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Introduction

In the framework of the standard cosmological model, a leading role is played by the gravi-
tational instability theory. Matter density perturbations, in the early epoch of our Universe,
have been evolved under the effect of their own gravity, substantially decoupling themselves
from the general expansion of the Universe as a whole, giving rise to the cosmic structures
that we can see today. Because of the external gravitational forces acting on them, our
own Galaxy and its neighbors, i.e. the Local Group, have an induced peculiar velocity with
respect to the CMB rest frame. Amplitude and direction of the Local Group’s velocity
are well known quantities from the CMB sky observations. This motion, in fact, induces
a dipole in the temperature of the CMB sky, ATcyp = 3.355 £ 0.008 mK, from which
[1] have obtained a velocity of the Local Group of v = 627 £ 22km/s, toward direction
(I,b) = (276°£3°,30°+3°). One of the most studied subjects of the observational cosmology

is the convergence depth of this motion.

As come out from theory, if we are able to estimate the coherent motion of a region
large enough, we should measure a null value of the velocity amplitude of such region as a
whole with respect to the CMB frame. So that, this volume should contains all the mass
sources responsable for the Local Group motion. We refer to this coherent motion caused
by gravity as bulk flow. The Cosmological Principle garantees large scale homogeneity and
isotropy and thus implied that, on large enough scales, the bulk flow should vanish. When
that bulk flow is extended to region too large to be justified by the gravitational instability
model, it is termed dark flow. So far, many studies have been performed to estimate its
amplitude, direction and convergence depth (the scale at which the bulk flow is consistent
with zero) based on different techniques. The one widely used relies on the measurement of
the galaxy peculiar velocities inferred from distance indicators. These type of studies have
a long history and yet there is still no consensus on what is the convergence scale of the
bulk flow in our local Universe. The most recent results still show a significant desagrement.
Feldman et.al. [2] found a bulk flow of 416 & 78 km/s on scale of 100h~! Mpc, too large to be
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accounted for in the standard ACDM cosmological model. On the contrary Nusser & Davis
[3], using a different technique to analyze a trimmed version of the same dataset on the same
scale, found that the bulk flow has amplitude of 257 &+ 44km/s in agrement with model’s
prediction. This outstanding dichotomy has, however, been succeeded by an even more
surprising result. From the analysis of the CMB temperature fluctuations maps Kashlinsky
et.al. detected a dipole-like anisotropy that they attributed to the presence of a large bulk
flow of ~ 600 — 1000km/s on the gigantic scale of 400 <+ 700 h~*Mpc [4, B]. This result
is in strong conflict with ACDM prediction and, perhaps, with the gravitational instability
pictures and the Cosmological Priciple itself. Addictional methods to measure the bulk flow
indipendently on peculiar velocity or CMB technique maps have been recently proposed by
[6] and tentatively applied to the available datasets [7]. The scope of this Thesis is twofold.
The first one is to test the validity of the method proposed by Kashlinsky et.al. using a
set of mock CMB maps obtained from sophisticated hydrodynamical simulations. Appling
the Kashlinsky’s same data-analysis procedure to a set of controlled experiment allows to
estimate random errors and, which is more relevant, assess possible systematic effects. The
second one is to implement the Likelihood method proposed by [6] and appling it to a set
of mock redshift catalogs mimicking the spectroscopic SDSS sample [8], to check whether it
might be used to detect, and which what significance, a dark flow with the same amplitude
and scale of that claimed by Kashlinsky et.al..

This Thesis is structured in the following way. We will begin by making an overview
on the concordance ACDM model in Chapter 1. In Chapter 2 we review the gravitational
instability framework, the solutions to the growth of density fluctuations in the linear and
non-linear regime. Chapter 3 is devoted to the statistical properties of the density and velocity
fields, focusing on the bulk flow and the different techniques to measure it from the availeble
datasets. We introduce the Sunyaev-Zel’dovich effect in Chapter 4 and dicuss in detail the
method adopted by Kashlinsky et.al. to detect bulk flow. In Chapter 5 we test the validity of
the Kashlinsky’s method using a set of simulated clusters and CMB maps. In Chapter 6 we
describe the alternative bulk flow estimator proposed by [6], its practical implementation and
test its performance using a set of mock SDSS catalog. Finally, in Chapter 7, we summarize

the results of this Thesis and draw the main conclusions.



Chapter 1

The Standard Cosmological Model

The cornerstone of modern cosmology is known as the Cosmological Principle and it is an
idea which is both powerful and simple. Although the name ’principle’ sounds grand, some
guiding principles are generally introduced into physics when one has to face with a dearth
of observational or experimental data. Such principles are often based on ideas of symmetry,
which reduce the number of degrees of freedom one has to consider and assist during the first

tentative steps towards a theoretical understanding.

The Cosmological Principle is the assertion that, on sufficiently large scales (beyond
those traced by the large-scale structure of the distribution of galaxies), the Universe is both
homogeneous and isotropic. Homogeneity is the property of being identical everywhere in
space, while isotropy is the property of looking the same in every direction. The Universe
is clearly not exactly homogeneous, so cosmologists define homogeneity in an average sense:
the Universe is taken to be identical in different places when one averages over sufficiently
large pieces. There is quite good observational evidence that the Universe does have these
properties, although this evidence is not completely watertight. One piece of evidence is the
observed near-isotropy of the Cosmic Microwave Background radiation (CMB hereafter), i.e.
the CMB photons coming from different part of the sky have almost the same temperature.
Isotropy, however, does not necessarily imply homogeneity without the additional assumption
that the place which we, as observers, occupy in the Universe is in no way special: the so-
called Copernican Principle. Observed isotropy, together with the Copernican Principle,
therefore implies the Cosmological Principle.

The strongest force of nature on large scales is gravity, so the most important part of a
physical description of the Universe is a theory of gravity. The best candidate we have for

this is Einstein’s General Theory of Relativity. However, Einstein’s theory of gravity was
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found to be too difficult to solve for an arbitrary distribution of matter while it is greatly

simplified with the assumption of the Cosmological Principle.

The past cosmic expansion history is then recovered by solving the Einstein equations in
the background of the homogeneous and isotropic Universe. In this Chapter we provide basic

tools to understand the expansion history of the Universe.

1.1 Friedmann equations

The equations of motion describing the dynamics of our Universe can be derived solving the

Einstein fild equations:
1
G = Ry — EQWR = 8nG1T,, (1.1)

where G, is the Einstein tensor, R,, and R are the Ricci tensor and its contraction (the
scalar curvature) respectively, both related to the space-time curvature and 7, is the energy-
momentum tensor which describes the content of matter and energy. In its original form, as
thought by Einstein, the equations have the form

1
G =Ry, — §gWR — 9w\ =87GT,, (1.2)

where the term A, known as cosmological constant, would have to satisfy the original request of
a stady Universe. This because from the equations cames naturally a dinamic nature of
Universe, condition that Einstein himself doesn’t belived, thinking this static. To obtain this
behaviour he introduced in his field equations a constant term, such to exerts a force opposed
to the expantion. This term was labeled cosmological constant and indicated with the Greek
letter A. When Hubble discovered, through the observation of the recession velocity of distant
galaxies, that the Universe was actually expanding, Einstein withdrew the hypothesis of the
cosmological constant which doesn’t have any reason to exist anymore. According to the
legend, Einstein defined A “the biggest blunder” of his life. But dispite Einstein regret, in
the later years the idea of a cosmological constant (or Dark Energy) back in vogue, caused
by the observation of an accelerated axpantion of our Universe. Infact to allow for this effect
the physicists invocated a new component (in addiction to matter and radiation, as we will
see later) with the features of a perfect fluid, homogeneously distributed and with a negative

pressure, they called it A or dark energy (depending on his behaviour), putting it in the right
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side of the Einstain field equations as a source term. With the trasformations:

Act Ac?
P=P—%a PPt &G

we can formally recast equations (1.2) in the standard form (1.1)).

The equations are in general complicated non linear equations, but can have simple
analytical solution in presence of generic symmetries. Since our Universe appear to be ho-
mogeneous and isotropic on large scales (that means, it follows the “Cosmological Principle”,
verified by observation [8, 9] [10]), it is possible to solve eqs in the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric, which describes such a space-time:

ds® = g datda” = —dt* + a*(t)do? (1.3)

where g, is the metric tensor describing the geometrical properties of the space-time, a(t) is
the scale factor, telling us how much the Universe has expanded from the big bang to time
t (we put ¢ = 1, like we will always do in the text, unless when the discussion need it) and

do? is the time-indipended metric of the 3-dimensional space with a costant curvature K:

o dr2
do? =~ da'da) = 1——TK7“2 + r2(d6? + sin? 0dg?). (1.4)
Here K = —1,0,+1 corresponds to close, flat, open geometries, respectively, v;; is the 3-

dimensional space metric tensor, whose diagonal elements, in polar coordinates (z1, x2, v3) =
(r,0,9¢), are y1i1 = (1= Kr?)™!, 795 = r? and 733 = r?sin” 6. In eq. i and v run on time
(0) and space (1,2,3) coordinates, whereas in eq. the Latin indices ¢ and j run only
from 1 to 3. We follow Einstein’s convenction that the terms with the same upper and lower

indices are summed over. In addition to the cosmic time ¢, we also introduce the conformal

TE/%dt. (1.5)

The metric in the conformal time is then given by

time 7 defined by

dr?

2 _ 2 2
ds* =a (T)[—d’i' +1——I(’f’2

+ r2(d6? + sin” 0d¢?)). (1.6)

Once the metric is defined, we can obtain the geometrical part of the Einstein’s equations
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(1.1) starting from the definition of the Christoffel symbols:

1 (6%
F;);u = 59 )\(g,ua,u + Gvau — g;w,a), (17)

where ¢,,.o = dgu,/dz®. Note that g, satisfies the relation ¢"*g,, = 0¥, where ¥ is the
Kronecker’s delta (6% = 1 for p = v, 0¥ = 0 for p # v). For the FLRW metric (1.3)) the

non-vanishing components of the Christoffel symbols are

Kr
Iy = 1= 2 I, =—r(1—Kr?), Ti=—r(1— Kr?)sin®0, (1.9)
where
L da 1.11
= (1.11)

called the Hubble parameter, describes the expantion rate of the Universe, whereas we define

the conformal Hubble function as

1da
— — H . 1'12
H ad a (‘) ( )

The Christoffel symbol given in eqs (1.9) and (1.10) correspond to those for the three-

dimensional metric (1.4)) with the curvature K.

Now it is possible to define the Ricci tensor

R, =T% —T9  +I°T9 —T¢ 19 (1.13)

pv,o po, opt pv ops pus

and its contraction with the metric gives the Ricci scalar (scalar curvature)
R=g¢g"R,,. (1.14)

The Ricci tensor and the Ricci scalar are then

dH dH 2K
ROO =-3 <H2 + %) ) ROi = RiO = 07 R’LJ = a2 <3H2 + %—i_ a_2’y7‘]> ’ (115)
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R=6 2H2+d—H+5 : (1.16)
dt  a?

Using the relation G% = g"“G,,, the Einstein tensor G, = R,,, — %gle 18

0 2 i 0 i i 2 ai K i
In the FLRW space-time the energy-momentum tensor of the beckground matter is restricted

to take the perfect fluid form
T" = (p + p)u*u, + pd, (1.18)

where u# = (—1,0,0,0) is the four-velocity of the fluid in comoving coordinates, and p and
p are function of t. The (00) and (ij) components of T/ are T = —p and T} = pd’. Then
p and p have the meaning of energy density and a pressure, respectively. Since we are using
the unit ¢ = 1, the density p is not particularly distinguished from the energy density pc?.
From the (00) and (i7) components of the Einstein equations we obtain

e 81G K 119
" e (1.19)
3H? 2dH 871G r 1.20
T2y = - (1.20)

Eliminating the K/a? term gives
1d%a e 5 -
E@__T@Jr D). (1.21)

The egs. (1.19) and ([1.21)) are called Friedmann equations. Using the conformal time (/1.5])
and the conformal Hubble function (1.12)), they can be written as

8rGa?> K
2 — PR
W o= 2 - (1.22)
. 4 2
Ho= Ty (1.23)

where the dot represents a derivative with respect to the conformal time 7.
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Multipling eq. (1.19) by a?, differentiating and using eq. (1.21)) we find the relation

d

0
E+3H(p+p) =0. (1.24)

Considering that the Einstein tensor satisfies the Bianchi identities

Gl =Gl 4T G —TS,Gl =0 (1.25)

[T le"

“wn

where the “” stands for the usual derivative Gf, , = dGl/dz* and the symbol “,,” denotes
the covariant derivative with respect to the y-component. From the Einstein equations
it follows that

T, =0 (1.26)

which gives the same equation as (1.24]) in the FLRW background. Hence the eq. (1.24) is
called the conservation or continuity equation. From eq. (1.19) we can compute the Gauss

curvature, C'g, of the Universe:

K [1lda\
a P
= — = —_—— - 1 1'2
Ce a? <adt> (pCT > ’ (1.27)

3H?
Per = SnG
is called critical density. The Universe is closed (Ce > 0), flat (Cg = 0) or open (Cg < 0)

where p.,., defined as

(1.28)

according to the value of the density parameter

1.29
Per(t) ( )
being greater, equal or less than 1, respectively (actually this is correct in the absence of
cosmological constant). It is possible to define a dansity parameter for every component in
the Universe. For relativistic particles, non relativistic matter, dark energy and curvature we

have, respectively

8rGp,(t TG P (t G t K
g, = et o, _8nCGem(®) . 81Cpoelt) o K
3H?2 3H? 3H? (aH)?
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We often refer to present values of the density parameters, where all the time dipendent

functions are computed at ¢ = 0. In this case we write

87Gpro 87G P 8mGppEo K

B i CW Cl il _ SMPDEO " a3
,0 3H§ ) ,0 3Hg ; DE.0 SHg ) K,0 (a0H0)2

In these equations and hereafter we use the suffix “0” to denote a reference time, usually the
present. Then, we can write the eq. ((1.19) as

Q+Qn+Qpp+ Q=1 (1.32)
valid for every t. Observations constrain the present values of the density parameters to be:

Qno = 10_4, Qm,O = 027, QDE,O = 073, QK,O < 0. (133)

In particular, our Universe seems to have a flat geometry, which means Qx = K = 0. All
these quantities constitute the so-called concordance model that we will discusse during this
Chapter.

Atoms

Dark
4.6% Energy
72%
Dark
Matter
23%

TODAY

Figure 1.1: Universe content today.



16 The Standard Cosmological Model

1.2 Perfect fluid models

To predict the space-time evolution at ¢ > ¢y, i.e. the dynamics of the backgroud, in a specific

cosmological model, we have to solve the Friedmann equations, which we rewrite here in the

form
L, 81G
" =——pa - K (1.34)
) drGa
i=-— (p+3p) (1.35)
together with the continuity equation
dp
—+3H(p+p)=0. (1.36)

dt
The eqgs. ((1.34), (1.35) and (1.36) allow one to calculate the time evolution of a(t) as well as

p(t) and p(t) if is known the equation of state, i.e. the relation between p and p. In many
case of physical interest, the equation of state can be cast, either exactly or appoximately, in
the form

p = wpc? (1.37)

where we restore ¢ for completeness. For ordinary fluids the parameter w lies in the so-called
Zel’dovich interval
0<w< 1. (1.38)

The case with w = 0 represents dust (pressureless material). This is also a good approxima-
tion to the behaviour of any form of non-relativistic fluid or gas. Of course, a gas of particles
at some temperature 7' does exert pressure but the typical thermal energy of a particle of
mass my, is approximately kg7 (kp is the Boltzmann constant), whereas its rest mass energy
is m,c?, usually very much larger. In more detail, an ideal gas of non-relativistic particles of
mass my,temperature 7', density p,, and adiabatic index v,4 exerts pressure

D= nkpT = kB—TmeZ kgT pc?

2 2 kT
m,C m,c? 1 —_—r
P P (aa—L)mpe?

= w(T)pc? (1.39)

where pc? is the energy density; a non relativistic gas has w(T) < 1 (since kT > m,c?)
and, according to eq. (1.39)), will therfore be well approximated by a fluid of dust. At the

other extreme, a fluid of non-degenerate, ultrarelativistic particles in thermal equilibrium has
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an equation of state, known from statistical mechanics, of the type

p= —pct. (1.40)

3
For instance this is the case for a gas of photons. A fluid with an equation of state of the
type (1.40)) is usually called a radiative fluid, though it may comprise relativistic particles
of any form. It is interesting to note that the parameter w is also related to the adiabatic

sound speed of the fluid
1/2

dp
o = (aT;) S (1.41)

where S denotes the entropy. In a dust fluid ¢, = 0 and a radiative fluid has ¢, = ¢/v/3.
Note that the case with w > 1 is impossible, because it would imply that ¢, > c¢. If w < 0,
then it is no longer related to the sound speed, which would have to be imaginary. These two
case form the limits in . There are, however, physically important situations in which
matter behaves like a fluid with w < 0, as in the case of cosmological constant, A, or Dark
Energy DE. If the Universe is permeated by more then one fluid the equation of state may
vary according to the dominant one so that the parameter w may vary with time, but for
the moment let’s restrict to the case where w is constant in time. We shall also assume that
normal matter, described by an equation of state of the form , can be taken to have
w(T) ~ 0. From equations with ¢ = 1 and we can easily obtain the relation

pa®1) = const. = poai ™). (1.42)

In particular we have, for a dust Universe (w = 0) or a matter Universe described by eq.

(.39,

pa® = ppa® = poag (1.43)
(which simply raprensent the conservation of mass) and for a radiative Universe (w = 1/3)

pat = pya* = p,oag (1.44)

If one replace the expansion parameter a with the redshift 2 = a™' — 1 (which we will better

define in the next Section), one finds, for dust and non-relativistic matter

pm = pmo(1+ 2)° (1.45)
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and for radiation and relativistic matter
pr = pr(14+2)% (1.46)

Than the non-relativistic matter density scales, quite obviously, as the inverse of the volume
(pm ~ a™3). On the other hand, for relativistic particles there is an extra factor a due to
the fact that also their wavelenght is “stretched” dy the expansion of the Universe. Since the
total energy of the particles is inversely proportional to their wavelenght, the total energy

must decrease as the fourth power of the scale factor.

All the fluids whose equation of state parameter satisfy

1
> _Z 1.47
w> -1 (147
give, through eq. (1.35))
Lda _ (1.48)
adt? =7 '

thus a decelerating (or stady in case of equality) Universe. Since, as we will see later, we

observe an accelerated expansion we need to obtain

1 d?%a
20 1.49
a dt? ( )
which means we have to take into account a fluid with
<1 (1.50)
w< ——. .
3

So, if we assume the density p to be positive, we are invoking a fluid with negative pressure.

Let’s consider the peculiar case of w = —1; then, from eq. (1.42)), we simply have

p(2) = po, (1.51)

a fluid whose density always remain constant: this is the case of the “cosmological constant”.

Up to now we have only considered constant w, but we can also compute the evolution

of a generic dark energy component with w = w(z). In this case we have from eq. (|1.36])

2 3(1+wpp(?))
= dz ;. 1.52
PDE = PDE, €XP {/0 112 Z ( )
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Using the definitions given in (1.30) and (|1.31]), we can also write down the evolutions of

the density parameters:

_ 87Gpn(2) _ 87Gpmol2) | | JH
Qn(z) = SH2(:)  3H(2) (14 2)° =Qno(l+2) 72 (1.53)
and
JHG
Qz) = Quoll+2)'75, (1.54)
z +’LUDE )) H2
QDE(Z) = QDE7OGXP{/ 1+Z dZ} HQ. (155)

Now le’s consider a Universe whose components are all the fluids studied above (matter,
radiation, dark energy ) plus a curvature term. The Friedmann equation (1.34) can then be
written as (a = (1+ 2)7!)

&G
3

H? = (pm+pr+pDE) K<1+2)2 (1'56)

or, using the evolutions of density parameters

“3(1 +wpg(?))
1+2z

H*(z) = Hg {Qm,o(l +2)° + Qo1+ 2)" + Qprgexp {/ dz} + Qro(l+ 2)2}
0

(1.57)

or equivalently

1 +wpg(a))
l+a

H?*(a) = H} [Qmoa?’ + Q,ﬂ,ocf4 + QpEoexp {/0 —3( da} + QKOGQ] . (1.58)

Let us remind that since H = a~'da/dt, these equations are differential equations whose
solution geves the evolution of the scale factor with time. In the simple case when one fluid
with constant w and density parameter €, dominates over the other components (which

means {2, >~ 1), we have

R — H()CL_E(I—HU), (159)

which can be easily integrated to give

a ~ 5T — H(a) ~ a3, (1.60)
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Then, in the case of matter (w = 0) or radiation (w = 1/3) domination we have respectively

an~ti— H(a) ~a (1.61)

an~t2— H(a) ~ a2 (1.62)

1.3 Hubble’s law

In the 1920s Slipher and Hubble discovered that the observed wavelength A, of absorbition
lines in the spectra of distant galaxies is larger then the wavelength \,.s in the rest frame.
Hubble argued that this could be due to a very simple reason: the Universe was not steady but
it was expanding. In fact, in an expanding Universe the wavelength is streatch in proportion
to the scale factor. In order to quantify this effect, we introduce the redshift

Aobs ag

—1=29_1 (1.63)

rest a

N
Il

>

where the present epoch (with a = ag) correspond to z = 0. In the following we take the
present scale factor ag to be unity unless otherwise stated. As we go back in the past, z gets
larger.

Any object in the Universe has then a recessional velocity v due to the expansion. As
long as this velocity is much smaller than the speed of light ¢ we have Ay ~ (1 + v/c) from
the Doppler effect, giving

~ —, 1.64
po (1.61)

If denote with @ the comoving distance from an observer (at the origin) to an object, then the
physical distance r in an expanding Universe is given by r = a(t)x. The comoving distance
is define in a way that it always remains constant for object moving with the Hubble flow.
If an object possesses an additional velocity, taking the derivative of the equation r = a(t)x,

with respect to time ¢, we obtain
— =Hr +a(t)—. (1.65)

The velocity v, = Hr appears because of the presence of the cosmic expansion while the
velocity v, = a(t)dx/dt, called peculiar velocity, describes the movement of an object with

respect to the local Hubble flow. Peculiar velocities play a crucial role in this thesis, we will
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discuss their origin and cosmological relevance in Section [2.6] Here we simply neglect them
and focus on the recession velocity Hr. The speed of the object along the line of sight from

the observer is given by
dr

r
v=49 — — Hr+
r r

Vp-T

(1.66)

where r = |7|. In most cases the peculiar velocity of galaxies does not exceed 10°m/s. Under

the condition that the term v, - 7/r is negligible relative to the term Hr, we obtain
v~ Hyr, (1.67)

which is the well known Hubble’s flow. Here we have replaced H with the present value Hy,
which is justified in small redshift regions (z < 1). In 1929, Hubble reported the law ([1.67))
by plotting the recessional velocity v versus the distance r. Even if his data were scarce and
noisy, Hubble concluded correctly that the Universe was expanding. The Hubble constant
Hy is usually written as

Hy = 100 hkm sec™'Mpc™* (1.68)

where
IMpc = 3.08568 x 10" km = 3.26156 x 10° light years (1.69)

and h describes the uncertenty on the value Hy. The observation of the “Hubble Key Project”
([T1]) constrain this value to be
h =0.72 4+ 0.08. (1.70)

Using for the gravitational constant the value G = 6.67 x 10 8cm?®g 'sec™2 , together with

eqs ((1.68)), (1.69) we can compute the present value of the critical density in eq. ((1.28))

3H?
Per0 = 87& =1.88hR* x 107 gem ™. (1.71)
We also define the Hubbe time
1 97 -1
ty = T = 9.78 x 10°h™" years, (1.72)
0

which is a rough measure of the age of the Universe. The Hubble radius at the present epoch
is
Dy = — =2998 h~! Mpc . (1.73)
Hy

In other words the Hubble radius is defined to be the distance, with respects to the observer
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O sitting at the center of the Hubble sphere, of an object moving with the cosmological
expansion at the velocity of light. But as we will see in the next Section this distance doesn’t

corresponds with the largest scale we can observe now.

1.4 Cosmic distances

In this Section we define the most important cosmic distances. Setting r = siny (K =
+1),r = x(K = 0) and r = sinhx (K = —1) in eq. (1.4}, the 3-dimension space line

element can be expressed as
do® = dx* + (fx(x))*(d9* + sin® 0d¢?), (1.74)

where
siny (K =+1)
frk(x) = q x (K =0) . (1.75)
sinhy (K =-1)

1.4.1 Comoving distance

Comouing distance is the distance between two points measured along a path defined at the
present cosmological time, where a = ag. For objects moving with the Hubble flow, this
distance is deemed to remain constant in time. Let us consider now a ray of light travelling
along the x direction, it satisfies the geodesic equation: ds®> = —c2dt? + a?(t)dx* = 0, where
we have recovered the speed of light ¢ for clarity. Then we consider the case in which
light emitted at time ¢t = ¢; with xy = x; reaches an observer at time ¢ = ¢, with y = 0

(corresponding to z = 0). Integrating the equation dxy = —cdt/a(t), the comoving distance

X1 i .
d. = x :/ dX:—/ —dt. 1.76
U o a0 0
From eq. ([1.63)) it follows that dt = —dz/[H(z+1)]. Then the comoving distance is given by

c *dz
d, = / - 1.77
CLOH() 0 E(Z) ( )

reads

where

(1.78)
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The integral in eq. (1.77)) can be expanded around z = 0:

224+ 0. (1.79)

/Z dz 1dE(O)2+1
0 dz dz?

S 2N Y Gy 2

If the redshift z is much smaller than unity, the comoving distance is approximately given by

c
d. ~ 1. 1.
. aOHOz, 2K (1.80)
On using the relation ((1.64)), we find
v~ (aoHo)dc. (181)

This shows that the recessional velocity v of the object is proportional to d. with the pro-
portionality constant agHy. For the physical distance r = agd. we find r ~ (¢/Hy)z ~ v/ H,,
which means that Hubble’s law (1.67)) is satisfied. Hubble’s law written in eq. is valid
therefore only in the low-redshift region z < 1. For z 2 1 the higher order terms in eq.
become important so that Hubble’s law is subject to be modified.

1.4.2 Luminosity distance

The luminosity distance dy, is defined for observable quantities as

(1.82)

where L, is the absolute luminosity of a source and F is its observed flux. Note that the
observed luminosity Lg (detected at x = 0 and z = 0) is different from the absolute luminosity
Ly of the source (emitted at the comoving distance y and redshift z). The flux F is defined
by F = Ly/S, where S = 4m(agfx(x))? is the area of a sphere at z = 0. then the luminosity

distance (|1.82)) yields
L
2Ls

L_O.
We need now to derive the ratio Ls/Lq. If we write the energy of light emitted at the time-
interval Aty to be AFE;, the absolute luminosity is defined by L, = AFE;/At;. Similarly the
observed luminosity is given by Ly = AEy/Atg, where AEj is the energy of light detected in

di = (aofx(x)) (1.83)

the time-interval Aty. Since the energy of a photon is inversely proportional to its wavelength
A we have that AE/AEy = A\g/A1 = 1+ z, where we have used eq. (1.63). Moreover, the
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constancy of the speed of light ¢ = A\/At implies A\ /At; = A\g/Aty, where Ay and \; are
the wavelength of light at the point of emission and detection respectively. This leads to the
relation Atg/At; = \g/A1 =1+ z. Hence we find

L, AE; At
Lo AE, At

= (1+2)% (1.84)
From eqs. (1.83) and (1.84) the luminosity distance reduce to

dr, = aofr(x)(1+ 2). (1.85)

It is clear that the luminosity distance is directly related to the expansion rate of the Universe.
In a flat Universe (Qx = 0), with Euclidean geometry, using the relations (1.75) and (1.77)),

the luminosity distance is given by

c * dz
dL:FO(lJrz)/O et (1.86)

We can also explicit the dipendence on the cosmological parameters using eq. ((1.57))

c ? dz
dp = F<1+2)/ - - 77 (1.87)
0 0 [Qm,o(l +2)3 4+ Qo(1 4 2)* + Qpgoexp {foz Wcﬁ}}
1.4.3 Angular diameter distance
The angular diameter distance d4 is defined by
Ax
dy = -—= 1.
N (1.88)

where Af is the the angle that subtends an object of actual size Ax orthogonal to the line
of sight. This often used for the observation of the CMB anisotropies. Since the source lies
on the surface of a sphere with radius x with the observer at the centre, the size Ax at the
time t; in the FLRW space-time (1.3) with the spatial part is given by

Az = a(ty) fr(x)AS. (1.89)
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Hence the diameter distance is

aofx(x)
1+ 2

where we have used z = agp/a(t;) — 1. Comparing eq. (1.90) with eq. (1.85), we notice the
following relation

da = a(t1) fr(x) = (1.90)

_dr
(1+42)%

In the limit z < 1 all the distances discussed above riduced to the Euclidean distance in the

(1.91)

dy =
Minkowski space-time.

1.4.4 Cosmological horizon

The cosmological horizon or particles horizon identifies the sphear around the observer in
which are contained all the objects that are in causal contact with his. In other words,
the particle horizons Ly (t) is defined as the physical distance that a ray of light can travel
between the times ¢ = 0 and ¢. Imposing ds = 0 in a flat FLRW metric

ds* = dt* — a*(t) [dr — r*(d§? + sin® 6d¢?)] =0 (1.92)

and considering a ray of light that moves along a radial direction (dQ2? = 0, being Q the solid

angle) we have
t / a /
cdt cda

LH@):a@%A e [

If ¢t equals the present time, t = ¢y, then Ly gives the distance to the last scattering surface,

(1.93)

when the photons decoupled from matter and the Universe became trasparent to radiation.
Therefore it is the largest distance that a photon reaching us can have travelled, i.e. Lpy
corresponds to the largest scale we can observe now. Hence, although a luminous signal
can cover a distance Ly, the scale of kinematic processes we are interesting in, is given by
Dy = H~'. This distance marks the effective horizon or Hubble radius, as we have previously
seen and its present value is given by eq. . We will say that a perturbation of comoving
scale A is inside the horizon (sub-horizon) at the time ¢ if a(t)A < H~'(t) and outside the
horizon (super-horizon) if a(t)\ > H~'(t); where a(t)\ = H~'(t), the perturbation is said
to be in horizon-crossing. On using the wavenumber k = 27 /) we have the equivalent
definition & > aH (sub-horizon), k < aH (super-horizon) and k = aH (horizon-crossing),

where we neglected terms of the order of unity. As we will see in Chapter [4] the existence
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of some particular effects, i.e. Sunyaev-Zel’dovich effects, Sachs-Wolfe effects, etc., permits
us to recover the kinematic property and history of the Universe (small scale) also using the
radiation coming from the last scattering surface at Ly. In particular one of the mentioned

effects, the Sunyaev-Zel’dovich effect, will have a crucial role in this work.

1.5 What we know from observations

Up to now the combined analysis of data coming from different cosmic observables suggests
that the Universe where we live is spatially flat and in a state of accelerated expansions.
By speaking on its composition, in addition to the relativistic components (like photons and
neutrinos) which constitute the smallest fraction of the total density, the Universe is made
of standard non-relativistic particles (baryons) and the so called “cold” dark matter (CDM)
particles. Not predicted by the standard model of elementary particles, finally, an additional
component, identified with the cosmological constant (A) or dark energy (DE), is indicated
to close the energy budget and to account for the accelerated expansion. In the next Sections

we breafly describe the main observable which the “concordance model” is based upon.

1.5.1 Cosmic Microwave Background

The Cosmic Microwave Background radiation (CMB) is a powerful tool to measure a lot
of cosmological parameters, caused by the fact that it is the cosmological observable at the
highest redshift. In this Section we will see how to use it to obtain a measure of the curvature
of the Universe.

In order to understand its origin let’s begin by considering a suitable early time, say
when the Universe was one milion-th of its present size. We can consider the primordial
Universe as a fluid of photons, electrons and protons in thermal equilibrium. At that time
the temperature would have been about 3-10° K. Such a temperature was high enough that
the typical energy of a photon in the thermal distribution was considerably more than the
ionization energy of hydrogen atoms (13.6 eV), so atoms would not have been able to exist at
that epoch; any electron trying to bind to a proton would immediatly be blasted away again
by collision with a photon. The Universe at that time was therefore a sea of free nuclei and
electrons and, since photons interactly strongly with free electrons (via Thomson scattering),
the mean free path of any photon was short.

As the Universe expanded and cooled, the photons lost energy and became less and less

able to ionize any atoms that form. Eventually all the electrons found thier way into the
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ground state of Hydrogen atoms and the photons were no longer able to interact at all. Over
a short interval of time, the Universe suddenly switched to be opaque to being completely
trasparent to the photons. They were than able to travel unimpeded for the entire remainder

of the Universe’s evolution. This process is known as decoupling.

At the decoupling time the temperature was about 7" ~ 3000 K. Since the CMB was
originated in an epoch when matter and radiation were almost in equilibrium we expect it to
have a black-body spectrum, which is in fact what has been largely verified by observation.
The distribution of matter at temperature ¢ can then be found by integrating the energy

density over the black-body distribution, obtaining
pr = oT* (1.94)
where o is the Stefan-Boltzmann constant. We know from eq. that p, ~ a* then
T~at (1.95)

Which mathematically expresses the fact that the Universe cools while expands. Today the
CMB presents a temperature of 2.73 K. Comparing this value to the decoupling temperature
and using eq. we conclude that decoupling appened when the Universe was about one-
thousandth of its present size, with age. ~ 1/1090 assuming we have normalized a(ty) = 1.

The corrisponding redshift is z ~ 1090.

As a first approximation the CMB can be considered homogeneous and isotropic and we
can assume that it cames from a spherical shell around us, called last scattering surface, whose
radius is the maximum distance that photon have travelled since when they have decoupled
from matter. But, if at z ~ 1090 there were primordial perturbations in the homogeneity
of matter density, generated by quantum effects during inflaction epoch (as stated by the
theories of structures formation), their effect on the microwave background take the form
of anisotropies in the radiation temperature and polarization. This anisotropies are divided
into two sorts: primary anisotropies, due to inhomogeneity in matter density on the last
scattering surface (Sachs-Wolfe effect, adiabatic effect,....), and the secondary anisotropies
(we will treat this effects with more accuracy later), due to effects such as interaction with hot
gas or gravitational potentials, between last scattering surface and the observer (integrated
Sachs-Wolfe effect, Sunyaev-Zel’dovich effect,...) and are on much smaller physical scale with

respect to the primary anisotropies.

Let us consider the origin of the primary anisotropies. In the primordial Universe the effect
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Figure 1.2: Cosmic Microwave Background power spectrum [12]. Based on the WMAP satellite 7-yers data
release (black diamonds) and the ACDM model best fit power specrum curve (red curve).

of the competition between gravity and radiation pressure in the fluid leads to the formation
of perturbations in the matter and radiation densities, in the form of acoustic oscillations on
scales smaller than the combined Jeans length of matter and radiation, otherwise they would
collapse into structures (see Chapter 3 for more details). This length then gives the maximum
scales on which these perturbations can be detected and correspond to an angular scale of
about 1° (roughly speaking, a spatial inhomogeneity in the CMB temperature of wavelength
A appears as an angular anisotropy of scale 6 ~ \/d4(z), where d4(z) is the comoving angular
diameter distance from the observer to redshift z). At the decoupling these oscillations was

“frozen” in the CMB and today are detected as temperature fluctuations.

As the cosmological principle is not exact at all scales, it had long been expected that
anisotropies must exist in the microwave background radiation at some level. In practice,
they proved extremely hard to detect, and it was not until 1992 that they were measured
by the DMR (Differential Microwave Radiometer) experiment on the COBE satellite. The

temperature fluctuations came out to be
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Since these anisotropies AT'(, ) are present on a spherical surface, they can be expanded
on a base of spherical armonics

B1OD) S andinl.), (1.97)

Im

i.e. in multipoles. A multipole [ corresponds to fluctuation on angular scale approximately
equal to @ ~ 7/l. For instance, [ = 1, the dipole term, gives the temperature fluctuation
averaged over hemispheres (from the measure of which we are able to calculate the velocity
of our Local Group (LG) as we will see in Chapter 4) and | = 2, the quadrupole term,
corresponds to features that extends over 90°. The acoustic peak at ~ 1° will then appear
at a multipole of [ ~ 180. A better extimation of the angular scale of the first acoustic peak
gives actually [ ~ 220 |13, [1} 12].

The coefficients a;,,, tell us the size of the irregularities on different scales. As with the
galaxy distribution, to compare with theory we are interested only in the statistical properties
of the coefficients, quantified by the radiation angular power spectrum, now known universally
by the notation C; and defined by

Cr = (Jamm|*) - (1.98)

If we plot the power spectrum as a function of the multipole [ (see Fig., then we expect
a peak for [ ~ 220. This peak corresponds to the acoustic horizon scale, that is the maxi-
mum distance that a wave of pressure can cover from the beginning of the Universe to the
decoupling. However, the acoustic horizon is subtended by an angular scale of ~ 1° only in
a flat Universe, while this angle is larger (smaller) in an open (closed) Universe. Then the
angular scale of the first peak, or equivalently its multipole [, is related to the geometry of

the Universe. In a rough estimation we can use the formula

o (1.99)

TV Qg '
frequently used in the licterature (but which should be corrected for A-dominated Uni-
verse [14]). The first accurate measurement of the acoustic peak in the C; was that of
BOOMERANG [I5]. Those data so as the following from several experiments (WMAP,

COBE,...) constrain the geometry of our Universe to be nearly spatially flat [12] [I].

Another source of primary, or intrinsic, CMB temperature anisotropies on scale much
larger than the first acoustic peak (i.e. smaller value of ) is the Sachs- Wolfe effect (SW)|[16].

The SW effect is also drives density fluctuations on scales similar and even smaller than
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the acoustic picks. The only difference at small [ is that no fluctuations have survived the
radiation dominated era on those angular scales. SW effect simply describes the physics of
photons (now decoupled from matter) last scattering from different regions characterized by
local gravity, temperature and velocity that, at the last scattering surface, are not exactly

uniform, causing them to change frequency.

Only for a rough treatment for this effect, one can understand the SW effect in a Newto-
nian context by noting that metric perturbations correspond to perturbations in gravitational
potential, AP, in Newtonian theory and these, in turn, are generated by density fluctuations,
Ap (we will see in more detail the linear perturbation theory in chapeter . Photon climing
out of such potential wells suffer a gravitational redshift but also a time dilation effect so that
one effectively sees them at a different time, and thus at different value of a, to unperturbed

photons. So that the first effect gives

AT 659

T == (1.100)
while the second contributes
AT oa 26t 260
T a3t 3& (1101
where we have used the relation , the net effect is therefore
2

where ) is the scale of the perturbation. We focus on the fact that this argument is not
rigorous, as the split into potential and time delay components is not gauge invariant, but
does explain why is not the whole effect. Two other effect arising from the SW effect.
The integrated SW (ISW) effect describes the effect of the interaction between photons and
density perturbations (local gravity) while photons are traveling from the last scattering
surface to the observer. It is nonzero when the fluctuations in the gravity field are time
dependent, which happens soon after decoupling (early ISW) when the Universe cannot be
approximated by the simple Einstein-de Sitter, flat, matter dominated model (late ISW) and
when structure grow nonlinear (Rees-Sciama). These resulting in a net change of frequency

and temperature of the CMB radiation as described by

AT 5D
— ~9 —dt. 1.1
= / CQ (1.103)
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Whereas, the second addictional contribution comes from tensor metric perturbations, i.e.
gravitational waves. These don’t correspond to density fluctuations and have no Newtonian
analogue but they do produce redshifting as a result of the perturbations in the metric. These
last type of perturbations are very difficult to observe. From these effects it is possible to
achieve information about the Gaussianity of the primordial density perturbations and for

their evolution in time.

1.5.2 Supernovae Ia

The supernovae are in general extremely luminous stellar explosions causing a burst of radi-
ation. They can be classified according to their absorbition spectral lines at the louminosity
peak. A particular class of supernovae (SN), the supernovae Ia, are very important for cos-
mology. This type of stellar burst has the property to have an absolute luminosity almost
constant at the peak of brighteness, directly because of their nature. In fact the Type la
supernovae occurs when the mass of a white dwarf in a binary system exceed the Chan-
drasekhar limit (~ 1.4My) by absorbing gas from the companion star. So the distance to a
SN Ia can be determined by measuring its apparent luminosity. Thus the SN Ia is a kind of
“standard candle” by which luminosity distance can be measured observationally. In reality,
things are more complicated of this simple view. The intrinsic spread in absolute magnitudes
is actually too large to produce stringent cosmological constrains. However, at the end of
1990s, a high quality sample of local events (i.e. z < 1) allowed the absolute magnitude
to be correlated with the width of the light curve [I7]: brighter supernovae have a broader
light curve. By measuring at the same time the apparent magnitude and the light curve it is
possible therefore to predict the absolute magnitude. Although in the following we refer to
a universal SN Ta absolute magnitude, we always mean the magnitude corrected for the light
curve width. Then, since the corrected peak absolute magnitude M is the same for any SN
Ia under the assumption of standard candles, we can determine the luminosity distance of a

supernova by measuring its apparent magnitude, m, and using the relation
m = M + 25 + 5logy, dr(2), (1.104)

where the distance is expressed in Megaparsec. The redshift z of the corresponding SN Ia
can be found by measuring the wavelengths of the spectral lines in the supernova light or in
the spectrum of its host galaxy. The observations of many SN Ia provide the dipendence of

the luminosity distance dj, in terms of z and thus m — z realtion. Comparing observational
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data with the theoretical distance ([1.87)), it is possible to reconstruct the expansion history of
the Universe for the redshift z < O(1) and put constraints on the cosmological parameters.
From the observations and statistical analysis of nearby and distant SN Ia, in 1998, Riess
et al. (High-redshift Supernova Search Team (HSST) [18]) and Perlmutter et al. (Supernova
Cosmology Project (SCP) [19]) indipendentely reported that apparent magnitude of these
objects appear dimmer than they should be. According to the equation this can be due
assuming that our Universe is filled with a fluid with negative pressure (w < 0) dominating
over the other components, in order to obtain a larger value of dy(z) with respect to a matter
dominated Universe. In the following years other data sets collected by a number of high-
redshift surveys, including SuperNova Legacy Survey (SNLS), Hubble Space Telescope (HST)
and “Equation of State: SupErNovae trace Cosmic Expansion” (ESSENCE) survey, although
are not yet sufficent to place tight bounds on the value of the equation of state parameter w,
are enough to show clearly (at ~ 99% of probability) the presence of a dominant component

able to accelerate the expansion of the Universe, like Dark Energy or cosmological constant.

1.5.3 Matter density

The Universe’s matter density is currently the best studied of the cosmological parameters
and its determination is supported by a number of indipendent measurements. The knowledge
of a low matter density Universe (£2,,0 < 1) could be astounding and the consensus for this
condition has been building slowly in the last two decades. Here we discuss briefly and not
in details on how the matter density parameter is determined, both because there are a lot of
different methods to do this and also because the mathemathical tools to understand some
of these methods will be developed in the next Chapter. However, here it is possible to
mention one of the most important observable, giving informations about the baryon cosmic
density. This is the aboundance of the light elements, i.e. the baryon matter produced via
cosmological nucleosyntesis. In the early stage of the Universe, in the framework of the hot
big bang model, at the beginning of the radiative era, temperature and density were high
enough to trigger the fusion reactions of proton and lighter nuclei. What we observe now is
the aboundance, with respect to the hydrogen concentration, of that primordial light nuclei,
in particular 2H, *He, “He and “Li, which existence is hard to justify through stellar reaction
processes. Thanks to this kind of observation we know that €, ~ 0.04 [20, 2I]. Just to
cite a few of the other metods, the value of €2, o can be evaluate through the study of the
galaxy clusters abundance and its evolution, the mass power spectum, the barionic acoustic

oscillations and the dynamics of galaxies and clusters of galaxies (as the study of the peculiar
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velocities and bulk flows as we will see in Chapter [3] and [)). But the most important thing
to say is that although each observation has its strengths, weakness and assumptions, all of
them indicate that €2, < 1 and, in particular it is remarkable that a single value of 2, ,
Q0 ~ 0.25, is consistent with so many diverse observations. Now, putting together all the
pieces of information coming from the observable we have seen so far, i.e. the consistency with
a flat Universe (€r = 1) coming from the CMB power spectrum, the fact that €, ~ 0.25
and the acceleration of the cosmic expantion, bring us to assume the existence of another
fluid whose density paramter is ~ 0.75 and with the equation of state parameter w ~ —1. All

these data found agreement in the so called concordance model, the ACDM alredy mentioned.

1.5.4 The age of the Universe

As we have seen in eq. , the inverse of the Hubble constant Hj is a rough measure of
the age ty of the Universe. But if we want to derive a right value of ¢, we have to solve a
more accurate relation, that should take into account the contribution coming from the divers
components, i.e. the cosmological model, and that is compatible with the observations about
the age of the oldest stellar populations (ts), ty > ts. From the results of a number of groups

working on different stellar populations comes out that ¢, > 11 + 13 Gyr [22] 23], 24, 25].

Here we shall compute ¢ty more precisely. Taking into account radiation, non-relativistic
matter and dark energy as components of the Universe, eq. (1.57)) gives the Hubble parameter
H(z) normalized by H

1/2

E(2) = [Qumo(1 4+ 2)* + Qo1+ 2)* + Qppo(1 + 2)*HT002) 4 Qe (1 + 2)] (1.105)

where, for simplicity, we assumed that the equation of state of dark energy is a constant, in
which case we have ppr(z) = ppro(l + 2)*0+vrE) from eq. ((1.52). From the definition of
the Hubble function (1.11)), the age of the Universe can be expressed as

ty = /Oto dt = /an a;‘(la) - Hgl/om%, (1.106)

where in the last equality we used a = (1 + z)~!. Considering the previous information, we

can now assume that Q.o ~ 0, Qg9 =0, Qpgo >~ 0.75, Q,,0 ~ 0.25 and wpr = —1. Then
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the age of the Universe is given by

ty = H—l/oo dz
0 0 0 (1+Z)\/Qm70(1+z>3+QDE,O

2 14+ /QpEeo
- ] 0], 1.107
3v/pEo ! ( VAT ) ( )

where Q,,0 + Qppo = L. Eq. shows that ¢, gets larger for decreasing €2,,0. The
WMAP 7-years constraint on the cosmic age (assuming the ACDM model) is given by ¢y =
13.754+0.13 Gyr [12]. So in the concordance ACDM model we recover a value of ¢, compatible
with the age of the oldest stellar populations.




Chapter 2

Linear perturbation theory and Density

fluctuations

Up to now we have considered a homogeneous and isotropic Universe. Observations, how-
ever, point at different direction since the distribution of galaxies appears inhomogenous and
anisotropic. The content of matter and energy in fact evolved from a hot, dense and homo-
geneous state of the primordial Universe to a relative cold and diffuse one which, in the case
of matter, is clustered in structures. As shown by the anisotropies of the Cosmic Microwave
Background radiation, small fluctuation of the metric has grown up to form “small scale” ob-
jects such as stars, galaxies and clusters of galaxies. The fact that this fluctuations are small
in amplitude allow us to solve the non-linear differential equations, governing the space-time
and its matter content, using a first order expansion: that is, as a first approximation we can
consider only the linear part of the perturbations.

While the cooling and the global decreasing of the matter density are purely due to the
expansion of the background (the zero-th order term in the series expansion), the formation
of structures is due to the perturbed part (the first order term). Then the growth of the per-
turbations provides an important observable to understand the evolution and the statistical

properties of the matter density field and to distinguish among differt cosmological models.

2.1 Perturbing General Relativity

In order to perturb the equations of General Relativity one must first of all perturb the

metric, writing at first order
Guv = 9;(3,) + Aguw (2.1)
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where the perturbation Ag,, have to be small with respect to the 0-th order metric tensor.

We consider cosmological perturbation about the flat FLRW metric given by

ds* = gWdzrda” = a*(—dr® + 0yyd'da?). (2:2)

%

We will also use the conformal Hubble function

_1da
Cadr  a

=2 (2.3)
where the dot represents the derivative with respect to the conformal time 7. As known,
in General Relativity the field equations are invariant under a general coordinate change.
This means that the difference between a background metric and the perturbed one is not
unique: since the interval ds* = g, dz"dz” needs to be invariant, changing the coordinates
dx* leads to changes in the metric tensor as well. In order to fix the unperturbed (or
background) metric we select a class of infinitesimal trasformations that leaves g,(g,) as it
is, while the perturbed metric Ag,, is subject to change. In other words we are considering
gauge transformations. In the unperturbed Universe, the comoving coordinates are defined in
such a way that the fluid elements expanding with the Universe remain at fixed (comoving)
coordinates. When perturbations are added, we can either use the same coordinates, or
build up a new set of coordinates that free-fall with the fluid elements in the perturbed
gravitational field. That means in practice, we can choose to place the observers on the
points in the unperturbed frame or to the perturbed particles. In the former case, called
the Newtonian or the longitudinal gauge, the observers will detect a velocity field of particles
falling into the clump of matter and will measure a gravitational potential, in the Newtonian
limit. This choice is in fact the most intuitive one and reduces easily to the Newtonian case.
However, when the wavelengths of the perturbations are larger than the horizon, to place the
observers on an invisible background doesn’t look as a logic choice. In the second case, called
the comoving proper-time gauge (or synchronous gauge), the observers are place instead on
the free-falling particles, so they do not see any velocity field (unless there are other non-
gravitational forces, like pressure gradients) and, being always free-falling, do not measure a
gravitational potential. This gauge, therefore, does not have a proper Newtonian limit but it
is useful for perturbation larger than the horizon mainly because all the observers measure
the same time (in every synchronous gauge goo = 1, then it is possible to synchronize clocks
all over the space-time). Since we are mainly interested in the sub-horizon perturbations we

choose to write the equations in the Newtonian gauge.
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2.2 The Newtonian gauge

The most general perturbed metric can be written schematically as in eq. (2.1]) where

Ag=a 20 W (2.4)

where ¥ and & are spatial scalars, w; is a 3-vector and h;; is a traceless 3-tensor. All
the perturbation quantities (¥, ®,w;, etc.) depend on space and time. In orther that the
condition g.,g"® = 7 be still valid (neglecting second order terms in the perturbation) the

controvariant expression of the metric tensor is given by
9" = gig) + Ag", (2.5)

where
Agh = —Agaﬁg%’;g’fé/). (2.6)

A decomposition analogous to g,, can be done for any rank-two tensor, as e.g. the energy-
momentum tensor. Now, in order to semplify the perturbed metric we make the following
steps. Using Helmholtz’s theorem we decompose the vector w; into a longitudinal and a
transverse component
w; = wi- + wy, (2.7)
where by construction
V-wf:way:O. (2.8)

The longitudinal component, wy, being curl-free, can be written as the gradient of a scalar
quantity wsg : wy = Vw,. A similar argument holds for the traceless spatial part h;;. Its

longitudinal component can be written as
pl = (a-a. - 15--v2> B= DB (2.9)
i — \ Y% T 3% = Mij .

where the traceless operator D;; is defined implicitly and B is a scalar function. When
we derive the Einstein equations for the (0i) components, we will have longitudinal and
transverse terms, both in Gy; and in Ty;. Taking the curl of the equations, we are left with
only the transverse equations. On the other hand, taking the divergence, we are left with
the longitudinals ones. Therefore, the two components completely decouple from each other

and evolve indipendently so that can be treated separately. Since the density perturbation
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dm (that we will define later) is a scalar quantity, only the longitudinal terms, which can
be derived from a scalar quantity, couple to the density perturbations. Therefor, we need
to take into account only the part of w; and h;; derived from scalars. This can be done by
introducing two new scalar functions, £ and B, that produce the vector E/; and the tensor

D;;B. Then the perturbed metric is given by

Ag = —2v B . (2.10)
E,i 2@(5” + DZ]B

Now we can impose to the metric up to four conditions corresponding to the choice of the
gauge. We choose them to be w; = 0 (from which F = 0) and B = 0. This finally leaves the

perturbed metric in the Newtonian gauge{T]

ds® = a*(7)[— (1 + 20)dr? + (1 + 2®)6;;dz" da?]. (2.11)

The Einstein tensor G}, and the energy-momentum tensor 7}, can be split into background
and perturbed parts: GY, = e +AGY and T}, = 77" +ATY. The background cosmological
evolution is obteined by solving the zero-th order Einstein equations, Go” = 8xGT;”

whereas the first order Einstein equations are given by
v(0) __ v
AG] =8rGATY, (2.12)

where

v v 1 v v 1 v v
AG) = ARy = SA(giR) = ARy — S(AgiR + g AR). (2.13)

The expressions of the perturbed Ricci tensor and scalar curvature are obtained from eqs.
(1.13) and (1.14) and read

AR, = ATy, , — ALY, + ALY IV, + 1% ATY, — ATS T9, — 1% A7, (2.14)
AR = Ag"R,, + g""AR,,. (2.15)

The only non vanishing unperturbed Christoffel symbols in the metric (2.2]) are

Ty, = HoY, TO, = Hé,. (2.16)

!For the signs of the potentials we follow the choice of (J26]) and ([27])
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while we can compute the perturbed Christoffel symbols by perturbing eq. ([1.7):

1 (0% 1 (03
AF/)\“/ = §Ag A(g,ua,z/ + gya”u, - guy7a) + Eg A(Agua,]j + Agua,,u - Ag/,LU,CM)' (217)

The non-vanishing components of perturbed Christoffel symbols are then:

AT = 5 [27{(@—\11)+¢> , (2.18)
ATY, = ¥, (2.19)
ATy, = Al =V, (2.20)
A% = §id. (2.21)

Thus, from eq. (2.13)) we obtain

AGY = {3%(%@ —d) v?qﬂ (2.22)

2
z
2
2 (6 —nw), (2.23)

AG) =
a

AGH = (2 4 20)W + M — & — 2m] o) +
1 .
+ [V2(U + ®)0! — V,V,;(V + )] . (2.24)

The last information we need in order to solve the linear perturbation equations is the
form of the perturbed energy-momentum tensor 07);. This is determined once the matter
source is specified: we will do it in the next Section for several cases. For the moment we
just recall that the energy-momentum tensor satisfies the continuity equation 7, = 0. The

first-order part of this equation,

ATY, =0, (2.25)
also gives a number of useful equations, as we will see later. In order to evaluate the energy-
momentum tensor, we also need to perturb the four-velocity u* = dj—:. Neglecting the
perturbation higher than the first order, we obtain

ut = 1(1—\11),U—i , (2.26)
a a
u, = [—a(l+V), av], (2.27)

uut = —1, (2.28)
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dd—“f = add—“”: is the matter peculiar velocity with respect to the general expantion

and vt = u’(LO) + Aut.

where v* =

2.3 Single fluid model

To obtain the equations of motion describing the behaviour of the components of the Universe
under a metric perturbation, we need to compute the first order perturbations in the energy-
momentum tensor. Let us first consider a single-fluid model with an energy-momentum

tensor T),,. The most general energy-momentum tensor for a fluid can be written as

Tw/ = (p + p)uuuu + PYuv (229)

where p, p, u, stand for the usual energy density, pressure and four-velocity vector. In reality
this equations should be more complex, with other terms that allow for internal heating and
viscousity proper to real fluids, but now and in the follwing we consider only perfect fluids
and this terms are equal to zero. We also consider that the perturbed fluid remains a perfect
fluid. This implies that ATij = 0 for 7 # j, a condition that will be used below.

For the perturbed quantities we will use the notation

A .
O = —p, 0=V (2.30)
p
where A -
2P = m (2.31)
p p

is the density contrast, p(z) is the density field at the point z, p is the spatial average and
0 is the velocity divergence. In general there are several pairs 0,,,, 0;, one for each perfect
fluid composing the Universe. All of the perturbed quantities are functions of space x and
time ¢. The density contrast d,,(x) is in reality a random field which by definition has a zero
mean value (J,,) = 0 while its variance o = (§2,(z)) is generally not. When we say that d,,
grows or decays we mean that in the linear regime the value of 9,,(z) at any point = can be
written as 0(z,t) = D(t)0(z,0), where D(t) is the growth (or decay) function. In the linear
regime the spatial part is always factored out and its properties are assigned by the initial
conditions. As predicted in the standard inflationary models we will always assume Gaussian

initial conditions. Coming back to the perturbed energy-momentum tensor, from equation
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(2.29) for a perfect fluid with the equation off state w = p/p, ATH can be written as
AT = p [6m(1+ E)upu” + (14 w) (Ou,u” + u,0ut) + 26,04 ] (2.32)

where 6# is the usual Kronecker’s delta and we have introduced the sound speed, c¢s = Ap/Ap.

If p, even when perturbed, depends on p alone (which is the case called barotropic fluid) then

Ap dp p
LT 2.33
Ap dp p (2.83)

c
The last passage is valid only in the FLRW metric where at background level everything
depends on time alone (c¢q is calculated at the zero-th order since it will always appear as a
factor of first-order variables). Since ¢, just as w, depends at first-order only on background
quantities, in this case the perturbation equations do not introduce any new free function.
In general, however, the pressure p can depend on internal degrees of freedom of the fluid,

say, entropy s. Then one has

> _ 0p(ps) _Op  OpOs
op dp 0sdp

= Ci(a) + Cg(na) (234)

where c,(,) is called the adiabatic sound speed and cy(,q) 1s the non-adiabatic sound speed. The
non-adiabatic sound speed in general will depend on microphysical properties of the fluid and
appears as a new free function only at the level of perturbations. The gravitational equations
at first-order are then completely specified only if we give for each fluid the equation of state
w(a) and the total sound speed c4(a) or, equivalently, if we assign to the fluid a function

p(p, s) which determines both. The components of the energy-momentum tensor are

AT) = —Ap (2.35)
AT? = —AT; = (1+w)p’ (2.36)
AT} = ATy = AT; = 2 Ap. (2.37)

Then the perturbed Einstein equations (2.12)) lead to

2.38
2.39
2.40
241

SH(HT — @) + V2D = —4nGa’pé,,

V3H® — HY) = 4nGa’*(1 + w)ph

U=—0

O+ 2HD — HY — (H? + 2H) U = —4nGa’cpo,,

N N N S
~— e e S
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Note that eqs. (2.38)-(2.41]) come from the (00), (0i), (7j) and (i7) components. Equation
(2.40) follows from the property AT} = 0. One can also derive some useful equations by

using the perturbed continuity equation which first-order is given by eqs. (2.25)). Recalling

that the operation of covariant divergence of a tensor of order two is
_ L a B «
Th, =Tk, + 15,10 —ToTY (2.42)
the v = 0 component of eq.(2.25), i.e. ATy, =0, reads
ATy, — AT TS — TS, AT? + AT, Ty + T'5,ATy =0 (2.43)

which reduce to
Ap+3H(Ap+ Ap) = —(p +p)(0 + 3D) (2.44)

where we have employed eq.(2.18))-(2.21). Using the unperturbated conservation equation
p+ 3H(p + p) = 0 together with the relation w = p/p and > = Ap/Ap, we find that
eq.(2.44) can be expressed as

Om + 3H(2 — w)dp = —(1 +w) (0 + 3D), (2.45)

which is called the (perturbed) continuity equation. For non relativistic matter with w = 0

and ¢, = 0, this equation reduced to
O = —0 — 3® (non relativistic matter). (2.46)

According to this equation, the density at the position z increases if there is a velocity
divergence in the same place (remember that 6 = V;v'), that is, if there is more matter
coming in than going out. In our case we can neglect the term @, absent in Newtonian
dynamics, because it is small with respect to the velocity divergence at small scale and, of

course, for a slowly varying gravitational potential.

Looking at the equation AY}‘;‘N = 0 we note that, writing it in terms of v’ and taking the

divergence V,;, we can obtain the relation

. - 2
0+ H(1—3w)+L}9:—V2< Csw

v . 2.4
1+w Om+ > (247)
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For non-relativistic matter, this reduces to
0+ HO = -V — V2(c%5,,) (non relativistic matter). (2.48)

where now we have included the V?(c28,,) term. This is called the Euler equation in the
Newtonian context. It says that the peculiar acceleration, 0, depends on the sum of the

potential and pressure gradients.

Now to reconstruct the rules of gravitational instability in the framework of the General
Relativity, we have to obtain a last important relation, called the Poisson equation. In this
way we will able to describe the matter distribution in the Universe at a given time and its
subsequent evolution. In order to gain this, one might try to divide the Universe into volumes
which initially evolve indipendently of each other. Fairly soon, this indipendence would no
longer hold as the gravitational forces between one cell and its neighbours become strong. It
is therefore not a good idea to think of a generic perturbation as a sum of spatial components.
It is a much better idea to think of the perturbation as a superposition of plane waves which
have the advantage that they evolve indipendently while the fluctuation are still linear. This
effectively means that one represents the distribution as indipendent components not in real
space, but in Fourier transform space, or reciprocal space, in terms of the wavevectors of each

component k.

That is the reason why we go now to the Fourier space. This means that all perturbation

quantities will be Fourier expanded:
P = / koL dPk, W= / ek, (2.49)

Om = / RS mnd’k, 0= / e*T 0L dPk. (2.50)

The subscript k represents a Fourier mode for each wavenumber k and is a comoving quantity
that remains fixed. In the following we drop the subscript k& as long as no confusion arises
by doing so. Then in Fourier space we assume that the perturbation variables (4,,, 6, ®, V)
are the sum of plane waves, e.g. as ¢®74,, ;. Since the equations are linear, each plane wave
obay the same equation with a different comoving wavenumber k. Throughout the linear
evolution, the physical scale A, of the perturbation expands with the cosmic expansion as
A = (2ma)/k. Of course, if the perturbation enters the non linear regime, then this treatment
breaks down and the perturbation decouples from the Hubble expansion and start collapsing.

When we calculate the perturbation equations it is usually very convenient to introduce from



44 Linear perturbation theory and Density fluctuations
the beginning all perturbation variables as Fourier modes, e.g. 0,,(%,y, 2,t) = 0 i(t)e®T.
Since we are always interested in the direction-averages equations (i.e. the equations that
depend only on the modulus k), we could simply put k- = k(z + y + 2)/v/3. In practice,

each perturbation quantity ¢ and its derivatives can be sobstituted as follows

o(x,7) — eik'rgzﬁ(T) (2.51)
Vo(x,7) — ie*Tko(r) (2.52)
Vip(x,7) = V,Vig(z,7) — —e*TE*p(7) (2.53)

When there are two repeted spatial indices we sum over them without the help of the metric
coeficients g¢;; (more exactly, we use the induced 3-dimensional spatial metric which for
spatial flat spaces is just the Euclidean metric). Furthermore, the Fourier modes ¢?*" can be
simply dropped out, since the equations are linear and therefore docoupled between different

modes.
From eqs. (2.38)-(2.41)), (2.45)) and (2.59) we obtain the following relations for each Fourier

mode:

E2® — 3H(HY — &) = 47Ga’pd,y,

k(& — HY) = —4nGa®(1 + w)ph

U=—

D+ 2HD — HY — (H? + 2H)U = —4nGa’c?po,,
O + 3H(? — w)d,, = —(1 + w)(6 + 3D)

0+ %(1—3w)+L] 0 =k (1f 5m+\1/),

1+w w

where now

0 =ik -v. (2.60)

The six equations above are not indipendent but they are all useful. In fact, we can combine
eqs.(2.54) and (2.55)) to get, as we initially request, the relativistic Poisson equation

2 ® = 4rGa*p[0,, + 3H(w + 1)0/k*] = 4nGa’pd?,, (2.61)
where ¢, is the total matter variable:

6%, = Om + 3H(w + 1)0/k>. (2.62)

m
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2.4 Scales larger than the horizon

Now that we have derived the perturbation equations, we can begin wondering how to solve
them. As a first example we rapidly work out the simplest case, the large-scale limit £ <
H = aH. This corresponds to the scale on which the physical wavelenght A = (2ma)/k of
perturbation is much larger than the Hubble radius H~!, i.e. superhorizon scales (although

notice that the horizon corresponds approximately to 1/H only for some particular case).

We can combine eqs.(2.54), (2.56) and (2.57) to obtain an equation for ® alone:
O+ 3H(1+ D + (2k* + 3H S+ H? + 2H)D = 0. (2.63)

If the pressure depends only on the energy density and the equation of state w is a constant
2 — w, which is valid both for matter and radiation. In this case the equation

s —

(2.63), using the useful relation

then we have ¢

H = —%(1 + 3w)H?, (2.64)

reduce to
4+ 3H(1+ )P =0. (2.65)

Then & = 0 is a solution. Equation (2.54) becomes
3H*® = 4wGa’pd,,, (2.66)

where we have neglected the term k*®. Using the Friedmann equation, 3H? = 87Gpa? it
follows that
5 = 20. (2.67)

Hence ® is constant at large scales implies that §,, is constant too. One easily finds that the
result is consistent with the other Einstein equations. Equation (2.65)) is second-order,
so we must have two solution. It appear immediately that & = const is a growing mode or
a dominating solution (at least for ¢2 > —1). Thus we have shown that the gravitational
potential remains constant for scales outside the Hubble radius whenever ¢ = w for the total
fluid. During the transition from radiation to matter eras this condition is violated and the

gravitational potential changes.
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2.5 Scales smaller than the Hubble radius

Now we work out, the most important case for our purpose, that is the opposit case k > H,
i.e. scales deep inside the Hubble radius, or sub-horizon scales. In a general fluid, its pressure
opposes gravity acting against the growth of the perturbations stopping the collapse. On the
contrary, in a pressureless fluid the fluctuations can grow indefinitely because ther is no
counteracting force. We then begin to derive the equations for a fluid which is pressureless
(w = 0) in the absence of perturbations, but has a small sound speed:

)

2=L <1 (2.68)

op

In the limit & > H eq. 1) tells us that ® — HP¥ ~ 0, so that eq. 1) corresponds to the

Fourier trasformed Poisson equation
2 2 3,2
k“® = 4w Ga”pd,, = 57{ Om- (2.69)
Taking the derivative of eq.(2.69) and substituting it into the perturbed continuity equation

(2.58), we obtain
' ) S
b0 Y (25 §) = 0. 270

Hence this equation reduced to the energy conservation equation in the Newtonian limit.

Then the perturbetion equations in the sub-horizon limit become

o = —0 (2.71)
0 = —HO+ K, — KO (2.72)

plus eq.(2.69), which correspond to the Fourier transform of continuity equation, Euler equa-
tion and Poisson equation respectively, in the Newtonian limit. Differentiating eq.(2.70]) with
respect to 7 and using eq.(2.72)), it follows that

§’H2) §=0. (2.73)

O+ HOp + (c§k2 -5

In the Minkowski limit, H — 0, this equation reduces to the classical fluid wave equation

O + 2k%5,, = 0, where ¢, is indeed sound velocity. Equation 1) shows at once that the



2.5 Scales smaller than the Hubble radius 47

perturbation does not grow if
3
2k — 5}[2 > 0, (2.74)

i.e. if the physical wavelength A\, = (27a)/k is smaller than the so called Jeans length, defined
by
T
A = Coy | —. 2.75
=enfE (2.75)
For scales smaller than \; the perturbations undergo damped oscillations. For the CDM
particle the velocity dispertion is always negligible, at least in the regime of validity of our

linear treatment. For the photons we have ¢, = c/\/§, so that
)\J ~ H_l. (276)

Hence the growth of perturbations is prevented on all scales smaller than the Hubble radius.
For the baryons, the sound velocity is comparable to that for the photons before the decou-
pling epoch, so that baryon perturbation are damped out (more precisely they drop rapidly
to a comoving scale of less than 1 Mpc just after decoupling). Then the baryons are free to
fall inside the dark matter potential wells and their perturbation specrum catches the dark

matter one (like we will see in the next Section).

When c;k < H, the perturbations grow freely because gravity overcome the pressure:
this is the very important regime of the gravitational instability. The sub-horizon equation

for a single pressurless fluid becomes
. i 3.,
Om + Hop, — 57—[ Om =0 (2.77)

or, using the time t,

d?6 do 3 s do,
4o ZH?S, = — " 4+ oH—" 4 5. = 2.
dt? + dt 2 " dt? + dt G Ppmom = 0, (2.78)

where we also used the Freedmann equation (1.19) (with K = 0). The interpretation of this
equation is quite simple: perturbations grow according to a source term representing the
amount of matter able to cluster (p,,) but their growth is opposed by a friction term due to

the expansion of the Universe.

To obtain the solutions at the differential equation (2.77)) it is useful to employ the number



48 Linear perturbation theory and Density fluctuations

of e-foldings & = Ina in the place of the conformal time 7. Then eq.(2.77) can be written as

H' 3
o — 410, — =0, =0, 2.79
o (B 1) 8- (279
where we have used a prime for the derivatives with respect to a. We can rewrite eq.(2.64)
- w13
M 2.80
"o 2 2" (2.80)
For a pressureless fluid (w = 0), eq.(2.79) then reduced to
1 3
6+ =0 — =0m = 0, 2.81
h o+ 50n =5 (281)
which is a simple constant coefficients differential equation, whose solutions are linear com-

binations of
O = Ae™ = Aa™. (2.82)

The direct sobstitution of (2.82)) in eq.(2.81)) gives the solutions my = 1,—3/2. Then the

evolutions of modes during the matter era is given by
Oy = Aa, Oy = Aa"?? (2.83)

labeled growing and decaying modes respectively. In terms of the cosmic time ¢, the growing
solution evolves as d,, y o t2/3. The pre-factor is of course fixed by the initial conditions,
ultimately established during inflation. Inserting d,, ;. into the Poisson equation (2.69)), we see

2 in the matter dominated

that ® o a?H26,, + oc a?a~3a' o const. (recalling that H ~ a3/
era). Hence the gravitational potential remains constant during the pure matter dominated

epoch.

2.6 Velocity field

So far, in our treatment of the gravitational instability we focused upon the properties of
the density field p or, equivalentely, the density perturbations 6. However, the equations of
motion give us information also on another variable, namely the velocity field v. So that we
can consider to put constrains on cosmological quantities, particularly on €, o, also through
the analysis of the peculiar motion of the galaxies in clusters and, on larger scale, the peculiar

velocity of clusters of galaxies. The research of the best method to such a measure is the
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crucial aim of this work. It is easily arguable that strong peculiar velocities are induced
by large fluctuations in the mass density field. One of the most important featuers of this
approach, unlike the matter density contrast, is that the velocity field depends on the total
mass distribution, not only on that of the luminous matter. This condition is useful to
avoid the problem of the bias between luminous matter distribution and the dark matter
one, that afflicts a direct measure of the mass density, this because of the uncertainty that a
discrete distribution of louminous objects well trace the real density field. In order to better
understand the relation between the velocity field and the matter distribution (here matter
means the totality of the baryons plus dark matter) let us write eq.7 with 6 = V2%, in
Fourier space

Op = —ik;v’ (2.84)
where
doy, do, dlna dln o
dr  dlna dr  "dna

As we have seen in the previous Section, this equation applies separately to each pressurless

o =

H. (2.85)

component, such as baryons and CDM. However, the baryons will be driven by the dominating
density contrast of the CDM, due to gravitational coupling. The common gravitational field
strictly implies that the acceleration, not the velocity, is the same for both species. However,
if we also assume similar initial conditions, universality of the gravitational interaction and
identical equation of state and sound speed, we can assume that the galaxies and clusters of
galaxies velocities are not biased with respect to the dark matter velocity field. Therefore
the velocity field v can be represented by the galaxy velocity field v,: observing the peculiar
velocity field v, of galaxies gives information on the total density contrast. Then we take v

to refer to the velocity field of galaxies and d; to refer to the total mass.

Let us rewrite eq.([2.48]), which comes from the continuity equation, for ¢; = 0:
vi = —Ho' + ik Dy, (2.86)

Since we are dealing only with scalar perturbations, the velocity can be written as the gradient
of a velocity potential v, i.e. v' = Vio — ik'v. Then it is clear that v* is parallel to k* and
we can look for solutions of eq.(2.86) in the form v’ = F(k,a)k. This gives from egs.(2.84)
and the relation between the peculiar velocity field v* and the density fluctuation
in linear perturbation theory (in the Newtonian regime):

)

vt = z?—[sék? , (2.87)
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where s is the growth rate of matter perturbations, definited as 28]

dIné.
= == 2.88
s=—p =1, (2.88)
where the growth index v is &~ 0.55 for the ACDM model. Substituting equation (2.87)) in
equation (2.84), one can easily confirm that the relation s = &, /(Hdy) = dIn ;. /dIn a follows.

During the standard matter-dominating era we have alredy seen that d; o< a and hence s = 1

while more in general s = Q7 (a).

If we consider the present epoch a = ag = 1, which yields H = Hy, we have

, k
v = zHgsék? . (2.89)

The peculiar velocity v(r), at position 7 in real space, is obtained by Fourier antitrasforma-

tion of eq.(2.89):
, V k .
'U(’I") = ZHosw/ékﬁe k dBk', (290)

where we have assumed s to be k-indipendent. Only for clarity we notice that this is true in
the ACDM, but not in every model. This is useful whenever there is some reason to suspect
that the distribution is indeed anisotropic, as when there is a significant distortion along the

line of sight due to the galaxies peculiar velocities.

2.7 Two-fluid solutions

Searching for a more realistic case, we go on to generalize the single fluid case, considering the
Universe in which both matter (w,, = ¢ = 0) and radiation (w, = ¢ = 1/3) are present. We
introduce the matter perturbation variables 6,,, #,, and the radiation perturbation variables
d, and 6, (here radiation means all the components which are massless or relativistc). Since
we are considering the dark matter as a dominant matter component, there is no explicit
interaction term between matter and radiation. The baryonic fraction is also effectively
decoupled after z =~ 1000, while before this epoch it can be considered as a part of a relativistic

baryonic-photon plasma. Therefore, in Fourier space we have a system of gravitationally
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coupled equations for the perturbations on sub-horizon scales:

O = — (O + 30), (2.91)
0,, = —HO,, — k>, (2.92)
. 4 .

0 = =5 (0 +39), (2.93)
0, = k* Gciér - @) , (2.94)
(- HO) = —4nGa®(1 + wess) piby, (2.95)
2 + 3H(H® + &) = 47Ga’p,d,. (2.96)

The subscript t represents the total perturbation variables. i.e.

Pt = Pm + Pr, (2.97)
pr/3
Werp = Qpw, + Qpw, = , 2.98
" P + pr (298)
L+ W) Qb + (1 + w,)Q2,.0,
Qt:( + Wy, + (1 +w,) | (2.99)
L+ wepy
Or = Qndpm + Q,.0,. (2.100)
Here the total effective equation of state w.ss = p;/p: is given by
_ g 2H (2.101)
weff - 3 H27 .

which follows from equations (1.19), (1.20) with K = 0. We remind that €, and €, are
functions of time and must be distinguished from their present value €2,y and €, . In the
sub-horizon limit the equation (2.96) gives

120 ~ A5G (oG + prd) = gfm(@mam 0,6, (2.102)

Following the derivation similar to eq.(2.73)), we obtain the following equations for sub-horizon

perturbations

5 HEy — SW(Qm(sm + 5, =0, (2.103)

. k2
O + 50 =0, (2.104)
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During the radiation-dominated epoch we have €2, ~ 0 and €2, ~ 1. Moreover the second
equation shows that the radiation density contrast oscillates rapidly around zero (since we
are considering sub-horizon modes, k > #H). The same is true for the coupled baryon-photon
plasma. Therefore, we can average over the radiation oscillations and put (d,) ~ 0 in the
first equation. It than follows that €2,,9,, + 2,0, ~ 0 and

O + Hopm =~ 0. (2.105)

The solution of this equation is given by 8,, = C; + C5 [ @ 'dr. During the radiation era the
integral [ a~'dr gives only a logarithmic correction, so the matter perturbations evolve only

mildly.

During the matter era we have [€2,,6,,] > |Q,6,] in eq.(2.103), so that the evolution of

matter perturbations is described by 9,, o< a as we have explain in the previous Section.

If we consider cold dark matter (perturbation d.) and baryonic matter (perturbation d;)
instead of matter and radiation, eq.(2.103)) can be generalized as

O + Hb, — 2%2(9656 +W6) = 0, (2.106)
O 4+ HOy — gﬁz(mb +Q40,) = 0. (2.107)

Since baryons correspond to a small fraction of the total matter fluid, we can assume |Q.0.| >
|20|. This shows that eq. decouples from 9, and reduced to the standard equation
for matter perturbations. At the same time the baryons equation is “forced” by the term
Q.0.. For such coupled differential equations the asymptotic solution of d, will approach the
forcing term J.. In other words, the perturbations in baryons will catch up with those in
dark matter. This expression mathematically (in the linear regime) represents the common

expression according to which the baryons fall into the dark matter potential wells.

To conclude, we look briefly at the case in which the components of the Universe is the
sum of pressurless matter and the cosmological constant A, instead of matter and radiation.
We get the term 2,6, in addition to €2,,0,,. In this case considering py = const by definition
and then §, = 0, so that we have a slight modification of eq.(2.77):

O+ Hp — ;’Hmmam =0. (2.108)
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That expressed in terms of the derivative with respect to « is:

" H' / 3 -
S (H + 1) Oy = 5 = 0. (2.109)

If we assume that €2, = const, then the solution is given by §,, ~ a™* with
1
me = (—1 +/1+ 24Qm> . (2.110)

This case occurs when the fraction 1 — €2, is into some form of energy density which has
w ~ 0 but, contrary with ordinary CDM, it does not cluster on sub-horizon scales. The
major example of this is massive neutrinos after they became non relativistic. Supposing
for a moment we could apply it also for CDM, this would show that something like the
cosmological constant slows down the perturbation growth. In the limit €2,, — 0 we have
m — 0 from eq., which is qualitatively correct. However, the density parameter

-3 0 -3
P _ _Pm0S " 'm0d (2.111)

" Pm + PA B pm,Oai3 + pA Qm7oa*3 + QA

Q

is obviously not constant. With this behaviour we realize that the term #25,, in the Poisson
equation is no longer constant and therefore the gravitational potential on sub-horizon scales

is not constant. A much better approximation, obtained by an empirical fit, is given by

Om(a) = 0m(a;) exp (/a Qm(a)7%> ) (2.112)
where we have used the growth rate s of eq. and the growth index v is &~ 0.55 for the
ACDM model. With this behaviour we realize that the term H?26,, in the Poisson equation
is no longer constant and therefore the gravitational potential on sub-horizon scales is not
constant. For the ACDM model the gravitational potential is almost constant during the
matter era, but it begins to decrease after the Universe enters the dark-energy-dominated

epoch, but this argument is out of our purpose.

2.8 Beyond the linear volution

Up to now, we have treated the evolution of the linear density perturbations. This approx-
imation is valid as long as |0,,|] < 1 and thus describes well the evolution of structures in

the Universe at early epoch or large scales. This approximation break out in the non-linear
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regime, when J,, > 1. To describe the formation of cosmic structures with 6, > 1 (i.e.
clusters of galaxies correspond to value of §,, several hundred or more) we need to devel-
ope alternative techniques. In the highly simplistic case of spherical fluctuation, the simple
analytical model of spherical collapse (that we describe below) can follows the evolution of
structure well into the non-linear regime. However, if we drop the symmetry hypothesis, the
only way to trace the evolution of structure is by means of numerical techniques called N-
body simulations. A number of analytical methods have been devised to tackle this problem.
Second (or higher) order approximations improves the situation only marginally, although
the Zel’dovich approximation ([29]) does provide a very useful insight on the evolution of the

large scale structures of the Universe [30)].

2.8.1 Spherical “Top-Hat” collapse

The case of an isolated collapsing spherical overdensity, that we will treat now, is a very
simple one, since many virialised objects look indeed almost spherical. It is worth stress
however, that structures in the Universe are not isolated but comes into a “network” of
filaments and sheets, the so called “cosmic web”, that is highly asymmetric. Let us consider
a spherical perturbation with constant density, with d,,; > 0 and |0,,;] < 1 at an initial
time ¢; ~ tge. (Where tg.. is the decoupling time). At that time, ¢;, the sphere is taken to
be expanding with the background Universe (described by an Einstein-de Sitter model) in
such a way that the initial peculiar velocity at the edge, v, is zero. Because of the spherical
symmetry this fluctuation can be treated as an isolated Universe. The time evolution of this
density perturbation is described by the eq., whereas for the velocity evolution, from

relation ([2.84) we have:

S q |2 £\ 3 £\ 3

where the simbol “4” and “-” denotes the growing and decaying mode, as usual. The com-
bination of both the growing and the decaying modes are necessary to satisfy the velocity
boundary condition: v; = 0. Structure will be formed if, at some time ¢,,, the spherical region
ceases to expand with the background Universe and instead, begins to collapse. This will
happen to any perturbation which have a local density parameter €2,(¢;) > 1. The decaying

modes becomes neglegible soon after ¢; and we can assume that 6,, >~ &,, 1 (¢;). Where Q,(¢;)
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is defined as
p(ti) (1 + 0;)

pe(ti)
with “p” denotes the perturbation and Q(¢;) and p(t;) refer to the unperturbed background

Q,(t;) = = Q&) (1 +6;) (2.114)

Universe. The subsequent evolution of the perturbation is described by the first Friedmann
equation, i.e. eq.(1.19), or equivalently by eq.(1.58) for the matter component only.

The analytical description of d;(¢) in the non-linear regimes is obtained by comparing the
evolution of p,(t) (the density of the perturbation) with that of the unperturbed Universe
p(t). The approximation holds as long as different spherical “shells” inside the perturbation
evolve indipendently. It break down when the fluctuation ceases to expand and different
shells started crossing each other. In other words an analytical description of §;(¢) is found
up tot = t,,,, the time of maximum expansion. Thereafter only global conservation arguments
can be used to trace the evolution of the perturbation and the formation of the structure.
A simple extrapolation would lead, at time t. ~ 2t,,, to an infinit density at the center. In
fact, before t., slight departures from symmetry will result in the formation of shocks and
considerable pressure gradients. Heating of the material will occur due to the dissipation
of shocks which convert some of the kinetic energy of the collapse into heat, i.e. random
thermal motion. As a result the final state of the collapse will be an equilibrium state, which
is not a singular point, but some extended configuration in virial equilibrium at radius R,;,
with a mass M. We can obtain an approximate value of the final density of the collapsed

region at the equilibrium. From the virial theorem the total energy of the fluctuation is

_ 13GM?
vir — 9 5Rm‘r .

(2.115)

For semplicity we can ignore the possible loss of mass from the system due to effects connected
with shocks and possible loss of energy by thermal radiation. So that, the energy and mass
in eq.(2.115)) are the same as the fluctuation had at the time ¢,,,

3GM?

E, ——2 , 2.116
5 R (2.116)

where R, is the radius of the sphere at the moment of maximum expansion. From the
eqs.(2.115)) and we have R,, ~ 2R,;, and hence, the density of this region in the
equilibrium state is p,(fyir) =~ 8p,(f). As a conseguence it can be assumed that at the max-
imum compression time the density is of the order of p,(t,;-). Through numerical simulation

of such a collapse has been obtained that to reach the equilibrium, this semplified system
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need a time t,;. ~ 3t,,. Finally we have that, if the background Universe is still described by
an Einstein-de Sitter model at the maximum compression time, t., and at the equilibrium
time t,;., the ratio between the density into the perturbation and the mean density of the

surrounding Universe at these time are:

prlte) g0, (2.117)
p(te)
poltuir) 400 (2.118)
p(tvir)

respectively. An extrapolation of the linear perturbation theory would gives

O (te) ~ 168, (2.119)
Ot (toir) =~ 220, (2.120)

which correspond to values of 2.68 and 3.20 for the ratio of the density, in place of the exact
values and (2.118).

A more accurate treatment of this process, concerning a collapsing region, have to take
into account that a spherical configuration is strongly unstable with respect to the growth
of non-radial motions, during the expansion and collapse phases of the inhomogeneities. As
shown by Lin et.al. |31] for a generic triaxial perturbation, the collapse is expected to occur
not to a point, but to a flattend structure of quasi-two-dimensional nature. Usually called
pancakes. The spherically “Top-Hat” model is only reasonably realistic for perturbations on
scale just a little larger than M (i.e. the Jeans mass defined as M; = %mekf)}). In these
case, howevere, pressure is not negligible and a significant dissipation can occur during the

collapse.

2.8.2 Hierarchical Clustering

In the ACDM model, the first structures to enter the non-linear regime are expected to be
those on mass scale of order M;(zg..). The subsequent evolution are expected to follow the so
called “bottom-up” scenarios, in which galaxies and larger structures form by merging objects
on scale of the Jeans mass, at z4., into objects of higher mass. This scenarios introduces the
concept of self-similarity or hierarchical clustering. Here we show only the idea at the basis

of this model.

Assuming an Einstein-de Sitter Universe. A perturbation with mass M > M;(24.),
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arrives in the non-linear regime at a time ¢;; that can be obtained by the relation

3%dec
2

M

where the time t; ~ 1/(Gp)'/? is the characteristic time for the growth of density perturba-
tions in the Jeans instability analysis and oy is the mass index, which value depends on the
statistical properties of the mass density fluctuations. From the eq.(2.121)) follows that

2
M ~ M, (tﬂ> e (2.122)
ty
where comes out that for M ~ M, t); ~ t;. So that, if we consider the perturbation
having a spherical symmetry, as in the case of the previous Section, than the time t,; will
coincides with the moment at which the perturbation ceases to follow the cosmic expansion
and begin to collapse. In the general case expressed by the eq.7 it is possible to apply
the simple scheme described previously for an isolated “Universe”, and from eqs. ([1.107))

for a dust Universe, after some manipulations, we obtain that the perturbation at the virial

M _3adec

equilibrium has a density

where p; = py(My). So that, the following evolution can be described considering that at
some time tp+ > t4.. the Universe contains condensed objects of varius masses M on scales
r < rye+, accordingly with the hierarchical clustering process, these condensed objects merge
together building up objects of higher mass on higher scale. This arrangement holds up to
scale M*, which are the largest mass scale to have reached the virial equilibrium. On scales
greather than r,/+, the fluctuations are small and still evolving in the linear regime. These
small fluctuations grow untill they enter the horizon then objects with mass greather than

M~ starting to collapse, forming an higher level of hierarchy.

Spherical collapse and hierarchical clustering leads to the Press-Schechter analytical model
[32] that allows to work out the mass function of the mass halos that are believed to host

luminous galaxies.
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2.8.3 N-Body Simulations

The analytical approaches seen so far, are sufficients only for a partial understanding of
the outcome of the gravitational instability, but they are not good enough to give detailed
solutions for the evolution of the perturbations in the non-linear regime and to describe
accurately the formation of structures. To obtain a more realistic model that can be compared
to observations, we need to resort to numerical techniques. The most successful technique is
called “N-body method” and is build upon the possibility to represent part of the expanding
Universe as a “box” containing a large number, N, of point masses interacting through their
mutual gravity, under the condition that this volume is at least as large as the scale at which
the Universe becomes homogeneous, i.e. the box is a “fair sample” of the whole Universe. It
is common practice to take the cube as having periodic boundary conditions, so that Fourier
method could be used in summing the N-body interactions and, hence, allowing some speed

in the computation.

There are several numerical techniques to accomplish the N-body simulations, which differ
each other, substantially, only in the way the forces on each particle are calculated and on
the nature of the intractions. In the most simple way, one can consider only the mutual
gravitational interaction between the particles in the box, i.e. collisionless particles. This
techniques range from “direct summation” to “Tree” codes and “particle-mesh” methods. A
detailed description of these techniques can be found in [33]. Here we only provide a short

overview.

In direct, Particle-Particle (PP) techniques, the cosmological fluid is represented by a dis-
cret set of particles and the total Newtonian forces are obtained by summing the interactions
between each particles pair. If one adopts a small time-step, the resulting acceleration can
be used to update particle’s velocities and their positions. This technique is affected by two
problems. One is the fact that gravitational force between two particles diverges when their
distances approches zero. To overcome this problem one usually modifies the Newtonian
interaction equation, in a way that a point mass is replaced by an extended body, at some

scale €, i.e.
GmQ(mi — Q?j)
(@ + T — 272

where m is the particles mass, x; and x; their position in the box and ¢ is the so called
softening length and acts to soppress two-body forces on scales smaller than €. The second
problem regard the computational time. Given N particles in the box, the force summation
requires N (NN —1)/2 evaluations of eq. at each time-step. The total CPU time scales,
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therefore, as ~ N2, making it impossible to use for a large number of particles. PP codes

can usually handle ~ 10° particles and thus are not designed for cosmological applications.

The CPU time can be reduced by adopting a Tree methods. These kind of N-body
computation, also called tree algorithm, is based on dividing the total volume in increasingly
smaller cells untill only one object is contained in each cell. Then, the gravity force on each
particle is computed by considering cells, possibly grouped into one single element, rather
than particles. As a result CPU time scales as Nlog N, instead as N2 This scaling is
accurate for quasi-homogeneous distribution of particles which is not the case of the large

scale structures in the Universe at the present epoch.

The “particle-mesh technique” (PM) is based on assigning mass points to a regular grid
and then treating the force as a field quantity by computing it on the mesh. The usual
way in which computation is performed is in three steps. ) Starting from the particle
positions, interpolate particle’s masses and compute density on the mesh. ii) Gravitational
potential on the mesh is computed from the Poisson equation in Fourier space. i) Back in
the configuaration space the force for individual particles are obtained by interpolating the
derivatives of the potentials to the particle positions. Usually one choses a regular grid with
periodic boundary conditions so that the so called Fast Fourier Transform (FFT) method
can be used to recover the potential with a considerable gain in the computational time. On
the other hand, one have to consider that force resulution is limited by the mesh size. This
problem, however, can be solved by using an hybrid technique of the PP and PM method.
In the “particle-particle-mesh” (P*M) method the short range forces are solved directly (PP)

but uses PM method to compute forces on long range.

So far, we have considered only collisionless particles that interact only through gravity.
This is a good approximation for dark matter particles, but is not sufficient to test the
evolution of the baryonic component. Baryons can be described as a collisional fluid and its
evolution is best treated by different techniques: the hydrodynamical simulations. The idea
is to follow the evolution of the baryon fluid, i.e. collisional component, in the gravity field

dominated by dark matter. The equations to follow are:

v 1 a Vp 1

e Qo= _Z 92.12

at—l—a(v V)'v—irav ” aV@, (2.125)
dp 3a 1
L, LIV () = 2.12
5 TPtV () =0, (2.126)

—(pu) + év -V(pu) = —(pu +p) (%V ‘v + 39) , (2.127)
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which are the Euler equation, continuity equation and the first law of thermodynamics, in
an expanding Universe. v, p and p refers to the baryonic component, whereas ® is the
gravitational potential of the dark matter particles. The quantity u in eq. is the
internal energy per unit mass, whereas the term A(u,p) is the cooling function, i.e. it
describes the energy loss rate per unit time. In addition, we need to consider the equation
of state of the baryon fluid. In practice, standard N-body techniques are used to evolve
fluctuation in the collisionless components and the eq., and are used
to trace the evolution of the baryonic component (see [33] and references therein contained
for more detailed description of the solutions).

Two different schemes are commonly used to solve the system of equations above. In the
Euler scheme, a fixed mesh is set and the evolution of v, p, p and ® is followed within each
element of the mesh. In the Lagrangian scheme, v, p, p and ® are attached to each particles
and their evolution is followed along the particle trajectory. In other words, the computing
efforts are “localized” in places where most of the particles are, with the consequence of
a better resolution only in the zones of interests. This is typically done by most of the
smoothed-particle hydrodynamics (SPH) techinques [34, B5]. In SPH, the fluid is represented
as a set of particles in the same way as in the N-body gravitational simulations. Instead of
the only gravity, density and gas forces at particle locations are also calculated, by summing
pairwise forces between the particles. Since pressure forces are espected to fall off rapidly
with separation, i.e. above some separation scale h, in a “P>M” code the gas dynamics are
considered only into the short-range part of the simulation method (the PP part). One
technique used to insert SPH dynamics into a “P?>M” code is to determine local densities and
pressure gradients by a preocessing known as kernel estimation. This is essentially equivalent
to convolve a field f(x) with a filter function, or kernel, W(x, h) to produce a smoothed

version of the field

fi(r) = / F@)W(z - r)d'z. (2.128)

where the kernel W contains some implicit smoothing scale. Note that for kernels with
compact support, i.e. W(x, h) =0 for || > h, the summation are limited within the sphere
of radius h and not over all the particles. One possible choice of W (x, h) is a Gaussian, but
usually a more complex forms are used in the simulations. If f(x) is just the density field
arising from the discrete distribution of particles, than it can be represented simply as the
sum of delta-function contributions at each particle locations x;.

In this Thesis we will use the outputs of an hydrodynamical simulation that make use of

the SPH techniques, we will describe these simulations in more detail in Chapter [5]



Chapter 3

Statistics of the density and velocity
fields

In the previous Chapter we have studied the evolution of a density perturbation as a plane
wave with corresponding wave vector k. This representetion is useful because a generic
perturbation can be viewed as a superposition of plane waves which, in the linear regime,
evolve indipendently. In general we expect fluctuations to exist on a variety of mass and
length scales and that the end-product of their evolution depends on the relative evolution of
perturbations on different scales. In this Chapter we introduce the main tools that describe
the statistical properties of the mass density field and the way they encode informations

about the origin and evolution of the cosmic structures.

3.1 Density fluctuation field and its power spectrum

In order to describe the distribution of matter in the Universe it is useful to think of the per-
turbations as superpositions of plane waves in the Fourier space. In order to avoid confusion

let as specify the formalism that we adopt for the 3-dimensional Fourier transformations
4 ik-x 3
= e I3 I 3.1
f(.’B) (271')3 /fke ) ( )
1 .
fr = V/f(:c)e““'wd?’x, (3.2)

Where, f(z) and fi have no dimensions.

Let us consider a volume V', for example a cube of side L > [, where [, is the maximum
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scale at which there is a significant structure due to the perturbations. V can be thought as a
“fair sample” of the Universe. If this is the case we can compute the mean cosmic density by
averaging the mass density, p(x), over V' and assume that the statistical properties of p(x)
can be regarded as representative of the whole Universe. Indeed, thanks to the “fair sample”
hypothesis, for some applications we will formally take the limit V' — oo, pretending that
the information stored in the whole Universe is indeed available within V. It is convenient

to express the density fluctuation at the point @, (x) = (p(x) — p)/p as a Fourier series:
() =) ope®® ="y " re®, (3.3)
k k

Thanks to the fair sample hypothesis we impose periodic boundary conditions on the wavevec-
tor k:

2T 2T
ky =n,—, ky :ny%’r, k. :nzf. (3.4)
with n,, n, and n, integers. The Fourier coefficients 0, are complex quantities given, as it

straightforward to check, by
1 .
Ok = —/ §(x)e *®da ; (3.5)
Vv

because of conservation of mass in V' we have di—o = 0. The reality of J(x) implies 6} = _.

If, instead of the volume V', we had chosen a different volume V”’, the perturbation within
the new volume would again be represented by a series of the form , but with different
coefficients dg. If one considers a large number N of such volumes, i.e. a large number
of “realizations” of the Universe, then d would vary from volume to volume other in both
amplitude and phase. If the phases are random, then the field obeys a Gaussian statistics
and the 1-point probability distribution function of delta, P(d(x)), i.e. the probability of ¢

at a generic point in space, is described by a Gaussian.

Since the mean value of d(x) over a fair sample is zero by definition, (6(x)) = 0, then the
simplest non-trivial statistics of § is the second order momentum of the distribution, i.e. its

variance, o2. Tt is straightforward to show that (where 6(x) = §),
1
o= (%) => (Ionl*) = VZ&,%, (3.6)
3 k

and the average is taken over an ensemble of realizations. The quantity J, is defined by the
relation (3.5) and one can see from eq. 1) that <\5k|2> is the contribution of the wavenumber



3.1 Density fluctuation field and its power spectrum 63

k to the variance. If we now assume that the density filed is statistically homogeneous and
isotropic, then there is no dependence on the direction of k but only on & = |k| and eq.(3.6))

can be written as

1 1
2 _ 2 2
= }k G5 /P(k)k dk . (3.7)

Eq. is equivalent to for V' — oo and with P(k) = ¢7. The quantity P(k) is the power
spectral density of the field 6 or, simply, the power spectrum of density fluctuations. The
variance o2 does not depends on spatial position but on time, because of the evolution of the
amplitude perturbation d;. So o2 gives us information about the amplitude perturbations,

but not on their spatial structure.

We can give a more general definiton of the power spectrum in the limit volume V/
P(k) =V |6x]> = Vordy, (3.8)

from which we notice that the power spectrum has the dimension of a volume. From egs. (3.5

and
P =5 [ [ @ity eavay,. (3.9)

The above definition of the power spectrum refers to infinite volumes and to a continuus
field. Setting r = & — y, eq.(3.9) reduced to

P(k) = / E(r)e *Tqv, (3.10)
where .
£(r) = (06) = V/(;?dv (3.11)

is the 2-point correlation function that we will define in the next Section. The power spectrum
is a fondamental tool in cosmology. From a statistical viewpoint, if fully characterize the
properties of the underlying density field if this is Gaussian. From a physical viewpoint, its
shape and amplitude on large scales provides informations on the early Universe, inflation
and the mechanism that generate the primordial fluctuations in the density field. On smaller
scales it constraints the nature of DM, the geometry of the Universe and the density of

baryonic matter.

We have already discussed the importance of the power spectrum in Section in
the contest of the CMB fluctuations. In that case, however, we were concerned with the

angular power spectrum of temperature fluctuations, Cj in eq.(L.98), whereas here we are
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discussing the spatial power spectrum, P(k). The two quantities are strictly connected
since the angular power spectrum is the projection of the P(k) on the celestial sphere and
temperature fluctuation are related to density fluctuations at the last scattering surfacie. To
make the analogy more formal let us decompose the temperature fluctuations, ATenp/Toms,
on the sky in spherical harmonics as in eq.(1.97) that we rewrite here for clarity

AT (0,
M = Z aleEm(67 90) ) (312)
Im

TemBs

where 6 and ¢ are the usual spherical angles. This decomposition on a two-dimensional
space is analogous to the three-dimensional Fourier decomposition of d(x). The Y,,(0, ¢)
are a complete orthonormal set of functions on the surfacie of a sphere, just as the plane-
wave modes are complete orthogonal set in a flat three-dimensional space. The expansion’s

coefficients, a;,,,, are generally complex and satisfy the conditions
<CL;/m/Cle> = C[(Sll/(smm/ . (313)

In analogy with P(k), we can therefore define the angular power spectrum of a fluctuation
field as
Cr = (Jaim|?) - (3.14)

3.2 2-point correlation function

An alternative, and somewhat useful, definition for the 2-point correlation function, £(7), is
obtain for a Poisson point model. Let us consider a distribution of N points within a volume
V, with an average volume density po = N/V. Then a generic infinitesimal volume dV,
contains n, = podV, points. Two volumes dV, and dV} separated by 74, contain dNyy(rap) =
(ngnp(rap)) objects, where the product n,n, depends on the relative modulus of the distance
and not on its direction since we assume statistical isotropy. The 2-point correlation function,

&(rap), is defined implicitly through
ANy (rap) = (nanp(rap)) = pedVadVi[1 + &(rap)]. (3.15)

We have implicitly assumed that r,, > 0, i.e. the two volumes do not coincide. Here the
quantity 1+ &(ryp) is just the probability of finding a point at distance ry, from a generic

point in the sample. As a consequence {(rq,) > 0 represents the excess of probability with
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respect to the Poisson case, and we say that the points are correlated. &(ry) < 0 quantifies
the decrease of probability with respect to the Poisson case, i.e. the points in the distribution
are said to be uncorrelated. In this context we observe that ensemble average is obtained

through sample average, i.e. that our volume is a fair statistical sample.

It is straightforward to relate £(r) to the underlying density field §(r). Let us assume
that a discrete distribution of N points is obtained by Monte-Carlo sampling the continous
fild 0. In this case we have 0(r,) = n./(podV,) — 1 and eq.(3.15)) becomes:

dNab

) = v,

— 1= (0(ra)d(rs)) , (3.16)
where we have used (§(r,)) = (d(r)) = 0. If this average is taken to be the sample average,

then it means we have two averages over all possible positions:

ér) =5 [ 3wty + r)a, (3.17)

For a statistically isotropic field, ¢ depends on r and not on 7.

Expression (3.17)) is just the eq.(3.9)), i.e. the expression for {(r) that we have obtained
in the Poisson model coincides with that previously obtained for a continous field and P(k)
and &(r) are related by eq.(3.9). In other words they constitute a Fourier pair.

3.3 Statistics of the velocity field

As for the density field, it is important to characterize the statistical properties of the velocity
field. 1t is obtained by analyzing the peculiar velocity of galaxies and clusters of galaxies.
Like d,,, all the cartesian component of the velocity vector average to zero, i.e. < v, >=<
vy >=< v, >= 0, where <> is the usual ensemble average. The amplitude of the velocity
vector, however, does not averaged to zero. If the density field is Gaussian, then so will be

1/2

each component of v, The magnitude of the averaged velocity, |v| = (v + v} +v2)"/?, will

therefore possess a Maxwellian distribution:

P(v)dv = \/% <U%)2exp [—g (0_1)2] i—j (3.18)
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In this equation v represents the peculiar velocity field at a generic point 7, possibly smoothed

on some scale R by a specified window function

v
(27)°

Here W(kR) is the Fourier transform of the window function, defined as

VR = Z'HOSL /6k—ezk "W(r)d*kd*r = —iHys——

~ /5k kZW(kR)d%. (3.19)

W(kR) = — / W(r)e *rdr . (3.20)
Therefore, the average of the square of the velocity is

2 2.2 V2 * k k/ ! DI 33 31./
(), = His*—= [ (u0p) 7375 W (ER)W (K R')d’kd’k

(2m)6 k2 2
H2s? k K .
_ (2333 / (Mop(k — k)25 W (kR)W (KR )d*kdK
H2 2
_ 2(7); /P(k)W2(kR)dk, (3.21)

where in the second line we have used the relation of eq.(3.8)) and the fact that for an ensemble
average we have V (0,05, ) = (2‘7;)3P(k)5D(k: — k). In the last line we integrated over the solid
angle 47. The equation (3.21) corresponds to the velocity variance, i.e. (v?), = o2, and

is the analogous of variance of the density field in the eq.(3.6). The square root of (v?),

is the magnitude of the peculiar flow on the scale R, i.e. the bulk flow wvp,. Clearly in
a homogeneous and isotropic Universe the global mean value of vz must be zero. It is a
consequence of the equation (3.18) that there is a 90% of probability of finding a measured

velocity satisfying the constraint

1
gUU S Vbulk S 1.60'1, . (322)

When comparing theoretical prediction with the real data, the window function W(kR)
should be chosen to model the way the sample is constructed. This is not completely straight-
forward because the observational selection criteria are not always well controlled and the
results are quite sensitive to the shape of the window function. In absence of observational

constraints the common choices for W are “Top-Hat” and “Gaussian” filter.

Comparing eq.(3.21) and eq.(3.7) we see that o2 is weighted towards larger scales than

0% since the integral is over P(k) and not over P(k)k%. In other words, bulk flows are useful
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on scales where linear approximation is valid, in contrast with o% which is more suitable
towards non-linear structures on small scales. As a result, estimates of bulk flows can be
used to constrain or normalize the mass power spectrum [36, 37]. Moreover, the amplitude
of vy is proportional to the growth rate of density fluctuations s = €27 . Since (), is now
well constrained by other observations (Section the measurement of some unusually large
bulk flow constitutes a challenge to the concordance ACDM model and perhaps the general
relativity itself. We will see in the next Sections that the current observational situation is
far from being settled with high constrain and that report of large bulk flow on very large
scales exists yet.

We can also define a 2-point correlation function for the velocity field, £y (r), in analogy
with £(r) for the density field:

Ev(r) = (v(z1) - v(z2)) (3.23)

where r = |1 — x3|. The application of the 2-point statistics to study the velocity field,
however, is hampered by the fact that velocity are measured for objects, like galaxies, that
are typically found at the peak of the density field. As a result the statistic of the velocity
field are biased towards high density regions.

3.4 Measuring bulk flows from peculiar velocities

Most of the current experimental estimations of bulk flows rely on the measurement of galaxy
peculiar velocities inferred from distance indicators. Distance indicators commonly used to
estimate peculiar velocities rely on well defined, if often heuristic, relations between intrinsic,
observable galaxy properties, one of which depends on the galaxy distance. The typical
example is the Tully-Fisher relation [38] between the absolute magnitudes and the rotational
velocity of spiral galaxies. Direct distance indicators have been extremely useful in enforcing
our confidence in gravitational instability as the main mechanism for structure formation [39]
and in putting constraints on cosmological models.

The paucity of distance indicators available and the observational difficulty in measuring
the relevant quantities make peculiar velocities quite difficult to estimate. In addition, their
accuracy degrades linearly with redshift, limiting their usefulness to rather small redshifts
(cz < 0.3). As a result, galaxy peculiar velocities are available for a relatively small number
of galaxies. More accurate peculiar velocity measurements based on surface brightness fluc-

tuations (e.g. [41]) and Tyla SN (e.g. |?,42]) are possible for substantially fewer galaxies.
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Figure 3.1: Amplitude of CMB bulk flow measurements in comparison with theory. Points with errorbars
correspond to different measurements of the bulk flows within shells of increasing radius (z-axis) centered on
the Local Group (LG). Continous curves indicate theoretical prediction from the ACDM model and the 90%
probability strip. [40]
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As a matter of fact several indipendent estimates of the bulk flows have been obtained from
distance indicators. A subset of them is shown in Fig. . Points with errorbars corre-
spond to different measurements of the bulk flows within shells of increasing radius (z-axis)
centered on the Local Group (LG). Continous curves indicate theoretical predictions from

the ACDM model (eq.(3.21))) and the 90% probability strip (eq.(3.22)).

Bulk flows are typically estimated in two ways.

1. By reconstructing the three-dimensional velocity field from velocity measured along the
line-of-sight (POTENT method, [43]) or from the gravity field obtained from the dis-
tribution of galaxies in a redshift survey. The bulk flow is then computed by averaging

over all reconstructed velocities in a spherical region centered on the observer.

2. From the reflex motion of the LG with respect a sample of distance indicators within

a spherical volume.

In this second case the LG velocity with respct to a frame of reference defined by a sample of
distance indicators is computed by minimizing the difference between the measured peculiar
velocities of those objects and the LG velocity component along the line-of-sight to the
objects. If the LG showing the same bulk motion of this frame, then the reflex motion is zero.
If the motion of the LG is fully determined by the mass distribution within the frame, then the
reflex motion is zero. All other cases are intermediate. The bulk flow of the frame with respect
to the CMB rest frame, presumibly determined by mass inhomogeneity beyond the frame, can
be obtained by subtracting the reflex motion from the LG motion with respect to the CMB.
The latter is been measured from the Dipole-like anisotropy on the CMB sky induced by the
relative motion between the LG and the isotropic CMB radiation. The net effect is that CMB
photons appear slightly “warmer” in the direction of our motion than in the opposite one. The
temperature amplitude of the dipole and its direction has been precisely measured by WMAP
and are AT = 3.355 4 0.008 mK toward direction (,b) = (263.99° + 0.3°,48.26° £+ 0.03°) [1],
where [ is the longitude and b is the latitude in galactic coordinates. When one removes from
this signal the effect of the Earth orbit around the Sun, the motion of our Sun into Milky
Way and the motion of our galaxy with respect to the Local Group of galaxies (LG), we can

obtain an estimation of the velocity of the LG with respect to the CMB rest frame
vre = 627+ 22 km/s (3.24)

toward (,b) = (276° & 3°,30° + 3°) |13, 1.
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The history of bulk flow estimates from peculiar velocities is a long one. Over time
several claime of unusually large bulk flows have been made. The most debated one is
probably the Lauer and Postman result [44]. Using estimator distances to a sample of galaxy
clusters they found a dipole with an amplitude vy, = 561 + 284km/s, toward (I,b) =
(220°, —28°) + 27° inconsistent with the CMB dipole direction The issue was eventually
settled by the employment of more sofisticated statistical analysis of the same dataset that
significantly reduced the significant of the original detection. Much more recently another
claime of a large bulk flow has challenged the standard ACDM model. Feldman et al. [2],
that using a composition of several catalogs found a bulk motion on scale of ~ 100 A~ Mpc
with vpp = 416+ 78 km /s towards ([, b) = (282° £ 11°,6°+£6°). Even this result, however, is
highly controversial. A recent analysis by Nusser and Davis [3] has shown that the bulk flow
inferred from a trimmed version of the SFI++ catalog of spiral galaxies with I-band Tully-
Fisher distances [45, [46, [39] is consistent with the standard ACDM cosmological model.

These controversies originate from the intrinsic difficulties of determining peculiar ve-
locities from measured distances and redshift. Distance indicators are usually based on well
defined relations between intrinsic, observable galaxy properties, one of which depends on the
galaxy distance. One of these indicators is the Tully-Fisher relation [38], that is based on the
relation between the absolute magnitudes and the rotational velocity, the observable quan-
tity, of spiral galaxies. Another example Type Ia supernovae [47], that as we have already
described in Section The paucity of distance indicators available and the observational
difficulty in the precise measure of quantities, as magnitudes, rotation velocities, velocity dis-
persions, surfacie brightness, etc., make peculiar velocities diffucult to estimate. In addition,
the accuracy in the estimation of the velocities degrades linearly with redshift. As a result
only a limited number of galaxy peculiar velocities have been measured so far. These ob-
jects are quite nearby and not uniformely distribuited across the sky, a fact taht potentially
induces biases in the bulk flows estimate. Newer catalogs of galaxies with accurate peculiar

velocities are currently being compiled which should improve the situation significantly.

3.5 Measuring bulk flows from galaxy luminosities

Galaxies” angular positions and luminosities can also been used to measure bulk flows, in
alternative to peculiar velocities. The method based on the angular distribution of galaxies
(no redshift required) is based on the angular modulation in the galaxy number density

produced by the Earth motion [7]. The sources of this motion are mostly local, but one
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relevant component is believed to be of Cosmological origin. As mentioned in Section
the CMB dipole anisotropy is produced by the Doppler effect due to the relative motion
between the Earth and the frame where the CMB looks nearly isotropic, the so-called CMB
rest-frame. If there exist a matter rest-frame where the intrinsic galaxy distribution looks
isotropic, then the peculiar motion of the Earth relative to this matter rest frame induces
a dipole-like anisotropy in the galaxy number density across the sky. If one considers only
galaxies out to a maximum redshift z,,.., then the comparison between the CMB and the
galaxy number density dipoles allows to estimate the Bulk flow at 2,4,

This method has been applied to a galaxy catalog constructed from the Sloan Digital Sky
Survey data Release 6 (SDSS-DR6) [48, [49]. [7] select galaxies with photometric redshifts
spanning the redshift interval 0.1 < z < 0.9 and found no significant dipole anisotropy
in the galaxies’ distribution, in agreement with the expectation of a ACDM concordance
model. However, the errors on the bulk flow amplitude are large (~ 50 %) and can only be
significantly reduce by applying the method to bigger catalogs like with much higher number
density of galaxies. Indeed the application to a very large, almost full-sky galaxy survey
such as the planned LSST survey (http://www.lsst.org/lsst/, Ivezic et al. arXiv:0805.2366)
should allow to increase the signal-to-noise ratio by a factor of ~ 10.

In this Thesis we focus on a different method, recently proposed by [6] [NBD, hereafter]
based on the apparent brightening or dimming of galaxies due to their peculiar motions.
Redshifts of galaxies systematically differ from the actual distances by the line-of-sight com-
ponent of their peculiar velocities. If a sub-volume is carved out from the whole survey, then
the redshift of all galaxies within that volume will differ systematically from their true dis-
tances by the line-of-sight component of the bulk motion of the sub-volume itself. Hence, the
intrinsic luminosities of galaxies inferred from the apparent ones using redshifts will systemat-
ically be larger or smaller than the true luminosities. The mismatch depending on amplitude
and direction of the bulk motion. Object-by-object magnitude variations induced by peculiar
velocities are much smaller than the natural spread in the distribution of magnitudes. Hence,
one can not constrain the velocity of an individual object from these considerations. How-
ever, an estimate of the bulk motion of the subvolume can be derived on a statistical basis,
by comparing the luminosity distribution of galaxies in the subvolume with the luminosity
distribution in the galaxies in the whole survey.

The idea is not new. [50] correlated the magnitudes with redshifts of galaxies to constrain
the velocity of the Virgo cluster relative to the Local Group [LG]| of galaxies. The main
limitation of this method has been the limited number of the objects available and the limited

size of the sampled volume. NBD have recently proposed an extension of this method and
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its application to new or planned redshift surveys. Here we will mainly focus on the possible
application of the method to the SDSS-DRT catalog currently available [5I]. We will treat
the NBD method more deeply in Chapter [6] where we will show also an implementation of

such a method and its application to a simulated dataset.

3.6 Measuring bulk flows from CMB

Kashlinsky and Atrio-Barandela [52] have proposed a new method to detect bulk flow from
temperature fluctuations in the CMB-sky induced by inverse compton scattering of the CMB
photons onto populations of hot electrons typically found in galaxy clusters. The effect
dubbed SZ effect, will be described in details in the next Chapter. This effect is rather small
and detectable only to the direction of galaxy clusters.

If a frame defined by a set of clusters is moving with a coherent bulk flow, then the effect
is systematic and induce a dipole anisotropy in the CMB temperature along the line-of-sight
to the clusters. Since, as we shall see, the SZ effect does not depend on the redshift then this
technique is potentially capable to probe bulk flows on very large scales.

The method relies on two datasets (a CMB map and a catalog of X-ray selected galaxiy

clusters with measured redshift) and should allows to determine the bulk flow in three steps:
1. Measure AT/T along the clusters direction.
2. Search for a dipole anisotropy.

3. Convert dipole into velocity from the optical depth of the clusters.

Dispite the apparent semplicity, the actual implemetation of the method is often complicated
and required some data manipulations, namely the filtering of the CMB signal to minimize the
spurious contribution to the expected dipole. We will describe the subtlety of the procedure
and search for possible sources of systematic errors in the next Chapter.

Kashlinsky et. al. have applied this method on the 3-years WMAP maps a using a
collection of clusters obtaining by merging different catalogs (REFLEX, CIZA and eBCS
catalogs)[4, 5]. They found a coherent dipole out to at least a distance of 300 h~'Mpc well
aligned with the CMB dipole, estimating a value for the bulk velocity of such a region in the
range 600 — 1000 km/s. Subsequent analysis with the 5-years WMAP data, a larger sample
of clusters and improved error estimates basically confirmed their original result [53], 54].

From their errors estimate the authors also claimed that their method can detect bulk

flow as small as 60 km/s up to z ~ 0.3 with current dataset (or ~ 30 km/s with the upcoming
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CMB maps that are being obtained by the Planck satellite). This result is in strong conflict
with ACDM prediction and, perhaps, with the gravitational instability pictures for the for-
mation of the cosmic structures and the Cosmological Priciple itself. Yet, the result is highly
controversial.

However, Kaisler [55] using the same strategy and similar datasets of Kashlinsky et al. did
not found a significant detection of the bulk flow. Infact he adfirm that he found a residual
CMB dipole signal in the filtered maps, that is correlated between the WMAP channels and
not accounted for in the error analysis of Kashlinsky ef. al., that decreases the significance
of the cluster dipole. A subsequent work by Atrio-Barandela et al. [56] presents an analysis
of the error in the cluster dipole measurement, justifing the result of Keisler as due by an
error in his analysis procedure. Also Osborne et al. [57] apply the “Kashlinsky” method
both on simulated maps and real data (7-years WMAP data and an all-sky sample of galaxy
clusters, obteined by the fusion of selected objects of several cluster catalogs) but using a
different filtering analysis, to try to minimize the tSZ dipole contribution and to maximize
the signal to noise ratio with respect to the Kashlinsky approach. They have used also both
a simulated microwave sky and clusters maps to calibrate the filtering process. However,
they not found evidence of a cluster dipole at any redshift, substantially in agreament with
the ACDM model. In addition, Mak et al. [58] used the Osborn filtering process to make
a forecast on the possible application of it on the up-coming Planck maps, which have a
better resulution than the WMAP data. They obtained that, using the Kashlinsky method
with the two filter types of Osborne et al., should be possible to measure a coherent motion
for value of the velocity vy = 500km/s constraining in this case also the recovered bulk
flow direction, «, at Aa ~ 15°, or to put an upper limit on this velocity of the order of
vyl ~ 100km/s in the case the bulk flow is consistent with the ACDM prediction.

These works have the scope to dimostrate the validity of the Kashlinsky et.al. method
and their errors analysis. In some cases using the same method on the same data, as in the
case of Kaisler [55], or using a similar method applied on toy model (Osborne et al. [57]). In
this Thesis we used realistic and self-consistent cluster simulation and CMB-sky, and the only
free parameter is the amplitude of the bulk flow. So that, we tested how well that procedure
can reproduce a specific value of vy,,. In other words, given the same conditions of the real
data, we want to check the minimum amplitude of the bulk velocity that can be measured
by the Kashlinsky et.al. method.
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Chapter 4

Dark Flow from kSZ

We can now see in details the method that Kashlinsky et.al. have used to obtain their result.
Before that, however, we have to speak about one of the most important effect that causes the
so called secondary CMB anisotropies. The Sunyaev-Zel’dovich (SZ) effect. In this Chapter
then we will start with the SZ effect to conclude with the esposition of the method to estimate
from it the bulk flow.

4.1 The Sunyaev-Zel’dovich effect

The spectrum of the CMB photons at the last scattering surface is modified in several different
ways. The first one is by the sporious contribution of photons from foreground sources such as
Galaxy or extragalactic unsolved sources. This contribution can be accounted for by means
of multifrequency observations.

A second possibility is represented by secondary anisotripies, that result from the inter-
action of the CMB radiation with the intervening material in their paths to the observer.
Examples are scattering with ionized gas along the line-of-sight, gravitational lensing due to
mass distribution that deviate photon from their original path, etc.

Most secondary anisotropies are triggered by virialized structures, i.e. occur on small
angular scales and in recent epochs, when structures are fully formed. In this Thesis we will
focus on one particular type of secondary anisotropy, commonly known as Sunyaev-Zel’dovich
effect (SZ hereafter) (see for an extensive discussion [59, 60, 611, 62 63]). It indicates the
inverse-Compton scattering of the CMB photons with a population of free electrons associated
to the hot plasma contained within large virialized structures like the clusters of galaxies. It

is customary to divide the SZ into two separated effects according to the dynamical state of
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the plasma. The first one is due to the random thermal motion of the relativistic electrons
in the intracluster (IC) gas, the thermal SZ effect (tSZ). In the second one, called kinetic SZ
effect (kSZ), the focus is on the coherent (bulk) motion of the cluster as a whole. Our interest
on these effects is tied to the kinetic one, that, as we will see, could be used to measure the

coherent motion of the galaxies in a volume.

The Thermal SZ effect CMB photons traversing across a galaxy cluster can be scattered
by the hot IC electrons. Because of the isotropy in the electrons motion, the photons are
scattered in random directions. The resulting effect is a Doppler frequency shifts and, as
electrons are on average more energetic than photons, the latter gain energy. Conservation
of photon number in the scattering process implies that there is a systematic shift of photons
from the Rayleigh-Jeans to the Wien side of the spectrum. To obtain the temperature and
intensity variation of the CMB signal in the direction of the cluster, we have to solve first
the equation for the time rate of change on the photon occupation number, 7, of an isotropic
radiation field due to Compton scattering by isotropic non-relativistic Maxwellian electrons
gas. Follow the treatment of Zel’dovich & Sunyaev [64] it is possible to consider the non
relativistic Fokker-Planck approximation to the exact kinetic equation, that for the case
T. > T is given by

ot me 22 Ot (4.1)

— zl o

on kBTeUTne 0 ( 487’L>

where in the Rayleigh-Jeans limit, hv < mc?, we can consider the Thomson cross section,
or, and where n, and T, are respectively the electron density and temperature; Toyp is
the radiation temperature and x = hv/kgTcoyp is the adimensional frequency, where kg is
the Boltzmann constant. If the incident radiations is only weakly scattered (=~ 1% of CMB
photons traveling through galaxy cluster are scattered by the electrons of the IC gas) then
we can substitute in the right side of the occupation number of a purely Planckian
radiation field .

Integrating along the line of sight we obtain for the change of spectral intensity, I = lyz37,
the following relation
Al = Lyyg(z) (4.3)

where Iy = 2(kgTcars)?/(he)?, the subscript nr stay for non-relativistic, g(x) is the frequency

dependence of the thermal SZ effect and y is the Compton parameter taking into account
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the spatial dependence of this effect and is given by

kgT,
y = / < - ) neopdl (4.4)

where the integral is over the line of sight and for an isothermal cluster it is equal to the

optical depth,
Te = /neUlea (45)
times the fractional energy gain per scattering. In reality in the relativistic limit we obtain

formally the same form for the eq.(4.3) exept for the spectral part, g(x), of the thermal SZ
effect that is expressed by

o ate” Ta(e"+1) .
g(x) = (e —1) { 1 4] (1 +drsz(x, T)), (4.6)

where 67z (z, T.) taking into occount the relativistic correction to the frequency dependence.

The corresponding temperature change with respect to the today CMB temperature Ty g =
2.726 K is

AT T4+1
Tszzy[if(e +1)_4
et —

Toums } (1+0rsz(z,12)). (4.7)

Note that at the present value of Te 5 the eqs., and are zero at the so called
crossover frequency o = 3.83, or vy = 217 GHz as we can see in Fig..

So that, we can see that the level of the distortion of the spectrum is proportional to
T., whereas the spectral part, g(x), describes the shape of the resulting spectrum. As we
have mentioned before, the non relativistic limit in our treatment is justified as long as
these changes are small. In other words, in the eqs. and the relativistic correction
drsz(x,T.) can be neglect as long as the Compton parameter, y, is small. The typical value
of y-parameter in reach clusters is O(107%),i.e. it is small enough to neglect this correction.

We note that the above derivation is valid as long as there aren’t change in the IC
gas properties and in the cluster gravitational potential during the passage of the radiation
through the cluster. The observations of the thermal SZ effect in the direction of galaxy
clusters tell us that the CMB temperature change, in the Rayleigh-Jeans region, is in the

range 0.1 — 1mK. To summarize the most important features of the thermal SZ are that:
e It is proportional to the cluster opthical depth.

e [t is redshift indipendent.
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Figure 4.1: Spectral distortion of the CMB radiation due to the Sunyaev-Zel’dovich effect with respect to
the intensity. The thick-solid line is the thermal SZ and the dashed line is the kinetic SZ. The dotted line
refers to the 2.7 K thermal spectrum for the CMB intensity scaled by 0.0005 and shown for reference [63].
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e It has a unique spectral signature with a decreas in the CMB intensity at frequency less

than vy = 217 GHz, a zero value at this frequency and it grow up at higher frequency.

The last property is of fundamental importance if one wants to detect the kSZ effect. The

latter has a much smaller amplitude, but has its maximum in the intensity right at v .

The kinetic SZ effect What we have considered so far, is the random thermal motion of
the free electrons in the IC plasma, which is the dominant component of the electron’s motion
in the rest frame of the cluster. However, an external observer need to consider another effect
coming from the motion of the cluster as a whole, which has a finite velocity with respect
to the CMB rest frame, i.e. its peculiar velocity. The resulting effect is a Doppler shift of
the CMB radiation depending on the direction of the cluster velocity, i.e. as we will see the
shift has a different sign if the cluster is approaching to or receding from us. This effect is
called kinetic SZ effect. Both thermal and kinetic SZ effects are, in essence, inverse Compton
scattering. However, they can be separated thanks to their different signature on the CMB
spectrum. We can compute the expression for the intensity and temperature variations given

by the kinetic effect in analogy with the thermal one. The intensity change is expressed by

Uy

AIKSZ == —Igh(l’) Te , (48)
c
where in this case the spectral form is given by
rle®
h(z) = —— 4.9

The velocity term, v, in the eq.7 is the line-of-sight velocity of the cluster and it has a
positive or negative value respectively for an receding or approaching cluster and 7, is the
optical depth of the IC electron gas for the Compton scattering. Looking at the temperature
variation given by the kinetic SZ one can see that it is indipendent of frequncy in contrast
with the thermal case

—ATZZ; =2 (4.10)
In other words the (non relativistic) spectral signature of the kinetic SZ effect is a pure
thermal distortion which magnitude given by eq.(4.10)), so that the emergent spectrum is still
described completely by a Planck spectrum, but at a slight different temperature [65], [66].
As we can see also in Fig. the change in the intensity of eq. has its maximum value

at the frequency corresponding to the crossover frequency vy. Clearly the kSZ effect is much
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harder to detect than the tSZ. For two reasons: i) Its amplitude is 1072 <+ 1072 smaller
than the thermal SZ. i) It does not modify the shape of the CMB spectrum, but only its
apparent temperature (contrary to the thermal SZ one). Therefore, it is not surprising that
no detection of the kinetic SZ on a single galaxy cluster has been reported so far. However,
unlike the thermal SZ which is just a random effect, the kinetic SZ effect is systematic.
So, for example, if several objects show the same coherent motion, one can hope to detect
the resulting kinetic SZ effect by stacking observations referring to different clusters. This
particular aspect is what is of interest for this Thesis in which we focus on the detection
of coherent bulk flows on large scales, encompassing those of the samples of galaxy clusters
currently available. The idea, and its feasibility, have been clearly illustrated by Kashlinsky
& Atrio-Barandela in 2000 [52], who proposed to detect the bulk motion of a large sphere
centered on our Galaxy and containing a sizable sample of galaxy clusters by measuring the
dipole-like anisotropy in the CMB spectrum measured in the line of sight of the clusters,

driven by the kinetic SZ effect. We shall describe this technique in detail in the next Section.

4.2 Determining bulk flows from kSZ effect: the method

After having discussed the physical basis of the Sunyaev-Zel’dovich effect, we now discuss
in detail the method originally proposed by [52] to measure the bulk flow from the CMB
maps. As we have anticipated in Section the basic idea is to measure the temperature
fluctuations in the CDM maps in the directions to X-ray selected galaxy clusters and fit for
a dipole anisotropy.

Let us consider a cluster with its center of mass at position y and with a line-of-sight
velocity v, with respect to the CMB rest frame. The temperature fluctuation at the frequency
v at that position is the sum of different contributions: (7) the tSZ effect, (i7) the kSZ effect,
(74i) the intrinsic CMB fluctuation and (iv) the noise of the detector. Let us focus on the

temperature fluctuation contribute by the Sunyaev-Zel’dovich effect only. It is given by

0u(y) = 0rsz(y)G(2) + dxsz(y) H(2) = yGa) — -7 H(2) (4.11)

where 0757(y) and dgsz(y) indicate the temperature fluctuations contributed by the tSZ
and kSZ effects, respectively, ¢ is the speed of light, 7. is the optical depth due to electron-
photon Compton scattering given by eq.(4.9)), y is the Compton parameter defined in eq.([£.4)
and z = hv/kgTcyp. The spectral dependences of the tS7Z and kSZ signals are specified by

4

G(x) = (eﬁff)Q <I(efj11) - 4) and H(x) = (39524—6;)2 respectively.
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Let us now include in Eq.(4.11)) the contribution of the CMB and the detector noise:

0,(y) = drsz(y)G(x) + [0ksz(y) + demp(y) H(z) +r(v). (4.12)

In this expression the intrinsic CMB temperature fluctuation at the position y, dcnp(y),
take into account the residual uncertainty in the Earth dipole subtraction, o4, as well as
possible errors originating from an incorrect subtraction of the foreground signal, uncertain-
ties generated in the data acquisition pipeline or deriving from the observational strategy
adopted (e.g. in the case of WMAP, temperature fluctuations are computed by comparing
the signal along two directions ~ 140° apart. This technique induces a correlation in the

noise that propagates into an error in the dipole of the order of 0.1 uK).

The dipole component of 0, (y), defined as the [ = 1 term of the angular power spectrum
of the CMB measured at the positions of Nyser > 1 clusters is ([52])

~ 2 2 ( O%MB 2) 2 (r*(v))
Cip = CrgszH (2) + CrrszG™(2) + | +og | H(2) + ——, (4.13)
’ ’ ’ Nepuster Nepuster

where the first two terms indicate the dipole contribution from tSZ and kSZ, respectively.
The noise contribution to the dipole is just the average over the clusters, (r?(v))/Nguster, and
the cosmological signal gives rise to two different dipole contributions: the residual from an
imperfect subtraction of the cosmological dipole, o4, and the intrinsic CMB anisotropy that
contribute 020 18/ Netuster, Where ooy p is the variance of the cosmological temperature fluc-
tuation field on the smallest angular scales probed by the experiment. Because of the random
nature of the signal, the tSZ mainly contributes to the monopole term. Its contribution to
the dipole decreases with the number of clusters in the sample. For a random distribution
of objects C1 75z = (0r52)*(3/Na). However, if the angular distribution of objects has some
intrinsic dipole, as expected in the standard cosmological framework, then the cross-talk be-
tween the tSZ signal and the angular distribution of clusters may mimic a spurious dipole
that contributes to C;,. The effect might not be negligible since, as we have seen, the tSZ
signal is stronger than the kSZ one. Back to this very issue, we notice that, in addition to
the dependence on 7., which is common to both SZ signals, the thermal one also depends
on the cluster temperature 7T,. Temperature fluctuations are measured in the direction of
extended sources, the clusters, by averaging over some angular radius. The optical depth 7,
decreases with the radius so that both tSZ and kSZ decrease. If the clusters were isothermal

and T, remains constant, then the kSZ would always remain sub-dominant and it would be
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impossible to detect the signature of the bulk flow. Fortunately, for the real clusters, the
temperature decreases with the radius. However, a careful modeling of the clusters’ temper-
ature profile will be required to minimize spurious tSZ contribution to the dipole. Finally,
we ignore spurious dipoles induced by incorrect treatment of the foreground signal. This
approximation can be fully justified if the analysis is restricted to those frequency bands in
which the foreground signal is smaller [57].

To summarize, to detect a large scale bulk flow from the CMB temperature maps one
needs to extract the kSZ contribution to the dipole measured in correspondence to a set of
galaxy clusters eq.(4.13). This can be done by filtering out all spurious contributions (tSZ,
intrinsic CMB fluctuations, detector noise) to the total signal. It is no surprise that the filter
choice and a careful assessment of the results of its application represent the key issues of
the whole analysis. Different authors have chosen different filters that, in turn, have been
applied to the data in different ways. It is more than likely that the reason of the mismatch
among the results of these different analyses is to be found in the whole filtering procedure.

To better illustrates the outstanding issues we now review the analyses by [4] B, 53] 54] and
point out the controversial issues outlined by subsequent works [55] [57, 58]. Before addressing
the details of the analysis let us summarize the main steps common to all procedures that

have been adopted so far.

1. Construct a catalog of X-ray selected galaxy clusters by merging available datasets. The
catalog should be all-sky to minimize the intrinsic dipole in the cluster distribution and

deep Zpmar ~ 0.3 to probe bulk flows on large scales.

2. Consider CMB temperature maps in different frequency bands. So far the method has
been applied to different releases of WMAP satellite. Applications considers WMAP Q,
V and W bands, where the foreground contamination is smallest. A mask is applied to
remove those pixels where galactic or point source contributions dominate. The dipole
contribution generated by the Earth’s peculiar velocity was removed from all remaining
pixels (in some applications of the method the dipole and quadrupole components were
both).

3. A filter was applied to remove the cosmological CMB signal and the shot noise. In
some cases the filter was designed to remove a possible tSZ contribution. Since the

filter is frequency-dependent, different filters were constructed for different maps.

4. In the filtered maps, the monopole and dipole are computed exclusively at the cluster

positions. The signal is measured over some angular aperture roughly matching the
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measured X-ray extent of the clusters. An upper cut is imposed to avoid being domi-
nated by a few very extended nearby clusters like Coma. An optimal angular aperture

is found at the radius in which the tSZ-dominated dipole term vanishes.

5. The measured dipole is measured in units of thermodynamic CMB temperature and
translated in into three components of the bulk flow after determining the effective
optical depth. The latter needs to be estimated from the filtered map since filtering
modifies the original optical depth of the clusters.

4.3 A worked out example: Kashlinsky’s et al. analysis
of the real data

The X-ray Catalog: As a reference case we consider the all sky X-ray cluster catalog
considered by Kashlinsky et.al. which has been constructed by merging three indipendent X-
ray cluster samples. (i) The REFLEX catalog, which contains 447 clusters with a flux larger
than 3 - 1072 erg cm™2s! in the range [0.1 — 2.4] keV band and it is limited to declination
of 0 < 2.5° latitude |b| > 20° and redshift = < 0.3. (ii) The eBCS survey contains 290
clusters in the Northern hemisphere with an X-ray flux > 3-107'2erg cm~2s7!, in the band
[0.1 — 2.4] keV. This sample is limited to high Galactic latitude |b| > 20°, declination § > 0°
and redshift z < 0.3. (i7i) The CIZA survey, containing 165 clusters in the same energy and
a flux range as the previous samples. It is a collection of distant clusters z > 0.3 close to
the Galactic plane. These subcatalogs are merged in a homogeneous fashion by taking, as
a reference, all common objects found in the ROSAT All-Sky cluster catalog. The angular
positions of clusters were determined from the centroid of each system’s X-ray emission after
removing all point sources within the detection aperture. The final catalog covers the entire
sky and consists of 782 clusters.

Besides angular positions and redshifts, the catalog provides information on the optical
depth and radial temperature profiles of the clusters. The knowledge of the optical depth
for Compton scattering 7., is essential to transform the temperature dipole into bulk flow
velocity (eq.(£.13)). To determine its value one needs to know both the central electron
density, n., and the angular extension, 0x_,,,, of the X-ray emitting region. They were
obtained by fitting an analytic expression to the radial X-ray profile of the emitting gas. A
S-model [67] convolved with the RASS point-spread function provides a good to the data.
Its analytic expression is S(r) = Sp[1 + (r/r.)?]72#*1/2, where S(r) is the projected surface-
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brightness distribution and Sy, r. and § are the central surface brightness, the core radius,
and the [ parameter characterizing the profile at large radii. This model assumes that the
gas is isothermal and its spatial distribution is spherically symmetric. The best fit values
were then used to determine the electron temperature and the central electron density of each
cluster. The angular extension of the cluster is more arbitrary. From the radial profile of the
emitting electron gas Kaslinsky et.al. found that, after excluding a few, nearby prominent
clusters, a mean value 30’ matches the typical angular extension of the X-ray signal. This
angular extension was found to maximize the dipole signal since the tSZ-dominated monopole

contribution vanishes on angular scales larger than 30'.

WMAP data and filtering: The temperature CMB maps used in the analysis are those
measured by WMAP and publicly available at “LAMBDA - Data Product” web-site. They
come in five different frequency bands (K, Ka, Q, V and W) of which we only consider three
(Q, V and W) since the K and Ka, corresponding to the lowest frequencies, have a high
Galactic foreground. The analysis is performed on the two Q channels (Q1, Q2), the two
V channels (V1,V2) and the four W channels (W1,W2 W3 ;W4), the Differencing Assembly
(DA) maps. Each channel is characterize by its own noise level o3, listed in Tab.(4.1).
The two Q channels have the lowest noise and the W channels the highest one [I]. The
beam transfer functions B, to be folded in the dipole estimate procedure is also available at
“LAMBDA - Data Product’.

Table 4.1: Differencing Assembly (DA) Properties ([1]): The Q,V and W bands different channels, with the
value of effective frequency for a thermodynamic spectrum, v, in GHz and the square root of the corresponding

variance gy, with respect to the Stokes I parameter, expresses in mK.

| DA | v (GHz) | oo(I) (mK) |

Ql | 40.77 2.254
Q2 | 40.56 2.140
V1| 60.12 3.319
V2 | 61.00 2.955
W1 | 9287 5.906
W2 | 93.43 6.572
W3 | 92.44 6.941
W4 | 93.22 6.778

Pixels close to the Galactic plane, dominated by galactic emission, or corresponding to
known point sources are excluded from the analysis. This is done by masking the original

data by means of the KP0 mask ([5]). Clusters in the masked areas are removed too, so that


http://lambda.gsfc.nasa.gov/product/map/current/m_products.cfm
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one is left with 674 objects. These maps have an angular resolution of 47.2 arcmin?, close to
the resolution of the detector (and corresponding to a resolution of N4, = 512 in the units
of the popular CMB maps analysis package, HEALPiX units [68]).

Next, masked maps are filtered to minimize the residual contribution of instrumental noise
and intrinsic CMB fluctuations. As already stressed, filtering is the key step of the whole
procedure to estimate the dipole. Instrumental noise is uncorrelated and decreases with the
number of points at which the dipole is measured. On the contrary, CMB fluctuations at
the clusters’ position are intrinsically correlated and could provide a significant contribution
to the noise variance. Fortunately, the correlation properties of this spurious contribution
are very well known, at least within the ACDM framework since we know the CMB angular
spectrum, CAYPM - and the fact that it follows a Gaussian statistics. Therefore one can filter
this component out by using some Wiener-like filter. [4] proposed the following one:

SKY ACDM R2
E — Ol — Cl Bl

KT , (4.14)
where CPEY is the angular spectrum of CMB map and therefore contains both the intrinsic
CMB fluctuations and the instrument noise. CA9PM is the AC DM model angular spectrum
that best fit the observed data, whose parameters are specified in [12]. Finally, B; is the beam
in Legendre space. The behaviour of Fj as a function of the multipole [ is shown in Fig.(3)
of [B] for various frequencies. The filter is set to zero for F;(I = 0,1,2,3) to prevent negative
values that may arise from mismatch between the model and real CMB power spectrum at
large angles. The filter is designed to minimize the CMB and noise contrinutions at low
multipoles and to amplify the dipole signature of the kSZ effect.

In [57, 58| two different filters have been used, the so called “matched” filter and “tSZ
bias removing” filter. The former one is designed to remove the low-order CMB multiples
by using information at the cluster positions to distinguish CMB multipoles from the kSZ
ones. Whereas, the latter filter is obtained by modifying the previous one in such a way that
also the thermal SZ signal is soppresed, this can be done by adding a term, different for each

channel, that take into account the tSZ signal.

Dipole measurement and bulk velocity estimation: Masked CMB maps have an
intrinsic dipole induced by the shape of the Galactic mask that must be evaluated and
subtracted from before analysing the masked-+iltered maps (|56]). After removing this con-
tribution, monopole and dipole moments in the temperature fluctuation maps are evaluated

in circles of fixed angular aperture of 30’ centered at the angular positions of the clusters in
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the unmasked areas. Monopole and dipole in the temperature fluctuation maps at the cluster
positions are evaluated by means of the appropriate HEALPIX routine remowve_ dipole.

Ideally, after all the steps, contributions from intrinsic CMB fluctuations, tSZ and detector
noise have been removed thanks to the filtering and circle averaging procedure and all we
are left with is a dipole anisotropy contributed by the kSZ effect only. In other words, if a
temperature dipole is detected then it can be regarded as the signature of a bulk flow on
the scale of the cluster sample. In Tab.(2) of [5] the value of the three dipole components,
a14,01,,01, and the corresponding amplitude, 1/C}, are also shown. They also estimate,
using RASS data and S-model, the dipole amplitude in pI per each 100 Km/s, i.e. the
\/m factors of the last 2 columns). Looking that for value of z < 0.16, they have
V/C1 = 3.04+0.8 uKand \/m = 0.25 uK corresponding to a bulk velocity vy, &~ 1200 km/s.

A number of tests has been performed to check the reliability and robustness of these
results and different methods have been adopted to assess the presence and amplitude of
random and systematic errors (|5, 66]). We shall discus the outcome of these analyses in
Chapter 5| speaking about our test analysis. However, it is worth stressing here that all error
analyses have been performed either using the datasets themselves or by applying the whole
analysis to a set of ideal mock cluster catalogs, with well defined density and temperature
profile, which are not necessarily consistent with the accompanying CMB maps.

As a final step, one has to translate the temperature dipole in amplitude of the bulk flow.
This is done through a rather cumbersome procedure. Since the relation between dipole and
bulk flow (eq.) is set by the optical depth in the filtered maps, one cannot use the value
of 7. obtained directly from the cluster sample. Therefore, the authors calibrate the relation
using a mock CMB map containing both the underlying cosmological signal and the
SZ signal in correspondence of a set of ideal clusters with density temperature profile that
match the observed ones. These maps is processed through the same pipeline as the real
data and the temperature dipole is measured in correspondence of different values of the kSZ
signal corresponding to different values of the bulk flow. Once calibrated, eq. is applied
to the real data to get the bulk flow from the temperature dipole.



Chapter 5

Testing the kSZ bulk flow estimate with
mock CMB and cluster maps

As outlined above, all previous error analyses are based on the use of ideal mock samples
of clusters not necessarily consistent with the underlying CMB maps consisting of a random
realization of a ACDM CMB temperature maps. The scope of this Chapter is to construct
a set of realistic, self-consistent CMB maps and cluster samples to assess the possibility of
determing the bulk flow form the CMB sky and to provide an estimate of the uncertainties of
the method. In the following we describe the construction of the mock datasets, the way they

are processed through the analysis pipeline described above and the results of this analysis.

5.1 Simulated clusters catalog

Our mock cluster catalogs is constructed by extracting, from the output of a cosmological,
hydrodynamical simulation, a set of objects with mass function, spatial distribution and X-
ray properties consistent with those of the real galaxy clusters. The parent simulation has
been performed using GADGET-2 (|34}, [69]), a publicly available SPH code that can also be
used as a standard N-body by switching off the hydrodynamic part to follow the evolution of
a system of collisionless particles. The underlying cosmological model was chosen to match
the result of the WMAP 5-year data: €,,p = 0.26 f, Qyo = 0.74, h = 0.72 primordial
spectral index n = 0.96 and og = 0.8. This choice guarantees self consistency between the
mock cluster catalog and the CMB maps used in the dipole analysis. The computational
box has a size of 1200Mpch~! loaded with 960% + 960% dark matter-+baryonic particles. The

corresponding particle mass is then m ~ 1.4 - 101h~! solar masses . The gravitational force
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has a Plummer-equivalent softening length of € = 25 h~! kpc. The runs produced 15 outputs
from the initial redshift (z = 60) to the present time. Here we consider only the last 8
outputs from z,,,, = 0.16 to 2,,;, = 0 from which we carve out spheres of different radii. The
radius of each one being the comoving distance corresponding to the output redshift. From
the 8 nested spheres, centered on the common origin, we extract 8 non-overlapping spherical
shells of width Az ~ 0.02. As a result we obtain an all-sky light cone in which particles
are specified by their angular position, redshift, mass and for the baryon-gas, temperature,
density and pressure. The physics of the baryon gas, star formation and feedback processes
are described in [70]. Here we just stress that a correct treatment of the gas is crucial for the
determination of the thermal property of the electron gas inside clusters, responsible for the
SZ effects. With this respect, we recall that the baryon abundance in the simulation is set by
matching the prediction of the hot big-bang nucleosynthesis and observations (constrained
by the estimation of deuterium abundance in high-z Lyman-« clouds [71]). In the SPH code
energy and entropy of the collisional component are conserved, when appropriate, reducing
numerical overcooling problems in the borderline zone between hot and cold gas. Radiative
cooling during the collapsing phase are considered with respect to an optically thin gas (with a
mass-fraction values X = 0.76 for hydrogen and X = 0.24 for helium) in collisional ionization
equilibrium. In addition, star formation and its influence on the intra-stellar medium (i.e.
heating, metal enrichment, etc.) and on the intra-cluster medium (i.e. galactic outflows) are
also considered.

As a final realistic touch the innermost sphere was not taken from the previous simulation.
On the contrary, it was taken from the z = 0 output of the Constrained simulation [72] in
which phases in the initial conditions are not random. They are set so that the large scale
structure in the final output of the simulation matches the spatial distribution of the more
prominent structures observed in our local Universe. Constraints are effective only on a
limited distance from the central observer. For this reason we have carved out a sphere of
55 h~! Mpc from the above simulation and placed at the very center of our all-sky light cone.
The coordinate system was rotated so that the central region, corresponding to the Local
Group, is moving at vne ~ 600 km/s towards (I, b) = (276° + 3°,30° £ 3°).

Clusters and groups in the simulation are identified using a friends-of-friends based algo-
rithm. What is important here, is that the X-ray properties of the simulated clusters turned
out to be consistent with observations. This means that mock clusters are realistic. Unlike in
the previous error analyses, their temperature and density profile, shape and thermodinami-
cal state are not designed to match some parametric, analytical models but are the outcome

of the hydro-simulation.
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Figure 5.1: The Aitoff proiections of the thermal (left map) and kinetic (right map) SZ clusters’ maps (in
mK) obtained by the hydro-simulation.

In the mock catalogs clusters are specified by their redshift, angular position, mass and
the Cartesian components of their peculiar velocity. To match this catalog with that of
Kashlinsky et.al. described on Section we rank mock catalog by mass, proportional to
the X-ray luminosity, and match their number to that of objects with z < 0.16 in the
Kashlinsky et.al. catalog. Effectively, this means selecting ~ 700 clusters more massive than
Mpuster > 3.9 - 104 M,

5.1.1 Simulated SZ maps

All sky temperature maps can be obtained from the distribution of gas particles in the all-sky
light cone by integrating the Compton y-parameter along the line of sight. The result is what
we call mock SZ maps. They account for all SZ distortions, thermal and kinetic, from all
particles in the simulated Universe, including the simulated clusters in our mock catalog.

Fig. and b) show the thermal and kinetic SZ, respectively. The maps visualized have
a resolution of N4 = 2048, much higher than CMB maps. The bulk flow within z = 0.16
is very small (~ 50km/s) in accordance with ACDM predictions. Therefore, it is no surprise
that the kSZ maps in Fig.) looks very isotropic. However, the purpose of our exercise
is to test the possibility of measuring a very large bulk flow, inconsistent with the ACDM
model, using the kSZ effect. For this purpose we add an extra bulk velocity to all particles
in the simulation and compute the corresponding kSZ distortion. Clearly, the outcome is not
consistent with a ACDM, but this is unavoidable. Tt is, however, completely consistent with
the hydrodynamical properties of the particles in the simulation.

To test the performance of the method proposed by Kashlinsky et.al. in presence of differ-
ent bulk flow, we have generated 12 different kSZ maps corresponding to bulk flows of different
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amplitudes (vp,, = 200, 500, 1000, 2000, 4000, 6000, 8000, 10000, 20000, 50000, 100000, 200000 km /s)
all of them aligned with the CMB dipole (I, b) = (276° & 3°,30° £ 3°).

As a final step we mask out all sky but in small circles of 30’. This has been done by
applying the HEALPix routine query disc to our mock tSZ+kSZ maps. Hereafter, we will

refer to it as “cluster _mask”, CM.

5.2 Simulated CMB maps

To obtain realistic CMB maps we need to add our mock SZ maps to the intrinsic temperature
fluctuations of cosmological origin.

In the ACDM this can be obtained from a random realization of the angular spectrum Cj.
We do this by using the publicly available package “Code for Anisotropies in the Microwave
Background” [CAMB][Y [74]. Tt is a fortran 90 application able to reconstruct the CMB
angular power spectrum given the set of cosmological parameters of the model assumed.
Here we obviously use the same set of parameters assumed in the hydrodynamical simulation
Qo = 0.26, Qo = 0.74 , h = 0.72 in units of 100km s~ 'Mpc ™", n = 0.96, og = 0.8. The
corrsponding angular spectrum is shown in Fig.(5.2) for reference. This angular spectrum is
input in the HEALPix IDL routine “isynfast” to produce random realizations of CMB sky.

The final temperature maps used in the analysis are then obtained by adding together the
tSZ, kSZ and CMB maps and the detector noise. The latter is just a Poisson random noise
with a specific variance per each DA. So that, we used the values of Tab.(4.1)) to generate a
Poisson signal map with the same variance of the given channel and then stacking it to the
CMB map. To take into account for the smoothing due to the beam transfer function, B;, we
used the HEALPix IDL facility “ismoothing”. This routine is created to convolve a map with
a Gaussian beam, in our case the functions B; per each DA. Finally, the resolution of each
map has been downgraded to the resolution of WMAP 5-years data by the HEALPix IDL
facility “ud_ grade”. The final result for a realization of CMB map stacked with the cluster’s
maps is shown in Fig. for the “Q1”, “V2” and “W3” channels, the correspondent WMAP
5-year CMB maps are also shown for comparison.

To summarize, we have used the output of hydrodynamical simulations and the publicly
available CAMB and HEALPIX packages to generate a number of mock CMB maps to
perform our error analysis. All simulated maps used in the subsequent analyses have been

obtained from the following set:

LCAMB routine is based on the CMBFAST code [73], no longer available for download.
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Figure 5.2: Temperature (TT) power spectra, which we used for our simulated CMB all-sky maps, obtained
by using CAMB [74]. The model parameters used are Q,, o = 0.26, Qro = 0.74 , h = 0.72 in units of
100km s~ 'Mpc™!, n = 0.96, og = 0.8.

e CMB maps. They are random realization of a standard ACDM angular spectrum. We
have generated several different maps corresponding to random generation of the same

model spectrum.

e tSZ map. It is one single temperature map mimicking the tSZ signal generated within
z = 0.16. It has been obtained from the all-sky light cone extracted from the hydrody-

namical simulations described above.

e kSZ maps. They are analogous to the previous one but mimic the kSZ distortion. In
addition to the "true" kSZ map obtained by considering the kinetic properties of the
gas particles in the simulation, we have generated a number of additional maps in which
we have enforced a common bulk motion to all gas particles. Different maps have been
obtained from different amplitudes of the bulk flow, ranging from 200 to 200000 km/s.

In the following we will show the results obtained from the analysis of the single maps, to
assess each component separately, and of the maps obtained by adding together two or more
contributions. Detector noise and its beaming have been added to all maps before being

processed in the analysis pipeline.
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Figure 5.3: The final temperature maps used in the analysis obtained by adding together the tSZ, kSZ
and CMB maps and the detector noise for the “Q1” (al), “V2” (a2) and “W3” (a3) WMAP channels. The
correspondent WMAP 5-year CMB maps are also shown for comparison, i.e. bl), b2) and b3) respectively.
The Kp0 mask is shown in green. (publicly available maps at “LAMBDA - Data Product”’ web-site).
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Figure 5.4: The filters used in removing the cosmological CMB fluctuation for the three WMAP channels
“Q17, “V2” and “W3” are shown with solid line. The dashed lines reproduce the beam profile, B;, for the
marked channel. The dot-dashed lines show the product of B;F.

5.3 Analysis of the simulated Maps

The procedure used to analyze the mock maps is the same adopted by Kashlinsky et.al.
and described above to analyze the real ones. It basically consists of three steps: masking,
filtering and dipole+monopole estimate. We have already described the masking adopted
and the procedure to estimate the dipole and correct for spurious contribution. The filtering
procedure is, by far, the most delicate one and deserves some further discussion. In this
thesis we use a Wiener-like filter similar to that used by [4], given by Eq.(4.14). The filter
is constructed as follows: (i) We generate 100 realization of the CMB sky for a ACDM
Universe, add SZ signal, detector noise and beaming, apply Kp0O maps, measure the angular
spectrum in the unmasked region and take the average. This is what we call CPEY. (i)
Take the theoretical CA“PM from the CAMB package. (iii) Compute F; from Eq. and
impose zero monopole, dipole, quadrupole and octupole by setting F; = 0 for [ = 0,1, 2, 3.
(iv) Obtain the filtered spectrum as £ - CMAP where CMAF is the angular power spectrum
of the map to be analyzed. (v) Generate the filtered map as a realization of F; - CMAP by
the “ismoothing” IDL HEALPix facility.(vi) Repeat the procedure for all DA channels. In
Fig. we show the filters for the Q1, V2 and W3 channels.
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We note that this filter is similar but not identical to that of Kashlinsky et.al. since, in
their case, CP%XY = CMAF is measured directly from the data whereas in our case CP5Y is a
model that relies on the simulated maps. The resulting filter is much less noisy than the one
used by Kashlinsky et.al. at small Is. In fact results do not change much using either filter.
The advantage is that the filter is computed only once rather than each time for every mock
map with the result of speeding up the error analysis considerably.

We note that although our filter is very similar to the Kashlinsky et.al. one, its behavior
at low [s is more regular thanks to the averaging procedure outlined in point (7). In Fig.

the final temperature maps as appear after filtering are shown on the same scale of those in

Fig..

5.4 Tests of the method and Results

We now test the reliability of the Kashlinsky et.al. method using the mock datasets described
above. The simulated maps are analyzed using the same pipeline as for the real data and
the result is compared with theoretical expectations. Random and systematic mismatch will

provide an estimate of the method’s uncertainties.

5.4.1 The null test: an estimate of the intrinsic uncertainties in the

estimated monopole and dipole

As a first test we estimate the intrinsic error in the estimated monopole and dipole. To do
that we have considered one map with cosmological CMB signal + instrumental noise only
(i.e. one single realization of the model angular spectrum), apply the Wiener-like filter, the
Galactic maks , KP0, and measure both monopole and dipole in circles of 30" radius centered
at the putative positions of our mock clusters. Since no SZ distortion is present we expect to
find no monopole signal and a possible dipole signal deriving from the cross-talk between the
correlated CMB fluctuations and the intrinsic dipole in the clusters’ angular distribution.
The procedure was repeated 900 times by randomly rotating the underlying CMB map
and for all DA channels considered. The results are summarized in Fig.(5.6) for the “V2”
channel. Histograms represent the frequency distribution of the temperature monopole (the
upper left panel) and of the three Cartesian components of the dipole (upper left, lower right
and lower left panels respectively for the x,y and z dipole components) measured in the 900
maps, also the Gaussian best fitting curve is represented with red-solid line. At the base of

each panel are also shown the mean value and the variance of the correspondent distribution.



5.4 Tests of the method and Results 95

All-sky CMB+E3Z4+Lk2Z filtered Q1(mK)

-0.30 0.30 mK
ann
Ml-sky CMB+t3Z+kS7 filtered V2{mK)
-0.30 0.30 mK
VO
All—sky CMB+tSZ+kSZ filtered W3{mkK)
-0.30 0.30 mK
77W377

Figure 5.5: The final temperature maps after filtering for the “Q1” (al), “V2” (a2) and “W3” (a3) WMAP
channels. These maps are drown on the same scale of those in Fig.(5.3)). The KpO mask is also shown in

green. We notice that the same scale are also used in [5].
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Figure 5.6: Histograms representing the frequency distribution of the temperature monopole (the upper
left panel) and of the three Cartesian components of the dipole (upper left, lower right and lower left panels
respectively for the z,y and z dipole components) measured in 900 maps obtained by randomly rotating the
underlying CMB map, also the Gaussian best-fitting curve is represented with solid line. At the base of each
panel are also shown the mean value and the variance of the correspondent distribution. These histograms

are for the “V2” channel case.

As it is possible to see we obtained that for each component the mean is close to zero, which
excludes the presence of significant systematic errors in the monopole and dipole estimate.

Whereas, the variance of the distribution quantifies the random errors.

This analysis show that, in absence of an underlying bulk flow signal, systematic effects
induced by the filtering+masking procedure are small compared to the random errors. Yet,
we know that the intrinsic dipole in the angular distribution of clusters should induce some
spurious signal. To estimate its amplitude we have repeated the analysis in which, however,
the dipole is estimated at random position, rather than at the clusters’ location. The result is
fully consistent with that of the previous analysis, demonstrating that the cross-talk between
cosmological multipoles and the dipole in the cluster distribution is negligible and does not
affect the result of the analysis. The results are summarized in Fig. for the “V2” channel.

Finally, we have evaluated the impact of the Galactic mask by repeating the same test

performed by [5]: we have considered one single CMB realization and repeated the previous
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Figure 5.7: Histograms representing the frequency distribution of the temperature monopole (the upper
left panel) and of the three Cartesian components of the dipole (upper left, lower right and lower left panels
respectively for the z,y and 2z dipole components) measured in 900 maps obtained by randomly distributing
the clusters’ positions on the same underlying CMB map, also the Gaussian best-fitting curve is represented
with solid line. At the base of each panel are also shown the mean value and the variance of the correspondent

distribution. These histograms are for the “V2” channel case.

analysis considering, however, also clusters inside the masked areas, i.e. we have measured
the dipole and monopole at mock clusters’ positions over the whole sky rather than in the
unmasked region. Once again the results do not change appreciably as shown in Fig..
Also in this case, histograms of the frequency distribution of the temperature monopole (the
upper left panel) and of the three Cartesian components of the dipole (upper left, lower
right and lower left panels respectively for the z,y and z dipole components) are shown, the
Gaussian solid red curves represente the best-fit to the distributions.

These tests have been performed for all DA channels considered in this Thesis and find
that results of the tests do not change with frequency.

All these results shows quantities having a zero mean value, these can be interpreted in
such a way that the masks used to perform the measurement do not induced systematics
spurious dipole or monopole signal. However, one have to take care of their effects on the

global statistical errors. We notice that our results are substantially in agreament with that
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Figure 5.8: Histograms representing the frequency distribution of the temperature monopole (the upper
left panel) and of the three Cartesian components of the dipole (upper left, lower right and lower left panels
respectively for the z,y and 2z dipole components) measured in 900 maps obtained by randomly distributing
the clusters’ positions on the same underlying CMB map without excluding the ones into the masked areas.
The Gaussian best-fitting curve is represented with solid line. The mean value and the variance of the

correspondent distribution are shown at the base of each panel. “V2” channel case.

of [56], but with a small variance with respect to [5].

5.4.2 Estimating the clusters’ optical depth from mock maps

In addition to error analysis, that will be exploited in full in the next Section, mock catalogs
also serves to compute the effective optical depth (7.) of the clusters. This quantity is required
to transform a kinematically-induced temperature dipole, measured in Kelvin, into velocity
units and hence to assess the likelihood of the measured bulk flow in the framework of some
cosmological model. Optical depth can be directly measured from the X-ray properties of the
clusters in a catalog. However, the map filtering modifies the intrinsic optical depth of the
clusters and one needs to find some alternative way to estimate the effective, typical optical
depth of the cluster sample.

The strategy adopted in all previous analysis is to construct a mock temperature map
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including a kSZ signal generated by some well known bulk flow traced by a collection of mock
clusters, apply the Winer-like filter, measure the temperature dipole at the positions of the
clusters and compute the effective optical depth from eq.. Different works have used
different implementations of this general scheme, involving the use of a full map, including
all sources of temperature fluctuations, as well as maps containing the kSZ signal only.

Here we have adopted the latter procedure and have measured the temperature dipole at
the position of the mock clusters in the kSZ maps, filtered with our version of the Wiener-like
filter, and compared with the amplitude of the bulk flow. The procedure has been repeated
for all kSZ maps, i.e. for different values of the bulk flow wv,,. Since the optical depth is
an intrinsic property of the clusters, its value must not depend on the underlying bulk flow.
Therefore we can estimate the effective optical depth (7.) from the linear regression of i,
the measured dipole in the temperature map, on vp,,. We have obtained that C7 vs vy
deviates from linearity for small values of vy;. Therefore our estimate of (7.) ~ 1.5-107°
has been obtained in the linear regime, for vy, > 2000 km/s.

The cluster simulation’s maps in our possession give us the possibility to a direct mea-
surement of the dipole signal produced by the only kinetic SZ effect. So that the knowledge
of the actual bulk velocity of our clusters and the measurement of this dipole signal permit
as a direct application of the eq. in order to estimate the value of the unknown quan-
tity (7.). We had to take into account also that the total maps, i.e. the maps obtained by
stacking CMB, noise, thermal and kinetic SZ maps, have to be filtered before one can applied
the remove_ dipole facility, so that the one containing the only kinetic signal was filtered too.
The tests that follow refer to the kinetic SZ map produced by an induced vy, = 2000 km /s,

the other several maps with different vy, give the same results.

5.4.2.1 Dependence on the angular radius

The optical depth of a cluster is typically measured within some angular distance from the
center and its value generally decreases with the radius. In our analysis we have adopted a
reference radius of 30’ for all clusters as in |5, 53]. However, to check the robustness of our
results to the presence of a residual tSZ-induced monopole and to optimize the signal-to-noise
ratio of the dipole signal we have experimented with different radii ranging from 6" to 30'.
Therefore we had to compute the effective optical depth corresponding to different choices
of the angular radius.

The results are shown in Fig.(5.9). The dependence of (r.) from the angular radius is very

mild, which is expected since the filtering procedure removes most of the radial dependence
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Figure 5.9: In this graph is shown the trend of (7.) as a function of the angular distance from the clusters’
center #. This values refer to filtered map with a vy, = 2000km/s. On y-axis there is the estimated value

of (r.), whereas the angular radius is on the z-axis expressed in degrees.

of (7.). These results, have been obtained for a bulk flow vy, = 2000km/s. The behaviour
of (7.) are in good agreement with those claimed by [5 53], that obtained these value using
the theoretical relation between the X-ray clusters luminosity and optical depth, and then
readjusting these values to take accont of the filters (Tab. 1 of [53]).

5.4.2.2 Dependence on the cluster mass

Clusters in the mock catalog have been selected above a mass threshold M_,ster > 3.9-101 M,
to match the number of objects in the real cluster catalog considered by [5]. However, to
check the robustness of our results to the mass-cut and to assess its impact on the measured
dipole, we have experimented with different mass cuts. Once again, the effective optical
depth depends on the cluster mass and we had to trace this dependence. The results are
shown in Fig.. The dependence on the cluster mass is very mild, in analogy with the
test of the angular radius.

We note that in our case the dependence of (7.) on the clusters’ mass seems to be less
strong that in the case of [53] (values in Tab.(1) of that paper). However, their values
refers to the actual values of (7.) as obtained by the X-ray cluster’s catalog and have to

be multiplied by a reduction factor to take into account of the filtering procedure as they
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Figure 5.10: Here the dependence of (7.) on the cluster mass is traced for four value of the mass-cut. The
mass-cut is on the z-axis in units of 104 M, the (7.) values are represented on the y-axis. This values refer
to filtered map with a vy, = 2000 km/s.

themselves observe.

5.4.3 Estimation of the bulk velocity

We are now ready to process the mock temperature maps containing all sources of anisotropies
(cosmological, instrumental, tSZ and kSZ) to test how well we can measure the bulk flow.
More precisely, for each value of vy, which uniquely identifies a kSZ map, we con-
struct 300 temperature maps by adding the tSZ-+kSZ maps to 300 realizations of the ACDM
spectrum. The scatter among the realizations will provide an estimate of the cosmic vari-
ance. These mock maps are masked and filtered and the monopole and dipole signals are
evaluated at the position of the mock clusters. The minimum cluster mass and angular
radius around each objects are set to their reference values of M ser = 3.9 - 1014 M, and
30, respectively. The procedure is repeated for each DA channel. Finally, from the esti-

mated dipole and using the estimated value of the effective optical depth, we have obtained
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the three Cartesian components of the estimated bulk flow to be compared with the true
ones. The total number of mock maps considered in this error analysis is then Np,qps =
200(= #ofrandomCMBrealizations) x 12(= #ofdifferentbulkflows) x 3(= #DAchannels) =
7200.

Vmap vs Vcat univ. kashlinsky filter masked (z<0.16)
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Figure 5.11: Recovered bulk flow velocity in our simulated maps containing CMB, instrumental noise, tSZ
and kSZ using our filter. The z-axis is the bulk flow added to the simulated clusters’ maps, whereas the
y-axis is the recovered velocity with the Kashlinsky et.al. procedure. The dashed-black line indicates perfect
recovery. The red-triangles, green-rombs and blue-stars are the mean value of bulk flows recovered for the
“Q17, “V2” and “W3” WMAP channels, respectively. The solid-line provide an estimate of the random errors
contributed by shot noise, cosmic variance and the uncertainties in the filtering procedure. When the imput
bulk flow is too small, the dipole is not detected.

The results are shown in Fig.(5.11)) for the channels “Q17, “V2” and “W3”. The plot
compare the amplitude of the estimated bulk flow vf,, with the true one, v .. The central,
continuous curve represents the mean value of vf;, for a given value of v, . The upper
and lower curves represent the scatter around the mean and provide an estimate of the
random errors contributed by shot noise, cosmic variance and the uncertainties in the filtering
procedure that we have estimated in Section[5.4.1} The most striking feature in the plot is the

presence of a plateau in vf,,, for v, < 10000km/s. This feature has already been found in
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in the analysis performed by [57] whose results are in good agreement with those shown here.
This plateau is interpreted as a systematic error which prevents this type of analysis to detect
bulk flows smaller than ~ 10000 km /s from currently available datasets. In other words, only
bulk velocities larger than ~ 10000 km/s can imprint a dipole signature prominent enough
to be detected in the WMAP data at the position of the clusters in currently available all-
sky clusters’ catalogs. Systematic uncertainties induced by the filtering procedure would be
mistaken as bulk flow and would obliterate any dipole signature induced by a genuine bulk
flow smaller than 10000 km /s.

As shown by [57], the amplitude of the systematic errors depends on the filter adopted
and can be reduced, but not removed, when using a matching filter designed to efficiently
remove the residual tSZ signal. Even in the best case scenario one would not be able to
detect bulk flows smaller than a few thousands km/s. Our results, based on a self consistent
sets of mock maps and clusters rather than toy models provides an independent validation

of these results.
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Chapter 6

Luminosity function method

6.1 Alternative Methods to Estimate Bulk Motions

The results obtained in the previous Chapter corroborate those obtained by Osborne et.al.
and suggest that the application of the kSZ method to the WMAP data and the clusters
of the currently existing ROSAT cluster samples can hardly constrain bulk motions with
an amplitude smaller than 10000 km/s, effectively casting doubts on the reality of the dark
flow measured by Kashlinsky et al.. According to Mak et al., the situation will improve
significantly as soon as new data will become available. The use of the Planck sky maps
instead of WMPA, in combination with the ROSAT All-Sky Survey cluster catalog is expected
to reduce current uncertainties by a factor up to ~ 10. A further improvement, which allows
to reduce systematic errors, in addition to the random uncertainties, will be achieved by
using deeper and more homogeneous cluster samples like the one expected to be delivered by
the upcoming mission eRosita. In fact, the application of the kSZ method to these future
datasets should allow to constrain bulk flows with amplitude as small as ~ 100 at z ~ 0.5,
as illustrated in Fig. 7 of Mak et.al..

In the meantime to test the reality of the Kashlinsky et.al. dark flow one needs to rely

on different techniques and exploit independent datasets.

6.2 Layout of the method

Consider a subvolume extracted from survey of galaxies with measured redshifts cz (in km/s)
and apparent magnitudes m limited to m < m;. Redshifts are given in the CMB frame of

reference. i.e. the measured redshifts are corrected for the relative velocity of our Local
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Group and for all local sources of motion. Let dj be the (unobserved) luminosity distance
to a galaxy. For simplicity of notation and description we assume here that the galaxy
distances and spatial extent of the survey are small so that d; is well approximate by the
physical distance r of the galaxy. The results can (and will) be readily extended to the
general case once we specify the underlying cosmological model. The observed redshift differ
from the cosmological one by the presence of peculiar velocities: cz = r + v where v is the

proper peculiar velocity component in the line-of-sight.

The true absolute magnitude, M, is simply related to the measured absolute magnitude
My by
M =m —15—"5logr = My — v, (6.1)

where My = m — 15 — 5logcz is computed from the observed apparent magnitude and
redshift and v = 5log(r/cz). Note that physical distances are also measured in km/s. Unless
peculiar velocities are set to zero, cz # r and M # M. The effect on a single object is
rather small and decreases with dstance. However, a bulk motion of the subvolume yields
a systematic difference between r and cz that produces a mismatch between M and M,.
As a consequence, the bulk motion of the subvolume (relative to the motion of the whole
survey) can be constrained by demanding that the distribution of measured magnitudes, M,
is consistent with the distribution of true magnitudes, M, in the whole survey. This is the

underlying idea of the method proposed by NBD.

The following examples illustrate two practical applications of the method. i) Let us
consider a local subvolume consisting of a thick shell centered on our Galaxy. In this case a
bulk flow vy, vields a galaxy radial peculiar velocity vpur = Vpur cos @ where 6 is the angle
between vy, and the line-of-sight to the galaxy. This introduces a systematic angular dipolar
modulation in distribution of My — M across the sky, which allows a determination of the
magnitude and direction of vy,x. ) Alternatively, let us consider the case of a distant region
where all galaxies closely lie along the same line of sight. In this case only the component of
Vpur in the direction to the line-of-sight to the subvolume is relevant for the effect, giving rise
to a systematic difference My — M for all galaxies in the sample. In this case the systematic

mismatch can only constrain the line-of-sight component of vy,.

The best way of quantifying systematic differences between My and M is to compare the
luminosity distribution of galaxies in the subvolume, i.e. their luminosity function, with the
one determined from the whole survey. The luminosity function, ®(M), expressed in terms
of the absolute magnitudes or luminosities L, is defined as the number density of galaxies

per unit magnitude (luminosity). It constitutes a very popular observable since it can be
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used to constrain the ill-known processes of galaxy formation and evolution as well as the
co-evolution of galaxies and their host dark matter halos. Indeed, the luminosity function
has been determined for several different type of objects, in different energy bands and filters
and at several different redshifts. In most cases the measured luminosity functions are well

approximated a Schechter form [75]

O(M) = 0.41n(10)P*10*H DA =M)
x exp (—10%4M =AY (6.2)

where the shape parameters M* and «, which encode important astrophysical and cosmologi-
cal information will be used here to estimate the bulk flow, whereas the overall normalization
®* is of no use in the NBD method. In terms of luminosity (M = —2.5log L + const), this

function acquires the form

®(L(M)) = 0.41n(10)P" (Li)m exp (—£> . (6.3)

*

6.3 General Formalism and Implementation

The bulk flow can be determined by maximizing the conditional probability that a galaxy in
the subvolume, at a redshift cz possesses a measured absolute magnitude M,. This probability

can be conveniently expressed as

P(Mylcz; vpur) = /P(M0|T)P(r|cz)d7"

_ / P(Mp| M) P(M|M,)P(M,)P(r|c=)

X

O(My(r) — M)dM, dM dr (6.4)

where the integral runs along the (unobserved) distance r. In EqJ6.4] vy represents the
component of the bulk flow,vy,, in the line-of-sight to the galaxy. The magnitudes M,
and M are related by Eq. and M, is the true absolute magnitude which differs from
the reference absolute magnitude M by photometry errors and small scale peculiar motions
that are not described by the bulk flow. Since we are considering a flux limited sample,
the Heaviside step function, ©, accounts for the magnitude cut imposed by the apparent
magnitude limit my, i.e. M;(r) =m; —15—>5logr. In fact, we will consider a volume limited

subsample obtained from the flux limited catalog by applying a a convenient cut in absolute
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magnitude M,.,,. As a consequence, we will consider a simpler case in which the cut of the
step function will not depend on r. However, for the sake of generality, in this Section we

will consider the more general case of a flux limited sample.

The true magnitude, M,, appears only in the underlying luminosity function P(M;|r) and
in P(M|M;) which accounts for the difference between M and M; induced by measurement

errors and deviations from the bulk velocity. The probability distribution function
PO = [ POIM) PO, 65)

is proportional to the luminosity function measured in the of the whole survey, ®(M). We
assume that it can be described well be a Schechter form despite the convolution of P(M;)
with P(M|M,).

The remaining terms in are easy to model. Since magnitude errors are accounted
for in P(M|M;), the probability of My given M can be modeled as a Dirac é-function 62 i:

P(Mo|M) = 6°(M +~ — M) . (6.6)

The probability of r given the observed redshift cz P(r|cz) can be written in a more

convenient form using Bayes’ theorem: P(r|cz) = P(cz|r)P(r)/P(cz) where
P(r) =7r*n(r) and P(cz) = (cz)’n(cz), (6.7)

and further assume that the number density of objects is constant along the line of sight,

n(r) = n(cz) ~ const.

1 (7’ + Vpulk — 62)2
P _ _ 6.8
(czlr) 2mo? P { 202, 7 68

which assumes that redshifts are normally distributed about the value r+wvp,;. The dispersion
is 02 = oj+o is the quadratic sum of two terms: the rms of errors in the measured redshifts,

09, and random small scale motions not described by the bulk flow. o,.

Substituting all this in Eq. and integrating over M gives

P(Mylcz; vpuk) o / r2dr ® (Mo —7)
0

(6.9)

O (My(cz) — M) exp {— (r = Vot = c2)° } ,

2
202,
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where the argument of the step function is now My (cz) — My where My (cz) = M(r) +v =
m — 15 — 5logcz.

It is more convenient to integrate over magnitudes or liminosity L(r) oc 107%4M @) Syb-
stituting r = cz(L/Ly)"/? and the Schechter functional form for ®(M (L)) one obtains

P(Molez; vpu) o< Ly / ALL?/*Hee b/
0

Ly (c2(L/Lo)Y? + vy — c2)?
0 (mez)) o { 207

} . (6.10)

which, normalized to unity, provides the conditional probability for the observed Mj:

0.4In(10) Ly [17 dye"®

P(Mo|cz; vpur) = [ ALl I dyeF® (6.11)

where 1)2
F(y)=(3+2a)ln y —y*Lo/L. — y +212l§f?z)2_ ) (6.12)
and y = (L/Ly)"?. This expression does not involve the © function since My, which

is computed from from the observed redshifts and apparent magnitudes, guarantees that
© (M(cz) — My) = 1.
The above Equation refers to the galaxies in the subvolume. By comparison, the

expression for galaxies in the whole survey is

Psurvey(MO’Cz) = /P<MO|CZ;Ubulk)P<Ubulk)dvbulk7 (6-13)

i.e. one needs to account for the underlying distribution of the bulk flow v, For a Gaussian

field P(vpu) is expected to be Gaussian with zero mean rms op. The integration over vy,

gives a similar expression to but with vy, = 0 and 62 = 02 + o} instead of 0.
Given the expression for the two probability functions Equations and [6.13] one can

work out a two-step strategy to estimate the bulk flow:

1. Measure the luminosity function of the while survey and, assuming Schechter form
for ®(L), find the shape parameters o and L, by maximizing the total probability

> Peurvey ((Mojcz;), where the summation is over all galaxies in the whole survey.

2. Insert o and L, in Equation and find the value of of the bulk flow vy, by maxi-

mizing the the probability ). P(Moy;|c2;; Upuk), Where now the summation is only over
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galaxies in the subvolume.

In most cases these general expressions for the probability function can be accurately ap-
proximated in the limit of small redshift errors (i.e. vanishing (o../cz)? and (6../cz)?) and

and in the long distance approximation (i.e. vanishing vy, /cz). In this case the expression
the conditional probability in Eq. can be expressed as

~ 14+« -
0.41n(10) (f2) " e orts

P(MO‘Cz;Ubulk) = =
r (1 ta, LZ/L*>

(6.14)

where Ly = (1 — 2upur/cz) Lo and L= (1 — 2upuir/cz) Ly.

From this expression it is easy to see that the main effect of the bulk flow vy, is that
of shifting the measured value of L, with no impact on the slope a and normalization ®,
of the luminosity function. This effect does not come as a surprise, since a coherent bulk
motion systematically offsets the measured luminosity of a galaxy, Lo, by a factor which is
proportional to the amplitude of the low. However, it is reassuring to see that it is obtained
in the limit of small velocity |v/cz| and errors o__/cz.

Second order corrections to this expression involve terms of O((o. /c2)?) and O((vyur/cz))?,
which are typically very small when one considers cosmological volumes. This holds true also
for the SDSS spectroscopic galaxy samples which, as we shall see, constitutes the best dataset

to check the reality of the dark flow. For this reason, in the following we will implement the
approximated Eq6.14]

6.4 A worked out example: 2MRS

NBD have applied to the to the 2MASS redshift survey [2MRS]|, which represents the case of
a local subvolume described in the previous Section, to to estimate the bulk flow of spherical
shells at z ~ 0.035 centered on the Milky Way.

2MRS is a flux-limited, all-sky redshift catalog of about 23,200 galaxies, which is complete
down to the K-band magnitude K = 11.25. Details about the catalog, including its com-
pleteness, exact sky coverage and selection effects can be found in [76]. Fig. shows an
Aitoff projection of their angular positions in Galactic coordinates. Different colors indicate
galaxies in different redshift intervals. To determine the bulk flow NBD have considered a
spherical subvolume of radius cz = 10000 km/s. Galaxies have been divided galaxies in two

samples: spirals and ellipticals, and their luminosity functions has been measured separately.
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The values of the best fit shape parameters were («, M,) = (—0.803, —23.53) for early-type
and (o, M,) = (—0.888, —23.12) for late-type galaxies, in agreement with those indepen-
dently determined by [77]. These will be the reference values for the luminosity function of
the whole survey. The full sample contains 16460 galaxies brighter than K = 11.25, of which
10366 and 6094 are late and early types, respectively.

Redshift (V, /¢

2ZMASS Redshift Survey (2MRS)

Figure 6.1: Aitoff projection of angular positions of about 23,200 galaxies in Galactic coordinates of the
2MRS all-sky redshift catalog. The different colors indicate galaxies in different redshift intervals [76].

The method has been applied to this dataset to measure the the bulk flow, vy, at different
distances, in spherical shells, each one 4000 km/s thick, confirming the results obtained by
[39] using the more conventional strategy based upon the direct estimate of galaxy peculiar
velocity. Indeed, both methods could detect a bulk flow of ~ 300km/s at z ~ 0.025 with
~ 2.50 significance. However, while the significance of bulk flow estimate based on peculiar
velocity is bound to decrease with distance, the signal-to-noise oflsst the NBD method is
expected to improve significantly with next generation datasets. For example, applying the
method to the all-sky, LSST photometric-redshift survey (http://www.lsst.org/lsst/, Ivezic
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et al. arXiv:0805.2366), will allow to detect a Kashlinsky’s-like 1000 km/s dark flow at
z ~ 0.15 with a significance of ~ 120 [NBD]. The same flow could be detected with the same
significance at much higher redshift (z ~ 0.5) suing the spectroscopic radshifts obtained by
the currently planned, satellite-borne EUCLID survey [78].

Is it possible to use the NBD method to check the reality of the dark flow using currently
available datasets. For this task one needs a galaxy redshift catalog deep enough to probe
the interesting redshift range, large enough to keep shot noise small enough and wide enough
to detect the angular variation of L, across the sample. By all means, the best dataset
currently available for this purpose is the SDSS-DR7 spectroscopic galaxy sample that we

will introduce in the next Section.

6.5 The SDSS-DRT spectroscopic sample

The SDSS Legacy Survey provided a uniform, well-calibrated map in four filters, ugriz, of
more than 7,500 square degrees of the North Galactic Cap, and three stripes in the South
Galactic Cap totaling 740 square degrees. The central stripe in the South Galactic Gap,
Stripe 82, was scanned multiple times to enable a deep co-addition of the data and to enable
discovery of variable objects. Legacy data, consisting in both omaging and spectroscopy, have

been used in a variety of studies ranging from asteroids and nearby stars to the large-scale

structure of the Universe.

(a) (b)

Figure 6.2: The Aitoff projection of Equatorial coordinates representing the galaxy coverage of the imaging
(red) and spectroscopic (green) catalogs in the SDSS-DRY.
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Almost all of these data were obtained over eight years of operations (SDSS-I, 2000-2005;
SDSS-II, 2005-2008). The Legacy Survey’s final sky coverage as given in the latest (seventh)
data release, DR7, is shown in Fig.(6.2h) and Fig.(6.2b) taken from http://www.sdss.org/.
The two panels show the galaxy coverage of the imaging (red) and spectroscopic (green)
catalogs in the SDSS-DR7. Both plots show an Aitoff projection of Equatorial coordinates.
In this thesis we will focus on the spectroscopic catalog which now consists of ~ 930,000

galaxies (the "Main sample") brighter than the Petrosian apparent magnitude r = 17.7.

Figure 6.3: Slices through the SDSS 3-dimensional map of the distribution of galaxies. Earth is at the
center, and each point represents a galaxy, typically containing about 100 billion stars. Galaxies are colored
according to the ages of their stars, with the redder, more strongly clustered points showing galaxies that are
made of older stars. The outer circle is at a distance of two billion light years. The region between the wedges
was not mapped by the SDSS because dust in our own Galaxy obscures the view of the distant Universe in
these directions. Both slices contain all galaxies within —1.25 > § > 1.25 (degrees) declination. Credit: M.
Blanton and the Sloan Digital Sky Survey.

The spectroscopic sample has been extensively used to investigate the spatial distribution
of galaxies, illustrated in Fig.(6.3) (also taken from http://www.sdss.org/) The figure shows
a slice through the distribution of galaxies. Galaxies are colored according to the ages of their
stars, with the redder, more strongly clustered points showing galaxies that are made of older

stars. The unmapped region corresponds to the sky areas obscured by Galactic extintion.


http://www.sdss.org/
http://www.sdss.org/
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Both slices contain all galaxies with Equatorial declination —1.25 > § > 1.25.
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Figure 6.4: In the upper part of the figure is shown the differential redshift distribution, dN/dz. In the
bottom part the residuals with respect to the expected distribution are shown. Reprinted from [79].

With a r = 17.7 magnitude cut, the redshift range effectively probed by SDSS galaxies
is 0.02 < z < 0.2, as illustrated by the differential redshift distribution dN/dz shown in
the upper part of Fig., reprinted from [79]. The corresponding galaxy comoving number
density is shown by the grey histogram in Fig., also taken from [79]. In this Chapter, the
validity of the NBD method will be tested using sub-catalogs which are limited in absolute,
rather than apparent magnitude. The effect of performing absolute magnitude cuts is evident
in Figl6.5] where the different colors characterize different volume limited sub-catalogs that
can be extracted by selecting objects in the corresponding magnitude range indicated by the

labels.

The luminosity function of SDSS galaxies has been measured by different authors con-
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Figure 6.5: Galaxy comoving number density. The color index is specified in upper right. The strip
corresponding to the redshift range effectively probed by SDSS galaxies is the green one[79]

sidering different data releases, different type of objects, bands and redshift ranges. Here
we consider the r—band luminosity function of SDSS galaxies at z = 0.1 measured by [80)].
These authors have used a non-parametric method to estimate the K-corrected, evolution-
corrected luminosity function in the 5 optical bands of the survey. In the r—band, which
will take as our reference band, the luminosity function is well described by a Schechter
form in the magnitude range —24.26 < M, — blogiph < —16.11 with best fit parameters
a = —1.05x = 0.1 and M, — 5logioh = —20.44 £ 0.01. This luminosity function has been
computed from a sample of ~ 150,000 objects, much smaller than DR7 corresponding to an
early data release. While increasing the number of objects would reduce shot noise errors,

we note that the sample considered by [80] sample the southern and northern galactic caps
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alike (see fig.2 of their paper), whereas the SDSS-DR7 spectroscopic catalog gives a much
higher statistical weight to the northern region. Homogeneously sampling a large sky area,
although sparsely, provides an unbiased estimate of the luminosity function since the effects
of a bulk motion cancel out across the sky. Therefore, one can safely use [80] luminosity
function as a reference, unbiased estimate of the true luminosity function and focus on the
core region of the SDSS-DRT sample (i.e., the green, central to region in Fig.(6.2p)) to detect

any systematic shift in the galaxy luminosity function.

6.6 The mock SDSS catalogs

The aim of this Chapter is to test wether the NBD method can be applied to the SDSS-DR7
to measure the bulk flow at z ~ 0.1 and with what precision. The main goal is to check
the reality of Kashlinsky’s dark flow and, more generally, to compare the performance of
the NBD method to those of the kSZ method described previously. For this purpose we
apply the NBD method to a set of mock galaxy catalogs mimicking the characteristics of the
SDSS-DRY7 spectroscopic sample.

The best way to construct mock galaxy catalogs is by means of N-body simulations.
This is a long-established computational technique which is used to follow the growth of
cosmological structures through gravitational instability and this guarantees self-consistent
description of the mock galaxy distribution and the underlying velocity fields well into the
nonlinear regime.

Unbiased estimate of the NBD method’s uncertainties can be obtained from a sufficiently
large number of mock catalogs, hence the need for large numerical simulation with enough
mass resolution to track galaxy-size dark matter halos. For this reason we have considered
the outputs of the BASICC simulations, originally performed by ***Angulo*** to follow the
growth of fluctuations accurately on the scale of the Barionic Acoustic Oscillations. In the
simulations the authors adopt a ACDM cosmology with the same parameters used in the
Millennium Simulation [81I], which are broadly consistent with constraints from the cosmic
microwave background data and large scale structure measurements (|82, 83]). The values of
the parameters are: the matter density parameter, {3y = 0.25, the energy density parameter
for the cosmological constant, {2, = 0.75, the normalization of density fluctuations, og = 0.9
and Hubble constant, h = Hy/(100kms™"Mpc ™) = 0.73.

The run was started at a redshift of z = 63 and the Zel’dovich (1970) approximation

was used to set up the initial pattern of density fluctuations. The BASICC simulation covers
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a comoving cubical region of side 1340 h~! Mpc, in which the dark matter is represented
by 1448° particles. The equivalent Plummer softening length in the gravitational force is
e = 50 h 'kpc, giving a dynamic range in length of almost 27,000. The volume of the
computational box, 2.41 =3 Gpc3, is almost twenty times the volume of the Millennium
Simulation ([81]), and more than thirty times the volume of a shell at z = 0.1 and thickness
Az = 0.1 extracted from the SDSS-DR7 main galaxy sample.

The particle mass in the BASICC simulation is m, = 5.49 x 10" h=!' M. Dark matter
halos have been identified as groups of dark matter particles using a friends-of-friends algo-
rithm ([84]) with a linking length of 0.2 times the mean inter-particle separation. We have
considered groups with 10 or more particles, i.e. haloes more massive than 5.49x 10 A=1 M.

To construct mock SDSS catalogs we have simply identified mock galaxies with dark
matter halos in the simulation output z = 0.1. This is somewhat simplistic, since the grouping
algorithm does not allow to identify substructures and dark matter halos can have masses
comparable to that of the Coma cluster (=~ 105 h=! M,). However, our main purpose here is
to test the goodness of the NDB method in recovering the correct bulk flow irrespectively on
the nature of the velocity tracers and assess its uncertainties in presence of magnitude and
redshift measurement errors. The effects of neglecting substructures within large halos, i.e.
to trace halos with one single bright objects and ignoring fainter galaxies is not accounted for
here, but are expected to be modest. The more luminous galaxies are indeed at the centers of
attraction and trace the motion of the whole cluster on larger scales. Fainter galaxies would
see this same motion, plus the infall into the cluster. That is, fainter galaxies see the effects
of a larger range of wavenumber, but since v(k) oc (k) /k and with 6(k) approximately k=2,
the shorter k values, longer wavelengths, dominate. All galaxies are sensitive to them and
therefore we expect the effect to be unimportant.

The step-by-step procedure to extract mock SDSS catalogs from the dark matter halo

distribution at z = 0.1 in the BASICC simulation can be outlined as follows.

1. Extract all halos within a region with the same geometry as the the SDSS-DR7 sub-
sample of interest. In our case we select a regular region with angular Equatorial
coordinates 0° < 6 = 60° and 120° < a < 240° with 6 and « represents declination and
right-ascension, respectively. This area of ~ 6700°% roughly corresponding to the central
region of the real SDSS-DR7 sample. Along the radial direction, we have considered
an interval z = [0,067,0.154] centered at z = 0.112. The total volume of each sample
is ~ 6- 107" h~'Mpc®. With this choice we were able to extract 37 independent mock
SDSS-DRY7 catalogs from the BASICC simulations.
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Figure 6.6: Schechter luminosity function ®(M) (black histogram) and the actual luminosity function of the

mock galaxies in one of the mock (blue histogram) are shown in the upper plot. The cut at high magnitude

results from having considered a finite number of objects ranked according to their luminosity /mass. The

red histogram shows the effect of applying a cut in apparent magnitude similar to that of the real SDSS

sample. The green histogram shows the observed luminosity function ®(M, 45s) of objects with m, < 17.5.

In the lower panel are shown the relative difference between two luminosity functions ®(M, 4bs), the first one

corresponding to the case in which the bulk flow vy, is present (i.e. the green histogram in the upper plot)

and the second one corresponding to the case in which the additional bulk is set to zero (corresponding to

the red histogram in the upper panel).
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2. Assign an r—band absolute magnitude to each object, randomly extracted from the
Schechter luminosity function of the SDSS galaxies at z = 0.1 measured by [80] with
parameters M, = —20.44 and a = —1.05. Mock galaxies were assigned magnitudes
in the range 23.5 < M, < —18.5 ranking their luminosity according to their mass, i.e.
the brightest object of the sample corresponds to the more massive halo, the second
brightest to the second more massive halo an so on. The total number of objects in the
sample has been set to match that of SDSS galaxies in the range 22 < M, < —21 in the
same shell of redshift (N = 7.1-10* according to [79]). As a result, the typical number
of mock objects in each mock catalog is N;,; ~ 1.42-10° Apparent magnitudes were
computed from absolute magnitude taking into account the evolution+K-corrections of
[80]. In the upper plot of Fig. we show the reference Schechter luminosity function
®(M) (black histogram) and the actual luminosity function of the mock galaxies in
one of the mock (blue histogram). The cut at high magnitude results from having
considered a finite number of objects ranked according to their luminosity /mass. The
red histogram shows the effect of applying a cut in apparent magnitude similar to that
of the real SDSS sample.

3. An observed redshift, cz.s, is assigned to each object as follows:
CZobs = CZp + Uy + B + 0y, (6.15)

where czpy represents the Hubble recession velocity, v, is the line of sight component
of the peculiar velocity of the mock galaxy, o, is the error in the measured redshift
and B represents the line of sight component of an additional bulk flow consistent
with the claim of Kashlinky et al.. The peculiar velocity of each object v, coincides
with that of the parent halo. The redshift error is randomly assigned by sampling a
Gaussian distribution with FWHM o = 30km/s. Finally, the bulk flow vector vy,
has an amplitude of 1000 km/s and points towards the direction (a, d) = (161°, —20°).
Only objects with 0.067 < z.s < 0.154 are included in the sample.

4. An observed magnitude, M, ,s, is assigned to each object:
Mr,obs = MT + 5l0g<7’/CZObS) + oM, (616)

where M, is the r—band magnitude assigned in step 20, r/cz.ps is the luminosity dis-

tance computed from the observed redshift assuming a background cosmology and o,
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is the photometric error obtained by randomly sampling a Gaussian distribution with
FWHM o = 0.05. In this thesis I will assume the correct background cosmology, i.e. the
one of the parent BASICC simulation. However, the choice of an incorrect cosmological
model would not produce any spurious dipolar signal, and therefore should not induce
any systematic errors in the NDB procedure. As anticipated, assigning an object M, s
rather that its true magnitude M, has an impact on the measured luminosity function
that can be appreciated from Fig.. The green histogram in the upper panel shows
the observed luminosity function ®(M, 4s) of objects with m, < 17.5. The lower panel
shows the relative difference between two luminosity functions ® (M, ), the first one
corresponding to the case in which the bulk flow wvp, is present (i.e. the green his-
togram in the upper plot) and the second one corresponding to the case in which the
additional bulk is set to zero (corresponding to the red histogram in the upper panel).
The effect of the bulk flow is to increase the number of objects with estimated bright
magnitudes and decrease the number of objects fainter than M,. The goal of the next

Section is to exploit this systematic effect to constrain vy,;.

5. The final mock catalog consists in a list of objects characterized by their angular position
(o, §), observed redshift cz,s, observed apparent magnitude m, and absolute magnitude

M, estimated from cz,, and m,.

6.7 Results

The first issue one needs to address is wether the systematic shifts in the observed absolute
magnitude driven by a bulk flow of 1000 km /s are large enough to be detected in the observed
luminosity function. Eq.(6.14) shows that the main effect is a systematic shift in M, and we
use the mock SDSS catalogs to assess whether the shift can actually be detected and with
which significance. In practice, we consider galaxies in the mock catalogs, compute their
luminosity function using the observed absolute magnitudes and fit a Schechter function by

minimizing the x? function with respect to the free parameters (a, M, ):

X2<Oé, M*) = Z(Cbobs(Mi) - (I)model(Mia «, M*))2 (617)

7

where ®,,,,4¢; 18 the model Schechter function and the sum is over all magnitude bins M;.
The results are summarized in Fig.(6.7), which shows the frequency histogram of the best
fit M, values obtained by minimizing x?(a, M,) in the different mocks. The dashed-blue
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Figure 6.7: Frequency histogram of the best fit M, values obtained by minimizing x?(«, M,) in the different
mocks. The dashed-blue histogram refers to the case in which we consider all mock with m, < 17.5 and
minimize with respect to both parameters o and M., the solid-red histogram refers to a fixed value of the
«a parameters and the long dashed-blue histogram to the more general case without in which no cut with

respect to m,. has been done.
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Figure 6.8: Covariance between the best fit values o and M, relative to the two cases: when a cut on
magnitude is applied ( blue squares) and without cut (red dots).

histogram refers to the case in which we consider all mock with m, < 17.5 and minimize
with respect to both parameters o and M,. The distribution is rather narrow, with a rms of
about 0.1 magnitude and its peak is well separated from the vertical, black line that indicates
the true value of M,. We conclude that the systematic shift in M, induced by a bulk flow
of 1000km/s at z ~ 0.1 in the luminosity function of SDSS galaxies can be detected with a
significance of ~ 40. The distribution of M, has been obtained by marginalizing over the best
fit values of a. In Fig.(6.8) we show the best fit values of both free parameters in the («, M,)
plane (red dots). A strong covariance exists between o and M,. What is important, however,
is the fact that («, M,) determined from the observed luminosity function are significantly
different from the reference value (—1.05, —20.44) indicated by an asterisk in the plot.

If a could be determined independently with good precision, for example by measuring
the luminosity function of all SDSS-DR7 galaxies, including those in the strips outside the

central region, then the shift in M, could be determined with an even better precision. The
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red histogram in Fig.(6.7) refers to the best fit M, values obtained after fixing o = —1.05.
The difference between its peak value and the true value of M, is now larger than 5o. On
the contrary, if we restrict our galaxy sample to the bright objects in the sample, then the
shift in M, becomes much less significant. This is clearly illustrated by the green-dashed
histogram in Fig. which represents the case in which we have only considered objects
brighter than M, = —21. The significance of the M,-shift, however, is still large when one
considers the covariance between the best fit values o and M, (blue squares in Fig.). It
is worth pointing out that the broadening of the M, distribution, when the cut M, < —21
is applied, is only partially ascribed to the smaller number of objects in the catalog, i.e. to
shot-noise. In fact, most of the uncertainties in determining M, derive from having selected
objects brighter than M,, which obviously hamper a precise determination of M, itself.

Would it be possible to detect a shift in M, with no external estimate of ®(M) from the
whole survey? In other words, can we detect a systematic shift in M, within the sample, for
example by measuring the luminosity function of galaxies in two different areas? In our case,
we know that the expected shift would be larger in the direction of the bulk flow and should
vanish along the perpendicular direction. Therefore we have extracted two subsamples from
each mock catalogs, each one containing 15% of the total object in the mock. The first
sub-catalog contains those objects at small angular separation from the direction of the bulk
flow vyx. The second sub-sample contains objects at large angular separation, closer to 90°,
from wvy. In practice we are addressing the following question: given a putative bulk flow
of 1000 km/s and its direction, can we assess the reality of such bulk flow by exploiting the
expected angular-dependence of the systematic shift in the observed magnitude of the objects
? The answer is provide by Fig.(6.9), which shows the histogram of the best fit values of
M, in the two subsamples. The blue-dashed histogram refers to the objects at large angular
separation from wvy,;. As expected, on average, no shift exists in the measured value of M,,.
On the contrary, objects which are closer to the direction of the bulk flow look brighter,
on average, hence the shift of M, to more negative values. The two distributions are well
separated, meaning that the claim of a large bulk flow can be rejected with a significance
> 30 by simply looking at the relative differences of the luminosity functions of SDSS galaxies
within the central region of the SDSS-DR7 sample.

We are now ready to exploit the likelihood machinery described previously to estimate
Upuir from the measured redshift and absolute magnitude of the mock galaxies. In practice,
we compute the conditional probability (Eq. of each object in the catalog and minimize
the likelihood L = —In(P;) = — ), In(P(Mo,|cz;, vpur), where Py is the product of the

conditional probabilities for the single object and the sum runs over all objects in the mock.
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Figure 6.9: Histogram of the best fit values of M,. The blue-dashed histogram refers to objects at large
angular separation from wp,r, whereas the red-solid one refers to objects at small angular separation from
Upuik- Lhe two distributions are well separated, meaning that the claim of a large bulk flow can be rejected
with a significance > 30 by simply looking at the relative differences of the luminosity functions of SDSS
galaxies within the central region of the SDSS-DR7 sample.
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The result of the application of the NBD method on a single mock catalog is illustrated in
Fig.. The case refers to N ~ 2.4 - 10° objects brighter than the estimated absolute
magnitude My < —20.4 extracted from one of the 37 parent mock catalogs. In this case we
only minimize with respect to the amplitude of the bulk flow, i.e. we set o and the direction
of vy equal to their correct values. The red dots show the value of the likelihood as a
function of the bulk flow amplitude |vy,|. A minimum is found for |vg,,| = 1050 km/s; to be
compared with the expected value of 1000 km/s. The dot-dashed curve is plotted for reference
and shows a cubic fit to the likelihood curve, computed around the minimum. 1o uncertainties
can be computed in correspondence of a likelihood increase AL = 1, corresponding to a
drop of e™' = 0.37 in probability. As a result we have |vy,| = 1050 = 150km/s. This
estimate from a single catalog is consistent with the one obtained by averaging over all
mocks: |vpur] = 1200 + 140km/s where the error represents the rms scatter among the
mocks. The histogram of the minimum likelihood values of |vp,| from all the mocks is
shown in Fig.(6.11)). The mean value of |vy,y| = 1000km/s (blue dashed line) is well within
the distribution and consistent with (|vy,|) within 1.50. The skeweness towards large values
of |vpur| = 1000km/s does not came as a surprise. In fact the effect mainly results from
photometric errors that we have ignored in Eq. but preferentially scatter faint objects
into the observed luminosity function and spuriously increase the shift in M,. The systematic
effect, however, is small compared to the magnitude of the total effect and the net result is
that the NBD method can detect a bulk flow of ~ 1000km/s and z ~ 0.1 at ~ 7o level of
significance.

As a second step, we drop the constraint on the vy, direction and minimize the likelihood
with respect to all three components of the bulk flow, that is to say we want to detect the full
bulk flow vector from the measured absolute magnitudes and redshift of the SDSS galaxies.
Yet, we still keep « fixed to its true value. The results are shown in Fig.(6.12). Each of the
three panels show the distribution of the minimum likelihood of the Cartesian components
of vy (red histograms) together with their true values (blue, vertical lines). Best fit values
and rms scatter from the mocks are indicated in the plots. The distribution of the three
components are significantly broader than that of the absolute value shown in Fig., as
expected. Nevertheless one is able to recover the correct (within 1o) values of the components.
Where the signal-to-noise is larger, i.e. for the X-component, the null hypothesis of no bulk
flow can be rejected at the 60 level. The minimum likelihood values of the three Cartesian
components are biased toward large amplitudes, as a result of having ignored magnitude
errors. However, the effect is small both with respect to random errors and also with respect

to the amplitude of the bulk flow signal.
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Figure 6.10: This graph represent the minimization of Likelihood refered to the conditional probability of
N =~ 2.4 -10° objects brighter than the estimated absolute magnitude My < —20.4. The red-dots show the
value of the likelihood as a function of the bulk flow amplitude |vpyx| and the dot-dashed shows a cubic fit

to the likelihood curve, computed around the minimum. In the y-axis are shown the Likelihood values with

respect to the bulk flow (on the z-axis).
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Figure 6.11: Histogram of the minimum likelihood values of |vpyx| from all the mocks (solid-red). The
blue dashed line refers to the mean value of |vpy | = 1000km/s. In the graph are also shown the mean value
and the variation of the histogram and the characteristics of the mocks.
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Figure 6.12: Each of the three panels show the distribution of the minimum likelihood of the Cartesian

components of vy, (red histograms) together with their true values (blue, vertical lines). Best fit values

and rms scatter from the mocks are indicated in the plots. Instead, the green-dashed histograms shows the

same distribution for each Cartesian component but that obtained by leting « free to vary.

Finally, we also let the slope « free to vary in the minimization of the likelihood. The result
of this exercise are also shown in Fig.(6.12)) (the green-dashed histogram). The histograms

are only slightly broader than in the previous case with a = —1.05 demonstrating that it is

possible to detect the presence of a bulk flow as large as that claimed by Kashlinsky et.al.

even in absence of a prior on the slope of the true Schechter function, confirming the fact

that @« = —1.05 plays a little role in our likelihood analysis since the signature of the bulk

flow is a shift in the value of M,.



Conclusions

The presence of coherent flow on large scales, known as bulk flow, is a firm prediction of the
ACDM model and the gravitational instability theory. Measuring its amplitude and direction
on cosmological scales provides strong constraints to the commonly accepted cosmological
scenario for the evolution of the cosmic structures. In addition, the bulk flow should vanish
at the scale that indicates the crossover to homogeneity. The detection of such a scale, known

as the convergence scale, is therefore a direct test to the Cosmological Principle.

All these reasons have triggered a large number of studies over the past 30 years aimed
at measuring the bulk flow on ever increasing scales. Despite these long lasting efforts the
results are still controversial. The reason is largely due to the fact that bulk flows are typ-
ically estimated from galaxy peculiar velocities, whose measurements are notoriously prone

to systematic errors.

To overcome these difficulties novel method have been proposed to measure bulk flows
that do not rely on galaxy motions. The one proposed by [52] allows to measure the bulk flow
from the kSZ-induced, dipole-like anisotropy in the CMB temperature map. Its application
to WMAP 3 and 5-year data revealed the presence of an unexpected large bulk flow of
~ 600 — 1000 km/s on 400 <+ 700 »~! Mpc inconsistent with the ACDM model and, perhaps,

also in conflict with the Cosmological Principle [5l, 53].

The aim of this thesis was twofold. The first goal was to test the validity of the method
proposed by [52]. The second goal was to implement the novel bulk flow estimator pro-
posed by [6] and based on galaxy luminosities, to check wether it can be used to provide an
independent check to the reality large bulk flow measured by [5], 53].

To achieve the first goal I have repeated the same procedure adopted by [5, 53] to measure
the bulk flow to a set of simulated, and yet realistic, datasets obtained from sophisticated
hydrodynamical simulations mimicking the characteristic of the all-sky X-ray cluster sample

considered by [5] and of the WMAP 5-year CMB maps.

The main results of this analysis can be summarized as follows
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e The method proposed by [52] is free of systematic bias, in the sense that in ab-
sence of a bulk flow signal does not induce any spurious temperature dipole. The
monopole and the three Cartesian components of the dipole measured from a large
set of mock CMB maps with no kSZ signal turned out to be consistent with zero.
The random uncertainties in the monopole and dipole components are, respectively,

Oy = 0.5uK, 0, >~ 0, >~ 0, >~ 0.9uK, in agreement with the analysis of [56].

e These uncertainties on the Cartesian components of the dipole induce a systematic offset
in the amplitude of the dipole o,, ~ \/Z?))ax = 1.55uK. Using the mean cluster optical
depth obtained from our mock CMB maps with kSZ signal only, (7.) ~ 107°, we find
that this offset translates into a spurious bulk flow with amplitude o,,,,, ~ 1500km/s,

significantly larger than the bulk claimed by [53].

e When including all sources of anisotropy in the maps, Cosmological, tSZ, kSZ and
detector noise, we find that this systematic offset increases to o, =~ 7000km/s,
showing that inefficient filtering of the underlying CMB and tSZ signal provides a likely
interpretation to the claimed large scale bulk flow. A result that is in good agreement
with that obtained by [57]

These results highlight the limitations of the filtering procedure. Indeed, as shown by [57]
some systematic and random errors can be reduced by using optimal matched filter, designed
to efficiently suppress the CMB and tSZ components, rather than a simple Wiener-like filter
as in [53]. Yet, with the available dataset, it will not be possible to exploit the kSZ effect to
detect bulk flow smaller than ~ 10000 km/s. Better results will be obtained with the CMB
maps that are being obtained by the Planck satellite and, even more so, with next generation
all-sky cluster catalogs like the one that will be produced by the X-ray satellite eRosita,
expected to flight in 2013.

In the meantime another method, independent on both peculiar velocities and CBM
temperature fluctuations, can be used to independently test the presence of a large bulk
flow on the same scales probed by [53]. The method, proposed by [6] allows to estimate
bulk flows from the apparent brightening / dimming of galaxies derived from determining
luminosities from redshifts rather than from distances. In this Thesis I have implemented
this technique and applied it to a mock galaxy catalog mimicking the central region of the
SDSS galaxy redshift catalog. The scope was to assess whether this method can be used to
detect a bulk flow similar to that measured by [53] using available datasets and with what

statistical significance. The results can be summarized as follows.
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e A bulk flow vy, = 1000km/s at z ~ 0.1 induces a systematic shift in the estimated
magnitudes of galaxies that induces a systematic offset in the measured Galaxy lumi-
nosity function. If the latter is well fitted by a Schechter form, then this bulk flow will
shift the value of M, by AM, ~ 0.04 magnitudes.

e This shift can be detected with a significance of ~ 40 in the measured luminosity
function of a magnitude-limited subsample of SDSS galaxies. The significance of the
detection depends on the magnitude cut, i.e. on the number of objects in the sample.
However, even with a severe magnitude cut M, < —21 the shift is still detected at > 3o

level.

e The bulk flow can be determined by maximizing the likelihood of the measured absolute
magnitude of the galaxies in the sample given their redshifts. If a prior is made on the
direction of the bulk flow and on the shape of galaxy luminosity function at the faint

end, then a bulk flow of vy, = 1000km/s can be detected with a significance of > 50

e If the direction is not fixed a priori, instead of checking the reality of the bulk flow of
[53] we blindly search for coherent motions, then an underlying bulk flow of 1000 km/s

would be still detected with a significance of ~ 4o.

e Removing the prior on the shape of the faint tail of the luminosity function does not

modify significantly the significance of the detection which remains larger than ~ 3.50.

The success of these tests indicate that one can already check, in an independent fashion,
the presence of a large bulk flow on the same scales probed by [53]. All one need to do is to
apply the method described in this Thesis to the real SDSS dataset. A task that constitutes

the natural prosecution of this thesis.
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