of A-calculus is the “call-by-value” A-calculus. The most
commonly used parameter passing policy for programming languages is call-
by-value (CBV). Landin in [Lan65| pioneered a CBV formal evaluation for a
lambda-core of ALGOL60 (named ISWIM) via the SECD abstract machine.
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Ten years later, Plotkin in [Plo75] introduced the Ag, -calculus in order to
grasp the CBV paradigm in a pure lambda-calculus setting. The Ag, -calculus
narrows the S-reduction rule by allowing the reduction of a redex (Azt)u,
only in case u is a value, i.e. a variable or an abstraction.

3.1 A call-by-value A-calculus

We will study now Acgy, a call-by-value A-calculus introduced in [Ehr12]| by
Ehrhard and inspired by his analysis of the relational model for Linear Logic.
3.1.1 The syntax of Acgy

Let V be a countable set whose elements, denoted by x, 4, z, ..., are called
variables.

Definition 97. We define the elements of the sets Ay (terms), A, (values),
Acpy (expressions) by mutual induction as follows:

At L,M,N == (M)N | (V)' terms
Ay UV,W 2=z | XxM values
Acgv D,E,F :=M |V expressions

Note that Acgy = Ay W A,. Terms of the shape (V)" (resp. (M)N) for
some value V (resp. terms M and N) are called promoted values (resp.
applications). Terms of the shape (M)N for some terms M and N are called
applications, M (resp. N) is in function (resp. argument) position. Values of
the shape Ax M for some term M are called abstractions.

Notation. We follows the Krivine’s notation (see [Kri93|) for applications,
where the parentheses are on the function. For instance, the term (M)(N)L
according to our notation is the term M (NL) according to Barendregt’s
notation (see |[Bar84]|).

Let M, Ny, ..., N, be terms, with n € N: if no ambiguity arise, often we
use the notation (M)N;j...N, or MNy...N, for (...((M)N7y)...)N,, in
particular if n = 0 then it stands for M.

If n=0, (N1)...(Np,)M stands for M.

If V is a value, often we write V' instead of (V)"

Definition 98. With every expression E is associated its size size(E) € N*,
defined by induction on E as follows:

e size(z) =1; o size(AzM) = size(M) + 1;

o size(MN) = size(M)+size(N)+
o size(V') = size(V) + 1; 1.
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For every expression F, size(F) is the number of rules of definition 97
used to build £, in other words it is the sum of the nodes in the tree-like
representation 7aM of M.

Due to the presence of constructor ()' (which allows to separate terms and
values into two distinct sets), the set Acgy of expressions does not coincide
with the set A of ordinary A-terms. By the way, there is an obvious “forgetful
functor” F' from Acgy to A, defined as follows (by induction on the expression

in ACBV):

F(z) = =z F(hxzM) = Xz F(M)
F(V) = F(V) F(MN) = F(M)F(N)

Definitions of free variables, a-equivalence and substitution (avoiding
variable capture) are extended to expressions as expected. For instance, the
free occurrences of a variable x in an expression E are defined, by induction
on F, as follows :

e if F is the variable z, then the occurrence of z in FE is free;

e if £ = (M)N for some terms M and N, then the free occurrences of =
in ' are those of x in M and N,

o if £ = AyM for some term M, the free occurrences of x in F are those
of xz in M, except if x = y; in that case, no occurrence of z in F is free.

e if £ = (V)" for some value V, the free occurrences of x in F are those
of x in V.

A free variable in an expression F is a variable which has at least one
free occurrence in Ej; the set of free variables in E is denoted by fv(E). An
expression which has no free variable is said closed. A bound variable in an
expression F is a variable which occurs in E just after the symbol A. In an
expression AxM the Az before M binds the free occurrences of x in M.

We work up to a-equivalence.

As another example of notion coming from ordinary A-calculus trivially
adapted to Acpy, the operation of substitution avoiding variable capture is
extended by setting

VWL 21, .. W zn) = (VWL 21, ..., Wa/20))'

for any values V, Wy, ..., W, variables z1,...,z, and n € N. Notice that
the substitution is defined only for values replacing variables. The following
lemma extends at Acgy a substitution lemma of ordinary A-calculus.

Lemma 99.

1. Let E be an expression, let V. W be values and let x,y be variables. If
x & (W) U{y} then E[V/z|[W/y] = E[W/y|[VIW/y]/z].
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2. If E is a vale (resp. a term), V is a value and x is a variable, then
E[V/z] is a value (resp. a term).

PROOF.

1. By induction on the expression E. The only novelty is the case where
E = U" for some value U: by applying induction hypothesis the identity
holds.

2. By a straightforward induction on the expression E.

Remark 100. It follows immediately from definition that:

1. Every term is in the form

!

(VHMy...M,, and  (Ny)--- (N, W'

where V' and W are values, m,n € N, M; and N; are terms for every
1<i<mand 1< j <n; both of these forms are unique, and m = 0
iff n = 0; moreover if m = 0 (i.e. n = 0) then V = W, otherwise
My, = (N3)--- (N, )W' and Ny = (VHYMy ... My, 1.

2. As any term has always a finite length, applying recursively the left
(resp. right) decomposition in remark 100.1 yields that every term M
either is such that M = V' for some value V or there exist ¢ € N, values
V. Vo,...,Vp and terms Ly, ..., Ly such that:

o L(J = (V!)‘/b!L01 N 'LOko (resp. Lo - (L01) s (LOko)(V')VY()') for
some ko € N and terms Lo, ..., Loky;

e for every 1 < i < ¢, we have L; = (VZ-!)Li_lLﬂ -+ Ly, (resp. L; =
(Li) - (Lig,)(Li—1)V}) for some k; € N and terms L;y, ..., Li,;

o M =1,.

Both of this decompositions are unique. It is more natural to consider
these decompositions as a binary tree, see §3.4.

3. As any term has always a finite length and any value is either a variable
or of the shape Az M for some term M, applying recursively the left (resp.

WHY? right) decomposition in remark 100.2 yields that every term M either is
such that M = y' for some variable y or there exist m, £y, ..., ¢m € N,
terms My, ..., M,,, a variable y and for every 0 < i < m values

Vio, ..., Vig, and terms Lo, ..., L;y,, such that:

e Loo = (4)VgoLoo1 - - Lookgy (resp. Loo = (Loor) - - (Looky) (%) Vi)
for some kjp € N and terms Ljo1, . .., Liok,;
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o for every 1 < j </;, we have L;; = (Vi!j)Lz‘j—le'jl <+ Lijg,; (resp.
Lz’j = (Lijl) oo (Lijkij)(Lij—l)‘/j!> for some kj € N and terms
le7 R 7ijjy

® M;= L, .

e forevery 1 <i<m:

— Lio = (A2;M;—1)")V,i Lio1 - - - Liok,, (vesp. Lio = (Lio1) - - - (Lioke) A M} )

for some k;o € N and terms Lio1, . . ., Lioky;

— for every 1 S j S gi, we have Lij = (V;‘!j)Lij—lLijl s Lijkij
(resp. Lij = (Lijl) s (Lijkij)(Lij—l)V}!) for some kj € N and
terms Lji, ..., Ljk;;

- M; = Liﬂi .

Both of this decompositions are unique. It is more natural to consider
these decompositions as an iteration of binary trees, see §3.4.

4. Every closed value is in the form Az N, where N is a term with fv(N) C

{z}.

Definition 101. For every expression E, we define by induction on E the
set sub(E) of the subexpressions of E as follows:

sub(z) = {x} sub(AzM) = sub(M)U{\xM}

sub(V') = sub(V)u {V'} sub(MN) = sub(M)Usub(N)U{(M)N}

A subterm (resp. subvalue) of an expression E is a term (resp. value) which
1 a subexpression of E.

Definition 102 (f,- and B\,—redex). A fB-redex is a term of the shape
(AzM)'N for some terms M and N. A B,-redex is a term of the shape
(AxM)'V* for some value V' and term M, its contractum is the term M[V/x].

A oy (resp. oy )-redex is a term of the shape (A\xM)'NL (resp. (M)(AzL)'N )
for some terms M, N and L with x ¢ fv(L) (resp. x ¢ fv(M)), its contractum
is the term (\eML)'N. A og-redex is a oy-redex (M)(AxL)'N such that
M = V" for some value V.

A oy(resp. ol )-redex is either a oy-redex or a os(resp. of)-redex. A
Buo (Tesp. Pyor )-redex is either a By-redex or a o (resp. o, )-redex.

Let E be an expression and let R € {B, By, 01,03,0%,0y,0,, Bus, Buo’ }- A
R-redex in E is an occurrence in E of a subterm of E which is a R-redex. A
R-redex in E is a R-redex in E which is not in any subvalue of E. We say
that E contains a R(resp. R)-redex if there is a R(resp. R)-redex in E.

In order to compare f,-redexes in Acgy with S-redexes in ordinary (call-
by-name) A-calculus by means of the “forgetful functor” F', we observe that if a

V;

?

0)
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term M € Acpy is a fy-redex then F'(M) is a S-redex (in A), but the converse
does not hold: for instance, M = (Azz')'(y')z' is not a B,-redex, differently
from F(M) = (Azx)(y)z which is a S-redex. Indeed for every term ¢ € A
there exists a fy-redex M € Acgy such that F(M) =t iff t = (Azu)v for
some u,v € A such that v is a variable or an abstraction. Essentially, modulo
the “forgetful functor” F, a f,-redex is a -redex such that its argument is a
value.

A B\,—redex can be seen as a “outermost” S,-redex, that is a §,-redex not
contained in any other (,-redex.

Remark 103.

1. Every term of the shape V' for some value V contains no ﬁ\,—redexes,
indeed a variable is not a Bv—redex and, for every term N, any possible
By-redex in N is “invisible” in (AzN)' since AzN is a subvalue of (AzN)".
On the contrary, a value V (and so a term V') might contains a 3,-redex.
For instance (A\yz')'z" is a fBy-redex in the value Ad(\y z')'z' (and in
the term (Ad(\yz')'z)").

2. If a term contains several Bv—redexes then they are non-overlapping,
i.e. they have no common occurrences of subexpressions. Indeed, a
Bv—redex is of the shape (AzN)'V" for some term N and value V', where
(AzN)" and V' contain no f,-redexes (see remark 103.1).

The following definitions will be used to define and characterize binary
relations on the set Acgy of expressions.

Definition 104 (Contextual and applicative closure). Let R be a binary
relation on Acpy.

We say that R passes to context (resp. R passes to applicative contexts)
if R is such that the following conditions 1, 2, 3 and 4 (resp. 1 and 2) hold,
for any terms M, M', N and values V,V':

1. if M R M’ then MN R M'N;
if M R M’ then NM R NM’';
if VRV then V' RV";

RN

if M R M’ then \e M R Az M’ .

The contextual closure of R is the binary relation R’ on Acgy defined by
applying, a finite number of times, the following rules:

M R N MR'M'@I NRN g
M R N MN R M'N MN R MN'
MR M VR W |,

AeM R \zM’ V'R W
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The applicative closure of R is the binary relation R’ on Acgy defined by
applying, a finite number of times, the following rules:
MRNR MR M Q) N R N’
M R N MN R M'N MN R MN'
In the sequel we will consider contextual or applicative closures R’ of
relations R defined only by axiom rules. Therefore, thanks to the R-rule,
we are entitled to talk about the axiom rules of R as derivation rules of the
relation R'.

r

Notation. Let R be a binary relation on a set X.

We denote by R~ (resp. RT; R*; RT) the reflexive (resp. transitive;
reflexive-transitive; symmetric) closure of R. We denote by ~p the symmetric
and reflexive-transitive closure of R, i.e. ~p = (RT)*.

Let E, F € X and n € N: we say that £ R-reduces to F' in n steps (and
we write E R™ F) if there exists a finite sequence (E;)o<i<n of elements of X
such that F¥ = Ey, FF = E,, and F; R F;;1 for every 0 < i < n.

Remark 105.

1. If R C Ay x Ay and R’ is the contextual (resp. applicative) closure of R,
then R' C (A¢ x A¢) U (Ay X Ay) (resp. R' C At x At). The proof is by
a straightforward induction on the derivation of F R’ F, where FE and
F' are expressions.

2. If R is a binary relation on Acgy passing to context (resp. passing to
applicative context) then R=, Rt R* RT and ~p pass to context
(resp. pass to applicative context).

We recall some standard definitions in term rewriting systems.

Definition 106. Let R be a binary relation on a set X and let E € X.

E is a R-normal form or is R-normal if there is no expression E' such
that E R FE'.

A R-normal form of E is a R-normal form E' such that E 5} E'.

E is R-normalizable if there exists a R-normal form of E.

E is R-strongly normalizable if there is no infinite sequence (E;)ien of
elements of X such that g = E and E; R E;y1 for every i € N.

Definition 107. Let R be a binary relation on a set X.

R is strongly (resp. locally) confluent if for every E, Ey,Es € X such
that E R E; fori € {1,2} there exists E' such that E; R E' (resp. E; R* E')
fori e {1,2}.

R is confluent if R* is strongly confluent.

We recall a well-known result of term rewriting system.

Theorem 108. Let R be a confluent binary relation on a set X and let
FEi,FEy € X. If E1 ~p Es then there exists E € X such that E1 R* E and
E> R* E.
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3.1.2 Some call-by-value S-reductions

The following notions of 3,- and B\,-reduction are introduced by Ehrhard in
[Ehr12]. They formulate respectively the the well-known ([Plo75]) call-by-
value and lazy (or weak) call-by-value S-reduction for the syntax presented in
§3.1.1. Some results of this section are nothing but a reformulation in Acgy
of well-known results for call-by-value A-calculus, the novelty is in pointing
out the deep symmetries in 5,- and especially B\,—reduction.

Definition 109 (6y- and B\,—reduction). The B,-reduction (resp. weak [~
reduction or f,-reduction), denoted by B, (resp. By ), is the contextual (resp.
applicative) closure of the binary relation —g, on A¢ defined by the following
rule:

B
Az M)'V*' =5, M[V/x]
where M is a term and V' is a value.
Remark 110. By remark 105, 8, C (A x A¢) U (A, x Ay) and B\, C Ay X At

In order to compare our call-by-value A-calculus with ordinary (call-by-
name) A-calculus with respect to reductions by means of the “forgetful functor”
F (see p. 65), we can prove, by straightforward induction on E € Acgy, that
if £ and E’ are expressions such that E 8, E' then F(FE) 8 F(E'), but
the converse does not hold: for instance M = (Azx')(y')z' is B,-normal (in
Acgy), on the contrary F(M) = (Axz)(y)z 5 (y)z (in A). In other words
modulo the “forgetful functor” F, the call-by-value A-calculus allows to reduce
a (-redex only if its argument is a value, i.e. a variable or an abstraction (see
the p-rule for §,- and Bv—reductions), whilst there is no such a restriction in
ordinary A-calculus.

Remark 111.

1. Tt is immediate to check that for every expression E (resp. term M),
there exists an expression E’ (resp. a term M’) such that E 8, E’ (resp.
M 5, M') iff E (resp. M) contains a f,(resp. f,)-redex. Therefore,

an expression (resp. a term) is f,(resp. Sy)-normal iff it contains no
By (resp. B,)-redex.

2. Tt is easy to verify that for all expressions E, E’ (resp. terms M, M'),
E B, E' (vesp. M 3, M) iff E (resp. M’) is obtained from E (resp.
M) by replacing exactly one S,-(resp. fy-)redex in E (resp. M) with
its contractum.

3. Clearly, BV C By (the proof is by induction on the length of the derivation
of M B, M'). More precisely, weak (,-reduction is the §,-reduction
with the restriction that it does not reduce under the \’s (whence the



3.1. A CALL-BY-VALUE A\-CALCULUS 71

word “weak”): @,—reduo‘mon reduces a f,-redex only if there is no A
in front of it. In particular, every By,-normal form is B\, normal; the
converse fails to hold: for instance, (/\d()\y 2")'2")! is By-normal but not
By-normal since (Ad(A\y z')'2")' B, (\zz')'.

4. Terms of the shape V' where V is a value are Bv—normal forms; on the
contrary, a value V and so a term V' are not necessarily 8,-normal (see
remarks 103.1 and 111.1)

5. All the critical pairs for ﬁv—reductlon (i.e. terms M, My, Ms such that
M B\, My and M B\, My with M; # Ms) arise from non-overlapping
fB,-redexes in the same term (see remarks 103.2 and 111.2)

6. For every expressions E and E', if E 8, E’ then fv(E’) C fv(E) (the
proof is by a straightforward induction on E). In particular, for every
closed expression E, if E 3, E’ then E’ is closed.

In [Ehr12| Ehrhard showed that f,-reduction is confluent and that By-
reduction enjoys the following propriety: a term is Bv—normalizable iff its
interpretation in the relational model for Acgy defined in [Ehr12] is not empty.
The latter result is analogous to that one in ordinary A-calculus stating that a
(ordinary) term is head-normalizable iff its interpretation in the Engler model
is empty. This allows to draw a parallel between Bv—reduction and heand
reduction in ordinary A-calculus. The most apparent difference between these
two things is that B\,—reduction is not a reduction strategy, that is a term
in Acgy might contains several 3V—redexes, whilst every term in ordinary
A-calculus can have at most one head redex. We will show that this is only a
seeming difference.

The following notions of size will be used several times, they are well-
defined for all terms by remark 100.1.

Definition 112. For every term M, their sizes #/M € N and #,M € N are
defined by induction on M as follows:

p

0 if M = V" for some value V ;
0 if M = (VYW'Ny ... N, for some nEN, terms Ny, ...
#1M = values V,W ;

L1, Ly and value V.

\

, N, and

H# Ly +#Lo+1 if M= ((VY)(L1)La)Ny ... Ny, for somen €N, terms Ny, ..., N,

0 if M =V" for some value V;
0 if M = (Ny)--- (No)(WHV' for some ne€N, terms Ny, ..., N, and
#:M = values V, W ;

L1, Ly and value V.

Ly 4+ #. Lo +1 if M = (Ny)-- (Nu)((L1)Lo) V' for some n €N, terms Ny, ..., Ny,
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The closed B\,—normal forms are promoted values easily characterizable.

Proposition 113. Let M be a closed term: M is a By-normal form iff
M = (A\xN)' for some term N with fv(N) C {z}.

PROOF.

<: Trivial (it is not necessary to suppose M is closed, see also remark
111.4).

=: The proof is by induction on the size # M € N. By remark 100.1,
M = (V)M ... M,, for some m € N, terms My, ..., M,, and value V.
As M is closed, V is a closed value, thus V= Az N for some term N
with fv(N) C {z}.

If #yM = 0 then m = 0 and so M = (AzN)', otherwise it should be m >
0 and M; = W' for some value W and so M = (AzN)'W'M, ... M,,,
that is impossible because M is S ,-normal.

If #/M > 0 then it should be m > 0 and M; = (L1)Ls for some closed
terms L1, Lo which are B\,—normal forms (since M is a B\,—normal form),
hence L1 = (Ax1N1)' and Ly = (AzaN3)' for some terms Ny, Ny by
induction hypothesis, thus M = ((V')((Az1N1)")(Az2N2) )My ... My,

A~

that is impossible because M is 5 ,-normal.

Therefore the only possibility is that M = (AzN)' for some term N

with fv(N) C {z}. O

Theorem 114 (S‘Erong confluence for BV) Let M, My, My be terms: if
M B, MlA and M B, M2 with My # Mo, then there exists a term N such
that My By N and My 5, N.

ProOF. By induction on the term M. Let us consider the last rule of the
derivation of M B\, M.

If it is the B-rule, then M = (AzN;)'V' and M; = N[V/z], so there is
no Mo # Mj such that M BV M, since ()\le)! and V! are B,-normal forms
(see remark 111.4).

If it is the @-rule, then M = NyNy and M; = N{Ny with N; B, N,
hence Ny # (AzM")' for any term M’ (see remark 111.4). Thus there are
only two cases : either My = Ny1N} with Ny B, N} and then M B, N
and My, 3, N where N = N|N}; or My = NN, with N; 3, N} # N} by
hypothesis, and then there exists a term L such that N| 3, L and N/ 3, L
by induction hypothesis, so My = N{N; B, N and M, = N{'Ny B, N where
N = LNs.

If it is the @Q,-rule, then M = N1Ny and My = N1 Nj, with Ny By N,
hence Ny # V' for any value V (see remark 111.4). Thus there are only two
cases: either My = N{Ny with N; B, Ni and then M; By N and M B, N
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where N = N{N}; or My = Ny NY/ with Ny B, N # N} by hypothesis, and
then there exists a term L such that Ny By L and Nj B, L by induction
hypothesis, so My = N1N, 8, N and My = N1NJ 3, N where N = N;L.
O

The following corollary of theorem 114 is a well known result which holds
for every strongly confluent term rewriting system.

Corollary 115 (Confluence, uniqueness of normal form, number of steps).

1. B\, 18 confluent. More precisely, let M, My, My be terms: if M B* My
m my € N steps and M ﬁ* My in mo € N steps, then there exists a
term N such that My B* N inny < mgy steps and Mo B N inng <my
steps.

2. BEvery term M has at most a ,BV normal form, and if that exists then all
the B\, reductions from M to its B\, normal form have the same number
of steps.

3. Every term M s B\,—:strongly normalizable iff it is Bv-normalizable.
PRrOOF.

1. By induction on m; 4+ msg € N.

If my = 0 then M = M>, hence My B\*j M in my steps (and M; B\f My
in O steps).

If m; = 0 then M = M, hence M; B\j‘ Ms in my steps (and My B\’f Mo
in O steps).

If m1, mo > 0 then there exist terms L1, Ly such that M BV Ly and
M /3’\, Lo: by theorem 114, there exist a term L such that L; B\f L and
Lo /3’\’,* L in at most one step. By induction hypothesis (as Lo Bf,‘ My in
mg — 1 steps), there exists a term N’ such that L 3 N’ in £ < my — 1
steps and Mo 3(‘,‘ N’ in at most one step. Therefore L B\’,‘ M;inmq—1
steps and Ly B\’,‘ N in ¢/ <+ 1 < ms steps, so there exists a term N
such that M; B;“ N in nq < ¢ < mgo steps and N’ B?j Ninn<m;-—1
steps by induction hypothesis, thus My Bj N inng < n+1 < mj steps.

2. If M Bj My and M B\f My where M7 and My are Bv—normal forms, then
there exists a term N such that M; 5% N and M, 3% N by corollary
115.1, so My = N = Ms since My and My are Bv—normal forms.

Let M’ be the B,-normal form of M. We prove by induction on m € N
that if M B* M’ in m steps, then every fBy-reduction from M to M’
has length m.

o If m=0then M = M’ and so M is a B\,—normal form, hence the
By-reduction of 0 steps is the only (3,-reduction from M to M’.
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e If m > 0 then there exists a term M; such that M BV M; and
M, 3% M’ in m — 1 steps. We show that for every term M and
ma € N, if M 3% My in my steps and My 3 M’ then My 5% M’
in m’ steps with m = mo +m/.

If mo = 0 then My = M ff\’f M' in m steps by hypothesis, so we
conclude by taking m’ = m.

If mo > 0 then there exists a term N such that M B\, N and
N B\f My in mo — 1 steps. If N = My then N 33 M'in m—1 steps
by hypothesis, so Ma 3% M’ in m/ steps with m—1 = mg—1+m’ by
induction hypothesis applied to My, thus m = mo+m/. If N # M,
then there exists a term N’ such that M; 3, N’ and N 3, N’ by
theorem 114, hence N’ 5% M’ in n steps with n+1 = m — 1 by
induction hypothesis applied to M7, so N B\’,‘ M inn+l=m-1
steps, therefore by applying the induction hypothesis to N we
conclude that Ms B\f M’ in m' steps with m — 1 =mgy — 1 +m/,
hence m = mg +m'.

3. The left-to-right direction is obvious. For the right-to-left direction, let
us suppose by absurd that there exists a B\, normalizable term M which
is not 5\, strongly normalizable: then there should exist the B\, normal
form M’ of M and an infinite sequence of terms (M;);en such that
M = My and M; B, M, i1 if M B* M’ in m steps, then M, = M’ by
Corollary 115.2, that is impossible because M,, B\, m+1 and so M, is
not ,BV normal.

O

The ,Bv—reductlon is not necessarily normalizing: if M = (Az(z N (22!
then M BV M and there is only one By-redex in M, so M is a not B\,
normalizable (closed) term. Moreover, the fact that a term is strongly
Bv—norrnalizable does not imply that it is B,-normalizable: for instance, if M
is as above then (AzM)' is a B,-normal form but (AzM)' 8, (AzM)".

Definition 116 (Leftmost and rightmost(-outermost) reduction). We define
two binary relations on Ag:

e the weak leftmost(-outermost) f3,-reduction, denoted by B\,b whose rules

are.
— 8 M By M’
AN M) V: By M[V/z] MN Bvl VN
N ﬂvl N
V!N B, VN’

e the weak rightmost(-outermost) f,-reduction, denoted by B\,r, whose
rules are:
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A /
Oz M)WV B M|V /2] M. P M - @
vr ) MV' By M'V"
N Bu N’
MN By MN'

of the derivation of M B,y M’ or M [,, M’ respectively). As a consequence,
every [,-normal form is - and S ,-normal (in particular, for every value V|
V'is By- and By-normal, see remark 111.4). The converse fails to hold; for

instance, if I = (Az2')', 2; is a variable and Vj is a value for i € {1,2}, then

Remark 117. Clearly, ﬁvh Bur C By (Athe proof is by induction on the length

M = ((@)Vi) (D)D) () Ve
is a By and By-normal form but M G} ((«})V))(I)(xh)V3.

We can characterize terms which are not B\A— or 3vr—normal (see also
remark 100.2).

Theorem 118. Let M, M’ be terms: M By (resp. Bvr) M’ off there exist
¢ e N, values Vy, ..., Vy and terms Ly, ..., Ly, L, ..., L} such that:

e (AxN)'V{Lo1 - Lok, (resp. Lo = (Lo1) - - - (Lok,) Az N)'Vg ) and (N[Vo/x]) Loy - - - Lok,
(resp. Ly = (Lo1) -+ (Lok,) N[Vo/x]) for some kg € N and terms
Na LOl) cee 7L0k0;

e foreveryl <i < /¥, we have (Vi!)Li,lLﬂ -+« Lig, (resp. Ly = (Lj1) - - (Lz‘ki)(Li—l)Vi!)
and (V;)L,_ Li -+ Ly, (resp. L = (Li1) - -+ (L, ) (L}_1)V;') for some
ki € N and terms L;1, ..., Lik,;

o M =1Lyand M' =Lj.
Furthermore, both of these decompositions, if any, are unique.

PrOOF. We prove the statement about B\,r, the proof for the BW case is
perfectly symmetric.

<: Proof by induction on ¢ € N.
If £ =0, then M = (Lo1) - - (Loky ) (AxN)'V and M = (Loy) - - - (Low,) N[Vo /]
for some ko € N, value Vj and terms N, Loy, . .., Log,; hence M S5, M’
by applying the S-rule and kg times the @,-rule.
If £ >0, then M = (Lg1) - - (Law, ) (Lip—1)V; and M" = (Lg) - - (Lew, ) (L, 1)V,
for some k; € N, value Vy and terms Ly, ..., Lg,; by induction hypoth-
esis, Ly—1 Bur Ljy_1, s0 M By M’ by applying the Q,,-rule and k, times
the @Q,-rule.
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=-: The uniqueness is obvious. The proof fpr the existence is by induction
on the length of the derivation of M 3, M’. Let us consider the last
rule.
If the last rule is 8, then M = (A\zN)'V' and M’ = N[V/z] for some
term N and value V', so we conclude by taking ¢ = 0 = k.
If the last rule is Qy,, then M :ANV! and M’ = N'V! for some value
V and terms N, N’ such that N S, N’; by induction hypothesis, there

exist £ € N, terms Lo, ..., L, Ly, ..., L, and values Vp,...,V; such
that:

~ Lo = (Lo1) -+~ (Lowe) AzL)'Vg and Ly = (Loy) -+ (Loky) L[Vo /1]
for some ko € N and terms L, Lo1, . . ., Lok,;

— for every 1 < i < £, L = (Liy1)--- (Lig;)(Li—1)V; and L =
(Lix) - (Lig,)(L:_,)V; for some k; € N and terms L1, ..., Li,;

—~ N=Ljand N' =1Lj.

We conclude by taking Ly = M, Ly, = M" and kyyy = 0.

If the last rule is @, then M = N1 N3 and M’ = Ny N}, for some terms
N1, N, NJ such that Ny 8, Ni; by induction hypothesis, there exist
¢ eN, terms Lo, ..., L, Ly, ..., L} and values Vj, ..., V; such that:

— Lo = (Lo1) -+~ (Loky) A2 L)'V and Ly = (Loa) - - (Lok,) L[Vo/7]
for some ko € N and terms L, Lo1, . . ., Lok,;

— for every 1 < i < ¢, L; = (Lj1)--- (Liki)(Li—l)Vi! and L, =
(Lip)--- (Liki)(L;—l)‘/’i! for some k; € N and terms L1, ..., Li,;

- NQZLg and Né:L/K

We can conclude by replacing in the sequence of L;’s (resp. L}’s), Ly
(vesp. L}) with My = (Mo) - - - (M, )(Le—1)V} (vesp. M) = (M) - - - (M, ) (L, _)V}),
with my = k¢ + 1, My = Ny and M; = Lyj_q for every 1 < j < my,
thus M = M, and M' = M. 0

Theorem 118 says that in every term there exists at most one B\,—redex
that can be reduced by f,-(resp. By,-)reduction: theorem 118 might be seen
also as a sort of definition of “fy-(resp. Syr-)redex”.

Corollary 119.

1. There are no critical pairs for theAB\A (resp. ﬁvr)—rgduction: jf M, N1, Ny
are terms such that M By (resp. Byr) N1 and M f (resp. By ) Na, then
Ny = Ns.

2. For every term M, it is fy (resp. B\,,)—nm’mal iff either M = V' for
some value V' or there exist £ € N, a variable x, values Vg, ..., Vs and
terms Ly, ..., Ly such that:
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o Lo = («")VgLoi-- Lok, (resp. Lo = (Low) - (Lor,)(z)Vg) for
some ko € N and terms Lo, ..., Lok, ;

e for every 1 <1 < {, we have L; = (Vi!)Li_lLil -+« Lk, (resp. L; =
(Li) - (Lig,)(Li—1)V}) for some k; € N and terms Ly, ..., Li,;
e M =1,.

3. Fvery closed term is a B\,—normal form iff it is a B\A—normal form iff it
is a Byr-normal form.

4. For every closefi B\,-normalizabje term M, if M’ is the B\,-normal form
of M then M 3 M' and M 55, M'.

5. For every term M, it is B\,-normal iff either M = V' for some value V

or there exist £ € N, a variable x, values Vy, ..., Vy and terms Lo, ..., Ly
such that:
o Lo = («")VgLoi--- Lok, (resp. Lo = (Low) -~ (Lory)(z)Vg) for
some ko € N and B,-normal terms Loz, . .., Lok, ;

o for every 1 < i < {, we have L; = (V;'!)Li—lLil"'IA/iki (resp.
Li = (L) (Lig,)(Li—1)V}) for some k; € N and f3,-normal
terms L1, ..., Lik,;

e M =1,.
PROOF.

1. As every non—Bw(resp. B\,,)—normal term M can be written in a unique
way in the forms of theorem 118, there is exactly one f,-redex in M
that can be reduced by (,(resp. Byr)-reduction.

2. It is an immediate consequence of theorem 118 and remark 100.2.

3. Every By-normal form is obviously a B\,r(resp. B\,r—)normal form (it is
not necessary to suppose the term be closed, see remark 117).

Conversely, let M be a closed BV|—(resp. Bvr—)normal term: by corollary
119.2 and since M is clospd, the only possibility is that M = V' for
some value V', so M is a f,-normal form by remark 111.4.

4. Proof by induction on the number n € N of steps of the Bv—reduction
from M to M’ (this number is well-defined by corollary 115.2).

If n = 0 then M = M’, hence M 3% M' and M (%, M’ (in 0 steps).

If n > 0 then M is not B\,—normal. By corollary 119.3, M is neither
a BW— nor a Bvr—normal form, hence there exist terms N, and N, such
that M By Ny and M By Ny. As By, Ber C By, both N, Bj M’ and
N, B\f M’ in n —1 steps by corollaries 115.1-2. By induction hypothesis,
Ny B M and N, B, M', thus M 3% M’ and M G, M’ (in n steps).
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5. If M is By-normal then it is Sy (resp. B\,,)—normal. By corollary 119.2,
either M = V' for some value V or there exist £ € N, a variable z,
values Vg, ..., Vy and terms Lo, ..., Ly such that:

[ ] L() = (JI!)VO!L(H . 'LOko (resp. LO = (L01) cee (Loko)(x!)‘/b!) for
some kg € N and terms Lo1,. .., Lok,;

e for every 1 < ¢ </, we have L; = (Vi!)Li_lLil -+ Lk, (resp. L; =
(Li) - (Lig,)(Li—1)V}) for some k; € N and terms L;y, ..., Li,;

o M =Ly,

moreover, for every 1 <i < /{and 1 < j < ky, L;j is Bv—normal (again
since M is f,-normal) and so L;; is fByi(resp. Bur)-normal by remark
117.

Qonversely7 let M be a term. If M = V' for some value V then M is
fy-normal (see remark 111.4).

If there exist ¢ € N, a variable x, values Vg, ..., Vy and terms Lq, ..., Ly
such that:

® LO = (xl)‘/aL01A LOko (resp. LO = (LOl)(LOkO)(CB')Va) for
some ko € N and ,-normal terms Loq, ..., Log,,

e for every 1 < i < ¢, we have L; = (VZ-!)Ll-,lLil---Iiiki (resp.
Li = (Li1) - (Lix,)(Li—1)V}) for some k; € N and j3,-normal
terms L1, ..., Lig,,

° MZLZ?

then we show by induction on ¢ € N that M is Bv-normal and L;
is an application for every 1 < ¢ < £. If £ = 0 then M = Ly =
(2")Vi Lo - - - Lok, which is an application (for any ko € N) and a f,-
normal form since Lg; is so for every 1 < j < kg by hypothesis.
If ¢ > 0, then M = Ly = (V))Ly_1Lp -+ Leg, (vesp. M = L, =
(Lp) - (Lgké)(Lg,l)Vg!); by induction hypothesis, L, is a B,-normal
application, hence (‘/g!)LK—l (resp. (Lg_l)V;Z!) is a B,-normal application;
thus M is a f3,-normal (since Ly; is so for every 1 < j < ky by hypothesis)
application. 0

In other words, according to corollary 119.1, the BW—(resp. BV,—)reduction
is “strongly deterministic” i.e. it is a partial map from A; to A any term M
has at most one BW-(resp. B\,,-)redex, if any it is the “leftmost-(resp. rightmost-
Joutermost” f,-redex in M and there exists a unique term M’ such that
M By (resp. B\,r) M’, otherwise if M is closed then it is By-normal.

Corollary 119.2 provides a characterization of Bw— and ﬁvr—normal forms.
Corollary 119.5 claims that a term is Bv—normal iff it is “hereditarily” B\A—
normal iff it is “hereditarily” B\,r—norrnal. This characterizations are more
comprehensible by decomposing terms as binary trees (see §3.4).
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The equivalences stated by corollary 119.3 have to be read together with
the characterization given by proposition 113.

Corollary 119.4 provides two perfectly symmetric Bv—normalizing strate-
gies”, which can be used for any B\,—normalizable closed term.

Note that the hypothesis that the term is closed is necessary in corollaries
119.3-4: a term with some free variable might have a ﬁv—redex without having
neither “f3,-" nor “By,-redex”, see for example the term M in remark 117,
which is a ﬁvr and Bvr—normal form but not a Bv—normal form, so its ﬁv—normal
form cannot be reached by either BV|— or B\,r—reduction.

We introduce now a “ Bv—normalization strategy” for which it is not neces-
sary to assume that the term is closed.

Definition 120 (th—reduction). We define a relation th C Ay x Ag, called
turbo weak (,-reduction or Byi-reduction, by the following rules:

M By M N&N@
MN By M'N'

R B
Az M)'V*' By M[V/x]

M By M’ N s By-normal
. MN pu M'N
N By N’ M is fy-normal a
MN By MN'

In

A term M is a th—normal form or is ﬁvt—normal if there is mno term M’
such that M By M.

The following proposition clarifies the intuitive meaning of the th-
reduction.

Proposition 121. Let M, M’ be terms:

o M th M'" iff M contains at least one Bv—redex and M’ is obtained from
M by replacing all the B,-redexes in M with their contractums;

o if M Byt M then M BF M’ in n steps, where n is the number of
By-redexes in M.

PROOF.

= Proof by induction on the length of the derivation of M Bue M. Let us
consider the last rule of this derivation.
If it is the B-rule, then M = (A\zN)'V' and M’ = N[V/z] for some term
N and value V, so M is the only By-redex in M, M’ is its contractum
and M 5, M’ (in one step) by the S-rule.

If it is the @-rule, then M = M; M, and M’ = M| M/ for some terms
My, My, M, M, with M; B, M/ for i € {1,2}; by induction hypothesis,
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M; contains a Bv—redex, M] is obtained from M; by replacing all the
Bv—redexes in M; with their contractums and M; B\T M/ in n; steps
where n; is the number of f,-redexes in M;, for i € {1,2}. M is not
a B\,—redex, otherwise My = V' for some value V that is impossible
by remark 103.1 since M5 contains a B\,—redex. Hence M’ is obtained
from M by replacing all the Bv—redexes in M with their contractums,
moreover (M) My B (M}) My in ny steps and (M})My B3 (M])M} in
ny steps, thus M B\f M’ in nq + no steps, where nq + no is the number
of B\,—redexes in M.

If it is the @-rule, then M = MMy and M’ = M|M, for some
terms My, Mo, M| where M, Bt M and My is 3,-normal; by induction
hypothesis, M contains a ﬁ\, redex, M/ is obtained from M; by replac—
ing all the ,BV redexes in M7 with their contractums and M; ﬁv
in n steps where n is the number of ﬁv redexes in M. My contams
no B\,—redexes (by remark 111.1) and M is not a By-redex (otherwise
= (AxN)' for some term N that is impossible by remark 103.1 since
M1 contains a (- redex). Hence M’ is obtained from M by replacing
all the [3\, redexes in M with their contractums, moreover M ﬂJr M’ in
n steps, where n is the number of ,Bv—redexes in M.

If it is the @.,-rule, the proof is analogous to the previous case.

Proof by induction on the term M. As M contains a (,-redex, M =
My M; for some terms M; and Ms by remark 103.1.

If My and M> contain no B\,—redexes then M is the only B\,—redex in M,
so My = (\zN)', My = V' and M’ = N[V/x] (since M’ is obtained by
M by replacing all the B\,—redexes in M with their contractums) for
some term N and value V', thus M th M' by the S-rule.

If My and M> contain a Bv-redex, then by induction hypothesis M; th M
where M/ is obtained from M; by replacing all the B\,—redexes in M;
with their contractums, for i € {1,2}. Hence M’ = M{ M} since M is
not a B\,—redex (otherwise My = V! for some value V that is impossible
by remark 103.1 since Ms contains a B\,—redex). Thus M th M’ by the
@-rule.

If M7 contains a B\,—redex and Ms does not, then My is Bv-normal
(by remark 103.1) and M; Bt M/ where Mj is obtained from M; by
replacing all the B\,—redexes in My with their contractums (by induction
hypothesis). Hence M’ = MlMg since M contains no 5\, redexes (by
remark 111.1) and M is not a fy-redex (otherwise M; = (AzN)' for
some term N that is impossible by remark 103.1 since M; contains a

Bv—redex). Thus M By M’ by the @ -rule.

If M5 contains a &,—redex and M; does not, the proof is analogous to
the previous case, in particular we conclude that M B, M’ by applying
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the Q,-rule.

Corollary 122.
1. Every term is Bv-normal iff it is th-normal.
2. Terms of the shape V' for some value V are th—normal.

3. There are no critical pairs for the th reduction: if M, N1, No are terms
such that M ﬁvt N1 and M ﬁvt No, then N1 = Ns.

ProoF.
1. By proposition 121 and remark 111.1.
2. By corollary 122.1 (=) and remark 111.4.

3. Immediate consequence of proposition 121.

g

Corollary 122.3 says that the th—reduction is “strongly deterministic” (i.e.
it is a partial map from A; to A¢): if a term M is not Bv—normal, then there
exists a unique term M’ such that M th M.
Obviously, the fact that M By M’ does not entail that M’ is By-normal,
since the Bye-reduction might create new By-redexes. For instance (Az(z))z!)'(Azz')! B (Aza!)!(Aza')!
which is not B\,—normal

Theorem 123. For every B\,—normalizable term M, if M’ is the Bv—normal
form of M then M [ M.

PROOF. By induction on the number m € N of steps of the B\,—reduction
M 3 M.

If m = 0 then M = M’, therefore M 3% M’ by reflexivity of 3%

If m > 0 then M is not ﬂ\, normal, thus M is not Byt-normal by corollary
122.1, hence there exists a term N such that M th N. By proposition
121, M BA;" N in n > 0 steps, with n < m by corollary 115.2. By corollary
115.1 there exists a term N’ such that M’ B\f N’ and N 33‘ N’ so M' =N’
since M’ is fB,-normal and thus N §* M’ in m —n < m by corollary 115.2.
Therefore NV A\j‘t M’ by induction hypothesis, hence M A:ft M’ by transitivity
of 3. O

Theorem 123 provides a B\,—normalizing strategy”, which can be used for
any B,-normalizable (not necessarily closed) term.

3.1.3 Some problems with n-reduction

Definition 124 (n-reduction). We define a relation n C (A¢ X Ay) U(Ay X Ay),
called n-reduction, by the following rules:
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' n M n M a N n N’
(Az Mz)" n M MN 3 M'N MN 3 MN'
MapM VoW |
AeM 1 AzM’ Vigw'

where in n-rule the variable x is not free in the term M.

Remark 125. Let M = (Ady')' (Az((Azz'z!)! (\z x!x!)!)z!)!: then M n (Ady") ((A\z z'z") Az 2’2"
M B, y' where y' and (Ady)) ((Azz'z') Az a'a')') are Bym-normal forms.

Therefore, neither the §,n-reduction nor the g,n-reduction are confluent.

3.2 A “completion” of (,-reduction

A solid theory of call-by-value A-calculus requires an operational characteri-
zation of solvability, i.e. to find a strategy which computes the results of the
represented functions. Following [PR04], a term ¢ is CBV-solvable whenever
there is an head context H s.t. H[t] —j I where I = Azz and —g,
is the call-by-value S-reduction in Plotkin’s Ag, -calculus. An operational
characterization has been provided in [PR99, PR04| but, unfortunately, it is
obtained through call-by-name S-reduction, which is disappointing and not
satisfying. If it is not possible to get an internal characterization, i.e. one
which uses the rules of the calculus itself, then there is an inherent weakness
in the rewriting rules of the calculus. For Plotkin’s call-by-value Ag, -calculus
[Plo75] it is indeed the case, let us illustrate the point with an example.
Let A = Az (z)x. There is no head context sending (via f,-reduction) the
following term to the identity:

t=((\yA)(z)z)A

and — as a consequence — t should be unsolvable and divergent in a good call-by-
value calculus, while it is in 3,-normal form. The weakness of 3,-reduction is
a fact widely recognized and accepted, indeed there have been many proposals
of alternative call-by-value A-calculi, see for instance [Mog89, Hof95, D107,
HZ09, AP12|. All these different versions of call-by-value A-calculi extend the
syntax of A-calculus with an explicit substitution constructor ¢t{u/z} (which
is equivalent to use let...in expressions) defined in the syntax, but these
substitutions are just delayed, they are not propagated in a small-steps way.
In particular, Accattoli and Paolini introduced in [AP12| the value-
substitution lambda-calculus, a simple call-by-value A-calculus with explicit
substitutions borrowing ideas from Herbelin and Zimmerman’s lambda-CBV
calculus ([HZ09]) and from Accattoli and Kesner’s structural lambda-calculus
([AK10]), both with explicit substitutions. Interestingly, in this new setting,
Accattoli and Paolini characterized solvable terms as those terms having
normal form with respect to a suitable contextual closure of its (call-by-value)
reduction rules, thus improving over the previous characterization.
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We aim at showing that we can characterize CBV-solvable terms without
using explicit substitutions, by only adding some simple reduction rules in
our syntax. These supplementary rules are nothing but an orientation of
the two orientable rules o1 and o3 generating the o,-equivalence (see section
5.2): they are a reformulation in our syntax without explicit substitutions of
the letjer- and letqy,-rules of the Herbelin’s and Zimmerman’s calculus (see
[HZ09)).

Definition 126 (o- and o’-reduction). oy is the contextual closure of the
binary relation —,, on At defined by the following rule:

a1
(Mt M)'NL —,, (AtML)'N
where M, N, L are terms and x ¢ fv(L).
o3 is the contextual closure of the binary relation —5, on At defined by
the following rule:

o3
VH((Az L) )N =4, (A2V'L)'N
where N and L are terms, V is a value and x ¢ fv(V).
ob is the contextual closure of the binary relation —gl 0T A¢ defined by
the following rule:

(M)(AxL))N =, (AaML)N

where M, N, L are terms and x ¢ fv(M).
The oy-reduction (resp. o|-reduction) is oy, = o1Uo3 (resp. o, = o1Uo}y).

The variable condition on o1-, 03- and oj-rules can be always fulfilled by
Q-conversion.

The os-rule is a weakened version of the oj-rule, i.e. it is the oj-rule
limited to the case where M = V' for some value V.

o1- and oj-rules above are just an orientation of respective rules in the
definition of oy-equivalence. Note the left-right symmetry of o1- and o%-rules:
in o (resp. o)-rule, the o-redex is an an application of a S-redex (resp. term)
to a term (resp. B-redex). In remark 135, we will see a reason to like the
os-rule more than its generalization o}.

Remark 127.

1. By remark 105, one has oy,0] C (Ay x A¢) U (Ay x A). Moreover, o,
(vesp. o) is the contextual closure of the relations —4, (resp. —,;) and
— o, (the proof is by straightforward induction on the derivations).

2. It is immediate to check that for every expression F, there exists an
expression E’ such that E o, E’ (resp. E o, E') iff E contains a o, (resp.
o),)-redex. Therefore, an expression is oy (resp. ol )-normal iff it contains
no oy(resp. ol)-redex.
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3. It is easy to verify that for all expressions E, E’, E o, E' (resp. FE o, E’)
iff E’ is obtained from E by replacing exactly one o, (resp. o, )-redex in
F with its contractum.

4. Clearly, oy C o/,. The converse does not hold, for instance take M =
(211)2!2, N = (y'l)y'2 and L = (M)(()\xlxlz)!)N where x1, z9, Y1, Y2, 21, 22
are pairwise distinct variables: then L is o,-normal but L 4 (Az1(M)xh)'N.

We can merge the o,- and o/ -reduction into the 8,- and Bv—reduction, in
order to get a sort of “completion” of the §,- and §,-reduction.

Definition 128. We set Bvo = By Uoy (resp. Byor :A,B\,UO'\,,), called Byq (Tesp.

By )-reduction, and By = By U oy (resp. Bygr = By U o), called Byy(resp.
By )-reduction.

Intuitively, oy-reduction might enable a (,-redex in an expression F
which is hidden by the inessential sequential structure of E. For instance, if
N = (2")2" and M = (A\y(\x z})'s')' N where z, 9, z, 2 are pairwise distinct
variables, then M; = (Ay(Azzp)')'Nz' and My = (Azz)'((\y2')' )N are
By-normal, but My o, M (by the oj-rule) and My o, M (by the os-rule),
where M is not S,-normal.

Remark 129.
1. By remark 105, one has BVU,BVU,QVJ/,BVU, C (At x A U (Ay x Ay).

2. It is immediate to check that for every expression E (resp. term M),
there exists an expression E’ (resp. a term M’) such that E By, E’ (resp.
M BVJ M) iff E (resp. M) contains a [y, (resp. BVU)—redeX. Therefore,
an expression (resp. a term) is Sy (resp. fyo)-normal iff it contains
no SByq(resp. BVU)—redeX. Analogous considerations hold for g, (resp.
ng/)—reduction.

3. It is easy to verify that for all expressions F, E’ (resp. terms M, M),
E Byy E' (vesp. M By M') iff E' (resp. M') is obtained from E
(resp. M) by replacing exactly one Sy, (resp. fyo)-redex in E (resp.
M) with its contractum. Analogous considerations hold for f,,(resp.
Bva/)—reduction.

4. Clearly, Bys € Buo € Buor and Buo C Buor C Buor- The converses do not
hold.

We prove now a confluence property for g,, and BVU. For this purpose,
we use a commutation property of f8,- and o,-reductions and the strong
normalization of o).

Definition 130. With every expression E are associated two measures
size'(E), #w(FE) € N, defined by induction on E as follows:



3.2. A “COMPLETION” OF py-REDUCTION 85

o #y(\zM) = (M) + size'(M);

o #y(MN) = (M) + #w(N) + 2size’ (M)size'(N) — 1.

#w(M) is the sum of the weights of the nodes in TaM, where the weight
of a node n in TaM is the difference between size(M) and the number of
A-nodes above n. WHY?

Remark 131. size/(E) > 2 and #,(F) > 1 for any expression E. The proof
is by a straightforward induction on the expression E.

Lemma 132. Let E and E' be expressions. If E o, E' then #,(E) > #(E')
and size'(E) = size/(E').

PROOF. By induction on the length of the derivation of E o] E’. Let us
consider the last rule of this derivation.

If it is the oy-rule then E = (AxM)'NL and E' = (\eML)'N for some
terms N, M and L, so

#w(E) = #u(M)+#w(L) + #u(N) + size'(M
2size’ (M )size' (N) + 2size’ (M )size’ (L) + 2size’(L)size'(N) — 2
#w(E') = #w(M)+ #u(L) + #w(N) + size' (M) + 2size’ (N ) + size' (L) +
2size’ (M )size'(N) + 2size’ (M )size’ (L) + 2size’(L)size'(N) — 2 = #w(E) —size'(L)

) + 2size/ (N) + 2size (L) +

hence #y(E) > #w(E') by remark 131. Moreover, size'(E) = size/(M) +
size/(L) + size'(N) 4+ 1 = size/(E').

If it is the o4-rule then E = (M)((AxL)")N and E' = (A\tML)'N for
some terms N, M and L, so

#w(E) = #w(M)+ #w(L) + #w(N) + 2size(M) + 2size(N) + size(L) +

2size( M )size(N) + 2size(M )size(L) + 2size(L)size(N) — 2

#Hw(M) + #w(L) + #w(N) + size' (M) + 2size’ (N) + size’ (L) +

2size’ (M)size'(N) + 2size’ (M )size' (L) + 2size’(L)size’'(N) — 2 = #w(E) — size'(M)

#w(E')

hence #w(E) > #w(E’) by remark 131. Moreover, size'(E) = size'(M) +
size'(L) + size/(N) + 1 = size'(E').
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If it is the A-rule then E = AzM and E' = AzM’ for some terms M and
M’ such that M o) M’ thus #(E) = #w(M) + size'(M) and #,(F') =
#Hw(M') + size'(M’); by induction hypothesis, we have #,(M) > #,(M’)
and size’ (M) = size(M"), therefore #,(FE) > #w(M') + size' (M) = #4(E’)
and size'(F) = size'(M) + 1 = size/(E’).

If it is the !-rule then £ = V' and E’ = V" for some values V and V' such
that V' ol V', thus #u(F) = #w(V) and #w(E') = #w(V’); by induction
hypothesis, we have #,,(V) > #4(V’) and size' (V) = size/(V’), therefore
#w(E) > #w(E') and size'(E) = size' (V') = size/ (E).

If it is the @(resp. @,)-rule then E = M N and E' = M'N (resp. E =
MN') for some terms M, N and M’ (resp. N') such that M o] M’ (resp.
N ol N'), thus #w(E) = #w(M) + #w(N) + 2size’(M)size'(N) — 1 and
H#w(E') = #w(M')+#w(N)+2size' (M')size'(N)—1 (resp. #w(E') = #w(M)+
#w(N')+2size’(M)size/(N’) —1); by induction hypothesis, we have #,, (M) >
H#w(M') (vesp. #w(N) > #4(N')) and size’ (M) = size'(M’) (resp. size'(N) =
size/(N')), therefore #w(E) > #w(M) + #w(N) + 2size’ (M')size/(N) — 1 =
#w(E') (vesp. #w(E) > #w(M)+ #w(N) +2size’(M)size'(N') — 1 = #w(E"))
and size'(F) = size/ (M) + size'(N) = size'(F'). O

Proposition 133. ¢/, (and in particular o) is strongly normalizing.
PROOF. It is an immediate consequence of the previous lemma. O
Lemma 134. o, is locally confluent.

PROOF. By induction on the expression E such that E o, E; for i € {1,2}.
The only interesting case are:

o if E = ((AxM)"((\yL)')N)L' with E o, (AzML')'((A\yL)")N = E; (by
reducing the oi-redex E) and F o, (\y(AzM)'L)'NL' = Ey (by reduc-
ing the o3-redex (A\zM)'((\yL)")N in E), then Ey o, (A\y(AxM)'LL')'N o, (A\y(AeML')'L)']
E’ (by reducing twice a o1-redex) and E; o, E' (by reducing the o3-
redex Ei);

o if £ = (V) ((\xL))(\'L))N with E o, (V) (A\2'(AzL)'L')'N = E;
(by reducing the o3-redex (AzL)'((Az’L')')N in E) and E o, (A\zV'L)'((\2'L")" )N =
Es (by reducing the o3-redex E), then Ey o, (A2’ (V)(AxL)L')N o, (A\z'(A\zV'L)'L")'N =
E’ (by reducing twice a o3-redex) and Ey o, E’ (by reducing the o3-
redex Fj). 0

Remark 135. ¢/, and 8,/ are not locally confluent and so neither confluent.
For instance, take N; = (z})z} fori € {1,2} and M = ((Az19})'N1) (Az295)') No
where x1, x2, Y1, Y2, 21, 22 are pairwise distinct variables: M is f,-normal and
it contains no os-redexes but M o/, (Az2(Az1y}) N1yb)' Na (because of the
oh-rule) which contains only a oj-redex, and M o/, (Az1(y})(Azays)' No)' Ny
(because of the oq-rule) which contains only a os-redex, so M reduces to two
different o/ -normal forms, (Aza(Az1 34ys) N1)'No and (A1 (Aze yiys) Na)' Ny.
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We conjecture that ¢’ is confluent modulo the equivalence relation on
Acpv generated by the following binary relation ~,, on At defined by:

()\xl()\ng)!Nz)!Nl ~ou ()\xg(Ale)!Nl)!NQ
where xo & fv(N1) and x1 & fv(Na).
Proposition 136. o, is confluent.

PROOF. By lemma 134, proposition 133 and Newman’s lemma. O

We recall a well-known result on term rewriting systems.

Lemma 137 (Hindley—Rosen). Let —1 and —o be two binary relations on
a set X. If they are both confluent and they commute, i.e. if t =7 u; and
t —35 ug then there exists s such that uy —5 s and ug —7 s, then =1 U —o
1s confluent.

PROOF. See proposition 3.3.5 in [Bar84]. O

Lemma 138. Let £ and E’ be expressions, let V and V' be values and let x
be a variable:

1. if Vo, V' then E[V/z] 0} E[V'/x];
2. if E oy E' then E|V/x] o, E'[V/z].
PROOF.

1. By induction on the expression F.

If £ =z, then E[V/z] =V and E[V'/z] =V’ so E[V/x] o} E[V'/x]
by hypothesis.

If £ =y#x, then E[V/z]| =y = E[V'/x], then E[V/z] o} E[V'/x] by

reflexivity of o).

If E = AyM for some term M, then we can suppose without loss
of generality that y # x, hence E[V/x] = AyM[V/z] and E[V'/z] =
AyM[V'/z]; by induction hypothesis, M[V/x] o M[V'/x] and thus
E[V/z] o} E[V'/x] since o} passes to context.

If E = W' for some value W, then E[V/z] = (W[V/z])' and E[V'/z] =
(W[V'/z])"; by induction hypothesis, W[V/z] 0¥ W[V'/x] and thus
E[V/x] 0} E[V'/z] since o} passes to context.

If E = MN for some terms M, N, then E[V/x] = M[V/z]N[V/z] and
E[V'/x] = M|V'/z|N[V'/x]; M|V /x| ok M[V'/x] and N[V/x] o} N[V’ /z]
by induction hypothesis, therefore E[V/x] o

M[V'/z]N[V/z] of E[V'/x] since o) passes to context.
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2. By induction on the length of the derivation of E o, E’. Let us consider
the last rule of this derivation.

If it is the oj-rule, then E = (A\yM)'NL and E' = (\yML)'N with

y ¢ fv(L); we can suppose without loss of generality that y ¢ fv(V)U{z},

hence E[V/x] = (\yM[V/z])'N[V/z]L[V/z] and E'[V/z] = (A\yM[V/x|L[V/x])' N[V /],
therefore E[V/z] o, E'[V/x] by the o1-rule, since y ¢ (fv(L) \ {z}) U

fv(V) = fv(L[V/x]).

If it is the o3-rule, then E = (W')((\yL)" )N and E' = (\yW'L)'N
with y ¢ fv(W); we can suppose without loss of generality that
y & fv(V) U {z}, so B[V/2] = (W[V/a])'(\yL[V/2])')N[V/z] and
E'V/z] = \y(W[V/z])'LIV/x])' N[V /x], therefore E[V/z] o, E'[V/x]
by the o3-rule, since y ¢ (fv(W) \ {z}) Ufv(V) = fv(IW[V/x]).

If it is the A-rule then £ = A\yM and E’ = A\yM’ for some terms M and
M’ with M o, M'; we can suppose without loss of generality that y ¢
fv(V)U{z}, hence E[V/x] = AyM[V/x] and E'[V/x] = \yM'[V/z]; by
induction hypothesis, M|V /x| o, M'[V/z] and thus E[V/x] o, E[V'/x]
since by the A-rule.

If it is the l-rule then E = W' and E' = W" for some values W such
that W o, W', so E[V/z] = (W[V/z])! and E[V'/z] = (W'[V/z])"; by
induction hypothesis, W[V/x] o, W'[V/x] and thus E[V/z]| o, E'[V/x]
by the !-rule.

If it is the @, (resp. @Q,) then E = M N and E = M'N (resp. E' = M N')
for some terms M, N and M’ (resp. N’) such that M o, M’ (resp.
N oy N'),s0 E[V/z] = M[V/z|N[V/z] and E'[V/z]| = M'[V/z]N|V/x]
(resp. E'[V/x] = M[V/x]N'[V/z]); by induction hypothesis, M [V/x] o, M'[V/x]
(resp. N[V/z] o, N'[V/x], so E[V/z] o, E[V'/x] by the @(resp. @Q,)-
rule.
O
Lemma 139.

1. B, (resp. B\,) and oy quasi-strongly commute i.e. if M o, Ny and
M By Ny (resp. M By N2) then there exists M' such that Ny oy M’
and N1 B, M' (resp. N1 5, M').

2. By (resp. BV) and o, commute.
PROOF.

1. We prove the statement about g, by induction on M. The only inter-
esting cases are:

o if M = (\zN)'V'L with M oy (A\zNL)'V' = Ny and M B, (N[V/z])L =
Ny, then Ny 5, Ny since x ¢ fv(L).



3.3. SIMULATION OF ACCATTOLI AND PAOLINI’'S CALCULUS AND SOLVABILITYS89

o if M = (W)((AzN)")V' with M o3 (AzWN)'V' = Ny and
M B, (W")N[V/z] = Ny, then Ny B, Ny since x ¢ fv(W).

o if M = ((\yP)'(AaN))V')L with M o1 (AyPL)'((AaN)")V' =
My and M B, (\yP)'N[V/z]L
= My, then My B, (\yPL)'N[V/x] = M’ and My o1 M'.

o if M = (\zN)'V' with M o, (\zN)'V" = Ny, M B, N[V/x] = Ny
and V o, V', then N1 8, N[V'/z] = M’ and so N3 o} M’ by lemma
138.1.

o if M = (\xN)'V' with M o, M\aN")'V' = Ny, M B, N[V/x] = Ny
and N o, N’, then Ny B, N'[V/z] = M’ and so Ny o, M’ by
lemma 138.2.

As regards the statement about B\,, it is not proved explicitly because
it is enough to observe that in the previous proof whenever the step is
By then we can close the commutation diagram with one S,-reduction
step.

2. We prove the following stronger statement, in order to apply the right
induction hypothesis: given R € {8, 5}, if L o N and L R™ M then
there exists L' such that M o} L’ and N R™ L’. Let L o' N: the proof
is by induction on (m,n) with the lexicographical order on N2.

If m =0 or n =0, we conclude easily.

Let m,n > 0: there exist N’, M’ such that Lo N', L RM', N' o7 1 N
and M’ R™~' M. By lemma 139.1 applied to L, there exists L” such
that N’ R L” and M o} L”. By induction hypothesis applied to M’,
there exists M" such that M o} M" and L” R™~ M"; thus N’ R™ N’,
so there exists L' such that M” ¢} L'’ and N R™ L' by applying the
induction hypothesis to N’ therefore M o} L'. -
Theorem 140. 3., and BVU are confluent.

PROOF. By proposition 136 and lemmas 137 and 139, since B, (see [Ehr12])
and f, (see corollary 115.1) are confluent. O

3.3 Simulation of Accattoli and Paolini’s calculus
and solvability

We present the Accattoli and Paolini’s call-by-value A-calculus with explicit
substitutions, Aysyp, introduced in [AP12]. This calculus can be seen as a
merging of two already existing A-calculi, the Herbelin and Zimmerman’s
one (a call-by-value A-calculus with explicit substitutions, see [HZ09|) and
the Accattoli and Kesner’s one (a call-by-name A-calculus with explicit
substitutions and a very elegant notion of reduction, see [AK10, AK12|).
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The following definitions 141, 142 and 145 are exactly the same as in
[AP12].

Definition 141 (Syntax of A\sup). We define the sets A0S (of Aysub-terms)

and /\x;'l‘fs (of Avsub-values by mutual induction as follows:

e st u=v | (s)t | s{t/x} Ausub-terms

vs?b
Avahe uv n=x | Azs Avsub-values

vsub

A constructor of the form {t/x} is an explicit substitution and a term of
the form s{t/z} is a term with an explicit substitution. For any n €
N, a tuple ({ti/x1},...,{tn/zn}) of explicit substitutions is denoted by

{t1/x1} .. . {tn/xn}.

Notice that any Aysyp-value (i.e. a variable or an abstraction) is a Aysyb-
term.

There are two kinds of binder: Azt and t{u/x}, both binding z in t.
All A\ysup-terms are considered up to a-equivalence. The capture-avoiding
substitution of values replacing variables is extended to Aysup-terms with
explicit substitutions by setting:

s{t/y}lv/a] = slv/a]{tlv/z]/y}
for every Aysyb-terms s and ¢, A\ysup-value v and variable x with y ¢ fv(v)U{z}.

Definition 142 (—

term
on Ayb-

The contextual closure of R is the binary relation R on X0 defined by
applying, a finite number of times, the following rules:

thR s R s | t Rt
s Rt st R' s't st R st’
s R s \ s R s
Axs R Az s s{t/x} R §'{t/z}
t Rt

—w- and —gy-reduction). Let R be a binary relation

vsub 7

sub,

s{t/zy R s{tjzy "

The applicative closure of R is the binary relation R’ on X&' defined by
applying, a finite number of times, the following rules:

thR s R' & a t Rt

s Rt st R s't st R st’
s R s sub, t Rt sub
s{t/x} R §'{t/x} s{t/z} R s{t'Jz} =

A (765D —>w ), called the — . -reduction (resp. weak —y , -reduction)
is the contextual (resp. applicative) closure of the binary relation —y,, (resp.
—w) on A defined by the following rules:

vsub
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sV

Oz s)Lt oy s{tjafl SvL/z} or s/l

vsub

where L = {t1/m1}...{tn/zn} for some n € N and v € A4 moreover
x; ¢ fv(t) (resp. z; & fv(s)) for every 1 < i <mn in the df3(resp. sv)-rule.
The stratified-weak Aysup-reduction is the binary relation —g, on AEM

vsub
defined by applying, a finite number of times, the following rules:

s —wt " 5 —Sew S
STwl S Tw S g
S —Frsw t St —>ew S't
5 —Sew S \ S§ —ew S )
sub
AL S =gy AT S s{t/x} —sw s'{t/z}

The df-rule (coming from the call-by-name A-calculus with explicit sub-
stitutions introduced in [AK12]) extend the notion of S-redex: indeed, given
some Aygub-terms s, t and u, (Az s){t/y}u —,,, s{u/x}{t/y} by the df-rule.
This means that the dg-rule acts a distance. In the proof-nets representation
of A\ysupb-terms this apparent distance is avoided, the dS-rule is perfectly local
from the proof-nets point of view.

The sv-rule impose the “call-by-value” constraint in Aysup, because only
an explicit substitution {vL/z} (where v is a A\syp-value and L is a finite
sequence of explicit substitutions) can perform an effective substitution of the
occurrences of x for v. The fact that s{vL/x} —, . s[v/x]L by the sv-rule
means that also the sv-rule acts at a distance.

vsub

Remark 143. Clearly, — C —sw € —

vsub *

Stratified-weak Aysyp-reduction extends weak Aygup-reduction allowing
reduction under top-level abstractions, which have the important property
that cannot be duplicated nor erased.

Proposition 144. —) —sw and —, are confluent.

vsub ?

PROOF. See corollary 1 and lemma 11 in [AP12]. O

In Aysup two terms can have the same behavior and differ only for the
position of explicit substitutions, which is not relevant because they do not
block — . ,-redexes. This is formalized in a precise way by o-equivalence on
Avsub-terms.

Definition 145 (o-equivalence). For every i € {1,2,3,4}, let ~o, be the
contextual closure of the relation o; defined by the o;-rule:

t{s/x} {ufy} o1 Hujy}s/at . where z ¢ fu(u) and y ¢ fu(s)

tuls/z} op (tu){s/z} . wherea & fu(t)

(
t{s/x} u o3 (tu){s/x} . wherex ¢ fu(u)
t{s{u/y}/x} oa t{s/x}{ufy} ~ wherey & (D)
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4 . . . .
We set ~o=J;_; ~o,;. The o-equivalence is the symmetric and reflexive-
transitive closure of ~o, i.e. =o = (~1)*.

Remark that =, is an equivalence relation on Ayup which allows the
commutation of explicit substitutions with every constructor of Ay except
abstractions.

We remind a standard notion of rewriting theory and some well-known
results about it.

Definition 146 (Strong bisimulation). Let X be a set and let —x be a
binary relation on X.

A strong bisimulaton for (X, —x) is a binary symmetric relation = on
X such that, for every s,s',t € X, if s =t and s —x s’ then there ewists
t' € X such thatt —x t and s =t'.

Given an equivalence relation = on X :

e we denote by — x = the binary relation on X defined by: s —x/= s iff
there exists t,u € X such that s=t —x u=s';

o we set < y/= = (=T u=)*;

e — x is Church-Rosser modulo = if for every s, s’ € X such that s O x/=
s, there exist t,t' € X such that s =% t, t =t' and s’ =% .

Remark 147. Let X be a set, let —x be a binary relation on X and let
= be a strong bisimulation for (X, —x). If —x is Church-Rosser modulo
= then — x is confluent modulo =, i.e. for every s,s’,u,u’ € X such that
s =u, s »% ¢ and u =% o/, there exist t,t' € X such that s =% ¢, t =t
and s —% t'.

Lemma 148. Let X be a set, let —x be a binary relation on X and let =
be a strong bisimulation for (X, —x) which is an equivalence relation on X.

1. = can be postponed to —x, i.e. for every s,s' € X, if s —>§(/E s’ then
there exists t € X such that s =% t = 5.

2. If —x 1is confluent then —x /= is confluent and —x is Church-Rosser
modulo =.

PROOF. See for example [Accll], pp. 86-87. O
Accattoli and Paolini showed that:

) and (A= —qy

Lemma 149. =, is a strong bisimulation for both (A" — veub>

vsub’
).

PROOF. See lemma 12 in [AP12]. O

vsub
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Therefore, according to proposition 144 ad lemmas 148 and 149, =, can
be postponed to — ), and —sw, —x /=, and —s, /=, are confluent and
— A ad —>sy are Church-Rosser modulo =,.

There is a natural way to simulate the Aysyp-calculus into our Acgy: it
is based on the following translation which transforms a Aygup-term with an
explicit substitution in a Sy-redex in Acgy.

Definition 150. With every Aysup-term t there is associated a term (t)° €
Acv (also denoted by t°) as follows (the definition is by induction on t €

Aeib):
o (2)° =2'; o (st)0 = s9t9;
o Mxt)? = (\xt?); o (s{t/x})® = (M\xs9)'t0

With every Aysup-value v there is associated a value (v)’ € Acpy (also
denoted by v*) as follows:

o (2)%=u; o (M\zs)*=\xs0.

Remark 151. It is immediate to check that:

!

value - one has vO = (v*)';

vsub

1. for every v € A

2. for every t € MM one has fv(t) = fv(t®) = fv(t*) (the proof is by

vsub’
straightforward induction on t € AXTm).

Lemma 152. For every Aysub-term t, Aysub-value v and variable x, one has
(t[v/a))® = tO[v* /a].

PrROOF. By induction on the Aygp-term t.

If t = & then (t[v/x])® = v® = (v*)' = t°[v*/z], by remark 151.

If t = y for some variable y # x, then (t[v/z])? = y' = t[v¥/x].

If t = \y s for some Aysup-term s, then (s[v/z])¢ = s[v*/z] by induction
hypothesis, moreover we can suppose without loss of generality that y ¢
fu(v) U{a}, thus (tlv/a])® = (Ay (slv/a])?)' = Ay sOv# /a]) = t0v4 /a].

If t = s{u/y} for some Aysyp-terms s and u, then (s[v/z])¢ = sO[v*/x]
and (u[v/x])® = u®[v*/z] by induction hypothesis, moreover we can suppose
without loss of generality that y ¢ fv(v) U {z}, hence by lemma 152

(¢lv/2))° = (slv/al{ulv/z]/y}) = Ay (slv/2])°) (ulv/a])® = (Ay s°[v* /2])'uO [v* /2]
= ((y s7)u®) v /] = t0[v? /a]
If t = su for some Aysyp-terms s and u, then (s[v/x])¢ = s%[v#/2] and

(u[v/z])® = u®[v*/z] by induction hypothesis, so (t[v/z])® = slv/z]%ulv/z]® =
sOv® Jx|ul[v® Jx] = tO[v* /x]. O

In order to simulate in Acgy all the reductions seen in definition 142, we
introduce the following notions.
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Definition 153. The weak B,,-reduction is a binary relation By on Acgy
defined by applying a finite number of times the following rules:

M By M M fw M’ »
M Bu NP A\zM)'N By A\xM')'N
M By M N By N’
MN By M'N MN B, MN"

The stratified-weak (,,-reduction is a binary relation By on Acgy defined
by applying a finite number of times the following rules:

M By M’ M Bo M' M oy M
—_ W
M Bew N MN Boy M'N Nz M By Az M’
V Bow V'
V' By VI

Remark 154. By remark 105, one has Sy, Bsw € (At X A¢) U (Ay X Ay).

Furthermore, B\,a C Bw € Bsw € Bys. The converses do not hold.

term
vsub *

Proposition 155 (Simulation of A\, in Acgy). Let s,t € A
1. If s =, t then s9 B, t9.
2. If s =y t then s9 B t0.

3. If s —vew t then s B%, 9.

W

PROOF.

1. By induction on the length of the derivation of s —, . t. Let us

consider the last rule of this derivation.

If it is the df-rule, then s = (Az u)Lw and t = u{w/x}L for some Aysyp-
terms u, w and tuple of explicit substitutions L = {t;/x1}...{tn/zn}
with n € N. We can suppose without loss of generality that x; ¢ fv(w)
for every 1 < i <mn, so

vsub

s9 = Az ... Az Az )N )W o Mg ... Ay Az u®) w8 =

(in particular s¥ =% if n = 0), therefore s B\Ta t¢ and thus s% gy,
(by the fyo-rule for £,,) and s° 5% 0.

If it is the sv-rule, then s = wu{vL/z} and ¢t = u|v/z]L for some
Avsub-term u, Aysyp-value v and tuple of explicit substitutions L =
{t1/z1} ... {tn/xn} with n € N. We can suppose without loss of gen-
erality that x; ¢ fv(u) U {z} for every 1 <i < n, hence by lemma 152
and remark 151

59 = Az u®) (Azn ... Qzv®) 't N 08 Az ... Qi Az u®) (VDY L)'

By Oty ... Azul vzt ' = .. Oy (ufv/z})0) 0. )

O

n

=9,
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therefore s¥ 3% t9 and thus s© 8%, t°.

If it is the @-rule (resp. @,-rule) then s = ww and t = v'w (resp.
t = ww') for some Aygyp-terms u, v’ and w (resp. w’) such that
u =y, W (resp. w —y_, w'). By induction hypothesis, u® 8, u'¢
(resp. w® B¥, w'®), so s¢ = wOw® B wOw® = t° (resp. s¢ =
uCw® B, ulw'® = t9) since B, passes to context.

vsub

If it is the A-rule then s = Az u and t = Az« for some Ay p-terms u
and v such that u —y_, u'. By induction hypothesis, u® 5, u/®, thus
5O = Az u®) B, (Axu/®) =t since B, passes to context.

If it is the subj-rule (resp. sub,-rule) then s = u{w/z} and t = v/ {w/z}
(resp. t = u{w'/xz}) for some Aysyp-terms u, v’ and w (resp. w’) such that
u =y, W (resp. w —y,_, w'). By induction hypothesis, u® 3, u'¢
(resp. w® B%, w'®), so s¥ = A\zu®)w® Bx, Axuw®)w® = t° (resp.
50 = Az u®)'w® Bx, (Azu®)w® = t9) since B, passes to context.

2. By induction on the length of the derivation of s —, t. Let us consider
the last rule of this derivation.

If it is the d- or sv-rule, then we have seen in the proof of proposition
155.1 that s9 B t°.

If it is the @-rule (resp. @,-rule) then s = ww and t = v'w (resp.
t = uw') for some Aygup-terms u, v’ and w (resp. w') such that u —, v’
(resp. w —, w'). By induction hypothesis, u® 3% u/® (resp. w® B w'?),
s0 50 = uPw® B wOw® =10 (resp. s° = uPw® B uOw'® =t°) by the
@-rule (resp. @,-rule) for B.

If it is the subj-rule (resp. sub,-rule) then s = w{w/x} and t = v'{w/x}
(resp. t = u{w'/x}) for some Aygup-terms u, v’ and w (resp. w') such
that u —, u’ (resp. w —,, w'). By induction hypothesis, u® £ u/°
(resp. w® A% w'?), so s¢ = Az u®)'w® B Azu®) w® = tO (resp.
50 = Az u®)'w® B Az ul)'w® = t°) by the red-rule (resp. @,-rule)
for By.

3. By induction on the length of the derivation of s —, t. Let us consider
the last rule of this derivation.

If it is the w-rule, then s¢ Be t° by 155.2, thus s° Baw t© by the w-rule
for Bsw.

If it is the @)-rule then s = ww and t = v'w for some A\, p-terms wu,
u' and w such that u —4, . By induction hypothesis, u® Bz, u'?, so
50 = uPw® B, wOw® =t by the Q-rule for B, .

If it is the subj-rule then s = u{w/x} and t = «{w/z} for some
Avsub-terms u, v’ and w such that u —, u/. By induction hypothesis,
u® B, w0, so s¢ = Azu®)w® gE, Azu)w® = t° by the A-rule,
l-rule and @-rule for Sey.
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If it is the A-rule then s = Az u and t = Az v’ for some Ay p-terms u
and v’ such that u —e, ©/. By induction hypothesis, u® g%, u/©, so

s = Xzu® B, Az u/® =t° by the A-rule for Bay. -

Remark 156. s —,, t does not implies that s¢ ﬂ* t9. For instance, take
u=(21)z2 € NP and s = z1{y1{u/y2}/x2} € )\f,i[l’g where 1, Toy1, Y2, 21, 22
are pairwise distinct variables: then u® = (2})z}, s — x1{u/y2} =t and

s0 = (x4 :El) (()\ygyl) )u o3 (Ay2(Axa 1‘1) yl)' O=Mm

where M is Byo-normal but t© = (A2t )'u # M. On the contrary, M B, (Ay2 x})'u® =
t thanks to red;-rule.

By means of “forgetful functor” ()¥ (see p. 65) and o-equivalence, —
reduction can simulate the S, ,-reduction.

vsub

Remark 157. For every E € Acgy one has fv(E) = fv(EY) (the proof is by
straightforward induction on F € Acgy).

Lemma 158. For every term M, value V and variable z, one has (M[V/z])F =
MFVE /z].

PROOF. By induction on M € A;.

If M = x then M¥ =z, thus (M[V/z))f = VI = M¥[VY /z].

If M = y for some variable x # y, MY = y, thus (M[V/z])¥ =y =
MEVE /).

If M = AyN for some term N, then we can suppose without loss of gen-
erality that y ¢ fv(V)U{x}; by induction hypothesis, (N[V/x])¥ = N¥[VY /z],
thus (M[V/2])F = (g N[V/a)F = Ay(N[V/a])F = \gNF[VF /] = MF[VF [a].

If M = W' for some value W, then (W[V/z])F = W¥[VF /z] by induction
hypothesis, so (M[V/a])' = (W[V/2]))' = (W[V/2])' = WFVF/a] =

If M = NL for some terms N and L, then (N[V/x])¥ = N¥[VF/z] and
(L[V/2])F = LF[V¥ /x], hence (M[V/a])" = (N[V/2]L[V/])" = (N[V/z])" (L[V/2])" =
NEVY /2| LF VY 2] = M¥[VE /x]. O

Lemma 159. Let E,E' € Acgy.
1. IfE B, E' then E¥ —} E'".

2. If E oy E' then E¥ E'Y.

vsub/Eo

3. If E B, E' then EF ¢, EF.

vsub/zo

4. For every M € Acpy, if M 3%, (\vz')' then MY s ML

PROOF.
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1. By induction on the derivation of E 3, E’. Let us consider th last rule
of this derivation.

If it is the B-rule, then E = (AzN)'V' and E' = N[V/z], hence EF =
MxzNFYWF =\ NF{VF/z} =, . NF[VF/z] = (N[V/a]))F = EF
by d3- and sv-rule and lemma 158.

If it is the @ (resp. @,)-rule, then £ = NL and E' = N'L (resp.
E' = NL') for some terms N, L and N’ (resp. L') such that N 3, N’
(resp. L B, L'). By induction hypothesis N¥ H;\rvsub N'E (resp. LY H;\rvsub
L), so E¥ = NFLF —F  N"LF = B (resp. EY = NFLF -7
NFLY = B

If it is the A-rule, then £ = AzN and E' = AzN’ for some terms N
and N’ such that N 3, N’. By induction hypothesis NF —}+ N'F

>\vsub
thus EF = \aNF =7 xaN'F = g'F

>\vsub

If it is the !-rule then E = V' and E' = V" for some values V and
V' such that V B, V’. By induction hypothesis V¥ =+  V’F hence

)\vsub
EF =vF o vT=p"
vsub ’

vsub

2. By induction on the derivation of E o, E’. Let us consider th last rule
of this derivation.

If it is the oj-rule, then E = (AxM)NL and E' = (A\eML)'N for

some terms M, N and L with z ¢ fv(L) = fv(LY), thus E¥ =

A MFYNFLF —,  MP{NY/2}LF =, (MY LF){NF /z} ), Qe MFLF)NF =
E'F. Therefore EF +, EF.

vsub
vsub/=o
If it is the og-rule, then E = (V')((AzL)")N and E' = (A\zV'L)'N for
some terms N and L and value V with = ¢ fv(V) = fv(VF), hence
E" = (VF)QAaLF)NF =, VELI{NT Ja} = (VELE){NT [z} 3¢
(AzVFLF)NF = E'¥. Therefore EF  Aveub/=o EF.

If it is the @(resp. @Q,)-rule, then E = NL and M’ = N’'L (resp.
E' = NL') for some terms N, L and N’ (resp. L') such that N o, N’
(resp. L o, L'). By induction hypothesis NF Aot/ Zo N'F (resp.
LY = L), so MY = NFLF ) N'TLF = M (resp.
E¥ = NFLV &, - N'L" =ET).

If it is the A-rule, then £ = AzN and E’ = AzN’ for some terms N
and N’ such that N o, N’. By induction hypothesis N¥ ¢ N'F
thus E¥ = \aNF <, O)\J:N’F:E’F.

vsub/Eo

vsub/zo
vsub/E
If it is the !-rule then F = V' and E = V" for some values V and V'
such that V 3, V'. By induction hypothesis V¥ V'F hence
EF = V¥ &, vt =p"

vsub/zo

vsub/Eo
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3. By induction on the number n € N of steps of the 8,,-reduction from F
to E. If n=0 then E = E' and so E¥ = E'*, thus E¥ ¢, _, = E".
If n > 0 then there exists E” € Acgy such that E 8. E” B,, E'; by
induction hypothesis EY <, — E"";if B" B, E' then E'" —{ B
by lemma 159.1, otherwise E”Y <5,

E'Y.

E'Y by lemma 159.2; in any

vsub/Eo

case EY  Aoub/=o

4. By lemma 159.3 MY 2 Avau/ Zo (/\xx!)!F = Arz. By lemmas 148.2
and 149, there exist ¢,#' € AM such that MY oy bt =0 ' and
Ax x —>§\V5ub t'. As \xx is —),,-normal, one has ¢ = Azz, thus

t = Az z that implies t = Az z. Therefore MF —>§vsub AT T. 0

3.4 From terms to trees

It is more natural to study Bvl‘» Bvr—, B\,— and th—reductions and the decom-
positions seen in remark 100.2, theorem 118, corollaries 119.2 and 119.5 and
proposition 121 by means of labeled full binary trees. This analysis, perhaps
implicit in some publications on call-by-value A-calculus, has never been made
explicitly and reveals deep symmetries of this calculus which can be seen
from a more “geometrical” point of view.

3.4.1 Syntax of applicative trees

Definition 160 (Quasi-leaf, applicative tree). We denote by Ta the set of
full binary trees whose internal nodes are labeled by @Q and whose leaves are
labeled by terms of the shape V' with V € A,.

A quasi-leaf is an element of Ta whose root is a Q-node having two leaves
of T as children. For every term T € Ta, a quasi-leaf of T is a subtree of T
which is a quasi-leaf.

With every term M is associated app(M) € Ta, called applicative tree of
M, defined by induction on M as follows:

° app(V!) consists of a leaf labeled by V';

e app(MN) consists of a node labeled by @ whose left (resp. right) child
is app(M) (resp. app(N)).

With every T € Ta is associated term(T) € Ay, called term of T, defined
by induction on T as follows:

o if T consist simply of a leaf labeled by V' for some value V then
term(T) = V';

e if T consists of a node labeled by @ whose left (resp. right) child is
term(TY) (resp. term(T3)), then term(T') = (term(T1))term(13).
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Remark 161.

1. Every leaf of every T' € Tq is labeled by a term of the shape V' for
some value V.

2. For every terms M and N, app(M N) has at least one quasi-leaf: this
is a well-known result on full binary trees having more than one node.
As a consequence, for every term M, app(M) is either a leaf and in this
case M = V' for some value V, or such that its root has two childes
and each sub-trees of app(M) contains a quasi-leaf.

3. It is immediate to check that the two functions app and term are inverses
of each other: for every T' € Ta and term M, app(term(T)) = T and
term(app(M)) = M. So each element of Ta is the applicative tree of
some term and each term is uniquely determined by its applicative tree.

Definition 162. Let T € Tq. With every node n of T is associated a finite
sequence posp(n) of elements of {1,r} as follows (the definition is by induction
onT):

e if the root of T is a leaf, then posp(n) = 0;

e if the root of T is not a leaf and if Ty (resp. n,) is the left (resp. right)
child of n, then for every node m in Ty (resp. T;) posp(m) = |- posg;(m)
(resp. posp(m) = r - posp(m)).

For every subtree T' of T we set posp(T') = posyp(n) where n is the root of
T

Remark 163. Given T € Ta, posy is a injection: if posp(n) = posp(m)
(resp. posy(11) = posy(12)) then n = m (resp. T1 = T3), for any nodes m,n
(resp. subtrees T1,T») of T'; this is a consequence of acyclicity of trees;

Given a term M, we can localize uniquely all its subterms thanks to
-1

POSapp(ar)-
We recall a well-known results on trees.

Proposition 164. Let T be a tree.

1. Given two subterms T and Ts of T, either T is a subtree of Ts, or Th
s a subtree of 11, or T1 and Ty are disjoint.

2. Let < be the binary relation on the subtrees of T' defined by: R <p S
(R is on the left of S in T') iff R and S are subterms of T such that
posp(R) = (r1,...,Tng), posp(S) = (s1,...,5ng) with ng,ng € N,
ri,s; € {lir} for any 1 < i < ng and 1 < j < ng, and there exists
m < ng,ng such that rp, =1, s,y =r and r; = s; for every 1 < i < m.
Then <7 is an order relation on the disjoint subtrees of T.

WHY?
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ProOOF. T is a acyclic and connected graph, so we can conclude. ([l

Proposition 164.2 says that a natural order relation “from left to right” is
definable on the disjoint subtrees of T'.

Remark 165. Proposition 164 has as one of its consequences that for every
T € Ta, if T1 and Ty are two distinct quasi-leaves of T then Ty are 15 are
disjoint and either 77 is on the left of T or 75 is on the left of T7. This order
relation is on the quasi-leaves of T is well-founded.

This notion of order is useful for the following definition.

Definition 166 (Bv—redex on Ta). A B\,—redex on Ta is an element of Ta
which is a quasi-leaf whose left child is labeled by (/\xM)! for some M €
A¢. Let T be a By-redex on Ta whose left (resp. right) child is labeled by
(AzM)" (resp. V') for some term M (resp. value V'): the contractum of T is
app(M[V/a)).

Let T € Ta. A By-redex in T is an occurrence of subtree of T which is a
By-redex on Ta. If T' is both the leftmost (Tesp rightmost) quasi-leave of T
and a 6\, redex on Ta, T" is the ﬁv| (resp B\,r -Jredex of T.

We say that T contains a fy- (resp. Bui-; Bur - )redex if there is a By - (resp.
Bui-; Bur -)Jredex in T.

Some elements of Ta might contains a f,-redex without havmg neither the

B\,| redex nor the f,,-redex, for example app((((z})z})(M)2") (y})yh) where
= (AzN)' for some term N.

Formally, the notions of B\, , B\,| and ﬂvr—redex on Ta are distinct from
the notions of B\, , ﬁv| and B\,r—redex on terms, but actually they are strictly
correlated. For example, if M = (()\azlxl) )(()\xgxz) NZ', app(M) con-
tains exactly two B,-redexes, app((Az12})'y') (the By-redex of app(M)) and
app((\xaxh)'2") (the B\,r—redex of app(M)); but M also contams exactly two
B,-redexes, (Az12})'y' (the By-redex of M) and (Azpxh)'z' (the fByr-redex of

Lemma 167. Let M, N be terms: app(N) is a By -redex in app(M) iff N is
a By-redex in M.

PROOF. By induction on the term M.

If M = V' for some value V, then there is no By-redex in M and app(M)
consists only of a leaf labeled by V', so there is no Sy-redex in app(M).

If M = M;M> for some terms My, Ms, then there are three cases.

o N (resp. app(N)) is a fy-(resp. Bur-)redex in M, (resp. app(Mi)): by
induction hypothesis, app(N) (resp. N) is a B,-redex in app(My) (resp.
M;); as app(M) consists of a node whose left child is app(M1) (resp.
as M = M My), then app(N) (resp. N) is a f,-redex of app(M) (resp.
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o N (resp. app(NV)) is a fy-(resp. Bur-)redex in My (resp. app(Ma)): by
induction hypothesis, app(N) (resp. N) is a By-redex in app(My) (resp.
M>); as app(M) consists of a node whose left child is app(Ma2) (resp.
as M = M, Ms), then app(N) (resp. N) is a SBy-redex of app(M) (resp.

(
(

e M =N = (AzN')'V" for some term N’ and value V: app(M) = app(N)
consists of a quasi-leaf whose left leaf is labeled by (AzN")" and whose
right leaf is labeled by V*, hence app(M) is a By-redex in app(M).

3.4.2 Some reductions on applicative trees

Definition 168 (B\,—, Byi=, Bur- and By-reduction on Ta). We define a relation
Bv C Ta X Ta, called ﬁv—reduction or weak fB,-reduction on Ta, as follows:
T B, T if T,T' € Ta and T' is obrained from T by replacing a By-redez in T
with its contractum.

We define a relation Bl (resp. Bvr) C Ta X Ta, called B\A (resp. Bvr)—
reduction or leftmost (resp. rightmost) weak (,-reduction on Ta, as follows:
T Bu B T if T, T' € Ta and T' is obtained from T by replacing the By (resp.
Bur )-redex in T (if any) with its contractum.

We define a relation th C Ta X T@, called th reduction or turbo weak
By-reduction on Ta, as follows: T By T' if T,T' € Ta and T' is obtained
from T by replacing each ﬁ,-redex i T with its contractum.

Theorem 169. Let T,T' € Ta.
o IfT B, T' then term(T) B, term(T").
o IfT By (resp. Bue) T' then term(T)) By (resp. Bur) term(T").

o IfT By T' then term(T) By term(T”).

3.5 Value Bohm trees

We extend the call-by-value A-calculus Acgy by adding a constant (2.

Definition 170. We define the elements of the sets AY (Q-terms), AS
(Q-values) and AQBV (Q-expressions) by mutual induction as follows:

A L,M,N =:=Q| (M)N | (V) Q-terms
AY UV,W 2=z | XaM Q-values
A?BV D,EF =M |V Q-expressions

The constant 2 has to be considered as a closed term, in particular
Q[V/x] := Q for every value V' and variable x.
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Definition 171. We define a relation Byq C (A x A2) U (AD x AD), called
Bva-reduction, by the following rules:

P B M BVQ M’ @
N /BVQ N’ @
MN Byo MN'
M Byo M’ VoW ——
MxM Byo \xM' A V' B W'~ ()M Byo Q
(M) Bua '

We prove now a confluence property for this calculus. For this purpose,
we adapt the standard Tait-Martin-Lof technique of parallel reduction.

Definition 172. We define a relation pyo C (A x A) U (AD x AD), called
parallel Byq-reduction or pyq-reduction, by the following rules:

T —_— AT o~ QI

TraT Y Qg O (M po ©
Q, Vopva W |

V! PvQ W! .

M pyo M’ V puo V/ ) M pyo M’ N pyo N’
Az M)'V' pyo M'[V' /2] MN pyq M'N'
M PvQ M’
eM pyo AzM’

(M)Q pya Q2

Remark 173.

1. The pyo-reduction is reflexive (the proof is by straightforward induction
on the expression E).

2. Bua C pvq (the proof is by straightforward induction on the length of
the derivation of E S,q E’, by exploiting remark 173.1).

Lemma 174. pyo C 5] -

PROOF. By induction on the length of the derivation of E pyq E’, we prove
that E (), E', for every expressions E, E’. Let us consider the last rule of
this derivation.

If it is the az- or azq-rule, then we conclude that E S, E’ by reflexivity
of Bl

If it is the x-rule with x € {Q, Q,, A\, !}, then we conclude that E f,q F’
by applying the x-rule.

If it is the p-rule then E = (AzM)'V' and E' = M'[V’/x] for some terms
M, M’ and values V, V' such that M pyq M’ and V pyo V’. By induction hy-
pothesis, M %o, M’ and V' 3, V', hence E S, A\eM')'V' B (A\xM')'V" By E'.

If it is the @-rule then £ = MN and E' = M'N’ for some terms
M,M', N, N’ such that M pyo M’ and N pyo N’. By induction hypothesis,
M Biq M" and N B}, N', thus E i M'N B}, E'. d
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Corollary 175. plq, = 5 -
PROOF.

C: Proof by straightforward induction on the number n € N of steps of
the pyq-reduction, by exploiting lemma 174.

1)

: The proof is by straightforward induction on the number n € N of steps
of the Byq-reduction, by exploiting remark 173.2. 0

Lemma 176. For all expressions E,E', values V,V' and variable x, if
E pya E' and'V pyq V' then E[V/x] pyq E'[V'/x].

PROOF. By induction on the length of the derivation of E pyq E’. Let us
consider the last rule of this derivation.

If it is the azrule then E =y = E'. If y = z then E[V/x] = V and
E'lV'/x] = V', thus E pyq E’ by hypothesis. Otherwise y # x and so
ElV/z] =y = E'[V'/z], hence E pyq E' by remark 173.1.

If it is the azqg-rule then E = Q = E’ and thus E[V/x] = Q = E'[V'/z],
therefore E pyq E’' by remark 173.1.

If it is the Q-(resp. Q,-)rule then £ = QM (resp. E = MQ) and E' =
Q, hence E[V/x] = (Q)M[V/z] (resp. (M[V/z])Q) and E' = Q, therefore
E pyo E' by the Q-(resp. ,-)rule.

If it is the l-rule then E = W' and E' = W for some values W, W’ such
that W pyq W', thus E[V/z] = (W[V/z])' and E'[V'/z] = (W'[V'/z])". By
induction hypothesis W[V/z| pyo W[V’ /x], so E[V/x] pya E'[V'/z] by the
l-rule.

If it is the A-rule then £ = AyM and E’ = A\yM’ for some terms M, M’
such that M pyq M’', furthermore we can suppose without loss of generality
that y # x, thus E[V/z] = A\yM[V/z] and E'[V'/z] = AyM'[V'/z]. By
induction hypothesis M[V/x] pyo M'[V'/z], hence E[V/x] pyo E'[V'/x] by
the A-rule.

If it is the @-rule then E = MN and E' = M'N’ for some terms
M, M’ N, N' such that M p,q M'"and N p,q N’ thus E[V/x] = (M[V/z])N[V/x]
and E'[V' /] = (M'[V'/z])N'[V'/z]. By induction hypothesis M [V /x| pyo M'[V'/x]
and N[V/z] pyo N'[V'/z], hence E[V/z| pyo E'[V’'/x] by the @Q-rule.

If it is the p-rule then E = (A\yM)'W' and E' = M'[W’/y] for some
terms M, M’ and values W, W' such that M pyq M’ and W py,qo W/, fur-
thermore we can suppose without loss of generality that y ¢ fv(V') U {x},
therefore E[V/z] = A\yM[V/x])'W[V/z]' and E'[V'/z] = M'[W'Jy][V' /z] =
M'[V! [z][W'[V'/x]/y] by lemma 99.1. Thus M[V/z] pyo M'[V'/z] and
W[V/z] puo W'[V'/xz] by induction hypothesis, hence E[V/x] pyq E'[V'/z]
by the p-rule. O
Theorem 177 (Strong confluence for pyq). Let E, FEy, Es be expressions: if

E pvo E1 and E pyq Eo with E1 # FEs, then there exists an expression F
such that E1 pyq F and Es pyq F.
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PROOF. O

Corollary 178 (Confluence for fyq). Let E, E1, Ey be expressions: if E 5o Eq
and E B3 Eo with By # Eo, then there exists an expression I such that



Chapter 4

Two symmetrical call-by-value
Krivine abstract machines

Abstract machines play an important role in the implementation of pro-
gramming languages. The reason abstract machines are so useful is because,
on the one hand, they are sufficiently “abstract” to relate easily to other
kinds of mathematical semantics, such as equational semantics; on the other
hand, they are sufficiently “machine-like” to be easily implementable on real
machines.

For the ordinary (call-by-name) A-calculus, the most remarkable example
of abstract machine is the Krivine’s machine (KAM) [Kri85, Kri07, DR04].
For the call-by-value A-calculus, the first abstract machine was the Landin’s
SECD |Lan65], another more recent example is the Leroy’s ZINC [Ler90|.

We introduce two versions of the KAM for our call-by-value A-calculus
Acgy, that one without environments (closer to B\,—reduction) and that one
with environments (closer to what happens in implementations of functional
programming languages). Both versions have two subversions: the left-hand
one and the right-hand one, which are perfectly symmetric. Our approach
is more theoretical and “A-calculus-like” (as in [Kri85, Kri07, DR04, dC09)])
than the abstract machines defined in [Lan65, Ler90].

4.1 The versions without environments

Definition 179 (Stack, process). A stack is a finite sequence of expressions.

A process is a pair (M, 7), denoted by M x w, where M is a term and 7
is a stack.

In other words, a process is a non-empty stack whose first component is
a term.

Intuitively, a process can be seen as a program in execution.
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Notation. Let 7 = (E1,..., E,) be a stack with n € N: if n = 0 we denote
7 by 0; for every expression E, we denote by E-7 (resp. w-E) the stack
(E,E1,...,E,) (resp. (Ey,..., E,, E)); moreover, we denote E-{) and (- E by
E.

Definition 180. We define two call-by-value Krivine abstract machines
without environments K (the left CBV-KAM ) and K" (the right CBV-KAM)
by the following reduction rules:

e this reduction rule is common to K' and K"

swap V'« N.t — NxV.r

o these reduction rules are specific for K!

push; (M)Nxm — MxN-m
pop; V'sdxM-m — M[V/z]*7

e these reduction rules are specific for K

push, (M)N«m — Nx*xM-w

pop, (AzM)'xV.-m — M[V/x]*7
Remark 181. The reduction rules for K' (resp. K") are “strongly deterministic”
(i.e. they form a partial map from the set of processes to the set of processes):
for every process M * 7 there exists at most one process M’ * ' such that
M xm — M’ %7’ according to a reduction rule of K' (resp. K").

Note the different role played by values and terms in K' and K"’s stacks
respectively: in K'(resp. K)’s stack, values have to be seen as functions (resp.
arguments) and terms have to be seen as arguments (resp. functions).

The fact that only the pop. rule (with c € {l,r}) performs a substitution
corresponds to the call-by-value constraint for reduction: the argument in a
By-redex has to be a value. The push, (resp. push,) and swap rules impose
the call-by-value strategy reducing the “leftmost-(resp. rightmost-)outermost”
By-redex.

Remark 182. Let M, M’ be terms, E be an expression and 7, 7’ be stacks:
by definition, if M x 7 —y M’ x «’ with x € {pop,, pop,, push,, push,, swap},
then M x - FE —, M' x 7’-E for every expression E.

Definition 183. With every process M * w is associated a term M x T and
aterm M+ 7 defined by induction on the length of 7 as follows:

M+l = M M0 = M
MV = (VHM g M+Vr = (M)V'snx
M*N7 = (M)N*?TI M+«N-x = (N)Mxn

r



4.1. THE VERSIONS WITHOUT ENVIRONMENTS 107

Roughly speaking, the stack 7 in a process M * 7 can be seen as the
“applicative closure” of the term M, and the function Ul (resp. Ur) allows to
rebuild the term corresponding to a given process of K' (resp. K), taking into
account the swapped application in the stack i.e. the different role played by
terms and values in the K'(resp. K)’s stack.

Lemma 184. Let M, N be terms, V be a value and w be a stack.

1. MxnV = (V!)M*ﬂ'l. 3 MxnV = (M*?TI)V!.

9. MmN = (Mxm)N. 4. MxmN =(N)Mxr.

PRrROOF. All the proofs are by induction on the length of 7.

1. Ifr =0, then Mx 7V = MV = (V!)M*®I = (VM = (V!)M*@I =

(VM *r.
If # = W-n" where W is a value, then MrnV = (WHM x* TV =
(VHYWHM « T = (V!)mI (the central identity holds by induction
hypothesis).
If 7 = L-n’ where L is a term, then MxnV = (]\4)L>x<71"'VI =
(VHY(M)L * =/ ' (V!)]\Ii*ﬂI (the central identity holds by induction
hypothesis).

2 Ifr =0, then Mxn N =M+ N = MN#0 = (M)N = (M*0)N =

(M 7r|)N.
i —_—

If 7 = W-n' where W is a value, then M # 7N = (WHM x7/-N =
e — o
(WHM % 7" )N = (M * 7TI>N (the central identity holds by induction
hypothesis).
If # = L-7' where L is a term, then MxnN = (M)L*7'-N =
((M)L 7T’I)N = (M % 7TI)N (the central identity holds by induction
hypothesis).

r

3. Ir=0then Ms7V =MV =DMV '« = (MV' = (M0 )V' =
(M7 )V
If 7 = W' where W is a value, then M *7-V' = (M)W x7/-V =
(MW" 7r’r)V! = (M =7 )V' (the central identity holds by induction
hypothesis).
If 7 = L-7' where L is a term, then M * 7V = (L)M x7'-V =
((L)M x ﬂ’r)V! = (M 7 )V' (the central identity holds by induction
hypothesis).

4. fr=0,then Mx7-N =M+ N =(N)M*0 = (N)M =(N)M 0 =
(N)M 7.
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If 7 = W-n' where W is a value, then M x7-N' = (M)W' « N =
(N)(M)W"' = (N)M =7 (the central identity holds by induction
hypothesis).

If 7 = L-n/ where L is a term, then M x7-N = (L)M *n/-N =
(N)(L)M = (N)Mxn (the central identity holds by induction
hypothesis).

O

Now we compare the two CBV-KAMs with (,-reduction, more precisely
we compare K'(resp. K")’s reduction rules with S,-(resp. By,-)reduction.

Lemma 185. Let M be a termand 7 be a stack.

1. If M By M’ (resp. M By M) then M * 7 B, Mxx (resp. Mxn By M’*wl).

2. If M By M' (resp. M By M') then M s By M7 s (resp. M« By M/ 570 ).

PROOF. Both proofs are by induction on the length of 7.

1 Ifm—=0, then Mam = M%0 =M B, M' = M %0 = M * 7.
If * = Var' where V is a value, then M # & = (V)M = o By (VM % .
Mxr (the central relation holds by induction hypothesis, since (V)M 3, (V') M').
If 7 = N7t/ where N is a term, then M x* T = (M)N x o B, (M')N =
M (the central relation holds by induction hypothesis, since (M)N 3, (M')N).

The proof that M BW M’ implies M 5V| M' x 7 is analogous, it
suffices to replace 8, by By.

2. Ifr=0,then Maxm =M=0 =M B, M' =M %0 =M 1.
If 7 = V' where V is a value, then M « 7 = (M)V' s’ B, (M)V' s 7/ =
Mxn (the central relation holds by induction hypothesis, since
(M)V* B, (M")V?).

If 7 = Na/ where N is a term, then M 7 = (N)M « ' B, (N)M' x 7/ =
M’ >|<7rrA (the central relation holds by induction hypothesis, since
(N)M By (N)M).

The proof that M By M’ implies M 7 B\,r M’ x 7 is analogous, it
suffices to replace B\, by B\,r.

O

Notice that M ,5’\, M’ does not entail either M * 7rI BV| M’ * 7TI or M x7 Bvr M s7;
for example, take M = ((z")2")((Mzz')")y' (resp. M = ((Aa::r!)fy!)(z!)z!),

M = ((zY2)y' (resp. M' = (y')(#")2") and 7 = (: then M B, M’ but
M0 =M« = M which is a BW—(resp. Bvr—)normal form.

Proposition 186. Let M and M’ be terms, let m and @' be stacks:

o if Mxm —pop, M's7" (resp. Mxm —pop, M's7’) then M T By M7 % oy
(resp. M« By M x7");
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o if M x7m — M'x7' where x € {push;,swap} (resp. x € {push,,swap})
then M xm = M’ s« 7" (resp. M xm = M7 ).

PROOF. If M x 7 —pop, M’ x @ (resp. M * m —pop, M’ % ') then M =
Vi m = XeN-7' (resp. M = (\zN)', 7 = V-7') and M’ = N[V/z] for
some term N and value V; as (AzN)'V' By (resp. Byr) N[V/z], by lemma
185.1 (resp. 185.2) Myn = (AzN)'V! e Bu w7 (resp. M* 71 =
(AzN)'V! w1’ By M s,

If M s —push, M'x 7' (resp. M s m —push, M’ 5 7’) then M = (L)N
(resp. M = (N)L), M’ = L and «’ = N -7 for some terms N and L, so
Mxm =LxN-m =M 7' with c=1 (resp. c =r).

If M s —gpap M7’ then M =V', M'= N, 7= N-my and @ = V-
for some term N and value V, so M x T = (VYN x 7r0| = M xr (resp.
Mxn =(N)WV'smy =M 7). O

Proposition 186 states the soundness of the CBV-KAM K'(resp. K")’s
reduction rules with respect to 5y-(resp. Syr-)reduction (and S -reduction, by

remark 117). Indeed the following is an immediate corollary of proposition
186:

Corollary 187. Let M, M’ be terms and 7,7’ be stacks. If M xm — M’ 7’
(resp. Msm —, M'x7’) then M % 7 B\ﬁ M x7" and M+ 710 /3’\,: M w (resp.
M*m B\ﬁ M’ s 7" and M * 7 Bf M’ x7""). In particular, if M*Q — M'sn’
(resp. M x O —, M' x ') then M B\j M« and M b= M (resp.
M Bz M7 s7" and M B M =" ).

Remark 188. Let M, M’, N be terms: M By (resp. B\,r) M’ does not entail
N % M — (resp. —¥) N * M'. For example, take M = (\yy')'z', M’ = 7'
and N =z': M By M’ and M By, M’ but

: W ne! —oushy Ay * 21 —gpap 2 F MYyt —po |
NsM = 2O ! — Ay 2! push, p popy
* TH(AYY ) 2 —swap (Ayy ) 2 xw 5 push, 2 % ()\yy!)!_x —owap ()\yy!)! £ 2 —pop, 2xx A

and every process in the K'—(resp. K"-)reduction started with N M is different
from N = M’.

As a consequence, M B\, M’ does not imply that there exist a term
N and a stack 7 such that M « (0 — (resp. —»f) N« 7 and M’ = Nxnm
(resp. M/ = N x ). For instance, take M = ((Az12})'y")(Azazh)')2' and

M’ = ((Axziz))'y) 2" (resp. M' = (') (Mxoxh)')2"): M B, M’ but

M x () — push, ()\xlm!l)!y! * ()\xgx!z)!z! — push, ()\xlxll)! * y!-()\:cgfv!z)!z! —swap y! * )\xlx!l-()\:ch!z)!z!

—pop, y! * ()\x2$!2)!z! —?swap ()‘3721'!2)!*2! * Y —push, ()‘x2$!2)! * z!-y —7?swap Z! * )\$2x!2'y —pop, Z! *Y 7L>
(resp. M + () —push, ()\xgxlz)!z! * ()\xlx!l)!y! _>pushrZ! * ()\:cgw!z)!-()\xlm!l)!y! —swap ()\ngg)!* z'()\:clacll)!y!

op < x (Axlxll)!y! TPswap ()\ﬁlxll)!y! * Z —push, y! * ()‘$1x!1)!'z —?swap ()‘55133!1)! * Y2 —pop, y! * 2z /)
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and no process N * 7 in the K'-(resp. K" )reduction started with M x () is
such that M = N# 1 (resp. M/ = N 7).

What makes both implications of remark 188 fail is that CBV-KAM
K!(resp. K")’s reduction rules correspond to the call-by-value strategy reducing
the “leftmost-(resp. rightmost-)outermost” j,-redex, i.e. the B\A—(resp. B
)reduction.

Proposition 189. Let M and M’ be terms. If M By (resp. Bur) M’ then
there exist a term N and a stack m such that M O —" (resp. =) N =«

and M' = N+ (resp. M' = N xx ).

PrROOF. By induction on M € A;. Let us consider the last rule of the
derivation of M By (resp. Bvr) M.

If it is the S-rule, then M = (AzN)'V' and M’ = N[V/x] for some term N
and value V', hence M () —push, (AzN)' <V —swap Vi N —rpop, N[V/x]*0
(resp. M # 0 —push, V' * (AZN)' —guap (AxN)' * V =05 N[V/2] % (), where
M’ = N[V/x] * i) (resp. M' = N[V/a] ().

If it is the @-(resp. @,-)rule, then M = (V')L and M’ = (V')L/
(resp. M = (L)V' and M’ = (L')V') for some terms L, L’ and value V
with L B\A (resp. Bvr) L', thus there exist a term N and a stack 7 such
that L * 0 — " (resp. =) N x7 and L' = Noar (resp. L' = N*n') by
induction hypothesis; hence M x() —>push, (T€SP. —>push, ) V'L —rswap L*xV —>|+
(resp. —1) N 7V by remark 182, where M’ = (V)N * T =NxnaV (resp.
M' = (N+7)V'=Nxnr-V') by lemma 184.1 (resp. 184.3).

If it is the @-(resp. @Q,-)rule, then M = (Lg)L; and M’ = (L)L,
(resp. M = (L1)Le and M’ = (Ly)L%) for some terms Li, Lo, L, with
Lo B\A (resp. B\,r) L}, thus there exist an expression N and a stack m such
that Ly x 0 —," (resp. =) N * 7 and L, = Nxnm (resp. Ly = N*n)
by induction hypothesis; hence M * () —>push, (1€SP. —>push ) L2 * L1 —>|+
(resp. =) N * w-Ly by remark 182, where M’ = (N x 7TI)L1 =N 4<7r~L1I
(resp. M' = (L1)N xm = N * 7Ly ) by lemma 184.2 (resp. 184.4). O

Intuitively, proposition 189 is a sort of converse to proposition 186, i.e.
it states the “completeness” of the CBV-KAM K'(resp. K")’s reduction rules
with respect to fy-(resp. Byr-)reduction.

Proposition 190. Let M and M’ be terms. If M 3, M’ then there exist an
expression E and a stack w such that M x ) —+ Ex 7 and M' B} E 7.

PROOF. By induction on M € A;.

If M = (AzN)'V' and M’ = N[V/x], then M*{) — push V5 (AzN)' = access
Vs (AZN) —ewap AZN)' % V' —access ATN % V' =0 N[V/z] * 0, where
N[V/x]*0 = M.
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If M = (L)N and M’ = (L)N’ with N 3, N, then by induction hypoth-
esis there exist an expression £ and a stack 7 such that N * () =T Ex*m and
N’ 3% E «m; hence M * () —pysp N x L -1 E s 7-L by remark 182, where

M' B (L)E+7 = E «n-L by lemma 184.1. O

4.2 The versions with environments

We recall that the set of variables (resp. values; terms) of Acgy is denoted by
V (resp. Ay; Ay).

Definition 191 (Environment). For every p € N, we define a set &,, by
induction on p, as follows:

o &=V —4, 0 (ie. the set containing only the empty function L );
o if p>0then & =V —ay (A X Ep1).

We set £ = UpeN Ep, whose elements are called environments. For every
e € €, we denote by d(e) the least p € N such that e € &,.

Intuitively, an environment can be seen as a kind of heap memory used
for dynamic memory allocation.

Remark 192. For every p € N, &, C £,41. The proof is a straightforward
induction on p € N. The empty function is in &, so & C &1. Let p > 0 and
e € &: if dom(e) = {z1,...,2z,} for some n € N, then for every 1 <i <n
there exist a value V; and e; € £,_; such that e(x;) = (V;, ¢;); by induction
hypothesis, £,—1 C &, and thus e; € &,, hence e(z;) € Ay x &; therefore
eeV —an (A x &) = Epy1, whence &, C Epiq.

Definition 193 (Closure). The set C, of value (resp. term) closures is
defined by C, = Ay x € (resp. Ct = Ay X E). The set C of closures is defined
by C =C, UC.

Given v = (V,e) € Cy, we define v = Ve] € Ay by induction on d(e) € N:

e ifd(e) =0 then Vie] = V;

e ifd(e) > 0 then Vie] = Vie(zx1)/x1,...,e(xn)/xn] where dom(e) =
{z1,...,2n} for somen € N.

Given t = (M, e) € Cy, we define t = Mle| € Ay by induction on M € Ay:

o if M =V" for some value V, then M[e] = (Ve])';

o if M = NL for some terms N and L, then M|e] = (Nle])L[e].

Remark 194.

WHY?
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1. With reference to notations used in definition 193, note that v is
well-defined for v = (V,e) € C,: indeed, in the case d(e) > 0, for
every 1 < ¢ < n there exists a value V; and e; € 5d(e)—1 such that
e(x;) = (Vi,e;), hence d(e;) < d(e) — 1 and so e(x;) is defined by
induction hypothesis. Furthermore if ¢ € C is a value (resp. term)
closure, then ¢ is a value (resp. term).

2. By definition, £ =V —4, C,, i.e. environments are the partial functions
with finite domains from the set of variables to the set of value closure.

3. C =CyWC(C, since Ay, N Ay = 0.

Let E be an expression and e be an environment: each pair (z,v) (where
x is a variable and v = (V, €’) is a value closure) in the graph of e can be seen
as a sort of “recursive” explicit substitution in the expression E|e], associating
V'[e'] with the free occurrences of x in F.

Definition 195 (Stack, state). A stack is a finite sequence of closures.

A state is a pair (t,7), denoted by t x w, where t is a term closure and 7
is a stack. If s =1t% (c1,...,¢n) for some n € N is a state, then s denotes
the term (t)c1 - - - ¢y.

In other words, a state is a non empty stack whose first component is a
term closure.

Intuitively, a state is a program in execution, taking into account also the
environment of this execution.

Definition 196 (Variable convention). For every value closure v = (V,e),
we define, by induction on d(e), what means that the value closure v respects
the variable convention; v respects the variable convention if the following
conditions are fulfilled:

o cvery bound variable in E is bound in E at most once;
e for every bound variable x in E, x ¢ dom(e);
e for every v € im(e), v respects the variable convention.

For every term closure t = (M, e), we define, by induction on M, what means
that the term closure t respects the variable convention:

o if M = V" for some value V then t respects the variable convention if
(V,e) respects the variable convention;

e if M = NL for some terms N and L then t respects the variable
convention if (N, e) and (L, e) respect the variable convention.

We say that state t x (c1,...,c,) (wheren € N, t is a term closure and ¢; is
a closure for any 1 < i < n) respects the variable convention if the closures
t,c1,...,c, respect the variable convention.
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For instance, (Ay(Az(z')2")', L) respects the variable convention, whereas
(Az(Az '), L) does not.

Definition 197. We define two call-by-value Krivine abstract machines with
environments KL, (the left CBV-KAMep, ) and K<, (the right CBV-KAMep, )
by the following reduction rules:

e these reductions rule are common to KL, and KL,
swap (V'e)x (M,e)-m — (M, e)* (V,e)-w ifeither VgV, orV eV andV ¢ dom(e)
sub (',e)xm — (V,e)sm if x € dom(e) and e(x) = (V,€')

o these reduction rules are specific for K,

push, (MN,e)xm — (M,e)x(N,e)-w
pop; (V') s« AzM,e)m — (M,eU{x+— (V,e)})*n

o these reduction rules are specific for Kg,,

push, (MN,e)xm — (N,e)x(M,e)m
pop, ((AzM)' e)x(V,e)m — (M,eU{x— (V,e)})*n

Remark 198. The reduction rules for KL, (resp. K.,,) are “strongly deter-
ministic” (i.e. they form a partial map from the set of states to the set of
states): for every state t * 7 there exists at most one state ¢’ x 7’ such that

t+m — t 7' according to a reduction rule of KL, (resp. KL.,).
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Chapter 5

Translations

5.1 The typed Acgy and boring translations in Lin-
ear Logic

A type system is a class of formulas in some language, the purpose of which
is to express some properties of A-terms. By introducing such formulas,
as comments in the terms, we construct what we call typed terms, which
correspond to programs in a high level programming language. The main
connective in these formulas is “—”, the type A — B being that of the
“functions” from A to B, that is to say from the set of terms of type A to the
set of terms of type B.

By a variable declaration, we mean an ordered pair (z, A), where z is
a variable of the A-calculus, and A is a type. It will be denoted by z : A
instead of (x, A). A context I' is a mapping from a finite set of variables to
the set of all types. Thus it is a finite set {1 : Ay,..., 2k : Ag} of variable
declarations, where x1, ...,z are distinct variables ; we will denote it by
x1: A1, ...,z Ag (without the braces). So, in such an expression, the order
does not matter. We will say that x; is declared of type A; in the context I'.
The integer k£ may be 0; in that case, we have the empty context.

We will write I', z : A in order to denote the context obtained by adding
the declaration x : A to the context I', provided that z is not already declared
in T,

Given a A-term ¢, a type A, and a context I', we define, by means of the
following rules, the notion: t is of type A in the context I' (we will also say :
“t may be given type A in the context I'”) ; this will be denoted by I' -, ¢ : A
(or T'F ¢ : A if there is no ambiguity) :

ar TEV:A
Fx:Akbx: A rvi:-4
Lao:AFM:B rFM:A—-B TEN:A
THXeM:A—B T'FMN:B

115
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There are two ways to traduce the intuitionistic arrow A — B in Linear
Logic with a “call-by-value” style (see |Gir87]).

X° = 1X X* = X
(A— B)° := I(A° — B°) (A— B)* = (1A* —|B*)
THEV:A)P° = II°F A° THV:A®* = IT*FV: A
(TEM:A)P° = IT°F A° ITHEM:A)* = IT*FM:1A°

In some sense, the following proposition means that these two translations
are equivalent.

Proposition 199. For every formula A of the implicative fragment, A° =
1A4°.

PROOF. By induction on the formula A.
e If A= X, then A° =X =14°.

o [f A= B — C, then B° =!B® and C° =!C* by induction hypothesis,
so A° =1(B° — C°) =(IB®* — IC*) = 14°. -

5.2 o,~equivalence

In the ordinary (call-by-name) A-calculus the o-equivalence (introduced by
Regnier in [Reg92, Reg94|) identifies terms that differ only in their sequential
structure (e.g. (Az1Azou)vive and (AzeAxiu)vevy): A-terms contain pieces
of information, which are unnecessary from the operational view-point. The
same phenomenon may be found in the call-by-value A-calculus. So two
questions naturally arise for Acgy: find the oy-equivalence for Acgy; find
some parallel syntax which identifies o,-equivalent terms. In the ordinary A-
calculus, these two questions are answered by means of the Girard’s translation
of intuitionistic logic into Linear Logic proof-nets: (A — B) ~» (1A — B).
We give an analogous answer for Acgy by means of the “boring” translation
of intuitionistic logic into Linear Logic proof-nets: (A — B) ~» (1A — |B).

Interestingly, this new oy-equivalence relation is not included in the g, -
equivalence, i.e. the o,-equivalence identifies distinct 5,-normal terms. We
eventually show that two terms are equivalent iff they are translated as the
same Linear Logic proof-net.

The oy-equivalence is generated by the following rules:

o1: AeM)'NL ~ (\zML)'N with z ¢ fv(L);
o2: Az(AyL))'MN ~ (\y(AzL)')'NM ;

o3: (M)((AxL)" )N ~ (AeML)'N with = ¢ fv(M)
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None of this rules are included in the S,-equivalence differently from the
standard (call-by-name) A-calculus, where the o-equivalence is included in
the B-equivalence. In some sense, the f,-equivalence is incomplete, and the
oy-equivalence is its completion.

Theorem 200. For every expression £ and F, E ~ F iff E®* = F*°.

5.3 CPS

A more significant way than the forgetful functor to embedding the call-
by-value A-calculus Acgy into the ordinary (call-by-name) A-calculus A is
the continuation-passing style (CPS) translation. We present two CPS
translations, the left one ()' (already used in [Plo75, Sel01]) and the right
one ()".

Definition 201. Let E be an expression.
We define, by induction on E, the right CPS translation of E, denoted
by E" € A, as follows:

o (A\aM)" = axM";
o (VY = Mk(k)V" with k ¢ fv(V);
o (MN) = AXk(N")An(M")Am(m)nk with k,m,n ¢ fv(MN).

We define, by induction on E, the left CPS translation of E, denoted by
E' € A, as follows:

o o' =u;

o \zM) = zM";

o (VH' = Xe(B)V" with k ¢ fv(V);

o (MN)' = Me(MYAm(N)An(m)nk with k,m,n ¢ fv(MN).

Note that the only difference between left and right CPS translations is
in the applicative case.

Remark 202. For every expression F, fv(E) = fv(E) with c € {l,r} (the
proof is a straightforward induction on E € Acgy).

Lemma 203 (Substitution). For every expression E, value V' and variable
z, (E[V/x])¢ = E°[V</x] with c € {I,r}.
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PROOF. By induction on E € Acgy. Let c € {l,r}.

If E =z, then E[V/x] =V and E° =z, so (E[V/z])¢ =V = E°[V/x].

If E = y for some variable y # z, then E[V/x] = y and E€ = y, so
(E[V/x])® =y = E[V/x].

If E = AyM for some term M, then we can suppose without loss of
generality y ¢ fv(V) U {z} (by a-equivalence), thus E[V/z] = A\yM[V/z]
and E€ = AyM*® with (M[V/z])* = M°[V</x] by induction hypothesis, so
(B[V/z])* = A\yM[V/a]) = dy(M[V/2])® = AyMe[V/x] = E[V</x] since
y & fv(V) U {z} by remark 202.

If E = W' for some value W, then E[V/z] = (W[V/z])' and E° =
Me(k)We with k ¢ fv(W) U {z} (by a-equivalence), thus k ¢ {z} U fv(IW°)
by remark 202, moreover (W[V/z])¢ = W€[V</z] by induction hypothesis,
so (E[V/z]))c = Mk(k)(W[V/z])¢ = \k(k)WE[VC/z] = E[W€/x].

If E = MN for some terms M and N, then E[V/z]| = M[V/z]N[V/x]

and

E' = Me(M"YAm(N")An(m)nk
E" = Me(N")An(M")Am(m)nk

with k,m,n ¢ fv(M)Ufv(N)U{z} = fv(M°)Ufv(N)U{x} by remark 202 and
a-equivalence, moreover (M[V/x])¢ = M€[V</z] and (N[V/z])¢ = N[V /z]
by induction hypothesis, hence

(E[V/z]) = Me(M[V/z])'Am(N[V/z)) An(m)nk = Xe(M'[V' /z]) Am(N'[V' /z]) An(m)nk = E'[
(E[V/z])" = M(N[V/x]) An(M[V/z]) dm(m)nk = Nc(N[V"/z]) An(M V" /z]) \m(m)nk = E"]!

0

Remark 204. For every values Vi and Vs, if ¢ € {I,r} then (V}V3)° g+ Ak(VE)Visk
with k ¢ fv(VVy). Indeed, let k,m,n ¢ fv(V) U fv(Vy) = fv(V V) with
ce{lr}

(Vv = Nk (Akq (k1) VHAM( N2 (k2)Va) An(m)nk B Me(Nky (k) V) Am(An(m)nk)Vy
B AEOmOAn(m)nk)V)OV! B Xe(An(V)nk)Vy B XeVIVJk.

VIVD = Me(Wko (k) VD A(Mey (k) VD) Am(m)nk B Ak(Mea(k2) V) An(Am(m)nk)V
B Ak(AnAm(m)nk)VOVE B MeOn(Vi)nk)VE B NeVIVik.

The following proposition claims that one step of /3,-(and so B\,—)reduction
is simulated by at least one step of fn-reduction in ordinary A-calculus,
modulo left or right CPS translation.

Proposition 205. Let E,E' € Acgy: if E 3, E' then E¢ Byt E'C with
ce{lr}.
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PROOF. By induction on E € Acgy. Let us consider the last rule of the
derivation of £ B, E'.

If it is the S-rule, then E = (AzM)'V' and E' = M[V/xz] for some
term M and value V', hence E¢ 81 A\k(AxM)V<k by remark 204 and E'¢ =
(M[V/x])c = M¢[V</x] by lemma 203; thus £ 87 Nc(AxM)Vk S \Nk(MC[VE/z])k =
Ak(E'€)k n E'< since k ¢ fv(M€) Ufv(VEe) U {z}.

If it is the @-rule, then £ = MN and E' = M'N where M, M', N
are terms with M S, M’, hence M¢ Bnt M'c with ¢ € {I,r} by induction
hypothesis, so

E/|
Elr

E' = Me(MYAm(NYAn(m)nk BnT Xe(M'YAm(NYAn(m)nk
E" = Mk(N)An(M)Am(m)nk Byt Mk(N)An(M'")Am(m)nk

since fAn-reduction passes to context.

If it is the @Q,-rule, then £ = MN and E' = MN’ where M, N, N’
are terms with N 8, N’, hence N¢ gn™ N’¢ with ¢ € {l,r} by induction
hypothesis, so

E' = Me(MYAm(NYAn(m)nk Bnt Ae(M)Am(N'YAn(m)nk = E'
E" = Me(N)An(M)Am(m)nk Bnt Me(N')An(M")Am(m)nk = E'f

since fBn-reduction passes to context.

If it is the A-rule, then ' = AzM and E' = \xM’' where M is a term
with M B, M’; hence for ¢ € {l,r}, M Bn*t M’ by induction hypothesis, so
E¢ = xM°® BnT AaM'c = E'€ since Sn-reduction passes to context.

If it is the !-rule, then E = V' and E' = V" where V,V’ are values
with V' 8, V', hence for c € {l,r}, V¢ Bn* V' by induction hypothesis, so
E° = Mk(k)V© Byt Mk(k)V'c = E’€ since Bn-reduction passes to context. [J
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