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Introduction

Almost every realistic physical system is nonlinear in nature. Nonlinear models can be derived
in many areas of physics from the propagation of water waves to the macroscopic theory of
supeconductivity and superfluidity and to general relativity. Moreover one can say all chaos
theory originated from the study of nonlinear dynamics. In fact most of the times those
systems present an irregular if not chaotic behavior. Anyway a great number of models of
physical situations, named integrable models (see later), exhibit features as regularity, stability
and predictability of the motion. For example the Korteweg de Vries equation (KdV') for a
real function u (z,t)

Oyu + 8i’u = ud,u,

arises in the propagation of shallow water surface waves when weakly nonlinear restoring forces
are present, of long internal waves in a density stratified ocean, of ion-acoustic waves in a plasma
and acoustic waves on a crystal lattice. Another prototypical nonlinear model is represented
by the nonlinear Schrédinger equation (NLS) for a complex function u (x,t)

i0yu + 02u = Fulul?,

In the literature the (—) case is known as the focusing NLS equation and the (4) case as
the defocusing NLS equation. It arises in nonlinear optics in the presence of materials whose
dielectric constant increases with the field intensity. In such a situation an electromagnetic
beam, which otherwise would broad due to diffraction, can propagate without spreading in
nonlinear media and continue focusing. An important feature of the NLS equation, which
is closely related to the work presented in this thesis, is also due to its universal character.
Generically speaking, most weakly nonlinear, dispersive, energy-preserving systems give rise,
in an appropriate limit, to the NLS equation. More in detail, the NLS equation provides a
description for the envelope dynamics of a quasi-monocromatic plane wave propagating in a
nonlinear weakly dispersive medium when dissipation can be neglected. Variants of the NLS
equation offer models for various situations as for example Bose-Einstein condensates.

In more recent years the attention turned to discrete nonlinear systems, i. e. systems
described by difference equations. Let’s think for a moment to the possible applications in
quantum gravity as models for the dynamics of a discrete space-time. In nonlinear optics for
example the dynamics of localized pulses in arrays of coupled optical waveguides are described
by a discrete version of the continuous NLS equation for a complex function f,(t)

fn+1 - 2fn +fn71

iat fn + 20_2

= iIfn|2fn7

known as the discrete nonlinear Schrédinger equation (dNLS). This equation arises in several
situations ranging from the mechanical context for a lattice of coupled anharmonic oscillators
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to condensed matter physics. Despite of its physical relevance, numerical simulations show
for this system situations of irregular dynamics and emergence of chaos [1]. Anyway much
of the attractive behind nonlinear discrete systems resides not only in their possible physical
applications but also in the domain of numerical calculus as they represent finite difference
approximations of the corresponding continuous models.

Beside physical and numerical applications a renewed interest in nonlinear models came
from the purely mathematical side since the discovery of the inverse scattering or spectral
transform method. This technique in fact generalizes to the nonlinear domain the Fourier
transform method thereby allowing to solve, even if for a small portion of nonlinear systems,
the Cauchy problem at least in some special classes of solutions. In fact the core of the inverse
scattering method is the observation that certain spectral data, in one to one correspondence
with the given equation, evolve in a simple way contrasted with the generally complicated
nonlinear evolution of the system they refer. Moreover, under some conditions, the differential
problem can be turned into a purely algebraic one, allowing the explicit construction of the
so called soliton solutions. For example the previously cited KdV and the continuous NLS
equations present solitons solutions. Another feature of the systems solvable by the spectral
transform method is that they don’t come alone but as members in hierarchies. Every system
in a hierarchy is indeed solvable by inverse scattering. Moreover every hierarchy of equations
represents compatible evolutions for the same function or, otherwise stated, equations in a hier-
archy represent generalized symmetries of each other. The presence of (point and genarelized)
symmetries for a given system offer another instrument to derive explicitly special solutions
by means of the so called symmetry reductions. Another important feature of those systems
is the presence of an infinite number of conservation laws. These laws, confining the motion
to a restricted area of the phase space, are in some way responsible for the regularity of the
dynamics. All these instruments permit the extraction of a great amount of information from
the system under study. However we remark that only some special systems lend themselves
to a similar analysis. For this reason those systems are termed integrable systems. Between
them fall also every system which is linear or linearizable by an invertible transformation.

For all the systems for which spectral, symmetry or other algebraic methods are not of
great help or at disposal, named nonintegrable systems, as the dNLS equation, a great help
comes from perturbative techniques. In general perturbation theory is a collection of iterative
methods for the systematic analysis of the behavior of solutions to differential and difference
equations. The general procedure of perturbation theory is to identify a parameter € such that
the solution of the given problem is constructed as a power series of € around an gg value at
which limit the problem becomes soluble, i. e. very often the system reduces to an integrable
system. No need to say that perturbation theory results useful even in the case of integrable
systems, i. e. in the study of the solutions in all the situations when the spectral problem
is not turnable into an algebraic one. On another side, certain features of the dynamics of
integrable and nonintegrable systems need not an explicit solution to be enlightened as appear
only in specific asymptotic regimes. The description of these regimes is the subject of the so
called reductive perturbation method [38,39], a method which reduces the system under study
to a more tractable and solvable system. Among reductive techniques we have multiscale anal-
ysis, a particularly useful method for constructing perturbation series uniformly approximating
the solution of the problem. In more recent years multiscale reduction techniques proved to
be also an excellent integrability test for a large variety of nonlinear partial differential equa-
tions [5,9, 13,14, 35].

The aim of this thesis is the development of a multiscale reductive perturbation technique



for discrete systems, that is systems described by partial difference equations. A guiding prin-
ciple in such a programme should certainly be the requirement, if one starts from an integrable
model, to maintain this integrability property for the reduced models. So, if for an integrable
system the reduced equations should always be at all perturbative orders integrable (a member
of an integrable hierarchy), for a nonintegrable one the result could be, up to any finite order,
either integrable or not. Anyway for a nonintegrable system there should always exist an order
at which we obtain a nonintegrable equation. Thus a properly developed multiscale technique
should provide us as a by-product, besides approximate solutions to our equations of motion,
an integrability test capable in principle to recognize a nonintegrable system, reproducing in
this way on the discrete side what multiscale perturbation techniques successfully did on the
continuous case. The first attempts to transfer multiscale perturbation techniques to the level
of difference equations [2,26-30] don’t succeed in preserving the integrability property of the
starting models.

This work is organized as follows:

e Chapter 2. The continuous and discrete multiscale techniques.
In Section 1 of this chapter we review the classical multiscale perturbative approach as
in [4-9,13,40] for continuos real dispersive equations. After a general presentation of the
method, we will give two illustrative examples of application: the first one is the paradig-
matic case of the KdV equation a well known S—integrable model and in the second one
we will present the reduction of a C'—integrable Burgers-like equation. Both example
will be carried out up to the nonlinear Schrodinger (NLS) scale and we will outline how,
at least until this order, one succeed in removing from the obtained reduced equations
all the spurious diverging secular terms. After that in Section 2 we will recall the re-
sults beyond the NLS order [11-14, 35,37] necessary to set up an integrability test for
partial differential equations based on some necessary integrability conditions. There we
also formulate the notion of asymptotic integrability [13,14]. The necessary integrability
conditions are explicitly reported for different hierarchies of reduced systems, namely the
N LS hierarchy and the KdV /potential KdV hierarchies. After that we will discuss the
problem of the solutions of the linearized equations for both the N LS and potential KdV
hierarchies. In Section 8 we illustrate the application of the method to the case of real
dispersive partial difference equations [15,16]. This extension turns out to be nothing but
a slight adaptation of the continuous case it as provides, starting from a partial difference
equation, a partial differential one. Hence all the results developed in [13,14,35] to test
the integrability of differential equations can be used. The results on the so called As
integrability conditions (two orders beyond NLS equation, see definition (2.4)) for the
N LS hierarchy as well as on the integrability conditions for the K'dV /potential KdV hier-
archies are up to our knowledge new. Also the material presented in Section & is original.

e Chapter 3. Multiscale reductions of nonlinear discrete systems I: S—integrable
equations.
In Section 1 of this chapter we run the integrability test for the lattice potential Korteweg-
de Vries equation (I{pKdV') which is well known to be an equation integrable by spectral
methods. Here we outline how at all orders considered all the integrability conditions
are, as expected, satisfied. In Section 2 we illustrate how the structures entailing the
integrability of the [pKdV equation as its Lax pair and some of its generalized symmetries
admits a similar multiscale reduction going respectively to the Lax pair and to the (point
and generalized) symmetries of the NLS equation [17]. In Section 3 we will present the



expansions of the off-centric discretization of the (continuous) KdV equation

(0%
2 2
Un,m+1 — Un,m—1 = Z (Un+3,m - 3un+1,m + 3un—1,m - un—B,m) - ﬂ (un+1,m - un,m) ’

and in Section 4 of the symmetric discretization of the KdV equation

a B o 2
Un,m+1 — Un,m—1 = 1 (un+3’m = 3Unt1,m + 3Un—1,m — Un—3.m) — 9 (un+1,m — unfl,m) :

We emphasize how at a certain order depending on the equation those systems fail to
fullfill the integrability conditions prescribed for that order, thereby showing their non-
integrability. In Section 5 we illustrate how is possible to reduce differential-difference
equations applying the multiscale reduction to the integrable Ablowitz-Ladik (A — L)
discrete NLS equation

0, (1) + frpr(t) — 2£Z(Qt) + fa-1(t) _ i|fn(t)|2fn+1(t);Lfn,l(t)’

which, due to its integrability property, always respect all the necessary integrability
conditions. In Section 6 we will apply the integrability test to the previous cited dNLS
equation, a nonintegrable discretization of the NLS equation, giving an analytical evi-
dence of its nonintegrability. These two last cases will offer an example of the versatility
of the technique, illustrating how one can consider also equations which are not real
and/or dispersive [32]. All the results appearing in this chapter are original.

e Chapter 4. Multiscale reductions of nonlinear discrete systems II: C'—integrable
equations.
In Section 1 of this chapter we will run the integrability test for the Hietarinta equa-
tion [18]

un,m + €2 un+1,m+l + 09 o un+1,m + €2 un,m+1 + 09

7
un, m + €1 unJrl, m—+1 + 01 un+1, m + 01 un, m+1 + €1

a well known linearizable system [36], showing that now the reduced equations, for the
stated linearizability property, are indeed linear. Applying a similar multiscale expansion
on the linearizing transformation, we will show that the Hietarinta equation linearizes to
its linear part. All the results appearing in this chapter are original.

e Chapter 5. Conclusions and perspectives.
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The continuous and discrete multiscale
techniques

2.1 Multiscale expansion of real dispersive partial differential equations

A great variety of mathematical models of concrete physical situations are described by non-
linear partial differential (PDFE) or difference equations (PAFE). Among those equations an
important class is represented by differential equations describing the propagation of nonlinear
dispersive waves when one assumes an idealized situation in which no diffraction (e. g. one
dimensional propagation), no losses due to dissipation and no interactions with any source are
present. Under such a situation an exceptional part of the models derived share remarkable
mathematical properties leading to a concrete possibility from the mathematical side to solve
analytically, at least for certain classes of solutions, our equations. Consequently from the
physical side one has the possibility to understand their properties such as the regularity of
their motion, wave collisions, stability and long-time asymptotics. Systems sharing these math-
ematical properties can be classified into two major classes. As in [4], we call C'—integrable
equations those nonlinear PDFEs that can be exactly linearized by an invertible transforma-
tion of the dependent (sometimes also the independent) variables. On the other hand we call
S—integrable equations those nonlinear PDFE's that arise as a compatibility condition of an
overdetermined system of linear equations, the so called Lazx pair of the system. By the spec-
tral transform or inverse scattering method, the Cauchy problem of an S—integrable equation
can be solved explicitly in a special class of solutions, named soliton solutions, for which one
can transform the original differential problem into a purely algebraic one. Soliton solutions
exist for C'—integrable systems too. It turns out that spectral methods allow a linearization of
our nonlinear equation into an integral (Fredholm, Volterra) one. On the contrary the great
majority of the models do not exibit any underlying mathematical structure that can be used
as a tool to extract from them their physical properties and this absence allow these systems
to behave in an irregular, if not chaotic, way. To express this situation, they are termed nonin-
tegrable. To deal with these situations, sometimes extremely hard to analyze, one has to resort
to a perturbative approach in order to extract some significant information like, for example,
approximate solutions. It is a remarkable fact that the perturbative multiscale approach casts
a light even into integrable systems, characterizing them in terms of the reduced equations
one obtains during the expansion. As a matter of fact this realizes the effective possibility for
an algorithmic integrability test upon which one can distinguish an integrable system from a
nonintegrable one. That possibility is a direct consequence of the following assumption:

o Integrability is preserved by the perturbative reduction method.

On the other side, wide occurrence of some reduced models allow us to elevate them to the
status of systems of somehow universal nature or model PDEs. Among them we have the NLS
equation which, under proper conditions, turn out always to be the first nonlinear reduced
model, sometimes called the weak nonlinearity limit.

Let us now illustrate in detail the multiscale reduction technique for real dispersive nonlinear
differential systems following closely references [4,13,35]. Let us consider the class of PDEs

8



2.1 Multiscale expansion of real dispersive partial differential equations 9

Du(z,t) = Flu, Uy, Ut, Uy, Uty Utt, - - -], (2.1)

where all the variables (dependent and independent) and constants in the equation are real.
The linear differential operator D in the lhs can have one of the forms

271
De'uen = 8t2 + Z 6 Aon’ (22&)
a2n+1
Doda = + Z b5 it (2.2b)
with a,, and b,, (real) constants. The function F[u, Uy, Ut, Ugzy, Ugt, Utt, - . -] o0 the rhus. of (2.1)

is on the contrary a nonlinear real analytic function of w and its x and t—derivatives. It is
straightforward to verify that, given the forms (2.2a), (2.2b), the linear part of (2.1)

Du(z,t) =0, (2.3)

is dispersive, admitting as a solution the real travelling wave
Aeilrr=w®t 4 ¢ e = 9] A| cos [k — w (k) t + o] , (2.4)

with @ = [1 —sgn (A)]7/2. The dispersion relation is respectively given by the following
equations

N
w? (k) = Z ank®", (2.5a)

n=0
N
w(k) =Y bur” . (2.5b)
n=0
. . . . . , Cdw(k)
We will require that w (k) is not linear in k so that the group velocity v (k) = dn» given
respectively by
N j2n—1
v(k) = na, ———, (2.6a)
2
N
v(K) =Y (2n+1)bur™", (2.6b)

is not constant. Moreover in the case (2.5a) we assume that there exists at least one value of
k for which the r.h.s. is positive as w (k) is to be real. Taking into consideration egs. (2.5), we
can rewrite egs. (2.2) as

0? 5 (.0 0 .0 o . (.0
Deyen = e 4w <18x) {62& +iw <16x>} . {615 —iw (1690)] , (2.7a)

0 0
Dogq = g +iw <18x) , (2.7b)



2.1 Multiscale expansion of real dispersive partial differential equations 10

where the function w (k) may not be polynomial in x. In fact it is sufficient that w (k) is
analytic (at least locally for some k) so that its definition through the dispersion relation (2.5)
can be given by a series expansion (e.g. N — +00).

If FF = 0, so that our equation is linear, one can write the solution in the form of a wave
packet

+oo
u(x,t) = / drA (k) elFe=l L c o (2.8)
which we assume to be localized around the wave number kg in the interval (ko —Akg, Ko+ AKp).
We than define a new variable 7 by the relation k£ = kg+nAkg. Then eq. (2.8) can be rewritten
as

u(x, t;e) = u® (&, t1,ta,...;¢) E(x,t) + C.C., (2.9)
where
+oo ~ s +oo n
u(l) (f,ﬁl,tg, o ;5) - 8/ dnA (77; 8) el[moné—znzl(non) tnu.zn(mo)]7 (2.10)
— 00
~ . A
A(m;e) = koA (ko +10ke), E(x,t) = ellror—wleo)t] o = % (2.11)
0
1 d»

E=cex, t,=¢e"t, wy(K)= A (k). (2.12)
In eq. (2.9) the solution is represented by a monochromatic carrier wave E(z,t) modulated
by an amplitude u") (&,t1,s,...;¢) which is a function of the slow-space variable &, of the
slow-times t,, n = 1, 2, ... and of the quantity € which will be identified as our perturbative
parameter. If £ < 1, a wave of the type (2.9) will be called quasi-monochromatic. It is clear
that the amplitude u(!) should depend on as many slow-times ¢,, as the number of nonvanishing
coefficients w,, (k) in the expansion of w (k) in a power series of k. In the case that w (k) is
given by a polynomial of degree A in x, one will need a maximum of A slow-variables t,,.

If our equation (2.1) is nonlinear, the nonlinear function F will generate higher order
harmonics. So a form like (2.9) is no more valid and we must consider the more general ansatz

+oo
u(z,tie) = > ul® (& by, ta,.. . 6) E*(a,1), (2.13)

a=—00

where the sum extends over all harmonics and we require ©(~® = @(®) in order for the solution
to be real. We will also assume that the amplitude u(®s are bounded as t,, — oo, rapidly
decreasing as £ — o0 and analytic in e. Than one can expand the u(®)s in power of ¢ giving
the final expression

+oo 400

u(a,tie) = Y e"ul) (&t by, ) B (a0, t), (2.14)

a=—oo n=1

with u%_a) = ﬂ%a). The starting point n = 1 for the e-expansion is choosen so that the

nonlinear contribution to the solution enters as a small perturbation to the linear one. It is



2.1 Multiscale expansion of real dispersive partial differential equations 11

important to remark that one can generalize the ansatz (2.14) by defining the slow variables
as

E=¢ePx, t,=e"t, p>0, n>1. (2.15)

Then the differential operators 9, and 9y, when acting on a function u(x, t) represented by the
expansion (2.14), act as the operators

D, =0, + 0, Dy =0 +eP0;, +e*0, +..., (2.16)

when one assumes that all the variable involved =z, t, &, t1, t2, ... are independent. Let us
now choose for the linear operator D the odd operator (2.7b) and let us insert (2.14) into (2.1)
taking into consideration eq. (2.16). We obtain

“+oo
Y )3 | 3 Dk ot £ | < 217

a=—00

@)

where the nonlinear functions Fé , arising from the expansion in harmonics and in the pertur-

bative parameter of the analytic function Flu,us, ut, Uy, Ugt, Ute, - - -], are polynomials of uf)g)

(@)

with p < n — 1 and their derivatives with respect to the slow variables. The F, ’s satisfy the

reality conditions Fé @) — FT(LO‘). As the quantity n —m must be a multiple of p, the operators
Dﬁ{*_)m = D[(,(;,) are defined as

D§") = ifw (aro) — aw (ko)) (2.18a)
D) = 0, — (=) w, (ako) 9, o> 1. (2.18b)

Setting in eq. (2.17) separately to zero every coefficient of F“c™, we have

[w (akg) — aw (ko)) uga) =0, (2.19a)

Z D' ul®) (& ty,t,.. ) =F n>2 a€(—o0,+00), (2.19b)

where we took into consideration that from definition (2.14) Fj () = 0 Va. Following [13,35],

we can classify the harmonics according to the form of Déa). If D((Ja) = 0, we say that the
a-harmonic is at resonance. As we supposed that w (k) is odd and nonlinear in x, the only
harmonics that are at resonance Vkg, denoted as structural resonances, are those with a = 0,

)

4+1. On the other hand for some value kg it could happen that D((JO‘ = 0. In this case we

call the a-harmonic an accidental resonance. Finally, if Déa) # 0 Vkyg, then the corresponding
harmonic is called a slave harmom'c the nature of this distiction residing in the following. For

a fixed value of « as n varies, if D ;é 0, equations (2.19) represent a triangular system of

algebraic equations which allow us to express the function u; ) in terms of the functions Fr(n )
with m < n. As the F,(na) are functions of the uffa) with p < m — 1, the slave harmonic uﬁ,‘“)

%) Wwith p < n — 1. Iterating the procedure for the various

@) can be finally expressed in terms only of the uf)g)

can be expressed in terms of the u,

ug,ﬁ ), one sees that a slave harmonic un,
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with p <n —1 and § the index of a resonant harmonic. Furthermore from (2.19a) one can see
that for a slave harmonic we have u!®) = 0 and iteratively that u{™ = 0 if || > n, so that eq.

(2.14) and (2.19b) can be rewritten respectively as

u(z, t;€) Z Z e"ul® (€, t,ta,...) E*(x,1t), (2.20)

n=1a=-—n
n

S DY u) (bt )= F, n>2, o <n, (2.21)

m=maz{l, |a|}

where we assumed that the only resonant harmonics are the structural resonances with a = 0,
+1. For these harmonics the systems (2.19) are no more algebraic but become a unique
triangular system of coupled differential equations in the uﬁ,‘)‘), a=0,+1 and p < n.

Before passing to some illustrative examples, we note that the expansion on the right hand
side of eq. (2.20) is intended to be a uniformly asymptotic series for the function u(z,t). This
implies that the functions un (5 ,t1,19,...) should always remain bounded in the space of the
slow variables. Then, if a function v (t) satisfies the equation

dv(t
Zi ) 1 Av(t) = w(t) + s(t), (2.22)
where A is a linear operator and the forcing term s(t) solves the homogeneous equation
ds(t -
fi(t) +As(t) = 0, then the general solution of eq. (2.22) is given by v(t) = v(t) + ts(t)

du(t)

where v(t) is the general solution of the equation . TAU (t) = w(t). One can easily see that
the so called resonant or secular term ts(t) produces as t — +o00 an unbounded motion so that
one has to set it separetely to zero, choosing

dv(t)
dt

+ Av(t) =w(t), s(t)=0. (2.23)

So, to preserve the uniform asymptoticity of the series (2.20), one has to properly change the
equations so that secular terms do not appear in the solutions.

2.1.1 FEzamples

1. Let us consider the Korteweg-de Vries (KdV) equation

Ou  Ou _ Ou
ot oz oz

which, as is well known, is an S-integrable equation as it arises as the compatibility of the
following overdetermined system of two linear equations for a complex function ¢ (x, t)

(52~ o A) 0l = (L= N ola0) = (2250)

1
6
(5 R u% _ 1%) (1) = <a - M) (1) =0, (2.25b)

(2.24)

ot Ox3 2 ot
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where A\ € C is a spectral parameter and L and M are two differential operators. Than our
equation is equivalent to the operator identity

Ly = [MvL]a

between the linear operators L and M when one supposes that the spectral parameter A is
time independent. We note that eq. (2.25b) can be rewritten as

o 1 0 0 1

According to egs. (2.2b) and (2.5b), the dispersion relation is w (k) = —«°, so that, when we
set p=11in (2.15), we can introduce only three slow-times t;, j = 1, 2, 3. Consequently from
eqs. (2.18) we have

3

DY = —irda (a? = 1), (2.26a)
D\ =9, — 3 (ary)? O, (2.26b)
DS = 8y, + 3iakodZ, (2.26¢)
DY = 8, + 83 (2.26d)

Eq. (2.26a) shows that, if we choose kg # 0, the only resonances are the structural ones with
a =0, £1. Let us proceed as in ref. [40] to the multiscale expansion according to eq. (2.21),

referring to Appendiz A, eq. (A.3a) for the functions F,SO‘).

1. Order n = 2.

e v =20:

Oy ul” =0, (2.27)

from which one derives that u§°) is independent of tq;

o v =1:

[atl +irg (3114085 - ugO))} u{V = 0. (2.28)

Multiplying eq. (2.28) by ﬂgl) and summing the resulting equation with its complex
conjugate, one has

(9y, — 3r20¢) [ul > = 0, (2.29)

which means that |u§1)|2 and hence |u§1)| depend on the combination p = & + 3k3t;.

So, defining ugl) = |u§1)|ei‘9 with 6 = 0 (&,t1,t9,t3) and inserting this expression into eq.

(2.28), we have
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(9r, — 3k30¢) 0 = rou”. (2.30)

Applying the operator J;, to the last equation, it follows that

(0p, — 3K30¢) 01,0 = 0, (2.31)

from which it results that § = A (p,ta,t3) + B (§,t2,t3), where A and B are arbitrary
functions of their arguments. From eq. (2.30) we have

L o
0ceB=—— 2.32
E 3,10u1 ? ( )
whose solution is
1 ¢ (0) (¢r /
B g [ (€t e+ C (1), (2.39)

0

where C is an arbitrary function of its arguments. In conclusion one has

_ i ré€ u(O) ’ ’
Ugl) = ggl) (p7 t27t3) e o -fgg ! (5 ’t2)t3)d€ ’ (234)

where all the contribution depending on p has been included in the (complex) function

g?). &o, by a redefinition of ggl), can always be chosen to be a zero of ugo) (there exist

at least one zero because, as £ — 00, ugo) — 0);

e o =2:
ORI OL (2.35)
2 6/1(2) Lo
7. Order n = 3.
e v =0:
1
or,ul =9, (|u§” \2) + 50 (u§°>2) — 8,u”. (2.36)

The second and the third term in the right hand side of the last formula are secular by
eq. (2.27). So one has

O = 9, (Jut"P) (2.37)

(atz - u§0>ag) W9 = 0. (2.38)
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Applying the operator 8y, — 3k30; to the continuity equation (2.37), one derives

(0r, — 3r20¢) By, ul) = 0, (2.39)

from which it follows that uéo) = E(p,ta,t3) + F (&, t2,t3), where E and F are arbitrary
functions of their arguments. From eq. (2.37) one has

9, (35313 - |u§1)|2) —0, (2.40)
which implies
|u(1)|2
E= "l 4 Gtats), (2.41)
0

where G is an arbitrary function of its arguments. Finally one has

ulM 2

2
3KG

ul” = (2.42)

where the arbitrary integration function depending on &, to and t3 has been set equal
to zero. So uéo) depends on p too. Eq. (2.38) is the well known Hopf equation, the

prototypical model describing the gradient catastrophe or wave breaking phenomenon (in

the £ — ¢ plane). To avoid this phenomenon, one should take ugo) independent from t,

and & but, as ugo) must be rapidly decreasing as £ — Foco, we should choose ugo) =0h
In the following however we will choose ugo) #0;

o a=1:
Using eqgs. (2.35) and (2.42), we get:

[atl +irkg (311-;03& - u§°>)] uld = — [ah + 0 (smoaE - u§0>) - G;O|u§1>|2] WV, (2.43)

Taking into account the definition (2.34) and a similar one for its higher harmonic u(21)

_ i re¢ u(O) ’ ’
uél) = gél) (§,t1,t2,13) e 30 Jé (€ tauta e 5 (2.44)

eq. (2.43) becomes

i . i
(90, — 3620¢) 98" = ul” [ —ul” =8, ) gtV — ( By, + 3ikod2 — — gtV |? ) gtV (2.45)
6ro 6K

IThis is also consistent with the linear evolution equation for ugo)
at order n =4, a =0, see eq. (2.51).

one derives as a no-secularity condition
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The last term on the right hand side of the last equation is secular as g1 depends on p.
So eq. (2.45) splits into

(0%, — 3k30¢) g = u” ( 1 ) (2.46)
(iam—smai |gl”|2) Mo, (2.47)

Eq. (2.47) is an integrable (defocusing) N LS equation for the function g§l) as the coeffi-
cient of its nonlinear term is real. From eq. (2.47) we get the continuity equation

2l = —sinod, (31 0,01" —C.C.). (2.48)
so that | g( )|2 is a density of a conserved quantity. From eq. (2.46) we get
(B, — 320 ( WL 1 ce. ) = {99, (\g§1>|2) . (2.49)
1. Order n = 4.
o a=0:
0 _ 1 Mg W) u” | )

O us’ = K—ﬁp (gl o1 —C.C.) + O¢ g Vyce. + | 2] - (2.50)

0

— (B4 + BE) u”.

The last term on the right hand side of the last equation is secular as ugo) is independent

on t1. Hence eq. (2.50), after one removes the secularity and integrates with respect to t;
using eq. (2.49), splits into (as usual the arbitrary t; —independent integration function
has been set to zero)

(0r, + 02) u§°) =0, (2.51)

u® = 3;% (g§1>apg§1> ) 3— (9" +cc) + (2.52)

1 (0) w0 / 2 /:|
+ g dp'|.
a7 27} i) 1o

With eq. (2.51) one completes the analysis of the harmonic u§0>.

The calculations for this example are the first evidence of the general fact that the multiscale

reduction of an S—integrable equation provides another S—integrable model. Moreover the

fact that, apart from some gauge terms dependent on ug , the nonlinear equation describing

(1)

the evolution of uj™’ at the slow-time ¢ is an N LS equation, is a general fact too when [8,9,13]:
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o The function Fu, Uz, Ut, Ugy, Ugt, Ust, - . -] 0 eq. (2.1) contains generic quadratic nonlin-
earities;

o The slow variables scale with € as in (2.15) with p = 1;

e The following non-resonance conditions are satisfied:

w(2K) — 2w (k) # 0, (2.53a)
w1 (0) —wy (k) #0, (2.53b)
wy (k) # 0. (2.53c)

. (0 . .
The presence of a nonzero harmonic ug ) would introduce shock wave solutions and nonlocal

relations between the various harmonics as in eq. (2.52).

2. Let us consider the C'—integrable Burgers-like equation

ou ou  Ou 0 ou
which, through the Cole-Hopf transformation
Yz (2, 1)
u(x,t , 2.55
(z,t) o) (2.55)
linearizes to the equation
o oy
FR i roa ACKR (256)

where f (t) is an arbitrary integration function depending just on ¢t. We note that the Cole-Hopf
transformation (2.55) is invertible and its inverse transformation is given by

W (,8) = o (wo, 1) o () (2.57)

According to eqs. (2.2b) and (2.5b), the dispersion relation is w (k) = ax + k3, so that we need
to introduce only three slow-times ¢;, j = 1, 2, 3. Setting p = 1 in (2.15), from egs. (2.18) we
have

D(a) kg (a? — 1), (2.58a)
D\ =, + [a + 3 (ko) } o, (2.58b)
DY) = 8y, — 3iarod, (2.58¢)
DY) =8y, — 8. (2.58d)

Eq. (2.58a) confirms that, if we choose kg # 0, the only resonances are the structural ones
with @ = 0, +1. Let us proceed to the multiscale expansion according to eq. (2.21), referring

to Appendix A for the corresponding functions F{) written in egs. (A.3b, A.3c, A.5);

1. Order n = 2.
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e a=20:

(8, + ade)ul” =0, (2.59)
which means that ugo) depends on the combination p = & — aty;

e o =1:

(01, + e + 33 (u” + 0¢) | ui? =0, (2.60)

which implies

p . (0)( 7 ’
uf) = o) (0,0, tg) eI tete) (2:61)

where o = £ — (a + 3/1(2)) t1;

o o =2:
uf? =~V (2.62)
Ko
7. Order n = 3.
o v =0:
(0, + ade) ul) = —9,,ul. (2.63)

The right hand side of eq. (2.63) is secular by eq. (2.59) so that one has to rewrite it as
the system:

(O, + ade) uy) =0, (2.64)
A ul” =0, (2.65)

which means that uéo) depends on p = £ — at; too and that ugo) is independent of to;

e ov=1:

Using eq. (2.62), we get:

[@1 + adg + 3k} (u§0> + 8&)} uél) =— [8752 — 3ikg (ugo) + 8p>2] ugl) + (2.66)

+3iﬁougl)8pugo) - 3ﬁ§u§°)u§”.
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Eq. (2.66), considering the definition (2.61) and the corresponding one for the harmonic
M
Uy

p , (0)( 1. ’
uél) = gél) (5; tl; t27t3) e fpo “ (f’ Jﬁ)dp ) (267)

can be rewritten as

[6,51 + (a + 3/18) 85} gél) = 3kKg [i (Bpugo)) - nouéo)] ggl) - (5‘t2 - 311-@082) ggl). (2.68)

The last term on the right hand side of eq. (2.68) is secular as g%l) depends on o so that
we finally have

[3t1 + (a + 3&%) 85] gél) = 3k [i ((“)pugo)) - Kougo)} g§1)7 (2.69)
(9r, — 3ir0d?) gV (2.70)

Equation (2.70) is a linear Schrodinger equation for the function ggl).

We can see that the linearizability of the starting model reflects itself in the fact that the
evolution of ugl) at the slow-time ¢4 is governed by a linear equation. Other different rescalings
with ¢ of the slow variables will provide linearizable equations. If for example [6,7,10] one
takes the equation

2 3
Up — Uppr = 3 (umu + 3uy, + uzu ) U,

which can be exactly linearized, and perform a multiscale reduction choosing p = 2 in eq.
(2.15), then one obtains the Eckhauss equation

{01 + 3002 + 1260 a7 + 0 (Juf??)] }u® = 0,
which is another linearizable equation.

2.2 The orders beyond the NLS equation and the integrability conditions

In this section we want to emphasize the fundamental role covered by the orders beyond
that at which one derives for the harmonic ugl) an (integrable) NLS equation in setting up
an integrability test for nonlinear differential equations. The importance of the following
considerations is in the fact that everything we will say remains unchanged even if we consider
nonlinear difference systems. We will start supposing that the conditions (2.53), assuring that
the amplitude ugl) evolves at the slow-time ¢y according to an NLS equation, will always
be satisfied. The first attempt to go beyond the NLS order has been presented by Santini,
Degasperis and Manakov in [12] and the authors, starting from S—integrable models, through a
combination of an asymptotic functional analysis and spectral methods, succeeded in removing
all the secular terms from the reduced equations they found order by order. Their findings

could be summarized as follows:
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e The number of slow-time variables required for the amplitudes uﬁf”s indeed coincides

with the number of nonvanishing coefficients w,, (k) defined in eq. (2.12);

e The amplitude ugl) evolves at the slow-times t,, n > 3 according to the n—th equation
of the NLS hierarchy;

e The amplitudes u%), m > 2 evolve at the slow-times t,, n > 2 according to certain

linear, nonhomogeneous equations supplemented by some asymptotic conditions on the

functions u,(,l)7 p > 2 themselves.
Thus one can concludes that the cancellation at each stage of the perturbation process of all
the secular terms from the reduced equations is a sufficient request to uniquely fix the evo-
lution equations followed by every u%”, n > 1 at each slow-time. The result in the second
point should be expected as a hierarchy of integrable equations always represent compatible
evolutions for a unique function w at different times, or the equations in this hierarchy are
generalized symmetries of each other. For more details see [11,37].

Although this procedure provides the most general necessary and sufficient conditions to
get secularity-free reduced equations, it is not necessary to maintain such a functional ap-
proach to develop an integrability test. A recursive technique proves to be more suitable. As
illustrated in [13,14, 35] the authors, through a detailed multiscale reduction of the spectral
problem associated with an S—integrable equation or of the linearizing process associated with
a C'—integrable system, showed the following

Proposition 2.1 If equation (2.1) is (C or S) integrable, then under a multiscale expansion

the functions uﬁ), m > 1 satisfy the equations

O, i) = Ko [ulV] (2.71a)

M) = fu(), M, =8, — K, [ugﬂ : (2.71b)

VY j, n > 2, where K, {ugl)} 1s the n-th flow in the nonlinear Schrédinger hierarchy. All the
other ugf), K > 2 are expressed in terms of differential monomials of u,(gl), p<m.

In the last equations f,(j) is a nonhomogeneous nonlinear forcing term and K, [u] v is the
Frechet derivative of the nonlinear term K, [u] along the direction v defined by

K/ [u]v = %

i. e. the linearization near u of K, [u] along the direction v. If K,[u] depends explicitly on x,
t, Uy Ugy Uggy - -y Uy Ugy Uga, - - -, the explicit expression of K/ [u]v is

K, [u+ sv] |s=o,

K [ulv = 9 v+ 9 fuerau Vg + -+ +

0K, _ 0K, _
ou VUpg + -

For future use we note that the operator K/ [u] is a linear operator when it acts on a linear
combinations of functions with real coefficients. In other words integrability is a sufficient
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condition for the harmonics u%’, n > 1 to satisfy egs. (2.71). So egs. (2.71) are a necessary

condition for integrability. We want to emphasize that eqs. (2.71a) represent a hierarchy of
compatible evolutions for the same function u(ll) at different slow-times. Those evolutions are

characterized by the commutativity condition

[KraKs]L =0, [KMKS]L =M, K, — MsKrv (272)

where [K,., K|, is called the Lie commutator. On the contrary, as we will see, the compatibility
of egs. (2.71b) is not always guaranteed but is subject to a sort of commutativity conditions
among their r. h. s. terms f,,(j)s. These last commutativity conditions will be the cornerstone
of our integrability test.

Let us continue illustrating the results of Degasperis et al. Those authors, following the
results of [21], where it was demonstrated that the relations (2.71) implies an infinite number
of asymptotic symmetries for the PDE under investigation, stated the following

Conjecture 2.1 If a PDFE admits a multiscale expansion where the functions u%), m > 1
satisfy the equations (2.71) ¥ j, n > 2, then the equation is (C' or S) integrable.

In other words the conjecture affirms that the relations (2.71) are a sufficient condition for
integrability or that integrability is a necessary condition to have a multiscale expansion where
egs. (2.71) are satisfied. Following again [13,14,35], we give the definitions

Definition 2.1 A differential monomial p [ugl)}, j > 1 in the functions ugl), their complex
conjugates and their &-derivatives is a monomial of "gauge” 1 if it possesses the transformation
property

o[ =] o

Definition 2.2 A finite dimensional vector space Py, n > 2 is the set of all differential poly-

nomials in the functions ugl)s, j > 1, their complex conjugates and their £-derivatives of order

n in € and gauge 1 where

order (3?%5—”) = order (8?1’4”) =m-+j, m>0;

Definition 2.3 P,,(m), m > 1 and n > 2 is the subspace of P,, whose elements are differential

polynomials in the functions u;l)s, their complex conjugates and their -derivatives of order n

i e and gauge 1 for 1 < j <m.

e From definition (2.3) one has that P, = P,(n — 2) and moreover one can see that in
general K, [ugl)} € 8gugl) UPr41(1) and that f,(j) € Pj1n(j — 1) where j, n > 2. The

basis monomials of the spaces P, (m) can be found in Appendiz B.
We have the following

Proposition 2.2 The operators M, defined in eq. (2.71b) commute among themselves.
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Proof: As egs. (2.71a) represent a hierarchy of compatible evolutions, the following operator
relation is satisfied (see ref. [33], pag. 121),

(ath,g [ui”}) - (8tnK,’n [ug”D + [K,g [ugﬂ . K., [uP” —0. (2.73)

Then we have M,,M, = <3tm - K/, [ugl)D (@n - K, [Ugl)D = 0y,,0r, — 0, K}, [Ugl)} -
)

K, [ugl)} O, + K/, [u(ll)} K}, [ugl)} = 0,0, — (ath;L [ugl D—K;L [ugl)} O, — K, {ugl)] O,
+ K {uﬂ K/ {uﬁ”} — M, My, so that [My,, M,] = 0. Q. E. D.

Once we fix the index j > 2 in the set of egs. (2.71b), this commutativity condition implies
the following compatibility conditions

where, as f, (j) and fi (j) are functions of the fundamental harmonic up to degree j — 1, the
time derivatives 0y, , 0y, of those harmonics appearing respectively in M}, and M,, have to be
eliminated using the evolution equations (2.71) up to the index j — 1;

Proposition 2.3 If for each fized j > 2 the equation (2.74) with k = 2 and n = 3, namely
My fs(j) = Msfa (j), is satisfied, then there exist unique differential polynomials f,(j) Vn > 4

such that the flows M,Lu§1) = fun (4) commute for any n > 2.
Hence among the relations (2.74) only those with k = 2 and n = 2 have to be tested;

Proposition 2.4 The homogeneous equation M,u = 0 has no solution u in the vector space
P, i.e. Ker (M) NPy, = 0.

Consequently the multiscale expansion (2.71) is secularity-free. Finally by the following defi-
nition we express the degree of integrability of a given equation:

Definition 2.4 If the relations (2.74) are satisfied up to the index j, j > 2, we say that our
equation is asymptotically integrable of degree j or A; integrable.

Although the theory was developed only in the case of real dispersive PDFEs for real func-
tions when the conditions (2.53) are satisfied, one could extend it to include the case of complex
PDEs for complex functions and situations where flows in eqs. (2.71a) will not necessarily
belong to the NLS hierarchy. This is precisely what we will do when we will consider the
multiscale reduction of the discrete NLS equation. In this case one has only to separate the
modulus and phase of our function and expand them in ¢ without any expansion in harmonics.
As we will see, the leading order of the modulus squared and the phase will evolve respectively
as a KdV equation or a potential KdV equation and consequently the flows in egs. (2.71a) will
now be respectively those of the KdV hierarchy or those of the potential KdV hierarchy. As
for the nonlinear forcing terms in egs. (2.71b), they will turn out again to belong to a specific
finite dimensional polynomial vector space P,, whose precise definition is given in Subsections
2.2.2, 2.2.8 and whose basis monomials are listed in Appendixz B.
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2.2.1 Integrability conditions I: NLS hierarchy

In this subsection we will derive the conditions for asymptotic integrability of order n or A,

integrability conditions. To simplify the notation, we will use for u'M the concise form u(j). At
first, for future convenience, we list the fluxes K, [u] of the NLS hierarchy for u up to n = 4:

K [u] = Aug, (2.75a)
Kz[ } = —ipy |:’LL§§ + — |u|2 :| (2.75b)
Ksu] =B |:7.L§§§ + p12|’u,|2’u§:| , (2.75¢)

3
Kyfu) = —iC {u5555 + Zj [222u|4u + 4)uPuge + 3u§ﬂ + 2|ue[Pu + u2ﬂ§5} } ,  (2.75d)
1 1

and the corresponding K, [u]v up to n = 3:

Ki[ulv = Avg, (2.76a)

Kiulv = —ip {vgg + % [u*0 + 2[ul*v] } , (2.76b)
302

Klulv=B {0555 + p— [|u|21)5 + Tugv + uued| } (2.76¢)

where p1, p2, B and C are arbitrary complex constants.

The A; integrability condition is given by the reality of the coefficient p, of the nonlin-
ear term in the NLS equation. It is obtained commuting the NLS flux Ks[u] with the flux
B [uege + 7|u*ue + puttie] with 7 and p constants. Let’s remark again that, if we start from
an integrable model, the resulting NLS equation should be integrable as well and, as an in-
tegrable equation, it should be a part of an entire hierarchy of equations like (2.71a). This
commutativity condition gives, If po # 0,

Imps] =Im[Bl=Im[p1] =0, 7=3p2/p1, n=0. (2.77)

If po = 0, it follows 7 = p = 0 and no conditions on B and p; althought they will always result
real.

The A, integrability conditions [13, 14, 35] are obtained choosing j = 2 in the compati-
bility conditions (2.74) with k =2 and n =3

M f3(j) = M3 fa2(j) - (2.78)

In this case we have that f2(2) € P4(1) and f3(2) € P5(1) with dim(P4(1)) = 2 and dim(Ps(1))
= b5, so that f3(2) and f3(2) will be respectively identified by 2 and 5 complex constants

f2(2) = aug(D)|u(1)[? + bug(1)u(1)?, (2.79a)
f3(2) = alu(D)*u(1) + Blue(1)Pu(1) +yue(1)*a(1) + (2.79b)
+otge(1)u(1)? + elu(1)Puge(1).
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In this way, if p2 # 0, eliminating from eq. (2.78) the derivatives of u(1) with respect to the
slow-times to and t3 using the evolutions (2.71a) with n = 2 and n = 3 and equating term by
term, we obtain the As integrability conditions

a=a, b=b, (2.80)

while, if po = 0, we have no conditions on a and b. So at this stage we have only two integrability
conditions expressing the reality of the coefficients a and b. The expression of «, (3, «, ¢ in
terms of a and b are:

3iBpaa 3iBb 3iBa
= s = s = s 6 = 0, € = . 281
4p? / T 2 7 (2:81)

The Aj integrability conditions are derived in a similar way setting j = 3 in eq. (2.78). In
this case we have that f2(3) € P5(2) and f3(3) € Pg(2) with dim(P5(2)) = 12 and dim(Ps(2)) =
26, so that f2(3) and f3(3) will be respectively identified by 12 and 26 complex constants

f2(3) = m|u(D)[*u(1) 4 7ol ue (1)Pu(1) + 75lu(1) Puge (1) + Tatiee (1)u(1)? + msue(1)u(1) +
+76ug (2)|[u(1)[* + m7a¢ (2)u(1)? 4 T5u(2)?a(1) + 1olu(2)Pu(1) 4+ Trou(2)us (1)u(1) +
+ri1u(2)ug (Du(l) + m2u(2)ug (1u(l), (2.82a)

f3(3) = mlu(1)[ug (1) + 72 lu(1) Pu(1)* e (1) 4 s|u(1) Pugee (1) + vau(1)*deee (1) +
5 ug (1)[Pue (1) + yotige (1)ug (Du(1) 4+ yruee (1)t (1)u(1) + ysuee (1)ug(1)a(1) +
+olu(1)[*u(2) + yiolu(1)Pu(1)?@(2) + yi1te (1)u(2)? + youe (1)]u(2)* +
sl (1) [Pu(2) + y1au(2)]*w(2) + y15ue(1)%0(2) + vi6|u(l) Puce (2) +

2) + misu(2)tee (1)u(l) + y19u(2)uge (1)a(1) + v20u(2)uge (1u(l) +

|
)
*

Fy17u(1)tee ¢
Fy21u(2)ue (2)1(1) 4 y22u(2)ue (2)u(1) 4 yazue (2)ue (1)a(1) + yaaue (2)ae (1)u(l) +
Fy25¢ (2)ug (1)u(1) + vaete (2)u(2)u(1). (2.82b)

After eliminating from eq. (2.78) with j = 3 the derivatives of u(1) with respect to the
slow-times t2 and t¢3 using the evolutions (2.71a) respectively with n = 2 and n = 3 and the
same derivatives of u(2) using the evolutions (2.71b) with n = 2 and n = 3 and equating the
remaining term by term, if ps # 0, indicating with R; and I; the real and imaginary parts of
7,1 =1,...,12, we obtain the A3 integrability conditions

I b—a)l I R —b)I I
Ro— s R3:( a)G_CL12, R - (a )6+a12
4p1 2p2 2p2 2 4p2 4p2
R —b) I 2b—a)l I —b)I
Rt 0O @0l 0 als L o (@D
2 4p2 4p2 P2 P2
a—2b)I
Rg = Rg =0, Rig= Ri2, Ri1=Ri2+ (p)s’
2
b+a)R I Iy—1I3-2I 2b(a — b) + a?] I
[4:( a) 12+P11+2 3 5+[ ( )2 ]8, I =0,
4pa P2 4 4p3
Iy =2Is, Iio=hla, Ii1=1Is+ o (2.83)

Although in [13,14] it was already reported that these conditions would consist of 15 real
equations so that f2(3) and f3(3) will be parametrized by 2 - 12 — 15 = 9 real constants,
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the precise form of those equations was not given and it appears here for the first time. For

completeness we give the expressions of the y;, j = 1,...,26 as functions of the 7, ¢ = 1,...,12:
3B . 2a*1 .
Y1 = 87p2 |:—2le2 - 8/)1[1 + 2([2 — 2]3 — 2[5)p2 + l(b — 5(1)[6 + P 8 _ 31&]12 5
1 2
3Ba |. a— 2b)1, 3iBT 3iBT
V2= {116+( )8+Tl2 , =, mu=0, 5= 2,
4p7 p2 2m 2m
3iBT4 3iBT5 3B(,02[6 + 3@1]8)
Y6 = YT =75 Y8 =173+ y Y9=— 3 )
p1 p1 4p1
3pr2R6 31B’7’9 3137’11 3iBT12
No=—F3— MMm=0, m2= ;M3 = ;o ya=0, ms= )
2p7 2p1 2p1 2p1
3iBT6 3iB7’10 3iB7'8
Y16 = v Mr=78=0, 719= s Y20 =715, Y21 = ;
2p1 2p P1
3iBT7

Y22 = Y12, Y23 = Y16 + Y19, 724 = V13, Y25 = o , Y26 =0.

If p2 =0, the A3 integrability conditions turn out to be:

i

- 1
T = —rpl [b(Tll — 27—6) +€LT7], by = § (b— CL) (7'11 + Ti0 — 7—6) + ary,
ats =brg =0, arg=0brg =0, amns=a(m—"m1)+ b+ ary,
(E*EL) T12 = (b—a) 710, (284)

and the expressions of the «y; as functions of the 7; are:

3B ( 4 s ) 3B
1= —735 a7 —4p1T1 T 0T12), V2= T3
4p} 4pi

(bT6 + ELT7) .

The other 7;s are the same as written up above (note that, given the conditions (2.84), from
the expressions of 79 and 719 one deduces that v9 = v19 = 0). Also in this case the conditions
given in eqs. (2.84) appear to be new. Their importance resides in the fact that a C—integrable
equation must satisfy those conditions (in this case eq. (2.75b) is a linear equation).

2.2.2 Integrability conditions II: KdV hierarchy

The first attempt to use the multiple times formalism in connection with the KdV hierar-
chy can be found in [25], where the authors applied the method to study the propagation of
long surface waves in a shallow inviscid fluid. Apart from the different hierarchy of equations
followed by the leading order of the field describing the height of the upper surface and the
absence of any expansion of the various fields involved in harmonics, the method appears to
be in all similar to that previously described.

In our case we will be interested in the situation characterized by:

e The leading order in € of the field p(z,t) € R, namely () (57 {tm}ﬁ;l) will evolve at
the slow-times t,, n > 2 according to the KdV hierarchy

8, oV = H, [4,0(1)} ; (2.85a)
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e The higher orders in ¢ of the field ¢ (f, {tm}i\nle), j > 2 will evolve at the slow-times

tn, n > 2 according to the linearized versions (¢(!)) of the equations (2.85a)

Moo D = guli), Mo =01, — H, [6V)] (2.85D)

where g,(j) is a nonhomogeneous nonlinear forcing term and H), [¢] ¢ is the Frechet
derivative of the corresponding flow H,[¢] along the direction ¢.

For future reference, we list the various fluxes H,,[¢] of the K dV hierarchy and the correspond-
ing H) [p] ¢ up to n = 3:

Hy [p] = Ape, (2.86a)
. 27
Hylp) =1 [sogsg + Tfsosog} 7 (2.86b)
. ].07'2 T2 2
H3 [p] = A peecee + 31 |7 ¥ e + 20 pee + Ppeee| ¢ (2.86¢)
Hi ] ¢ = Ade, (2.86d)
271
Hylplp =71 {425555 + ?12 (ppe + 50@55)} , (2.86¢)
107 T
Hy [p] ¢ = A {¢££€€5 + 3712 [W&s + 2pepee + (2%5 + Ti<ﬂ2> e+ (2.86f)
27T
+ (2@% + wss&) 4 } ,
T1

where 71, 7o, A are arbitrary real constants. The definitions (2.2), (2.3) of the vector space P,
and its subspaces now are:

Definition 2.5 The finite dimensional vector space P,, n > 2 is the set of all differential
polynomials in the functions s, j > 1 and their &-derivatives of order n in € where

order (8?<p(j)) =m+25, m2>0;

Definition 2.6 P, (m), m > 1 and n > 2 is the subspace of P,, whose elements are differential
polynomials in the functions s, j > 1 and their &-derivatives of order n in ¢ where the
index j goes only up to m.

e One can see that in general H,, [p(V)] € 652”*1<p<1>u7?2n+1(1) and that g, (j) € Pa(j4n)—1(
j — 1) where as usual j, n > 2. The basis monomials of the spaces P, (m) are given in
Appendiz B.

As every KdV equation 8t2<p(1) = Hy [tp(l)], where Hy [(p(l)] is given by eq. (2.86b), with
real coefficients is an integrable equation, we don’t have any A; integrability condition.

The A, integrability conditions are obtained choosing j = 2 in the compatibility condi-
tions (2.74) with £ = 2 and n = 3 and f,(j) replaced by g, (j)
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Mags (§) = Mzg2 (j) - (2.87)

In this case g2(2) € P7(1) and ¢3(2) € Py(1) with dim(P7(1)) = 3 and dim(Py(1))
=7, so that ¢g2(2) and g3(2) will be respectively identified by 3 and 7 real constants

92(2) = aso(l) (1> +bga(1) (1> +c¢(1>2¢<1> (2.88a)
(1) (1 (1) (1) (1),.(1) (1)3
g3(2) = Pee Pege + B¢ Peeee T VP Pegeee T 0P

1 1 1

—I—ego(l)ga( )<p( ) + 7Tg0(1)2<pg€)€ + aw(l)ggpé ), (2.88b)
In this way, eliminating from eq. (2.87) the derivatives of o) with respect to the slow-times
to and t3 using the evolutions (2.85a) with n = 2 and n = 3 and equating term by term, we
obtain no A integrability conditions, i. e. eq. (2.87) can be always satisfied Va, b and ¢. The
expressions of «, 3, 7, d, €, m and ¢ as functions of a, b and ¢ are given by

5X(2a + b 5A(a+b 5Ab

Oé = ( )’ /B = ( )7 ,-Y = )

37’1 37’1 37’1
5A[3em + (3a — b) 2] 5 (3¢Ty + 5b12)
972 € @tm), = 972 ’
10)\7’2 (96’7’1 - bTQ)
= 2o
2773 (2:89)

The Ajz integrability conditions are derived in a similar way setting j = 3 in eq. (2.87).
In this case we have that g2(3) € P9(2) and g5(3) € P11(2) with dim(Py(2)) = 14 and
dim(P11(2)) = 31, so that g2(3) and g3(3) will be identified by 14 and 31 real constants

92(3) = i pee + 120l Pece + “39025)555@( '+

(1) (1) (1)+u g0(1) (1)2

(2) (

) + sl
D03 1 4o
+1100 P + prple e + papld e +

MM 4 P @), (2.90a)

1,2

+rpg Yt powg oge +
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s (W (1) 1, (1) 1, (1)
93(3) = 019¢cePecee + 02 %555& T 03P¢ Pececes T

1)2 1)2 (1
607 4 5520 4

(1) (1) S0(1)+

+5490£55£55£90 + 55<P

1
+orpte @ég)gw(l + ds0¢

+599%5555%0 2+ Sropter 1)3+511<p() w2 4

+512<P5 o 513905 M+ 514<P( )55590(1) +

o ss + 5wwé§£soé? +

Ol e + Ol P + Oovceee s +

+0200 e pD? + SRl o) +

+522<P 90( 2+ 523@?@2?

@ )

o0 1

+524<P Pee
(1)

@ 4 52580(1) M 4 5269022)80(1)3 +

(2) @2 4

+oaripg )2 w(z + 0250 eM® + Gpopt

+530<P55580( )+ 53190(2)@?5) (2.90b)
If 75 # 0, eliminating in eq. (2.87) with j = 3 the derivatives of p(1) with respect to the slow-
times t5 and t3 using the evolutions (2.85a) with n = 2 and n = 3 and the same derivatives of

©2) by evolutions (2.85b) with n = 2 and n = 3 and equating the rest term by term, we have
the following As integrability conditions for the coefficients p;, j =1, ..., 14:

(961 (502 + 1263) 71 — (4563 + 880203 + 1263 ) 2] p114 N

= 2.91
ald 547'1272 ( 2)
[(392 — 803) T — 3917’1] H10 [(802 =+ 4293) T9 — 18917’1} y2zs)
+ 2 + 2
97} 27T}
(9#5 + 8,U,6 — 24#4) T2 2 (12#1 — 30,LL2 + 85,LL3) 7'22
+ - - :
91y 27T}
_ bapny _ 0114 _ 301p14 3614
Hg = ,  H11 = p1o — Mo + y M1z = , M1z = .
27’2 27’2 27’2 T2
If 75 = 0, the linearizable case, and 6, # 0, we have
iy = (562 + 1203) 112 — 361 (p110 + 2#9), s = 92#127 (2.91b)
97’1 391
0
H11 = p1o — po + 2'u12, 13 = 2p12,  p1ga =0,
360
If m, =6, =0, and 65 # 0, we have
02 — 76505 + 262 05 — 20 2605 — 36
iy = (03 -7 2932+ 3),“14’ s = (05 2)/114’ s — (205 —3 2),“14’ (2.91¢)
T 311 311

and finally, if 79 = 61 = 65 = 0, we have
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[3 (2u12 + p13) 71 — 203 4014] 9

= 2.91d

17 972 (2.91d)

The expressions of the coefficients d,, Kk = 1, ..., 31 of g3(3) as functions of the coefficients p;,
j=1,..., 14 is given in Appendiz C.

2.2.3 Integrability conditions III: potential KdV hierarchy
Here we discuss the case of the potential KdV hierarchy, closely related to the KdV one. It

arises when one has a set of functions ¢ (f Atm }%:1), 7 > 1, which are supposed go to a con-

stant while all their {-derivatives go to zero as { — +oo and are related to the previous functions
o) (57 {tm}ﬁ\nle) j > 1 by the the relation U ({ {tm}m 1) = 0¢pl) (5, {tm}i\nle), j>1.
Under such positions the function ¢ (§ , {tm}m:1) follows the potential KdV hierarchy of
equations at the slow-times t,,, n > 2

0,00 =K, 0], 1, [o0] = [ . [of")] (292)

The various K, [¢] up to n = 4 are given by:

Ky 9] = Ay, (2.93a)

Ky [¢]=m [fbsss + TQ¢§} ; (2.93b)

K3 [¢] = A [Qﬁgssss + gTi (272 0% + Ofc + 2¢5¢55£>] (2.93¢)
77y

Kylg] = {¢§§§§£££ +— [ PePeecee 42 (¢£¢gg + Pideee) +  (2.93d)

57_2

27 s b + ¢5s¢5sés + ¢555] }

where y is a real constant and the arbitrary £—independent integration functions have been
set to zero to match the asymptotic conditions on the ¢()s as € — 4o0. Let us stress that the
flows (2.93) are completely local despite the presence of an integral in their definition (2.92).
On the contrary the evolutions of the functions ¢U), j > 2 according to the slow-times t,,
n>2

Noo? = ). Mo =0, — K [60]. 1) = [ onti)ae (2.94)

where K], [¢] ¢ is the Frechet derivative of the corresponding flow K, [¢] along the direction ¢,
are not always local. This depends from the fact that, when we replace in g,(j) the various
o) up to k = j — 1 with agqb(’“”) and perform the integration given in eq. (2.94) to find f,(j),
the resulting expression could in general involve integrals. We postpone to the end of the
subsection the discussion of the conditions of locality of the resulting equations. Suppose for
a moment that they are indeed local. In this case the nonlinear forcing terms f,(j) belong to
some subspace of the polynomial vector space P,,, m > 2. These spaces, taking into account
the definitions (2.5), (2.6), are defined in terms of the functions ¢) by
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Definition 2.7 The finite dimensional vector space Pn, n > 2 is the set of all differential
polynomials in the &-derivatives of the functions ¢Ws, j > 1 of order n in e where

order <3gncé(j)) =m-+2j—1, m>1.

Definition 2.8 P, (m), m > 1 and n > 2 is the subspace of P,, whose elements are differential
polynomials in the &-derivatives of the functions ¢\, j > 1 of order n in e where the index j
goes only up to m.

e One can see that in general K,, [¢(V)] € 852"71¢(1)U’P2n(1) and that f,,(j) € Pa(jan—1)(J—
1) where as usual j, n > 2.

Let us recall a few K/ [¢] ¢ for n up to 3:

K1 [6]¢ = A, (2.95a)
Ky [9] ¢ = T1Ceee + 2m20¢Ce, (2.95b)

10
K3[¢]¢ = A {Cfsfss + 37? [aﬁsé}sz + PeeCee + (:qﬁg + ¢£5£> Cz] } : (2.95¢)

As every potential KdV equation 9,01 = K, [d)(l)], where Ko [gb(l)} is given in eq.
(2.93b), with real coefficients is integrable, there are no A; integrability conditions.

The A, integrability conditions are obtained choosing j = 2 in the compatibility condi-
tions

Ma f3(j) = M3z f2(j) - (2.96)

In this case we have that f2(2) € Ps(1) and f5(2) € Ps(1) with dim(Ps(1)) = 3 and dim(Ps(1))
= 6, so that f2(2) and f3(2) will be respectively identified by 3 and 6 real constants

f2(2) = 91¢él)3 + 92¢él)¢&)§ + 93¢&)2, (2.97a)
Fa(2) = €00k + €00 O + a0 D +
+Ea0)" + &0 btk + bl - (2.97b)

In this way, eliminating from eq. (2.96) the derivatives of #1) with respect to the slow-times
to and t3 using the evolutions (2.92) respectively with n = 2 and n = 3 and equating term
by term, we obtain, as in the corresponding case for the KdV hierarchy, no As integrability

conditions for the coefficients 6;, i =1, ..., 3, 1. e. eq. (2.96) can always be satisfied V6, 05
and 3. The expressions of the {;, j =1, ..., 6 as functions of the 8;, i =1, ..., 3 are given
by:
5\ (9(91T1 + 205715 + 6937’2) 504 5\ (92 + 293)
& = = L= =
T 311 3711
5)\7’2 (27917‘1 - 92’7’2) 5/\ (9917’1 + 5927’2) 5)\ (92 + 93)
= = =—="2 (298
54 547_? ) 5 97_12 ) 56 37_1 ( )

To close this subsection, let us investigate the conditions under which the equations (2.94)
are completely local. In this respect we will give a series of straightforward propositions.
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Proposition 2.5 The integration of the term g2(2) given in eq. (2.88a) gives a local expression
for the term f3(2) given in eq. (2.97a) Va, b and c. We have

—-b
=5 =0, 03:(“2);

Proposition 2.6 The integration of the term g3(2) given in eq. (2.88b) gives a local expression
for the term f3(2) given in eq. (2.97b) iff

e=2(0+m). (2.99)
We get
=0, &=7v &=(0B-17), 542%, & =, gﬁzw_

If the coefficients of g3(2) are given by the expressions (2.89), then the above conditions (2.99)
are automatically satisfied;

Proposition 2.7 The integration of the term g2(3) given in eq. (2.90a) gives a local expression
for the term fo(3) iff

ps = 2 (pa + p6) Hg = fto — 10 + 11,  p13 = 212 (2.100)

The As integrability conditions (2.91) for the coefficients p;, j =1, ..., 14, do not imply that
eqs. (2.100), are automatically satisfied;

Proposition 2.8 The integration of the term g3(3) given in eq. (2.90b) provides a local ex-
pression for the term f3(3) iff

07 = 205 — 406 + 5dg — 1004y, 011 = 3019 + I12,
014 = 615 — 016 + 017 — 018 + 19, 23 = d21 — 2020 + 2,

024 = 2(2020 — 021 + 022) + 025, 027 = 3d26,  J2g = 2029. (2.101)
If the coefficients 6., k = 1, ..., 31 are given by egs. (C.1), where the coefficients pj, j =
1, ..., 14 satisfy the As integrability conditions (2.91) and the conditions (2.100), then the

conditions (2.101) are automatically satisfied.

2.2.4 Solutions of the linearized equations I: NLS' hierarchy
The NLS equation given in egs. (2.71a) with n = 2 and (2.75b),

g, (1) = pruge (1) + palu(D)[?u(L),

provided that the coefficient ps is real, represents an S—integrable evolution equation for the
complex function u(1)(&,t2), in the sense that it arises [1] as the compatibility condition of
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the following overdetermined system of two matrix linear partial differential equations for the

vector function v (£, t2) = (11)(1) (€,t2), 93 (E,tz))T

_ —iA nu( )
Ye = ( —ena(1) )111 Ly, (2.102a)

_ 2007 —ien?lu(1)2  —2Anu(l) — inque(1) \ .
Vi, =P ( 2eAnu(l) —ienug (1) —2iA? +ien?|u(1)]? ¥ = Mg, (2.102b)

where ¢ = sgn. £2 , = | 21 L2 ‘1/2 and A € C is the spectral parameter. Hence our equation is

equivalent to the follovvlng matrlx equation

Ly, — M + [L, M] = 0.

As it has been said, eqs. (2.71), as n varies, represent the NLS hierarchy of compatible
evolutions for the same function u(1) (§,t1,te,...) at the different slow-times. Each equation
in this hierarchy is an S—integrable evolution emerging as a compatibility condition between
eq. (2.102a) and a suitable ¢, evolution for the spectral function (¢, t1,t2,...). The common
one-soliton solution of the focusing hierarchy, i. e. ¢ =1, up to n = 4 is given by

u(l) = %sech {Fc [§ + At1 — 20p1ty — (352 — /{2) Bts — 4 (52 — ,62) BCty + fo]} (2.103)

ei[BE+BAL— (82 —r?) prta— (8 —3x) BBty — (6576 —r" —4") Cta+0]

where &y, 0y, B and k are four real constants, £y and 6y are arbitrary and 2\ = g + ik. On
the other hand the general solution bounded at infinity of the linearized Schrodinger equation
given in (2.71b) with n = 2 and (2.76b)

Uty (2) + ip1uee (2) +ip2 [u(l)Qﬂ@) + 2\u(1)|2u(2)] = cm§(1)|u(1)|2 + bﬂg(l)u(l)z,

is given by the sum of the general integral bounded at infinity of the homogeneous equation
and a particular solution of the nonhomogeneous equation. The general integral bounded at
infinity of the homogeneous equations is given [20] by a linear superposition of the squares of
the spectral functions corresponding to the discrete eigenvalues A, i. e. ) Am) = w%),
j =1, 2, and of those corresponding to the continuous ones X (p), i. e. ¥ (A (p)) = v (p),
j=1,2

N
Shomo. = 3 (ent®? = entl®?) + [ [c(p) 0 () = clp) 5 (0)] dp. (2:100)

m=1

A particular solution of the nonhomogeneous equation is given by

b—a
= —j—o 1 2.1
Sport. = ~igul / u(1)(€)Pde + %5 ue(1), (2105)

where ¢0 is a real constant. As one can see, in this particular solution enter the integrals of
the conserved densities of the Schrédinger equation as |u(1)|? obeys the following continuity
equation
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(lu(W)?),, = —ipr (@(1)ue(1) = C.C.),
and wug(1 f_ ugrer (1) (¢') d€'.

2.2.5 Solutions of the linearized equations II: potential KdV hierarchy
The potential KdV equation given in eqs. (2.92) wit n = 2 and (2.93b)

¢(1) = Tl¢555 + T ¢(1)27

where 71, 7o are two real constants, represents an S—integrable evolution equation for the
real function ¢(1), in the sense that it arises as the compatibility condition of the following
overdetermined system of two linear equations for a complex function 1 (x, t)

82
(852 + 37721¢§” - n) Y(Et2) = (L —n) Y(€,t2) =0, (2.1064)
9 3 o
<3t2 An 5 272%1) 3¢ Tsz&)) W€ ts) = (at - M) W€ ) =0,  (2.106b)

where 1 € C is a spectral parameter and L and M are two differential operators. Than our
equation is equivalent to the operator identity

Ly = [MaL]a

between the linear operators L and M when one supposes that the spectral parameter \ is time
independent. As it has been said, eqs. (2.92), as n varies, represent the potential KdV hierar-
chy of compatible evolutions for the same function ¢(1) (€,t1,t5,...) at the different slow-times.
Each equation in this hierarchy is an S—integrable evolution emerging as a compatibility con-
dition between eq. (2.106a) and a suitable t,, evolution for the spectral function ¢ (&, 1,2, ..).
The common one-soliton solution of this hierarchy up to n = 4 is given by

12km 1
T 1 + 62K(§+At1+4l~€27’1t2+161€4)\t3+641{6xt4+§0) )

¢(1) - _

(2.107)

where & and k are two real constants, & is arbitrary and n = k2. Differentiating the solution
(2.107) once with respect to £, we get the common one-soliton solution of the KdV hierarchy
(2.85a) up ton =4

(1) _ 67’1/€2

. h? [k (€ + Aty + 4r>Tits + 165* M5 + 64k5xts + &) - (2.108)
2

On the other hand the general solution bounded at infinity of the linearized potential KdV
equation given in (2.94) with n = 2 and (2.95b)

on — Tidgee — 2120 000 = 010 + 020 o, + ba0(”,
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is given by the sum of the general integral bounded at infinity of the homogeneous equation
and a particular solution of the nonhomogeneous equation. The general integral bounded at
infinity of the homogeneous equations is given [22] by a linear superposition of the squares of
the spectral functions corresponding to the discrete eigenvalues 7,,, i. €. ¥ () = ¥, and of
those corresponding to the continuous ones 7 (p), i. e. ¥ (n(p)) = ¥ (p)

N
Shomo. = Z cm,wfn + /C (p) w2 (P) dp (2109)
m=1 P

A particular solution of the nonhomogeneous equation is given by

0 1 0 9710
Spart. = *ifﬁ(l)ébg) + 5 ( — > / ¢(1)2 (93 + 52 — 11) Qf’(l) (2.110)

As one can see, as before in this particular solution enter the integrals of the conserved densities
of the potential KdV equation as ¢£¢1)2 obeys the following continuity equation

4T
(¢(1)2)t _ <27—1¢§1)¢§?§ 1¢(1)2 2¢(1)3>
2
3

(1 1 1
and o) = [€_oulde’, ol = [€ ol de.
2.3 Multiscale expansion of real dispersive partial difference equations

2.3.1 From shifts to derivatives

We now illustrate all the ingredients of the discrete reductive perurbation technique as given
n [15,16]. Counsider at first a function u,, : Z — R depending on a discrete index n € Z and
let us suppose that:

e The dependence of u, on n is realized through the slow variable ny = en € R, ¢ € R,
0 < e < 1, that is to say u,, = u(n1);

e The variable ny can vary in a (full measure) region so that w(nq) is analytical (Taylor
series expandibility) and that region contains the point 71 = en, n € N;

e The radius of convergence of the Taylor series starting at n; is wide enough to include
as an inner point the point mq + €.

Under these hypotheses one can write the action of the shift operator T;, such that T,u, =
Upt1 = u(ng + &) around n; as

2 i too 4
Tou(y) = u(@y) + euD (7y) + %u(2)(ﬁ1) bt %u@ () 4= %u@ (), (2.111)
! 2]

where u((711) = d'u(ny)/dni|,, =, = di, u(f1), being d,, the total derivative operator. The
last expression suggests the following formal expansion for the differential operator T},:
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+oo 4
T,=Y j—' i, = e=dn, (2.112)

=0

valid only when the previous conditions, which assure that the series in eq. (2.112) is con-
verging, are satisfied. Let us introduce more complicated dependencies of u, on n. For ex-
ample one can assume a simultaneous dependence on the fast variable n and on the slow
variable ny or u, = u(n,n;). The action of the total shift operator T, will now be given by
Thty = upt1 = u(n+ 1,n1 +€) so that we can write

T, = 71,7 (2.113)

niy

where the partial shift operators 7,, and Tn(f) are defined respectively by 7,u(n,n1) = u(n +
1,n71) and ’Z;l(f)u(n, ny) = u(n,n;+e). Here ’Z;l(f) is given by an expansion similar to eq. (2.112).
The dependence of u,, on n can be easily extended to the case of one fast variable n and K
slow variables n; = €;n, ¢; € R, 1 < j < K each of them being defined by its own parameter

€;. The action of the total shift operator T;, will now be given in terms of the partial shifts
T, Ty

K
- (e5)
T, _TnHTnj ) (2.114)
j=1

Let us pass now to consider the nonlinear partial difference equation

=0 & MH) >0 2.115

U{n+i}£\f(+’i[()7{m+j};\4(4rji/t():| ) N ) M = Y ( )
for a function wy, m, : 7Z? — R which now depends on two indexes n and m € Z which for future
convenience we will term respectively as space and time variables. As indicated, in eq. (2.115)
there appear some m and n-shifts from m — M) up to m + M) and from n — N () up to

n+ N, Let us suppose that

e The dependence of u, ,, on n and m is realized through the K, slow-space variables
n; = ep,;n € R and Ky, slow-time variables m; = e,,,;m € R with €,, and €, € R,
1<i<K,,1<j< K, besides a simultaneous dependence on the fast-space variable n
and on the fast-time variable m;

e The slow-space and slow-time variables can vary in a (full measure) K, + K ,,-dimensional
region so that u (n, m, {nz}le"l Am; }f{z”l) is analytical (Taylor series expandibility) and
K,

. . . - . ~ . Py Em\ ~ ~
that region contains the point ({nl =ep,n}; N, {mj = Emjm}j:1)7 n, meN;

e The radius of convergence of the Taylor series starting at (7, m) = <ﬁ, m, {n; = Enﬁ}fia ,
- . Y EKm\ .. . ) . .
{mj = emjm}j:1> is wide enough to include as inner points all the points of the form

(7 + a,m+ B) with —N () < a < N and —M) < g < M) which effectively
appear in the difference equation (2.115).
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Under such hypotheses all the n and m shifts of the function u,, ,,, which are involved in
the difference equation (2.115), admit a series representation around the point (72, m). In the
following will make the following choices:

En, = Nig',  1<i<K,, &n,=Mzd, 1<j<Ky,

where the various constants N;, M; and ¢ are all real numbers and we will assume K,, = 1 and
K,, = K (eventually K = +00) so that

+oo 7
T, =T, T =1, S AP, AP = Nf}ag;ﬂ (2.116a)
7=0
K “+oo
T =T [[ T = T S 74D, (2.116b)
j=1 j=0
K +oo
T Ty = LI T [[ 1 = T3, S 20.40),, (2.116¢)
j=1 j=0

where the operators A%”, A%), Aﬁ{)m up to j = 4 are given in Table (2.1).
Finally, in complete analogy with eq. (2.20), we will assume for the function

K . . . .
¢) a double expansion in harmonics and in the perturbative parameter ¢

u(n, m,nq, {mj}j:1 ,

oo ¥
u (n,m,nl, {mj}f:1 ,s> = Z Z g’mga) (m, {mj}le) Ey s (2.117)
y=1la=—y
En,m KN ei[nnfw(n)m]’ ugyfa) _ ﬂgyoc)

where the index  is chosen > 1 in order to let any nonlinear part of eq. (2.115) to enter as a
perturbation in the multiscale expansion. The expansions of the n and m-shifts of the function
Un,m as well as of the nonlinear monomials present in eq. (2.115) will be given in Appendiz D.
It should be clear that a Taylor expansion in € near € = 0 should also be considered for every
parameter present in eq. (2.115).

2.8.2  From derivatives to shifts

As our multiscale approach produces from a given partial difference equation a partial differ-
ential equation for one of the amplitudes u,(ya), one could wonder if it would be possible at
least formally, starting from the obtained partial differential equation, to write down a partial

difference equation inverting the expression

~+00 1
_ ,On ;E i
7;11 =em = 2'78"1’
i=0

where 7, Upm = U (n, m,ny + 1, {m; }j{:l), and similarly for 7,,,. In fact one formally could

write

+oo  4yi—1 ]
On, = InT,, =1In (1 + A;ﬁ) => iA(HZ, (2.118)
1

S
i=1
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where As{) = T,, — 1 is just the first forward difference operator with respect to the slow-
variable n;. Note that this is just one of the possible inversion formulae for the operator 7, .
For example it can also written in terms of the first backward difference operator A%:) =1 —’Tn:l
as

+o00
Oy = —InT, = —In (1 - A§5>) => %AS;)", (2.119)

i=1

or in terms of the first symmetric difference operator Aslsl) = (Tn, —T,;1) /2 as

+
On, = sinhflAgfl) =

?

8

P;_1(0)

A (2.120)
1

ny

1

where P;(0) is the i-th Legendre polynomial evaluated in x = 0. Now we have:

Definition 2.9 A function wu, is a slow-varying function of order | with respect to the index

n iff Ay, = 0.

Hence one can see that the 0, operator, which is given by formal series which in general
contain infinite powers of the A,,, when acting on slow-varying functions of order [, reduces
to polynomials in the A,,, of order at most [. In [27], choosing | = 2 for the indexes n; and my
and [ = 1 for mg, it was shown that the integrable lattice potential KdV equation [31] reduces
to a completely discrete and local nonlinear Schrédinger equation (dNLS) which has been
proved to be not integrable by singularity confinement and algebraic entropy. Consequently,
if one wants to pass from derivatives to shifts, one ends up in general with a nonlocal partial
difference equation in the slow variables n, and mg. In particular, choosing

1
En,; iiv Pi€N7 ISiSK7La
Pi
1
67’%’&?7 GJEN, 1S]§Km7
J

the slow-space variable n, will vary on a one dimensional lattice indexed by rational numbers
with spacing 1/p,, and the slow-time variable ms will vary on a one dimensional lattice indexed
by rational numbers with spacing 1/65. Hence, extracting from the previous lattice respectively
the p,, and 65 sublattices characterized by unit spacing, the obtained nonlocal partial difference
equation describes the evolution of the amplitude u(f) on the p, -85 two dimensional sublattices
obtained from the composition of the previous one dimensional sublattices. In each of these
sublattices, a unit shift in the direction n, will correspond to a p, units shift of the fast variable
n and a unit shift in the direction mg will correspond to a 65 units shift of the fast variable m.
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3

Multiscale reduction of discretizations of
S—integrable nonlinear PDFEs

We present here some examples of reduction of nonlinear partial difference equations which
arises as discretizations of S—integrable partial differential equations. This S—integrability
property or spectral transform integrability is the consequence of the fact that the considered
nonlinear equations emerges as a compatibility condition of an overdetermined system of two
linear equations, the so called Lax pair of the system. Some discretizations succeed in pre-
serving that integrability property, in that some of the partial difference equations obtained
have their own Lax pairs, while other discretizations fail. Usually the integrable discretizations
are non trivial as shifts will appear also in the nonlinear terms. The aim of the following
examples is to explain how the multiscale technique, developed together with all the integra-
bility conditions in the last chapter, can be used as an integrability test, effectively proving
if a particular discretization is not integrable. We will always start performing the multiscale
reduction on the known integrable discretization and then we will reduce other discretizations
whose integrability is not a priori known.

3.1 Multiscale reduction of the lattice potential KdV equation (IipKdV)

Let us consider the I[pKdV equation [34]

(p —q+ Unmt+1 — unJrl,m) (P +q+Unm — un+1,m+1) - (p2 - q2) =0, (31)

where p, q are two different real parameters. The above equation is probably the best known
completely discrete integrable nonlinear equation which involves just four points which lay
on a square. It represents the nonlinear superposition formula for the (continuous) KdV
equation and emerges as the compatibility of the following pair of scalar linear partial difference
equations [31]

Pn+2,m = (2]9 — Un+2,m + un,m) Pn+1,m + )\(Pn.,ma (32&)
SDn,m-ﬁ-Q = (2q - un,m+2 + un,m) @n,m—&-l + ()‘ +p2 - q2) @n,ma (32b)

where A € C is the spectral parameter. By defining 4 =p — ¢ and { =p+ ¢, eq. (3.1) can be
rewritten as

14 (u7z+1,m+1 - un,m) +¢ (un+1,m - un,7n+1) = (u7z+1,m - un,m-{-l) (un—i-l,m-i-l - un,m) . (33)

The Lh.s. of eq. (3.3) represents the linear part, P;, of our equation while the r.h.s. represents
the nonlinear part, P,;. If we assume for the solution w,, ., the form given in eq. (2.117), the
linear part takes the form

39
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400 2l 2l
P = Za’y Z E“ Z Eju§a), (3.4)
y=1

a=—ry j=maz{l, |a|}
»Cj - L (eia(nfw)Aq(Z;lj) . 5].1’}/) + C (eianAgyfj) . efiawAgLyfj)) ,

where the symbol J; - represents the Kronecker delta. Py, is given in Appendiz D, in particular
egs. (D.4b, D.4c) and their variants while the operators .Agf ), Aﬁf}, Aﬁ{)m up to j = 4 are given
in Table (2.1). Let us proceed to the multiscale expansion [15] of eq. (3.3) in the same way as
we did in the previous chapter for the KdV'.

i. Order v=1.

e a=20:

At this order the equation (3.3) is automatically satisfied;

e ov=1:

[,u (ei(”_“) - 1) +¢ (e — e_i“’)} ugl) =0. (3.5)

If one wants ugl) # 0, one obtains the dispersion relation

—i M= Cem

e = TS 3.6
i (3.6

which, solved, gives
w (k) = 2arctan (w tan H) ; (3.7)

p—¢ 2)°
it. Order v = 2.
o a=1:
[ (pe™™ +¢) N1, + e (ne™ — ¢) M10pm, | ugl) =0. (3.8)
If we define

N, = eSe ¥ (,uei"C — C) , M, = —Sei® (ue_i“’ + C) , S eC, e==+1, (3.9)

taking into consideration eq. (3.6), eq. (3.8) becomes

(O, — €O, ) ult) =0, (3.10)
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which is solved by

. N
ugl) (nl, {mj}jlil) = ugl) (ng, {mj}fﬁ) , Ny = nq + emy €= _ﬁllwl (3.11)

(the quantities w,, are defined in eq. (2.12)). The complex constant S = rel?, r > 0, is
to be choosen so that § = —arctan [(sink/ (¢ cosk — p)] in such a way that Ny and M,
are indeed real numbers, which, taking into account the dispersion relation (3.6), can be
rewritten as

Ny =S (n—Ce®), My = Se" ¢ = p” (3.12)
=€ —-ce”), =5 ———; .
1 M 1 e 7(
e =20
(14 Q) NiOny + (11— ) MyOy, ] u” = 2 (7% — e 4 c.C.) [ulV 2. (3.13)

Introducing the variable 5 = m; — em; and taking into account eq. (3.6), the last
equation can be rewritten as

{le (4O N+ (1= Q) M) Oy + [e (04 O N1 = (= Q) M) O} = (3.14)
_ 8euC sin’ k |u(1)|2
o242 —2uCcosk L

Acting on eq. (3.14) with 9;,, we obtain

{le (4 ) Ni+ (1= ) My] Dy + [e (4 C) Ny — (p — €) M1] 35, } 05y ul® = 0, (3.15)

whose solution, taking into account egs. (3.12), is

(n—¢)?

o _ .
ug):F(UnQ_n2)+G(n2)’ J:1+m’

(3.16)

where F' and G are arbitrary functions of their arguments (we have omitted their explicit
dependence on the other slow-times). Inserting eq. (3.16) into eq. (3.14), we have that

4 (14 cosk)

O0n,G =« ulV 2 o =-———"""7
: s ! Ny (p+ Q)

(3.17)

We will choose F' (ong —nz) = 0 in eq. (3.16), so that ugo) will be a function just of ns
and

Oyt = an ufV 2 (3.18)
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o o= 2:

Using the dispersion relation (3.6), we find

@) (1)2 - 1+e"
_ - , - 3.19
Us QUq ~ a9 (1 — 6“{) (H n C)7 ( )

iti. Order v = 3.

e v =1:

Taking into account egs. (3.6, 3.12, 3.18, 3.19) and the fact that both ugo) and ugl)
depend on ng, we have

(On, — e@ml)ugl) =M (ugl)) ,

where N7 (ugl)> is a nonlinear function in ugl) and its complex conjugate. As the r.h.s.

of the last equation depends on no, it is in the kernel of the linear operator on the Lh.s.
and consequently it is a secular term. In order to remove this secularity, we have to
demand that both the r.h.s. and the l.h.s. be equal to zero. We obtain

(an1 - 66m1) uél) =Y (320&)
2
iamzugl) = plaizugl) + p2u§1)|u§1)|2, —% =a?, (3.20b)
M2 si N?
oy = SeMisink Ny (3.20¢)

My (2= M
. 8 (¢ — p) (14 cosk)’sink
P M (ut Q) (¢ + 12— 2pC cos k)

Equation (3.20a) tells us that uél) depends on nsy.

e FEquation (3.20b), whose coefficients are defined in (3.20c), is an integrable (continuous,
defocusing) nonlinear Schrédinger equation, its integrability arising from the manifest re-
ality of its coefficients. This proves the Ay asymptotic integrability of the IpKdV equation.

From the above NLS equation one derives the continuity equation

Omyd® = 180, IV, d® = WiV, J§1>ﬁ_i(ug”anzugl)—c.c.), (3.21)

where we used the symbols dV) and JQ(D to indicate that those quantities represent
respectively a density of a conserved quantity and a current density. Differentiating by
ms eq. (3.18), using the continuity equation (3.21) and integrating with respect to ns
taking equal to zero the arbitrary ns—independent integration function (all the u%a)s go
to zero as ng — +00), we have the evolution
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am2u§°) =aipiJy, (3.22)

to be used later;

o =0
Taking into consideration egs. (3.6, 3.12, 3.18, 3.22) and the fact that ugo) and ugl)

depend on nsy and choosing ugo) dependent on ns too, we obtain

. 2sin (k)

(n+¢)’

Ongu) = d®, d® = oy (ufVal) +e.C) +psaY, gy (3.23)

where we used the notation d® to indicate that this expression represents another density
of a conserved quantity;

e o =2:

Taking into consideration eqs. (3.6, 3.12, 3.19) and the fact that both ugl) and ué2)
depend on ns, we have

o = 2¢Sel® (,u — Cei“) 21N o

i =" [asdn,ul? + 202047 (@ 12 (ut¢)  (rOps (324
o a=3:
Using egs. (3.6, 3.19), we obtain
uf® = aui’?; (3.25)
w. Order v =4.
e v=1:

Taking into account eqs. (3.6, 3.12, 3.18, 3.19, 3.20b, 3.22, 3.23, 3.24), that u{”, u{,

ugl), ugl) and uéz) depend on ns and that (see Section 2.2 and Subsection 2.2.1) the

amplitude u(ll) evolves at the slow-time ms according to the complexr modified KdV

equation (emKdV)

3
8m3u§1) -B <8;°’L?u§1) + ;12|u§1)|23n2u(11)) =0, (3.26)

we have

(Ony — €0m,) ugl) = N> (ugn’ugl)) ’
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N (ul ,uél)) is a nonlinear function in ugl) and its complex conjugate and linear in
uél) and its complex conjugate. As the r.h.s. of the last equation depends on ng, it is in

the kernel of the linear operator on the L.h.s. and consequently it is a secular term. In

order to remove this secularity, we have to demand that both the r.h.s. and the l.h.s. be
equal to zero. We obtain

(87L1 - 687111) ugl) = 07 (327&)
Omyus? — K, [ugl)} ul) = Ny (ugl)) , (3.27b)

R [0 = =i [0, + 22 (0 2]

The first relation tells us that u(l) itself depends on ns. In the second relation, which

comes directly from Na (ul ), ug ) =0,N; (ugl)) is another nonlinear function involving

(1) (1)
2

uy’ and its complex conjugate only and K} [ugl)} uy ’ is the Frechet derivative of the

NLS flux K {ugl)} (see Section 2.2.1). Now the term N3 (u(ll)) depends from the free
real constant B. Choosing the coefficient B so as to eliminate any dependence of the
resulting equation on 92 ul1 , we obtain

O — 14 [l w? = bul?0,,0" + alu PO, (3.28)
. . 2—cosk
a = —Nyps cot K, b= GW’ b=a—2pipsaq (3.28b)
M3
= ?)]\/.feé?;l;ﬂ)z [(u2 +¢? +2u¢ cos k) cos k — 4u(] = (3.28c¢)
3 _
N3
Ewg‘

The elimination of any term of the form 822u§1) from the r. h. s. of eq. (3.28a) is
justified from following proposition:

Proposition 3.1 If a function q(z,t,,ts) evolves according to the equation O, q—K, [q] =
0 and if K, [q] is such that [K,, K], =0 (cfr. eq. (2.72)), then the term 0;,q — K [q] is
secular for the equation (0, — K. [q]) ¢ (x,t,) = fr (x,tr, ¢, Qs - - .), where fr (2, tr, ¢, @us - - -
is a generic forcing term and ¢ (x,t,) a generic function of its arguments.

Proof: It is sufficient to show that 8t g — K [q] solves the homogeneous equatlon In

fact we have: (0r, — K7 [q]) (0r.q — K [q]) = O, (Or,q — K [q]) — K7 [q] (Or.q — K [g]) =
04,0140, K [q| — K [q) 01— K [4] 3tsq+K£ [ Ko = 01,01,q— 01, K [q] = K{ [q] Ko —
O K,y [q) + 0 Koy [q) + K. [q) Ks = 0, (01,9 — K, [q]) (K., K]y, = 0. Q. E. D.

The notation agj indicates differentiation with respect to a possible ezplicit dependence
of the various K, [¢] on the slow-times. From the proof is clear that, when the various
K, [q] don’t exibit an explicit dependence on the slow-times, the two terms 0 ¢ and
K (q) are indeed separately secular®. If the . h. s. of eq. (3.28a) contains a term of

1For completeness we give also the following proposition:
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the form 03 ull , it is always possible to evidence in it a term of the form K3 [ug )}, the

flux of the emKdV equation (3.26), which, from the above proposition is secular.

o The coefficients of the r. h. s. of equation (3.28a) given by the relations (3.28b), obviously
satisfy both the two Ay integrability conditions (2.80). This proves the As asymptotic in-
tegrability of the IpKdV equation.

From equations (3.26) and (3.28a, 3.20b) we get respectively the continuity equations

Onyd®) = Boy, I3, (3.29a)
J(l) <;"Zi|u§1)4 + ugl)agmﬁgl) _ |8n2u§1)|2 + u§1)832ug1)> 7 (3.200)
8m2d(2) =0 y”, (3.29¢)
I = —prps (@D02,ul) = 20,0V 2+ ufV 02,5V ) +
+ [( + b) - - png] P * +iprag (u ( g, a0+
0,y 7(1 C'C') ’ (3.29d)

which, combined respectively with (3.18) and (3.23), give the relations (as usual the arbi-
trary no—independent integration functions have been set to zero to match the asymptotic

conditions on the u£{)‘))

Omatl” =y BJY 0, ul” = I8, (3.30)

that will prove to be essential in the prosecution of the expansion. As before with Jél)

and J2(2) we have indicated the current densities related respectively to the densities d(*)
and d?;

e a=20:
(0)

Taking into account eqgs. (3.6, 3.12, 3.18, 3.19, 3.20b, 3.22, 3.23, 3.30) and that ugo), Uy,

ugl), ug ) depend on ny and choosing ug ) dependent on ns too, we have

O, ul®) = d®), (3.31)
d® = —ipg( )8n2u +u1 8n2u2 —C.C.) +

3M
+a1( 1) - (1)+ﬂ(1)u(1 +|u21)|2> + 1 a%|ugl)|4+

2(a—f)
M? () () (g o), 4sin® (k/2) =1 0 1),
+§Of <U1 " +uy 0,1 +W|an2ul N

Proposition 3.2 If a function q(z,ty,ts) evolves according to the equation Myrq = fr and the two differential
equations Myrq = fr, Msq = fs where [K;, Ks]; = 0 represent compatible evolutions, the term Msq — fs is
secular for the equation My¢ (z,ty) = gr (T,tr,q,qz,...), where gr (T,tr,q,qz,...) 1S a generic forcing term
and ¢ (z,tr) a generic function of its arguments.

Proof: It is sufficient to show that Msq— fs solves the homogeneous equation. In fact we have: M, [Msq — fs] =
M [qu] — My fs = Ms [MTQ] — My fs = Msfr — My fs =0. Q. E. D.
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o o= 2:
Taking into account eqs. (3.6, 3.12, 3.18, 3.19, 3.20b, 3.24, 3.25) and that u!”, u{", u{V,

uf) and u:(f) depend on ns, we have

2
uf) 203 (1 + 4sin® (r/2)) |u§1)|2ugl)2 + %.[32 [(8,121151)) + u11)82 M cos | +

+ao <2u§1)ug1) + uél)2> + a30n, (ugl) (1)) : (3.32)

o v =3:

Taking into account egs. (3.6, 3.12, 3.19, 3.24, 3.25) and that ugl), ug) and ug ) depend
on no, we have

uf’) = g [304 u( ) 4 20 <3n2u(1))] ugl)Q; (3.33)

o ov=4:

Taking into account egs. (3.6, 3.19, 3.25) we obtain

uffl) = a§u§1)4; (3.34)

v. Order v = 5.

e a=1:
Taking into account egs. (3.6, 3.12, 3.18, 3.19, 3.20b, 3.22, 3.23, 3.24, 3.25, 3.26, 3.28a,

3.28b, 3.28¢, 3.29b, 3.29d, 3.30, 3.31, 3.32), that u{”, u{”, u{”, u{V u{?, uf", u§2), ul)
depend on ng and that (see Section 2.2 and Subsection 2.2.1),

Ot = K4 [u] ol = f5(2), (3.35)
3
Oy (1)+1C’ {ai (1)+p {222| gl)|4u(11)+4|u(1 \26,%2u(1) (3.36)
1

+3u <8n2u )> —i—2|8,,2ull)|2 (1) u§1)26§2u§””=0,

where K [u] v is given in eq. (2.76¢) and f3(2) in egs. (2.79b, 2.81), we obtain

(Ony — eaml)ufll) =Ny (u(l) uél), (1)) .

Ny (u(l) ugl), (1)> is a function linear in uél) and its complex conjugate and nonlinear

in ugl) and ugl) and their complex conjugates. As the r.h.s. of the last equation depends

on ng, it is in the kernel of the linear operator on the lL.h.s. and consequently it is a
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secular term. In order to remove this secularity, we have to demand that both the r.h.s.
and the L.h.s. be equal to zero. We obtain

(O, — €0, ) ul =0, (3.37a)
8m2ugl) ~- K, {ugl)] uél) =N; (ugl),uél)) . (3.37b)

The first relation tells us that ufll) itself depends on ns. In the second relation, which
comes directly from Ny (ugl), uél), uél)> =0,N; (ugl), uél)) is another nonlinear function

involving ugl), uél) and their complex conjugates. Now the term N (ugl), ugl)) contains
the free real constant C' which is chosen so as to eliminate any dependence of the resulting
Y From Proposition 3.1, the presence of this term can always introduce

a dependence on the secular term Ky [ugl)} , the flux of the equation (3.36). So we obtain

equation on d;, ug

Oy — Ky [u(f)} ul! = £2(3), (3.384)

_ pCME [t = 20p2C2 + ¢* 4 8u¢ (1 + ¢?) cos K + 2p2¢? cos (25) .
12M, (2 - ¢?)°

C

N
.sink = —= .38b
sin Kk 4w4, (3.38b)

where the forcing term f5(3) is given by eq. (2.82a).

o The term f2(3) appearing in equation (3.38a) obviously has all its coefficients that satisfy
all the fifteen As integrability conditions (2.83). This proves the As asymptotic integra-
bility of the IpKdV equation.

Due to the fact that the twelve complex coefficients of fo(3) respect the As integrability
conditions, they can all be generated giving a convenient nine-dimensional real basis.
We choose 11, T2, I3, I5, Rg and 712 (see eq. (2.82a)) and report in the following their

expressions:
. (=23 + 16 cos k + cos (2k)) cot? (k/2)
1 = —ip2 3 ,
2(p+¢)
.o (29 —24cosk + Tcos(2k)) 1 5 9
T9 = —iNj p2 T , I3 = _éNl (1 + 3 csc Ii) P2,
1
Is = _1N12 (1 + 2csc? m) 02, Rg = 112 = a. (3.39)

From equations (3.36), (3.35, 3.26) and (3.38a, 3.28a, 3.20b) we get the continuity equa-
tions
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Oy dV) = CO,y TV, (3.40a)
g = [3;2 ) 28, u (an2u§1>) o2, u" +aVod ult) — c.c} . (3.40D)
8m3d(2) = BO,,J$?, (3.40c)
T = % [alpz (uﬁ”@“ +c.c.) - (‘L;l - p2p3) JS)} WP+ (3.40d)

ton [ag”ai ul 4 a{Vo2 uf! (an;“ ) B, ul? +c.c.] +

+ipg [u 05, + 2 (9,017 ) 2,0l — .,
Oy d® = 0, IS (3.40¢)
J( ) =i 101 (u§1)6n2ﬂél) + u;)ﬁm_(l) + u21)8n2 s C.C.) + (3.40f)
+p1p3 {2 (8n2ﬂ§1)> Onyus’) — w2 alV —aVo? us +c.c. }

1

+225 (anpps — 20) (w0, —c.c) +
aj

+;p32 (a1p1ps + 4a) [(332119)) (9n2u§1) - C.C.} —
ag
o (

a1p1p3 — 2a) (ﬂgl)ugl) + C-C-) Jui|? -

a2 7 1 1
- <a1p1 — 6aps + 2041,01P?2,> |U(1 )\2J§ ),

which, combined respectively with (3.18), (3.23) and (3.31), give the relations (as usual
the arbitrary no—independent integration functions have been set to zero to match the

asymptotic conditions on the ugb )s)

O\ = 07", 0l =BJP . 0,,ulY) = TP (3.41)

In other words d(V) is a density of a quantity conserved by the entire NLS hierarchy
(2.71a), d® is a density of a quantity conserved by the entire hierarchy of systems of
two differential equations (2.71) obtained when j = 2 as n varies and d® is a density
of a quantity conserved by the entire hierarchy of systems of three differential equations
(2.71) obtained when j = 2, 3 as n varies.

We will stop here the multiscale analysis of the I[pKdV equation and we will pass to the

multiscale analysis of the spectral problem (3.2) of the ipKdV equation.

3.2 Multiscale reduction of the lattice potential KdV spectral problem

In this section, taking into account ref. [17] and following the analogous calculation for dif-
ferential equations as presented in [40], we want to show how a proper multiscale expansion
of the I[pKdV spectral problem produces the spectral problem of the NLS equation (3.20b).
First of all we will perform on the spectral problem (3.2) a gauge transformation to reduce it
into a more convenient form. Transforming the wave function ¢, ,,, according to the rule
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Spn,m : h’ﬂ ()\) gn,m ({un,m}) /(/)’ﬂ,’l’nJ

where by the notation {w,, ,,» } we indicate indicate a dependence on u, ,, and its shifted values,
it is possible to tranform eq. (3.2a) into

wn—l,m + anym ({Un,m}) wn—i—l,m =0 (/\) wn,m~ (342)

In fact, it it sufficient to take the function gy, ., satisfying the linear difference equation

U — Upom — 2
9n,m = ( nt2m ) L p>gn+1,ma (3'43)

where 6 is an arbitrary complex constant. The solution of the previous linear equation is given
by

n—1
In,m = Gng,m H WeE,m, n > ng+ 17 (344&)
B=no
no—1
In,m = Gng,m H wﬁjm n < no — ]-, (344b)
B=n
0

w = ,
o (Uny2,m — Unm — 2p)

where gp,,m is the arbitrary m—dependent initial condition at n = ng. If for the function g, m
an asymptotic behavior is prescribed, the previous solution has to be changed. In fact, as up m,
tends to a constant as n — +o00, as n — +00 eq. (3.43) reduces to

2p

9 gn+1,ma

Inm =

whose solution is

Hence setting gnm = (—0/2p)" Gn.m With gnm — 1 as n — £00, gnm, now satisfies with an
n—independent asymptotic condition an equation similar to (3.43) but with 6 replaced by —2p.
Now one can take the expression (3.44a) with ng — —oo and gn,,m = 1. Finally we have

0 n n—1 N
_(_Y A4

f=—o0
2p
(U7z+2,m — Un,m — 2p) .

Wy, m = —

A natural choice would be to set § = —2p. Moreover the function h, (A) is defined by
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ha (A) =7 (A) (=1)" (=02,

with 7 (A) an arbitrary function of A. Hence the new wave function ¥, ,, satisfies eq. (3.42)
where

62 0
ay = , = ———. 3.46
' (un+2 — Upm — 2]7) (un-‘rlﬂn — Un—1,m — 2p) (7>‘)1/2 ( )

At the same time eq. (3.2b) transforms into

(2(1 — Un,m+2 t+ Un,m) 9n,m+1 (/\ + p2 - q2) 9n.m
wn,m-&-l +
In,m~+2 In,m+2

q/}n,m-

q/}n,m,—i-Q =

Let us do the multiscale expansion of eq. (3.42). We expand the field uy, ,,, according to the
formula (2.117) while the wave function 1), ,,, and the spectral parameter § are given by

2v+1

“+o0
Y(n,m,nq, {mj}jil ,E) = 257 Z wﬁ/@) (nZ, {mj}]liz) Eff/n%, (3.47a)

=0 apaa=—(27+1)

+oo
%—a) _ %oz), §(e) = 25757, (3.47b)
v=0
i. Order v=0.
e a=1:
0=+2p, b9 =2cos(k/2); (3.48)
7. Order v =1.
o o= +1:
1) i
2u - 01
N10h, (()1)4- L cos? (k/2) él)z—m (()1)7 (3.49a)
(1) .
_ 20 i -
N9, Y L os? (1/2) 0D — 1 (1), 3.49b
10n; Yo "+ —— cos (1/2) v 2sm(m/2)wO ’ (8-49b)
e =3
@ __ e+l o
P = 2p (e 1% — 1)“1 Yo - (3.50)

o Fgs. (5.49) represent the space part of the Zakharov-Shabat spectral problem of the NLS
equation (3.20b) for the function ug).

In the next section we will perform the multiscale analysis on a different discretization of the
KdV equation.
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3.3 Multiscale analysis of the off-centric discretization of the KdV equation

Let us consider the trivial discretization of the KdV equation

(0%
Un,m+1 — Unm—1 = Z (un+3,m - 3un+1,m + 3Un—1,m - un—3,m) -3 (ui+17m - ui,m) ) (351)

which presents an off-centric discretization of the nonlinear part, and perform on it a similar
multiscale analysis as in the case of the IpKdV equation.

i. Order v=1.

e a=0:

At this order eq. (3.51) is automatically satisfied;

e a=1:
At this order we find the dispersion relation
sinw = asin® k. (3.52)

In the following we will use the dispersion relation by expressing « in terms of £ and w;
7. Order v = 2.

e v =0:

O, 0 =0, (3.53)

so that ugo) is independent of my;

o ov=1:

Using eq. (3.52), we obtain

3Nj cot ksinwd,,, + M7 coswOy, uwlt = —if[sink +i(1 —cosk ASUNON 3.54
1 1 1 1 1

Choosing

ugo) =0, N = eS'sink cos w, M; = —3S cos k sinw, (3.55)

where S is an arbitrary real constant and € = +1, eq. (3.54) becomes

On, — €0 utV =0 €= ——w; 3.56
( 1 1 1 ) )

so that ugl) is a function of ny = ny + emq;
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o o= 2:

Using eq. (3.52), we obtain

) (1)2 . Be'* sin k cscw
Uy = = QU s Qg = —

3.57
2 (4cos® k — cosw)’ (3:57)

iti. Order v = 3.

e v =0:

Using all the three relations (3.55), supposing u2 () dependent on ns and integrating once
with respect to no setting to zero the arbitrary ns—independent integration function to

satisfy the asymptotic decrease of all the u%a)s as ne — +00, we get

Ny
ugo) = (1)|2, ap = fﬂcotwtanli = _7ﬂ€ (3.58)

1|'U,1 M1
o a=1:
Using all the three relations (3.55), and eqgs. (3.52, 3.57, 3.58), we obtain

(On, — e@ml)ug) =M (u&”) ,

(1)

where N} (ugl)) is a nonlinear function in u;’ and its complex conjugate. As the r.h.s.

of the last equation depends on ns, this side is in the kernel of the linear operator on the
L.h.s. and consequently it is a secular term. In order to remove this secularity, we have
to demand that both the r.h.s. and the L.h.s. be equal to zero. We obtain

(O, — €0, ) ul = 0 (3.59a)
16m2u§1 =10 u )+ pou 1)|ull)|2, (3.59b)
352 N
= — 2 2K) — cos (2 = —— .
01 0k [2 4+ 3cos (2k) — cos (2w)] tanw = M2w2, (3.59c¢)

.\ 8cos? k — 2sec k cosw — 3ei secw
) ik

= 1 — cos 1
p2 = % (1 - cosr) (1+ ") 2Mj sinw (12 cos? k — 3 cosw)

The first relation says that uél) depends on ny too while the second one is an NLS

equation giving the evolution of ugl) according to the slow-time ms.

o As po is a complex number, the Ay integrability condition in (2.77) is not respected and
the obtained NLS equation is not integrable. Hence our starting model (3.51) is not
integrable.
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3.4 Multiscale analysis of the symmetric discretization of the KdV equation

Let us consider the discretization of the KdV equation

(0%
un,m+1 - un,m,—l = Z (un,+3,m - 3un+1,m + 3un—l,m - un—3,m,) - 5 (UEH-Lm - ui—l,m) ) (360)

which is similar to that of the previous section in all but the discretization of the nonlinear
part which now presents symmetric shifts. Let us perform on it a multiscale analysis.

i. Order v =1.

e v =0:

At this order eq. (3.60) is automatically satisfied;

o v =1:

At this order we find the dispersion relation

sinw = asin® k. (3.61)

As before in the following we will use the dispersion relation by expressing « in terms of
Kk and w;

7. Order v = 2.

e v =0:

O, 0 =0, (3.62)
so that ugo) is independent of my;
e v=1:
Using eq. (3.61), we obtain
(3N7 cot K sinwdy, + M1 coswOp, ) ugl) = —ifsin nugo)ugl). (3.63)
Choosing
w” =0, Ny =eSsinkcosw, M, = —3Scosksinw, (3.64)

where S is an arbitrary real constant and € = +1, eq. (3.63) becomes

(On, — eaml)ugl) =0, e=-——uw, (3.65)

so that ugl) is a function of ny = ny + emq;
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o o= 2:

Using eq. (3.61), we obtain

@ _ (1)2 . PBsin(2k)cscw
Yzo T2, =Ty (4cos® k — cosw)’ (3.66)

1. Order v = 3.

o av=0:
Using all the three relations (3.64), supposing ugo) dependent on no and integrating once
with respect to no, setting to zero the arbitrary no—independent integration function to

satisfy the asymptotic decrease of all the ugf‘) as ng — £00, we get

1 N
ug’ = anfuf P, n = Zfcotwtans = — 7 fe; (3.67)

o v =1:

Using all the three relations (3.64), egs. (3.61, 3.66, 3.67) and the dependence of ugl) on
N9, we obtain

(Ony — eaml)uél) =M (ugl)) ,

where N (ugl)> is a nonlinear function in ugl) and its complex conjugate. As the r.h.s.

of the last equation depends on ns, this side is in the kernel of the linear operator on the
Lh.s. and consequently it is a secular term. In order to remove this secularity, we have
to demand that both the r.h.s. and the L.h.s. be equal to zero. We obtain

(O, — €O, ) us? =0, (3.68a)

00t = pr02,ut” + poufV ulV 2, (3.68D)
352 N?

p= [2 + 3 cos (2k) — cos (2w)] tanw = ——Lws, (3.68¢)

4AM, My
. B?[5+3cos(2k) — 16 cos® k cosw + 2 cos (2w)] sin k tan k csc (2w)

P2 = 6M5 (4cos® k — cosw) -

_ (01 +az) Bsinksecw
= iy .

The first relation says that uél) depends on ny too while the second one is an NLS

equation giving the evolution of ug) according to the slow-time ms.

o As psy is a real number, the Ay integrability condition in (2.77) is satisfied and the obtained
NLS equation is integrable. Hence our starting model (3.60) is A1—integrable;
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o o= 2:

Using all the three relations (3.64), egs. (3.61, 3.66) and that ugl) depends on ny, we get

P = a0, + 2000, (309

. iSeBsink {1+ 16 cos® k cosw — 2 cos (2w)] cos (2k) — 3cos (2w) }
ag = — .

4 (4cos® k — cosw)’ sinw 7
e a=23:
Using eqgs. (3.61, 3.66), we get

in (3
uf) = apagul®, g = - Bein (3r) ; (3.70)

{[1 +2cos (2k)]° + 4sin®w — 3} sin w

w. Order v = 4.

o v =20:

Using all the three relations (3.64), relations (3.67, 3.68b), supposing ugo) dependent on
ny and integrating once with respect to no, setting to zero the arbitrary no—independent

integration function to satisfy the asymptotic decrease of all the u$,“ ) as ng — +o00, we

get
uéo) = (ugl)agl) + C.C.) + ,03“]2(1)7 (3.71)
I = =i (V0,0 —cc)
. SeB[2+3cos(2k) — cos (2w)]escwsecktank _ eMaaipr |
pP3 = 12 - ]\41 )
e a=1:

Using all the three relations (3.64), egs. (3.61, 3.66, 3.67, 3.68b, 3.69, 3.71), the depen-

dence of ugl), ugl) on ny and that (see Section 2.2 and Subsection 2.2.1) the amplitude

ugl) evolves at the slow-time mg according to the cmKdV equation

3
Omgit? = 5 (02,0 + 221uDPo,,u1 ) =0, (372)

we obtain

(O = O ) = N (2,0

Na (ugl), uél)) is a nonlinear function in ugl) and its complex conjugate and linear in ugl)

and its complex conjugate. As the r.h.s. of the last equation depends on ns, this side is
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in the kernel of the linear operator on the l.h.s. and consequently it is a secular term.
In order to remove this secularity, we have to demand that both the r.h.s. and the Lh.s.
be equal to zero. We obtain

(O, — €O, )l =0, (3.73a)
&,muél) - K, [ugl)} ugl) =N; (ugl)) ) (3.73b)
5 [u] ul? = —ip, [552,“51) ( 2500 | o (D2, (1))]

The first relation tells us that u(l) itself depends on ns. In the second relation, which
comes directly from N (u(ll), uél)> =0, N3 (u%”) is another nonlinear function involving
ugl) and its complex conjugate only and K} [ugl)] ugl) is the Frechet derivative of the
NLS flux K, [ugl)} (see Section 2.2.1). Now the term N3 (ugl)) contains the free real

constant B. Choosmg the coeflicient B so as to eliminate any dependence of the resulting
equation on 93 u1 , we obtain

8m2ugl) - K} [ugl)} ugl) bugl)Qﬁm_(l) + aluy 1)|28n2u(1) (3.74a)
BM.
_3BMspa + 6N po cot s tan? w + (3.74b)
Map,
Bsecw [2N7 (a1 + a2) cos k + (i + p3) sin k)
+ .
M,
b= Bsecw [—N; (a1 + ag) cos k + p3 sin k] — 3N3 Mo ps cot k tan? w
= M2 b
B €53 {21 + 18 cos (2k) [2 — cos (2w)] — 32 cos (2w) + cos (4w)}
B 8Ms
N3
-cos Ksecwtanw = —-ws. (3.74c)
3

o The coefficients of the r. h. s. of equation (3.74a) given by the relations (3.74b), respect
the two As integrability conditions (2.80). This proves the Ay asymptotic integrability of
the symmetrically discretized KdV equation;

e o =2:

Using eqs. (3.61, 3.64, 3.66, 3.67, 3.68b, 3.69, 3.70) and the dependence of u{", ul" on
ng, we get
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2
uf) = 20(% (Ozl + a4 + 015,02) |U§1)|2U§1)2 + [a35 =+ o (7‘(’ + N12)] (6n2ugl)> +

+ [as6 + ag (7 4+ N2 + 2prasas)] ulVo2 ul + as <2u§1)uél) + uélp) +

2M> cos (2 5c (2
b, (), g 2@ o0 () (5.75)
5= 3ieS cos k [4 cos k cos w cos (2k) — cos (2w)]
N 2 (4 cos® k — cosw) ’
N 352 cos k cosw [cosw + 3coswcos (4k) + 6 cos k sin? ] )
= 2 (4 cos? k — cosw) ’
o a=3:

Using egs. (3.61, 3.64, 3.66, 3.69, 3.70) and the dependence of ugl) on ns, we get

uf? = ax [Bagull) + (@2F + ag) (0n,0) | 2, (376)

24ieS cos® k cosw [4 cos® (2k) — cos (2w)]

[1 4 2cos (2k)] [3 + 6 cos (2k) + 3 cos (4k) + cos (6k) — cos (2w)] ;

o a=4:
Using egs. (3.61, 3.66, 3.70), we get

uz(:l) = Gag (a2 + 2ay) u§1)4, (3.77)

G- B escwsin (4k)

4 {—4 [cos K + cos (3k)]” 4 cosw + cos (3w)} ’

v. Order v =15.
o a=0:
Using relations (3.64, 3.66, 3.67, 3.68b, 3.71, 3.72, 3.74a), taking into account the de-

pendence of ugl) on no and supposing uio) dependent on no and integrating once with

respect to ny setting to zero the arbitrary no—independent integration function to satisfy

the asymptotic decrease of all the u%a)s as no — +o00, we get

’LLELO) = —iPS (ﬂgl)a’ﬂzugl) + ﬂgl)aHQuél) - CC) + (378)

tan (68 + w0 4 P P) + fuOT + gl +

+h (uﬁ”f)ﬁﬂﬁ” + C.c.) :

. € « N5 (a? 4 2a3 3BM;«
fZ—Ml{[(a—&-b);—PzP:a}Mz—i— 1 (o 2)+ > 1p2}7

2 2p1
. —3BM3Q1 + N13 (5 - 60[@1) + M13a16 + 6M2p1p3

3M1€ ’
7GBM3011 + Nis (ﬁ - 60&0[1) + Mf’ozle - 6M2p1p3 .

6M16 '

B =
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e a=1:
Using egs. (3.61, 3.64, 3.66, 3.67, 3.68b, 3.69, 3.70, 3.71, 3.72, 3.74a, 3.75, 3.78), the
dependence of ugl), ugl), u:(), ) on ng and that (see Section 2.2 and Subsection 2.2.1),

Oy — 15 [l ] 4 = f3(2) (3.79)

3
Oyl +iC {a;; +% {222|ugl)|4u§1) 4P uV+ (3.80)

+3u <8n2u )) + 2|an2u11)|2 (1 u(ll) 82 U/§1):| } frg O’

where KJ [u] v is given in eq. (2.76c) and f3(2) in egs. (2.79b, 2.81), we obtain

(677«1 - €am1)u4(11) :N (u(11)7ué1)7 ( )) .

Ny (u ) (1)> is function linear in uS"

ugl) and u(Ql) and their complex conjugates. As the r.h.s. of the last equation depends

on ng, this side is in the kernel of the linear operator on the Lh.s. and consequently it
is a secular term. In order to remove this secularity, we have to demand that both the
r.h.s. and the Lh.s. be equal to zero. We obtain

and its complex conjugate and nonlinear in

(O, — €0, ) ul =0, (3.81a)
8m2ug1) - K, {u(ll)] uél) = N5 (ugl),ug)) . (3.81b)

The first relation tells us that ufll) itself depends on ny. In the second relation, which

comes directly from N (ug )7uél)7ué ) 0, Ns (ul ,ué )) is another nonlinear func-

tion involving ugl), uél) and their complex conjugates. Now the term N3 (“1 ,uél)

contains the free real constant C which is chosen so as to eliminate any dependence of
the resulting equation on 92 u1 , as from Proposition 3.1, the presence of this term can

always introduce a dependence on the secular term K, [ug)}, the flux of the equation

(3.80). We obtain

Oyl — K, {ugl)} ul! = £2(3), (3.82a)
o= 5S4 {31404 + 549 cos (2k) + 126 cos (4x)] cos (2w) N
B 128 M,
3[73 4+ 78 cos (2k) + 9 cos (4k)] cos (dw) — [2 + cos (2k)] cos (6w)
+ +
128 M,

n 997 + 1358 cos (2) 4 405 cos (4k)} sec? wtanw N}
128 My M,
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where the forcing term f>(3) is given by eq. (2.82a). The real and imaginary parts of
the coefficients 7;, i =1, ..., 12 of f5(3) are given by

R; =0,
I = _25;)1 sin k [12N1a§a5p1 secw + (3BMsay — 2Msp1p3) cscw tan n] B
L= 12N, Mop? P2
3aBM; 3CMy 1 5 Ba3 (201 + 3ay) sin ksecw
T Mt <2M2p§ — M tan“’) Pam M,
B [(a+b) Maay + Ny (o + 2a3) 8] cscw tan ksin s
- 6Ny Mo ’

Ry =0,
2 [C’M4 + 9NZMapy (1 — csc? Kk + cot? K sec? w) — M3p? tanw]
M pq P2
9B M;5N; cot k tan® w 3 |:bBM3
Mapq 2 Mspq
N2 cscwsink tan k Nicosksecw  2pjcscwsinktank
~=1 g (= 2 Bps +
9M2 M2 3N1
Nisecw (ilagcos k — 2N1ap Sin k BMsjcscwsin s tan k
1 (iag 1002 )ﬁ n 3 Bay +
Ms 3N1 M,
2csckrseck + 3secw (3cosncot/-@tan2w — 2sinn)
3M>

9 =

+ (a + 2b) Ny cot k tan® w} —

N12/80[1,

R3 =0,
N2 cscwsin k tan /<;52 BM;scscwsinktank
18M> 3N1 M,
2csckseck + 3secw (3cosncotntan2w — 2sinf$)
6M>
Bsecw {N1 (g + p3) cos k — [0435 + ag (2N12 + 7+ 2042045;)1)} sin Iﬁ:}
+ +
My
Bp1p3 cscwsin k tan K BMs5
+ —3a
3N: 2M>spy
+46’M4 —2M2p? tanw + 9N, (N1 Myp; cot k — BMs3) cot k tan? w
P2,
Mspq

I3 =

Bo +

N12ﬁ041 +

+ Ny cot ktan® w| +

Ry =0,
N2 o o] t 3
_TiclewsinR anKﬁQ + = N1 (2b + 3N py cot k) cot k tan? w +
18 M, 2

CMyps  BM;scscwsinktank Bp1p3 cscwsin k tan K

Mspq a 3N1 M, Po + 3N,

2csckseck + 3secw (3cosncotntan2w — sinﬁ)
6Mo

Nj (2p3 cos k + Ny sin k) secw

2M>

I, =

N126041 —

B,
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NLS equation 60
Rs =0,
(iN7 cos k — 0 sin k) sec w [NE (a1 4 202) + 7] sin K secw
Is = az — B+
M2 M2
N
Wﬂ — Mspapy tanw + 3N7 (3N p2 cot k — a) cot ktan®w +
2
3 (2CM4p2 — 6BM3N1py cot ktan® w — CLBM3)
+ ;
2M;p1
Te = T7 = a, Ts = —ipo, T = —2ipa,
T10 = Q, T11 — 2(), T12 = Q. (383)

e The coefficients given in eqs. (3.83) respect only fourteen out of the fifteen Aj
integrability conditions (2.83) (the one involving I is not satisfied). This proves that the
symmetrically discretized KdV equation is not integrable.

3.5 Multiscale analysis of differential-difference equations I: reduction of the
Ablowitz-Ladik NLS equation

Let us consider the integrable A — L discrete N LS equation [1] for the complex function f,(t)

fovr =2fn+ for _ el ful? Jrg1 + fao1

iat fn + 20_2 2 )

(3.84)
where e = £1. Equation (3.84) is an S—integrable system as it arises as the compatibility con-

dition of the following overdetermined system of two matrix linear partial difference equations

: = (D) @)
for the vector function v, (t) = (vn (t),vr (t))

_ z  ofn N
Vn41 = < €O'fn Z—l >Vn - Anvn, (3853)

. _ €fpfn1— (z — 2’1)2/ (202) (zilfn_l — zfn) /o N
2%0,v, — Sl ‘ v, = (3.85b
v ( e(zflfn—zfn,l) /o (z—z’l)z/(2a2) —€fnfn-1 ( )

= %B,v,,,

where z € C is the spectral parameter. Hence our equation is equivalent to the following matrix
equation

An,t - Bn-‘rlAn - Aan

If we set fn(t) = v,(t)"/2e*"(®) where v,(t) and ¢,(t) are both real functions, eq. (3.84),
separating real and imaginary parts, turns into the following system of two real nonlinear
differential-difference equations

1
Osp, + (aQ — €I/n> (532 sin B4 + (51_/2 sin ﬂ,) =0, (3.86a)

1 1/1 1/2 1/2 B
Orpn, + 273 <02 — El/n) (’y+ cos B4 + COS/B_) =0, (3.86b)
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where B+ = ¢pt1(t)—Pn(t), v+ = vn(t) vna1(t), 6+ = vy (t)vnt1(t). We expand the functions
vn(t) and ¢, (¢) as

—+oo
v (n, t,nq, {tj}le 75) =1+ Z e2r (k) (nl, {tj}le) R (387&)
k=1

+oo
10 (m t,ni, {tj}jK:l ,€> = —¢t + Z €2N—1¢(H) (nh {tj}le) , (3.87b)
k=1

where ny = Nien, t; = a;e® "'t and Ni, «; are real constants, 1 < j < K (eventually
K = +00). The expansions of the n-shifts and of the t—derivatives of the functions v, (t) and
on(t) as well as of the nonlinear monomials present in egs. (3.86) are given in Appendiz D, see
especially egs. (D.6¢c, D.6d, D.11). The orders k = 0, 1 are trivially satisfied.

1. Order k = 2.

v = —ea; 9,0 (3.88)

7. Order k = 3.

1
o0, vV + N? <02 — €> 8,2“¢(1) =0,

which, after inserting in it the expression (3.88), becomes
N- 1/2
2 202 1 . 1 2\1/
(6t1_can1)¢()207 C:irm(ﬁ—0> ’
We see that one has to ensure that (¢ — 0?) > 0 from which e = 1 and =1 < 0 < 1 (0 # 0).

Hence we will eliminate o2 using the relation

9 1

o° = —
1+ (Tf)
If one desires to study the continuum limit, in order to get a finite limit for ¢ as ¢ — 0, one

should set N7 = aq0 so that ¢ = £+ (1 — 02)1/2 and Ny = o (1 — 02)1/2. We choose d)(l)
depending on & = n; — cty so that

(8, + cde) oM =0, (3.89)

from which, using (3.88),

v =y, (3.90)

so that v(1) itself depends on ¢&;
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15i. Order k = 4.

Using (3.90), we find

2 . 2
VD = 00,0 — sl 6 + L2 [Cglagqs(” ~ (2:0) } : (3.91)

w. Order k = 5.
N2
@10, v + a0, + (car)? [621¢(2) + TQlag(b(l) * (85¢(1)) (851/(1))} -
+ {(cal)z - Nf} yW2M) = . (3.92)

Taking into account egs. (3.89, 3.90, 3.91), eq. (3.92) becomes

2
* (8?1 - 0287211) ¢ = 20 {0‘23262(25(1) - (0041)2 ,013?(25(1) + 6ca pr (5§¢(1)) } ;

. 1 N12 (3.93)
= —|cag — . .
P1 8 ! 3ca

The right hand side of eq. (3.93) is secular so we have to require that

(07 — o) o =0, (3.94a)
2
s — canpy [calaé"cb(“ 6 (00 ] 0, (3.94D)
where we choose ¢(?) and as a consequence v(?) depending on &. The arbitrary é—independent
integration function has been set equal to zero to met the asymptotic conditions on all the

functions ¢\9) and v(9) and their £é—derivatives as € — +00. As we can see in egs. (2.92) with
n =2 and (2.93b), eq. (3.94b) is a potential KdV equation for ¢!) at the slow-time ¢, with

T = (car)?pi/as, T2 = —6caipr/as. (3.95)

From eq. (3.94b), differentiating once with respect to £ and using (3.90), we have

a28t2u<1> — (coq)Qplagy(l) + 12,011/(1)8&1/(1) =0,

which is a KdV equation for v(1) at the slow-time t,. Taking into account eq. (3.94b) and
that ¢(2) depends on &, eq. (3.91) becomes

1 2
v = calaggb@ + (coz1)2 vlﬁg’gb(l) + 1 {(coq)2 - le] <3§¢(1)) , (3.96)

1 N N?
v == [ ca ;
178 Y 8cay )
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v. Order k = 6.

Taking into account egs. (3.90, 3.91, 3.94b), we have

3
V¥ = —a309,,0Y — 28,62 — 19,0 + @agczﬂ) + (3.97)
+(car)* [p2 (0:0V) (0260) + carps2eV — (0e0V) (96 | +

e (o) - 5 o),
1

/32:—%

[Blear® +1387) s = 55 [(ean)* + V7]

vi. Order k =17.

Taking into account egs. (3.90, 3.91, 3.94b, 3.97), that #M and ¢ depend on € and the fact
that ¢(1) evolves at the slow-time t3 according to the equation given by (2.92) with n = 3,
(2.93c, 3.95), we have

a1 (02 — c202,) ¢ = 2cas0 {at2¢<2> — 11936 — 27, (a§¢><1>) (a§¢><2>) -

—6, (85¢(1))3 — 0y (8@(1)) (8§¢(1)) _ 0, (8§¢(1))2 n

1
—|—072 (as\ — caipa) 855(;5(1)} ) (3.98)

p1 = Togo [~ N +30(Nican)? + 15(can)’]

91 = 7,01 [Nf + 5(00[1)2] /(2042), 02 = 760&1p17'2, 93 = 127’11)1.

As the r. h. s. of eq. (3.98) is in the kernel of the operator in the 1. h. s., the r. h. s. is
secular. In order to remove this secularity, both members have to be set equal to zero and
the free constant A has to be chosen so that to eliminate any dependence on the term 8?41)(1)
as from Proposition 3.1 the presence of this term can always introduce a dependence on the
secular term K3 [(b(l)}, the flux of the equation (2.93c). We get

(0, ta2,) 6 =0, (39%)
0,62 — K} [qz)(l)} 6@ = fp(2), a=21 (3.99b)

a3

where Kb [¢]¢ is given in eq. (2.95b) and f»(2) in eq. (2.97a). We choose ¢(3) and as a
consequence v depending on ¢ and the arbitrary €—independent integration function has
been set equal to zero to met the asymptotic conditions on all the functions ¢/) and v and
their £—derivatives as £ — +oo. As we saw in Subsection 2.2.3, We have no A, integrability
conditions for the coefficients 6;, i = 1, ..., 3 of f2(2) in the case of the potential KdV
hierarchy. Taking into account eq. (2.92) with n = 3, (2.93c, 3.113), eq. (3.99b) and that ¢(*)
depends on &, eq. (3.97) becomes
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1
V3 = ca,9:0) + (cay)? vlagqﬁ@) + 5 {(coq)2 - ng] <8g¢(1)) (85(;5(2)) —  (3.100)

co<16N1 (8 ¢(1)) 4 <8§¢(1)> <33¢)(1)) + g (8?(;5(1))2 N

+ca1v48£5¢(1), Vg = N} +8 (calNl) +3 (cal)ﬂ ,

5
vy = 64 [Nl (cal)ﬂ {Nl — 7(ca1)2} ,

Vg = [Nl +30 (carNy)? + 45 (coq)ﬂ ;

1920

vii. Order k = 8.
Taking into account eq. (2.92) with n = 3, (2.93c, 3.95) and eqs. (3.90, 3.91, 3.94b, 3.97,
3.99b):

v = —0,0,,0 — 30,0 — 20,0 — 10,0 + N2 ps (ag¢<1>)4 + (3.101)

Feanps (ag¢<1>)2 (a§¢<1>) + N2caipy (85¢(1)) (a§¢<1>)2 +

oo ps (966 (926®) + (canpo (9260) "+

+(ca1)?pro (552(/5(1)) (3§¢(1)) + (con)’pnr (557¢(1)) +

BN (550)" (060 + (can)?pa (060 (3262 -

_ (Nicay)? (3§¢<1>) (5§2¢<2>> + (con)2p (a§'¢<1>) (a£¢,<2>) _

2
(caq)? () 2 3 5 .(2) 2 (1) (3)
-5 (a§¢ ) + (con)?ps (a§¢ ) — (can) <3§¢ ) <3s¢ ) +
(car)? .1
e (83¢>(3)) == [3BN — 4(car)?],
. - 1
p6=‘gmN?+(Nﬂuﬂ2+unﬂﬂ» pr =7 [NF = (can)?],
pg = — 960 [53N; + 90(Nycay)? + 45(car)?]
py = — 1152 [61N{ + 150(Nycar)? + 117(car) ]
P10 = — 384 [25N1 + 54(N16041) + 45(0041)4} )
1
= mes [13N} + 50(Nycar)? + 45(car )] ;

viit. Order k = 9.

Taking into account eqs. (2.92) with n = 3, 4, (2.93c, 2.93d, 3.95), eq. (2.94) with j = 2,
n =3, (2.95¢, 2.97b, 2.98, 3.95), egs. (3.90, 3.91, 3.94b, 3.97, 3.99b, 3.101), that ¢, ¢(2) and
#®) depend on ¢ and separating to remove the secular terms, we get
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(07 —c0z,) ¢! =0, (3.102a)

) 2
00 — K3 [60] 6 = 30, (90D (00 + (3.102b)

() (207) - (20) (357)]
1205 (0260 (026 + 72 (9:6) " +
+2Uhe) (]251)2 (000" + Ly, (500)" -
-2 ) (1) 300) ()

+% [mz (8§¢(1)> (8§¢(1))2 + o (8§¢(1))2 (8?(%”)} |

cay [—NP + 273N{ (car)? + 525N (caq)* + 315(car)®]

X:

322560014 ’

1
pr2 = — [1IN} — 78(Nicar)® — 9(can)?],

96

1
pis = = [V + 18(Vscan)? +9(can)?]

where K} [¢]  is given in eq. (2.95b). We choose #® and as a consequence v depending on
& and the arbitrary £—independent integration function has been set equal to zero to met the
asymptotic conditions on all the functions ¢U) and v(*) and their £—derivatives as £ — +oo0.
The free constant y is fixed so that to eliminate any dependence on the term 857 #M) as from
Proposition 3.1 the presence of this term can always introduce a dependence on the secular
term Ky [d)(l)], the flux of the equation (2.93d). If one differentiates by & eq. (3.102b), we
obtain an equation for d¢¢(® of the form of eq. (2.85b) with j = 3, n = 2, (2.86e, 2.90a).

o The coefficients of the r. h. s. of this equation obviously respect all the Az integrability
conditions (2.91a) for the KdV hierarchy. This proves the As asymptotic integrability of
the A — L discrete NLS equation.

Taking into account eqs. (2.92) with n = 4, (2.93d, 3.95), eq. (2.94) with j = 2, n = 3, (2.95¢,
2.97b, 2.98, 3.95), egs. (3.102b, 2.95b, 3.95) and that ¢(* depends on &, eq. (3.101) becomes
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v = ca19e6™ + (car)? 01036 — 27 (agqs ) (a@ ) + carvs0ie® + (3.103)
(1) (20) + (285°)(19°)] - () -
_cal NP

> (@£¢(1))2 (366 + 205 (8260 (026®) + 7p4 (9600 ) N
Fea [U5 (a@ﬂ)) (a§¢><1>)2 + g (a@“)) (a§’¢(1>) + wagq%l)} +

+ug (a§¢<l>) (926)) + vy (a§¢<1>> (086®) + 10 (353(]5(1))2’

Us = o1 [N1 (ca1)2]2’ v = 56 {7N1 + 6 (ca1Ny)? +3(ca1)4} 7
vy = ﬁ [VE 4+ 273N (con)? + 15757 (con ) + 1575 (can)°
vs = 1536 N2+ (con)?] [V = 46 (car 1)? = 207 (can)']

vo = 3840 | NVS -+ 89N} (car)® + 255NF (con ) + 135 (can)’

10 = 23104 [Nl + 53N (cay)? + 267N (can)* + 207 (cal)G] ,

3.6 Multiscale analysis of differential-difference equations II: reduction of the
dNLS

Let us consider the dN LS equation

fn+1 - 2fn + fnfl
202
where ¢ = +1. If we set f,,(t) = v,,(t)}/2e»(*) | where v,,(t) and ¢,,(t) are both real functions,

eq. (3.104), separating real and imaginary parts, turns into the following system of two real
nonlinear differential-difference equations

latfn +

= €| ful?®fns (3.104)

1 512 1/2

Oy, + = ( sin B4 + 0/ “sin f_ ) (3.105a)
1 1 1/2

Oy by + ol (’y+ cos By + v/ cos ,6’_) +ev, =0, (3.105b)

where 81 = ¢p11(t) — Pn(t), v+ = Vn(t)_ Unt1(t), 01 = Un(t)Vn+1(t). We expand the func-
tions v, (t) and ¢, (t) as in egs. (3.87). The orders k = 0, 1 are trivially satisfied.
1. Order k = 2.

v = —eay 8, 0M; (3.106)

N\ 2
19, v + (Ul) 331¢)(1) =0

7. Order k = 3.
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which, after inserting in it the expression (3.106), becomes

N
(87521 — 028,2“) (;5(1) =0, c=4+—L (6)1/2 ,

oo

As before we have to choose € = 1. Hence we will eliminate o2 using the relation

2
N
o = () |
CQq
If one desires to study the continuum limit, in order to get a finite limit for ¢ as ¢ — 0, one
should set N; = a0 so that ¢ = 1. We choose ¢(!) depending on & = n; — ct; so that

(8, + cde) oM =0, (3.107)
from which, using (3.106),
v = ayedeoW), (3.108)
so that (1) itself depends on &;
#i. Order k = 4.
Using (3.108), we find
2 2
,(2) — —a13t1¢(2) _ a28t2¢(1) + (Ca21) [?62(]5(1) _ (a§¢(1)) } : (3.109)
iv. Order k = 5.
alatlz/(z) + a28t2u(1) + (3.110)

N2
+ (can)? [aﬁl(b(” + 1—218§¢<1> + (agqs(l)) (agy(l)) n V(l)ag(b(l)} —0

Taking into account egs. (3.107, 3.108, 3.109), eq. (3.110) becomes

3 (car)” 2
o (07, — ¢202,) 02 = 2c0 l”aw“) ~ (ean)* ot + 2L (g.4) ] |

. 1 N (3.111)
=—|cag — . .
. 8 ! 3ca

The right hand side of eq. (3.111) is secular so we have to require that

(0 — c*02)) @ =0, (3.112a)

. 2
20,0 — (can)? {Plagéb(l) - (3§¢(1)) } —0, (3.112b)

=~ w
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where we choose ¢(2) and as a consequence v(?) depending on £. The arbitrary é—independent
integration function has been set equal to zero to met the asymptotic conditions on all the
functions ¢\9) and v(9) and their £é—derivatives as &€ — +00. As we can see in egs. (2.92) with
n =2 and (2.93b), eq. (3.112b) is a potential KdV equation for ¢(!) at the slow-time to with

= (con)?pr/as, T = —3(car)’/ (4ag). (3.113)
From eq. (3.112b), differentiating once with respect to £ and using (3.108), we have

3
agatzu(l) — (cal)zplag’y(l) + %u(l)agu(l) =0,

which is a KdV equation for v(!) at the slow-time ¢5. Taking into account eq. (3.112b) and
that ¢(2) depends on &, eq. (3.109) becomes

2 2
VP = ca1 060 + (car)® 0,086 + (CO‘TI) (05¢(1)) , (3.114)

v. Order k = 6.

Taking into account egs. (3.108, 3.109, 3.112b), we have
(cay)?
4
2772 2
“tcan? (9,40 @) _ (con)™Ni (g9 )
(can)? (00 (9e0@) — =L (926M) +
+(ca1)?pa (35(25(1)) (62(;5(1)) + (cal)?’pg@g’qﬁ(l),

1 1
71 [3(ca1)2 + 4N12] , p3 = D [(ca1)2 + le] :

(3 = —a38t3¢(1) — a28t2¢(2) — 10y, ¢(3) + 6?(15(2) - (3.115)

p2 = —
vi. Order Kk =17.

Taking into account eqs. (3.108, 3.109, 3.112b, 3.115), that ¢! and ¢(® depend on ¢ and the
fact that ¢(1) evolves at the slow-time t5 according to the equation given by (2.92) with n = 3,
(2.93c, 3.113), we have
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a1 (02 — c202,) ¢ = 2c000; {at2¢<2> — 1936 — 27, (a§¢><1>) (a§¢><2>) -

—0 (85¢(1))3 — 6y (85¢(1)) (ag¢(1)) Sy (8§¢(1))2 +

1
+072 (s — ca1pg) 82’(;5(1)} , (3.116)
. 4 2 4
P4 = 1920 [—N7 +30(Nicar)? 4 15(con)?]
P [—4ANY + 15(coq )2 N{ + 234(ca)* N7 + 135(can)°]
1= )
4805 [N? — 3(cay)?]
g, = _ (cay)? [Nf + (cozl)Q] [5N12 + 9(0&1)2]
2 3205 [N2 — 3(ca )?] ’
g 2 (cay)? [N{l +2(ca; N1)? + 9(ca1)4]
g = —

16as [NZ — 3(caq )?]

As the r. h. s. of eq. (3.116) is in the kernel of the operator in the 1. h. s., the r. h. s.
is secular. In order to remove this secularity, both members have to be set equal to zero and
the free constant A has to be chosen so that to eliminate any dependence on the term a§¢<1>
as from Proposition 3.1 the presence of this term can always introduce a dependence on the
secular term K3 [(b(l)}, the flux of the equation (2.93c). We get

(92 — c202)) ¢ =0, (3.117a)
cx
0,00 — K4 [p0] 6 = f(2), A=A (3117b)

a3

where K} [¢]¢ is given in eq. (2.95b) and f»(2) in eq. (2.97a). We choose ¢(3) and as a
consequence v3) depending on ¢ and the arbitrary €—independent integration function has
been set equal to zero to met the asymptotic conditions on all the functions ¢) and v(9 and
their £—derivatives as £ — £oo. As we saw in Subsection 2.2.3, We have no A, integrability
conditions for the coefficients 6;, i = 1, ..., 3 of f2(2) in the case of the potential KdV
hierarchy. Taking into account eq. (2.92) with n = 3, (2.93c, 3.113), eq. (3.117b) and that
3 depends on &, eq. (3.115) becomes

2
»(3) — ca185¢(3) + (Ca1)2 Ulagqg(z) + (CO;) (85¢(1)) (85¢(2)) _ (3.118)

_earNE o )P _ ()’ o ) (g3

12 (85</) ) 5 1 (5g¢ ) (85¢ ) +
2
¥ (can)?vs (a§¢(1)> T canvsdfe ™,
- i 2 2 . 4 2 e

Y27 Ty [3N1 + 17 (can) } » U7 7920 {N1 +30 (car N1)™ 445 (ca1) | ;

vii. Order k = 8.

Taking into account eqs. (3.108, 3.109, 3.112b, 3.115, 3.117b) and the fact that ¢(*) evolves at
the slow-time t3 according to the equation given by (2.92) with n = 3, (2.93¢c, 3.113), we have
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v = —040, 8" — 0301,6' — 20,6 — 14,6 + (3.119)
Hean)*ps (000) (920 - M (9:6®) (326)" +

s (06) (069) o (20
+(can)?ps (3g¢ ( ¢(”) + (car)?po (a7¢<1>)+

(s20) - 22 (ag0) (020) +
( e i

) -
ded?) - c‘“; (3§¢(2> + (car)’ps (02612 —
N

COél

+(car)?ps (c%qb 1)>

)
+(car)?pa (85425 )

—(cay)? (%ﬁ 1)) D63 ) )3 (83¢(3)) % <8§¢(1)>4,
m—%[ 3NT + (can)?],

e = — 960 [8N{ + 15(cai Ny )? + 45(con )],

pr=— 1152 [16N} + 33(caiNy)* + 117(caq)?]

ps = — 384 [N} + 9(car1 N1)? + 45(car )],

po = 76180 [13N + 50(car N1)? + 45(caq)?] ;

viit. Order k = 9.

Taking into account egs. (2.92) with n = 3, 4, (2.93c, 2.93d, 3.113), eq. (2.94) with j = 2,
n =3, (2.95¢, 2.97b, 2.98, 3.113), eqs. (3.108, 3.109, 3.112b, 3.115, 3.117b, 3.119), that ¢!,
#®@ and ¢®) depend on ¢ and separating to remove the secular terms, we get

(3?1 - o) ¢ =0, (3.120a)
O™ — Hj [6M] 6P = g2(3), (3.120b)
_can [—N{ + 273N7 (con )? + 525N (car)* + 315(car)"]
X= 32256001, )
where o) = 9¢¢) j =1, ..., 3, Hy[p] ¢ is given in eq. (2.86e) and g2(3) in eq. (2.90a).

We choose ¢ and as a consequence v depending on &. We had to pass from the potential
KdV hierarchy to the KdV hierarchy as, integrating once with respect to £, one cannot obtain
a purely differential evolution equation for ¢(3) at the slow time t but we get an integro-
differential equation (see the corresponding situations in the right hand sides of the egs. (3.111,
3.116) where a J¢ operator has been put in evidence). This depend from the fact that the first
of the three conditions (2.100) is not satisfied by the coefficients u;, j = 1, ..., 14 of the
forcing term g2(3) (see later). On the contrary the A — L discrete NLS equation satisfied
these conditions. The free constant y is fixed so that to eliminate any dependence on the term
857(;5(1) as from Proposition 3.1 the presence of this term can always introduce a dependence

on the secular term Ky [¢(1)}, the flux of the equation (2.93d). Here follow the coefficients (1,
j=1,..., 14 of the forcing term go(3)
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(car)? [N} + 64(caq)? N} + 242(car N1)* — 40(con )°NE — 27(car)®|

e 1285 [N2 — 3(cay)?)? ’
. (can)? [I5N} 4 440N (can )? + 1710(car Ny )* — 144N7 (can)® — 405(cay)?]
o= 153605 [N? — 3(ca1)?]® ’
L (ean)? (13N} + 30(cai N1)? — 15(can )] [3NT + 62(cay N1)? + 27(can )*]
o == 76800z [N2 — 3(can )2 ’
= (car) [4AN70 — 69N} (car)? — 1668N7 (car)* — 156067 (car ) — 10440NE (can )® + 243(can )]

76805 [N2 — 3(cay )2
. (car) [4AN{0 — 3N (cay)? — 1580NF (cay)* — 10026 N1 (cap )¢ — 5232N7 (cap)® + 405(caq )]
M5 = )
12805 [N2 — 3(con )2

. (car) [N{? + 18N (car)? — TALN{ (con)* — 37T53N} (can )® — 1152NE (can )® + 243(can ) '0]

He = )
19205 [N2 — 3(can)?)’
y = (carNy)? [TN 4+ 105N (can)? — 423(cay N1)* — 15309NE (cary )¢ — 8964 (car)®]
A8av [N2 = 3(cay)?]" ’

_ L (car)? [BNT + 14(cay N1)? + 9(caq)?]
fe =t = 32a [N? — 3(can)?] ’

B . (car)? [INT + 22(cay N1)? + 45(caq )]
Ho = f1o = 320 [N? — 3(ca)?] ’

. (caq) [-ANS + 15N (caq)? 4 234N (con )* + 135(can)°] )

2p12 = pi3 = — s s =27

8as [N2 — 3(cay)?]?

o The coefficients of g2(3) respect only four out of the five As integrability conditions
(2.91a) for the KdV hierarchy (the one involving pr is not satisfied). This proves that
the AN LS equation is not integrable.

On the contrary the integrability condition involving p7 results satisfied only in the contin-
uous limit ¢ — 0 (integrable NLS equation) and in the particular case where 450(caq)® +
345N (cay)® — 1413(cay N1 )* — 557NE(caq)? — 17N = 0.
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Multiscale reduction of C'—integrable nonlinear
PAFEs

We present here some examples of reduction of C'—integrable nonlinear partial difference equa-
tions. The C'—integrability property is a consequence of the fact that the considered nonlinear
equations can be transformed into linear ones by means of some invertible transformation of
the dependent (sometimes also of the independent) variables. The aim of the following exam-
ples is to show that under a multiscale reduction, contrary to the case of S—integrable PAFESs,
now the amplitude ugl) follows a hierarchy of linear equations. This property together with all
the integrability conditions developed in Chapter 2 opens the way to an integrability test for
discretizations of C'—integrable PDFEs. In this way one can in principle prove if a discretization

fails in preserving this C'—integrability property.

4.1 Multiscale analysis of the Hietarinta equation

Let us consider the Hietarinta equation [18]

un,m + €2 un+1,m+1 + 02 o un+1,m + €2 Un,m—i—l + 02 (4 1)

umm + €1 un+l,m+1 + 01 un+1,m + 01 un,erl + €1

For future convenience we transform the parameters as o; — 1/0;, ¢; — 1/e;, ¢ = 1, 2 and
introduce the parameters yu = 0y — 01, ( = 02 — e1. Eq. (4.1) then becomes

P =P3+PY, (4.2)

where

P, = (€3 — €1) unm + (01 — €2) Unt1,m + PUnt1,m+1 — CUnmt1,
Pﬁ) = (e2 — 02) (01Un41,mUn+1,m+1 — €1Un,mUn,m+1) +
+ (1 — ¢) (e2Un,mUnt1,m — 02Un m+1Un+t1,m+1) +
+ (0161 — 02€2) (Un mUnt1,m+1 — Unt1,mUn,m+1) 5
Pﬁ) = —€201CUn,mUn+1.mUn+1,m+1 + €102 (01 — €2) U mUn m+1Unt1,m+1 +

+6162ﬂun,mun+1,mun,m+l + 0102 (62 - 61) un+1,mun,m+1un+l,m+la

where P, indicates the linear part, P the quadratic part and P the cubic part. Defining

nl nl
a new function @y, according to the invertible transformation

n m . 0o — 1 + o un m
Quitm . 02— 2nm G | (4.3)
Qn,m o2 |14+ (02— tunm p—¢

72
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the eq. (4.2) linearizes to the equation [36)

Qn+1,m+1 - AQn,m+1 - Qn+1,m + (A - B) Qn,m, == 07 (44)
= _Gp—o) o (n—02) (02 —e2)
02 (1= C)’ 02 (02 — €2 — 1)

We will expand eq. (4.2) according to eq. (2.117). One can transform eq. (4.4) to a simpler
form considering that u, , — 0 as ¢ — 0, asymptotic behavior which is compatible with eq.
(4.2). As e — 0, definition (4.3) becomes

. 02 —
Qn—i—l,m - )‘Qn,m, - 07 A= Ma

02 (1 =)
which gives, as ¢ — 0, Qnm = A'fm, with f,, an arbitrary function of m. So we put
Qnm = A" frm, With fnm — fm when € — 0, and substitute this expression into eq. (4.4)
obtaining

wieg —e
pfnr1met — Cfnma1 — Ufntim + gfn,m = U (4.5)

€y — 01
As e — 0, eq. (4.5) becomes

I
fm+1 - fm =0,
€o — 01

which, solved, gives f,, = [p/(e2 —01)]™ p, p a constant. Consequently we define f, ,, =

1/ (e2 —01)]™ p (1 + rpm), with r,, , — 0 when € — 0, and substitute into eq. (4.5) obtaining

Mt 1,m+1 — CTnomt1 — (62 - 01) Tnt+1,m + (62 - 61) Tnm = 0. (4-6)

The complete transformation between eq. (4.4) and eq. (4.6) reads

Qn,m+p{’“‘(02_“)]n-< a )m(1+rn,m), (4.7)

02 (1 — ) es — 01

and remains valid even if we don’t prescribe any asymptotic behavior for uy, ,, (and conse-
quently for @, and ry, ,,,). Hence the transformation from eq. (4.2) to eq. (4.6) reads

]- + 71n+1,m _ ,U/ - C ]- + 02un,m C
- 1+ '

4.8
L+ 7nm % (02 — ) Up,m 11— C (4.8)

The form of eq. (4.6) will result particularly useful for the future. One could say that egs.

(4.6, 4.8) are the Lax pair of eq. (4.2). Let us begin the multiscale expansion of eq. (4.2)
referring to Appendiz D for useful formulas.

i. Order v =1.

€1 — ey + Ce—iaw + (62 o 01) elar Meia(fs—w)} uga) =0, (4.9)
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which, if a = 0, is identically solved V ugo) and, if « = 1 and ugl) # 0, gives the dispersion
relation,

o _ et - o)e]
- )

(peir — )

from which

(e2 —o01) (u — Ccos k) — (e2 — e1) (ncos k —¢)
2+ p? —2ul cosk
Im(w) o; _ (ﬂ+ﬁ)(02762)81n’%
e sin [Re(w)] 12— 2 cosh)
2Imw) _ (e2 —e1)? + (e2 —01)? —2(e2 — e1)(e2 — 01) cos K
2+ pu? —2ulcosk '

™) cos [Re(w)] =

)

In order to have a real dispersion relation, from the last relation we have that one has to require
that

01 +e1 =09 + €2, (410)
so that
T (4.11)
pet — ¢
which, solved, gives
w (k) = 2arctan <C+,u tan H) (4.12)
p—C 2

This dispersion relation is just the dispersion relation of the [pKdV equation given in egs. (3.6,
3.7). Taking into account eq. (4.10), the linear, quadratic and cubic parts of eq. (4.2) simplifie
to

P = p(tuns1,me1 — Unm) + C(Unt1,m — Unmt1), (4.13a)

Pr(j) =(p+¢) (elun,mun,mﬂ - 01Un+1,mun+1,m+1) + (4.13b)
+(1— Q) (e2Un,mUn+1,m — 02Un m41Unt1,m+1) +
F18 (U Unt1,m+1 — Und1mUn,m+1),

Py(j) = (Un,mUn+1,m+1 (€102Un mt+1 — €201Unt1,m) + (4.13c¢)
F U1, mUn mt1 (€1€2Un,m — 0102Un 11 m+1) -

As one can see, eq. (4.13a) is just the linear part of the IpKdV equation (3.3). If |a| > 2, eq.
(4.9) implies that u{® = 0;

7. Order v = 2.
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e a=20:

[N1 (1t 4 €) By + My (11— €) O] ul” =0, (4.14)

which gives

<o>( ,K)_F( ,K) L Nu+9 415
uy \ni,{m;t._, ) = Amiti_o ), =n my, .
1 1 { J}J_1 P, { J}]_Q P YA (1 —0) 1 (4.15)
where F' is an arbitrary function of its arguments;
o a=1:
(€ (e +¢) N1y + €7 (pe® — ¢) M1y, | uf”) = (4.16)
1— iK\2
(et 2( e’) NOMGS
pe — ¢
which, taking into account eq. (4.11) and solved, gives
1 S e O () ao
ugl) =H (m + —ma, {mj}f—2> e Ly v (0)de , (4.17)
. My (p® +¢% —2uC cos k)
Ny (p? = ¢?) 7
where H is an arbitrary function of its argument and pg is a (real) constant. In the case

one choses ugo) = 0, defining

Ny =eSe ™™ (pe™ —¢),  M;=-Se" (pe™™ +¢), SeC, e==1, (4.18)

eq. (4.16) becomes

(O, — €0, ) ult) =0, (4.19)

which is solved by

. N.
u(ll) (nl, {mj}j.il) = ugl) (ng, {mj}jl.(:2> ,  na=ny+emy, €= _ﬁllwl’ (4.20)

the quantities w,, being defined in eq. (2.12). The complex constant S = rel?, r > 0, is
to be choosen so that § = — arctan [(sink/ (¢ cos k — )] in such a way that N; and M;

are indeed real numbers, which, taking into account the dispersion relation (4.11), can
be rewritten as

. . <2 _ 'u2
N1 =€eS (,u — C@ln) 5 Ml = Selnm; (421)
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o o= 2:

Taking into account the dispersion relation (4.11), we find
uéz) = (02 + M) u§1)2; (4.22)
1—e®
i1i. Order v = 3.

e v =0:

Taking into account eqs. (4.11, 4.17) and requiring no secular terms (see eq. (4.15)), we

find
My (p—¢) )
o L M=0y T 0 _ 4.23a
PN (w0 R | |
. 9 .
_ AnC (200 — (= ) sin” (/2) 25z 7 w0 ()il 2
u? 4 (% —2uc cosk
3mgu(10) =0, (423b)
so that
W =@ (P, {mj}fzz) + (200 — ¢ — ) [ufV P2, (4.24)

where G is an arbitrary function of its arguments which we choose to be zero. In the
go) = 0, the equation for uéo) could be simply solved introducing the
variable 75 = nq — emq. In this case, if G =0, uéo) depends on ns;

case one choses u

o v =1:

Setting ugo) = 0, taking into account eqs. (4.11, 4.21, 4.22, 4.24) and that u(ll) depends
on nsy, we have

(O, — eaml)uél) =M (ugl)) ,

where N7 (u&”) is a nonlinear function in ugl) and its complex conjugate. As the r.h.s.

of the last equation depends on no, it is in the kernel of the linear operator on the Lh.s.

and consequently it is a secular term. In order to remove this secularity, we have to
demand that both the r.h.s. and the L.h.s. be equal to zero. We obtain

(8TL1 - ea'ffn)ugl) = Oa (425&)

. M?sink N2
51) = m%uﬁ”, p1= M sinr =-—

= M2 (#2 — <2) M2 w2. (425]3)

iOm,u

Equation (4.25a) tells us that ugl) depends on ns.

e Equation (4.25b) is a linear Schrodinger equation.
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4.2 Reduction of the Lax pair for the Hietarinta equation

One could say that a Lax pair for a C'—integrable equation is formed by
e The linearizing transformation;
e The equation to which it linearizes.

In this respect the Lax pair of the Hietarinta equation is formed by eqgs. (4.6, 4.8). Now we
apply a multiscale reduction to this Lax pair as we did for the IpKdV spectral problem. The
multiscale procedure requires that the parameters respect the constraint (4.10), so that the
Lax pair simplifies to

Lt ran _ =Gl 1toatunm ¢ ] (4.262)
L+ 7nm po 1+ (o2 =) upm  p—C¢
1 (Pns1me1 = Tnm) + € (Pngtm — Tnmi1) = 0. (4.26b)

One can see from eq. (4.26b) that in this reduction the Hietarinta equation linearizes to its
linear part eq. (4.13a) which is the same linear part of the {pKdV equation (3.3). We begin
expanding eq. (4.26b), choosinf for 7, ,,, an expansion of the form given in eq. (2.117) with the
slow-variables scaling with € in the usual way. The coefficients N; and M;, 7 > 1, are chosen
to be the same as in the case of the Hietarinta equation.

i. Order v =1.

) 1) (e — o)) ) = o, (427)

which, if a = 0, is identically solved V rio) and, if « = 1 and r%l) # 0, gives an analogous dis-
persion relation than that of the Hietarinta equation, eq. (4.11). If |a| > 2, all other TEO‘) =0;

it. Order v = 2.

o v =20:

N1 (4 €)ny + Mi( = )0, ) 11" = 0. (4.28)

As a consequence, taking into account equations (4.21), 7“§0) depends on p defined in
(4.15);
e av=1:

[€" (ne™ +¢) N1dh, + 7 (e — () MOy, ] ri” =0, (4.29)

which, taking into account the definitions (4.18), becomes

(O, — €0, ) Y =0, (4.30)

so that rgl) depends on ns defined in (4.20);
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o o= 2:

[M (e2i(m—w) _ 1) Y G ezm)} TQZ) —0, (4.31)

which implies that réz) = 0;

#i. Order v = 3.

e v =20:

Taking into account eq. (4.28) and requiring no secular terms, we obtain

(N1 (1 + Q) By + My (i — ), ] 7YY = 0, (4.32a)
Oy = 0. (4.32b)

As a consequence, taking into account eq. (4.21), rgo) depends on p too and 7‘%0) is

independent on my;

o v =1:

Taking into account egs. (4.11, 4.21), that 1"51) depends on ny and requiring no secular
terms, we obtain

(O, — €0m,) 5 =0, (4.33a)
. uCME sink N

=Ly, (4.33b)

. 1 1
Onart! = = Gy =

so that rél) depends on ny and rgl) evolves at the slow-time mo according to the same
linear Schrédinger equation of ugl), eq. (4.25D).

Now we apply a multiscale reduction to eq. (4.26a). Expanding the 1. h. s. of eq. (4.26a) near
Tnm = 0 and the r. h. s. near u, ,, = 0, we obtain

(Tn+1,7n - rn,M) (1 —Tn,m + T?L,m - sz,m + @ (Tiﬂn)) = (434)
=(n—20) [1 = (02 = p)tn,m + (02 — N)2u721,m +0 (ui,m)} Un,m-

Now we insert the expansions of 7, and u, ., into eq. (4.34). We obtain the following iden-
tifications.

i. Order v =1.

W\ =0, (4.35)

a result compatible with our previous choice;
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o o= 1:

i (@ =1) = (p = Qu; (4.36)
Order v = 2.
e aa=0:

Taking into account that ugo) =0, eq. (4.36) and setting rio) = 0, we have

-2
2(1 = cos ) 222 ¢y ul?); (437)
C—p
e a=1:
Taking into account that ugo) = 0 and setting 7“&0) = 0, we have
Nlei"‘amril) + (ei“ — 1) Tél) = (u—) ugl); (4.38)
e a=2

Taking into account that 7“52) =0 and eq. (4.36), we obtain

(e = 1) [ 2 e = 1) ] 2 = -l (4.39

If one substitutes the expression eq. (4.36) into (4.30), (4.33b), (4.37) and (4.39), recov-
ers eqs. (4.19), (4.25b), (4.24) with G =0 and (4.22); applying the operator On, — €Op,
to (4.38) and taking into account eqs. (4.30, 4.33a), we obtain eq. (4.25a).
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Conclusions and perspectives

In this work we showed how it is possible to develop an integrability test for nonlinear partial
difference equations by using perturbative multiscale reductions techniques. The key ingredient
of this approach is to suppose an analytic dependence on the slow-variables of the solutions
of our nonlinear systems. This property, once the shifts with respect to the slow-variables
are expressed in terms of derivatives with respect to the same variables, allow one to use
all the machinery of multiscale techniques developed for partial differential equations in ref.
[4-9,11-14,35,40]. Thus the reduction process, starting from a partial difference equation,
produces partial differential equations. In this way it was possible to give an explicit analytical
evidence of nonintegrability for some discretizations of well known continuous S—integrable
models. Among them we mention the (defocusing) dN LS equation, whose importance emerges
in several physical contexts, for which we previously had only numerical evidences of situations
of irregular, if not chaotic, dynamics. The multiscale perturbative reductions were performed
on C—integrable systems too. All the results obtained are in exact parallelism with those
previously known for partial differential equations. For example the multiscale reduction of
the {(pKdV spectral problem gives the one corresponding to the (continuous) NLS equation
exactly as the (continuous) KdV spectral problem does [40]. The method can be applied to
a large variety of nonlinear systems. In this respect we developed explicitly the cases of the
NLS, KdV and potential KdV hierarchies along with the relative integrability conditions till
the A3 level included. Those integrability conditions are another original contribution to the
theory of perturbative multiscale techniques. Anyway we are aware there are some points that
deserve a further analysis. Among them we list:

e To develop an integrability test using perturbative multiscale reductions techniques not
relying on the assumption of an analytical dependence on the slow-variable. This would
enable one to reduce a partial difference system to another partial difference system, thus
opening the way to the discovery of new discrete integrable models;

e To improve the method including other possible hierarchies for the reduced systems with
all the relative integrability conditions. For example one could consider dissipative models
for which the hierarchy of reference is the Burgers one;

e To improve the method including maps, i. e. ordinary difference equations;

o To investigate other scaling with € of the slow-variables. For example, starting from a
C—integrable model, it should be possible to obtain an Fckhauss equation;

e Give an explicit evidence of nonintegrability for the focusing dNLS equation.
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Appendix A

Nonlinear terms in Fu, u,, U, gy, Ugt, Ugt, - - .| and
derivatives of u (x,1)

In this appendix we will give the expressions of the expansion of the space and time derivatives
of the function u (x,t;¢) as well as the general expression of the expansion of the nonlinear
quadratic and cubic monomials of F[u, uy, Ut, Uy, Ugt, Ust, - - -] in eq. (2.1). Those expressions
will prove to be very useful especially when one tries to apply the multiscale technique by
hand. From eq. (2.20) one has

n—p

s —+o0
Bu=> 3" S EC,,(ikoe)* " OulY,, (A.1a)

p=0n=p+1  a=—(n—p)

n—1 n—1
= —iw (ko Za Z E“ou® +Ze Soorr Y o, ul™. (Aab)
a=-—n = a=—(n—1) j=maz{l, |a|}
From eq. (A.la) one derives
s+r +oo n—1 min{j—p, a+(n—j)} min{p, s}

Sy ey ey 2. >, (A

p=0n=p+2  a=—(n-p) = p+17rfmaa~{—<j—p>, —(n—3j)} y=maz{0, p—r}

Cs,~Cr, p—ry (ikom)* " [ikio (a — )]~ (ag Eﬂ)ﬂ) (ap k 7(;“ JW))

il
where C; ; represents the binomial coefficient C; ; = j'(iz;j)" From eq. (A.2), we get

n—1 min{j, a+(n—35)}
= ik Z g™ Z E“ Z Z Wug-ﬁ)uﬁla:jﬂ) + (A.3a)
a=-n j=1 r=maz{—j,a—(n—j5)}
400 n—1  min{j—1, a+(n—j)}
SICED VDS > (06, ) i
n=3 a=—(n—1) =2 r=maz{—(j—1),a—(n—35)}
n—1 min{j,a+(n—j5)}
Uy = —KQ Z e” Z E~ Z Z 7r2u§-ﬂ)u£la:jw) + (A.3b)
o=—n  j=1 n=maa{j,a—(n—j)}
+o0 n—1 min{j—1, a+(n—75)}
+2ikg Z en Z EO‘ Z Z T (85U§-7:)1> u,(la:jﬁ) +
n=3 a=-— 7=2 r=maz{—(j—1),a—(n—j)}
+o00 n—1  min{j—2, a+(n—j5)}
DD WD > (0805, ) w57,
n=4

a=—(n—2) 7=3 r=maz{—(j-2),a—(n—j)}
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-1 min{j, at+(n—j)}

= —K§ Z em Z E~ Z Z m(a—m) u§-ﬂ)u£f§-7r) +

a=-n Jj=1 n=maz{—j,a—(n—j)}
too n—1 n—1 min{j—1,a+(n—j)}
RO SCED VRN DERED SR U ) B
n=3 a=—(n—1) =2 r=maz{—-(j—1),a—(n—j)}
+oo ne1 n—1 min{j—1, a+(n—j3)}
Hro Y et Y EYY > (=) (8511;:)1) uy” Jﬁ) *
n=3 a=—(n-1) =2 r=maz{—-(j—1),a—(n—j)}
4oo P n—1  min{j—2,a+(n—j)}
e S Y > (9eu™) (9eui").
n=4 a=—(n-2)

Jj=3 r=maz{—(5-2),a—(n—j)}

From egs. (A.la) and (A.2) we have

r4+s+t +oo n—1 min{j—p, a+(n—j3)}

() (23 Y Y e Y ey >

p=0 n=p+3 a=—(n—p) J=pt+2m=maz{—(j—p),a—(n—3)}
j—1 min{d—p, 7+(j—95)} min{p, s+r} min{~y, s}

2 D 2

5=p+1 z=maz{—(§—p), 7—(5—6)} y=maz{0, p—t} x=maz{0,y—r}
CaxCroy o Ch. pry (ir02)" X [ikg (mr — 2)]" =70

[iko (o — )]~ P77 (82‘14 ) (87 X, 7~ Z)) (3# Tl jw))

and, from eq. (A.4), it results that

-1 min{j,at(n=7)} j-1 min{é p+(j—05)}
S SE 30 M S WD »
a="n  j=2 p=maz{—j,a—(n—j)} =1 n=maz{—8, p—(j—5)}
n—1 n—1 min{j—1,a+(n—j)}  j-1
Pl p>+z5 Y ey 3
n=4 a=—(n—-1) J=3 p=maz{—(j—1),a—(n—j)} 6=2

min{s-1, p+(j—8)}
(agu(”) ) WP,

n-—j
m=mazxz{—(6—1), p—(j—9)}
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Appendix B

Basis monomials of the vector spaces P,(m)

In this appendix we present the following tables where we list the basis monomials of the sub-
spaces P,(m) needed in the calculation of the integrability conditions. The first table refers
to the situation when the flows in eqs. (2.71a) belong to the NLS hierarchy and the second
one when they belongs to the KdV /potential KdV hierarchies. A genereic element of P, (m)

will then be a a polynomial with complex coefficients resulting from the linear combination of
those basis elements®.

n all the tables it is intended that, to have all the basis monomials in a particular Pr(m), to those listed
next to it one must add those in Pp(m — 1). For the potential KdV hierarchy is (/) = ¢éj).
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(D)n(y)n dMnlmn )%
(D)n(g)3n Jd(Dnl(e)n  (1)n(1)?n(g)n
(Dn(z)n(e)r  ()n(1)?n(e)n  (T)n(1)%n(g)n (1)n(z)n(g)n (Dn(g)n(e)n  :(¢)°d
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Appendix C

Coefficients of the differential polynomial g;3(3)

In this appendix we present the list containing the coefficients of the polynomial forcing term
g3(3) eq. (2.90b) in the evolution equation of ¢®) at the slow-time t5 (eq. (2.85b), n = j =3,
KdV hierarchy).

~ BA(2p1 + p2) 5 + p2 + p3) ~ 5A(p2 + ps) _ 5
51_77 52_ b 53_77 64_ b
37’1 37'1 37’1 37’1
5 — S5A[(02 + 263) (10 + pro) + 3(3pa + 25) 71 + (Tpa + Sz + p13) 72
5 97_12 ’
56 = 5A[202p09 + (p11 + 2409)03 + 3(3pea + s + pe) ™1 + 2(p1 + Spe — ps3) 2]
9712 ’
5y = S5A[6038 + (p10 + pa1 + 4pg)o + 6(pus + pe) 1 + 2(3p1 + 10p3) 0]
972 ’
5y = 5A[203 18 + (3ps + p0)02 + 3(15 + 26)T1 + 612 + 243) 72
97’12 ’
S — SA(O2ps + 3peT1 + SpaTo)
9 — 2 )
977
P SA{971 (2112 + (11 + 3us)br + 3prTi] + [—2(302 + 63) s + Oopg + 48peT1|T2 — 10p375 }
10 817’i3 ’
5y = SA[03 014 + 3(pa2 + p13)02m1 + (10 + 6ps + po)0171 + 6(O3p12 + Yz )71] .
277'10’
5ATo{ (110 — s — p9)b2 — 6[03 8 — (35 + 4pe) 71| — 20p372}
+ 3 )
27T;
S SM—6(03 — 0203 — 03) 1114 + 9[—2(0 + 03) 112 + 205413 + (p11 + 18ps + 2119)01 )1 } N
2 24373
10A[(3110 — 3p11 + 27us — 1649)02 + (610 + 611 + 14pus — 15u9)83] 72
+ ; +
24377
n 10A[135u772 + 2(6p1 — 150 + 20u3) 73 + 3(3944 + s — 1346) 71 72]
24377 ’
450017 {1803 14 + 81(2p12 + p13) 71 + 4910 + 11 — 6(6us + po)] T2}
53327
30)\’7’2{—4(9% — 9293 — 9%)#14 — 3[4(92 —+ 93)/1412 + (392 —+ 593)#13]7’1 + 666/1,77'12}
+ ) +
53327
2075 [2(6410 + 61111 + 1dps — 1509)05 + (610 — 611 + 81ps — Hpig )]
+ . +
583277
20AT2[3(24414 — s — 2646) 71 + 4(611 — 159 + 2043) 7o)
+ i 7
53327
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5Aus 5A(ps + po) ~ 5A(ps + p9 + p110) _ 5A(p9 + pio + pan)
014 = , 015 = , 016 = , 017 = )
37'1 3’7’1 37'1 3’7’1
5A(p10 + pa1) 91 ~ 5A(Bpa2Ti + SpusTa)
dig = ———, O19= ;020 = 3 ;
3711 3711 977
P SA[3(2p12 + pa3) 71 + 2(4ps + 3p9) 72|
21 — 9 2 )
Ti
Son S5A[03p014 + 3(pa2 + p13) 71 4 2(p10 — pig + 3p19) 7o
2= 972 ’
S — S5A[02p114 + 3(2p12 + p13) 71 + 6(p10 + pg)To]
z 972 ’
P SA[(02 + 203)pu14 + 611371 + 2(p10 + 4pa1 + o) 7o)
24 — ’
9712
SA[02p114 + 3p1371 + 2(3p11 + pg) 2] ~ BA[301 11471 — 2(usT2 — 8p1271 ) T2
do5 = 3 ;o 026 = 3 ’
977 27T
5 SM901 1471 + 024114 + 6(2p12 + 3p13) 71 — 8ugTe] T} S0 — 95
27 = 3 ’ 28 — 29,
27T
A A
d29 = BAL14T d30 = SAk14 d31 = 2030. (C.1)
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Appendix D

Nonlinear discrete monomials, shifts and
derivatives of w,, ,, v,(t), ¢u(t)

In this appendix we give at first the expressions of the expansion of the n and m-shifts of
the function wu, ., (¢) in eq. (2.117) as well as the general expressions of the expansions of
the nonlinear quadratic and cubic monomials in eq. (2.115). These expressions are useful
especially when one tries to apply the multiscale technique by hand. From egs. (2.116, 2.117)
one has

Y

Upt1,m = ZE’Y Z E“ 27: (Ag;’_j)uyl)) etor (D.1)

==y  j=maz{l, |al}

v v j
Un42,m = 267 Z E® Z A=) Z Agfﬁ)uif) e¥ier - (D.2)
a==y  j=maz{l,|o|} p=maz{l, |a|}
Y J
T D SL D I LD S 03
a==y  j=maz{l,|o|} p=maz{l, |a|}

B
Z Ag/ﬁfp)uga) 637,0(:4.

p=maz{1,|al}

The quadratic terms are obtained from eq. (2.117) and eq. (D.1). For example

-1 min{j,a+(v=j)}

257 Z Eaz Z ug»ﬂ)u(fi;ﬂ), (D.4a)

a=—y Jj=1 r=maz{—j, a—(v—75)}

J
Un, m * Untl,m = 257 Z E~ Z Z (D.4b)
a=—y J=1 p=maz{1, |a|—(v—75)}
min{B, a+(y—j)}
(AT D)l e,
7T—maﬂc{—ﬁ,oz—(v—j)}
- J Y—J
Un+1,m * Un,m+1 = Z‘E’Y Z E~ Z Z Z (D4C)
a=—y Jj=1 p=maz{l, |a|-(v=7)} A=maz{l, |a|-B}
mzn{ﬁ,(x—!—k} . . . .
Z (Ag_ﬁ)u(ﬂﬁ)) (Aff{_]_’\)ug\a_ﬂ)) el ilammw

r=maz{—0B,a—A}
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The cubic terms are obtained from eq. (2.117) and egs. (D.1, D.4). For example

y=1€6-1 at(y—§) min{j, o+(£—5)}

DIEDIDHS S W, o

a=—vy £=2 j=1lo=a—(y—&) n=max{—j,0—(£—3j)}
+00 v y—1£6-1 j  at(v=§) min{B,o+(E—35)}
Ui Unttm =Y &7 D B ZZZ > > (D-5b)
7=8  a=—y  &=2j=1p=lo=a—(y—¢&) r=maz{~f,0—(E~j)}

( 5 (m) (o—m), (a—0) 27TK
('AJ ) Ug—j "Uy—g "€

y=1&-1 j &—j at(v=§) min{B, o+A}
Un,m * Unt1,m * Un,mitl = ZE’Y Z Eaz ZZ Z Z (D.5¢)
a=—vy £=2 j=1p=1A=1o=a—(y—&) r=maz{—3,0—A}
( Ag—ﬁ)u(ﬂ) ( Agg—g—x)u(mw)) (f ?) i g=ilo—mw
Y—16-1 j €—jv—& atp
Unt1,m " Un,m+1 " Untl, m+1 = ZE’Y Z E*Y ZZZ > (D.5d)
a=—vy §=2j=1p=1Ar=1p=lo=a—p
mzn{ﬁﬁo'+)\}

(g ()
m=maz{—08,0—\}
(A('y—ﬁ—p)uéa—a)) eiﬂ'lﬁe—i((f—ﬂ')wei(a—ﬂ)(K—UJ).

n,m

If in the above formulae one wants to replace say an n-shift with an m (or with a positive shift
in both n and m) one, one has simply to replace the corresponding AP with AY) (A5 (j ) m) and
every factor e'”*, except that in £, with e'#¥ (ei”(“*“’)). Moreover, if one wants to repalce an
n-shift ( ) with the corresponding negative one, one ha simply to replace the corresponding
AP (A ) with AY (.A 9 ).) and every factor e'?® (e~1#¥), except that in E®, with its complex
conjugate. The operators .A,n (A@n) are obtainded from the corresponding A (A%)) by
replacing any 6%p with (—1)j6£p (any 8¥np with (—1)3'873;%).

We now give the expressions of the expansion of the n-shifts and ¢—derivatives of the
functions vy, (t), ¢, (t) in eqs. (3.87) as well as the general expressions of the expansions of the
linear and nonlinear monomials G4, v+ and §1 appearing in eqgs. (3.86). From egs. (2.116a,
3.87) one has

+o00 [K/2]
Upt1 =1+ Z Z ® (A%R_Qj)l/(j)) , (D.6a)
k=2 j=1
+oo [(k+1)/2]
¢n+1 —et + Z Z ( ~ 2J+1)¢( )> 5 (Dﬁb)
+oo k—1
Oy, = Z Z ;e oy, p=9), (D.6c)
k=2 j=1
+oo K
Ordn = —€+ D> ;e 0, ¢TI, (D.6d)

k=1 j=1
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with [p] standing for the entire part of p. We made use also of the fact that the operator o,
when operates on the functions v, (t), ¢, (t), acts as the operator

—+oo
Dy =0, + Zaj52j_18tj,

j=1

when one assumes that all the variables nq, ¢, t;, 1 < j, are independent. Setting

+oo
TN (ny {4515 (D.7)
k=0

we have that the functions (%) are given in terms of the functions v*), x > 0 (v(®) = 1) by
the following recursion relation

90 = p(O-1 ) = 01 Zy(j)g(m—j)7 k> 1. (D.8)
j=1

Here follow a few of the functions 8(%) for 0 < x < 4:

00 =1, (D.9a)
o) = —pM), (D.9b)
9 =12 _ 2, (D.9c)
0 = —p13 1 9V, _ ) (D.9d)
W — (4 _3,(12,(2) 4 9,(1),3) 4 (22 _ ,(4) (D.9e)
From egs. (3.87, D.6a, D.6b, D.7) we get
+oo K +o0o kK
8y = 2521171 Z (A;Z/ﬁfQj)d)(j)) —oW| 4+ Z 262/{ (A$L2nf2j+1)¢(j)) -
k=1 7j=1 k=1 j=1
+oo
=1+ e, (D.10a)
+oo K oo K
e =14 Zgzn 0 +3° (Aglzn—zj)l,(j)) + 33 et (Agn—mny(j)) +
k=1 j=1 k=1 j=1

+oo [k/2—1] [K/2—5]

.
Y3 > e (AT o) =14 Y e, (D.10b)
k=3

k=4 j=1 p=1

+oo K +oo K
5. =1+ Z CAUCESY (Agn—znyu)) +30 5 et (A;zn—zjmy(j)) n
k=1 j=1 k=1 j=1

400 [K/2-1] [k/2—7]

“+oo
Y3 > e (AT 0 =1 Y e, (D.10c)

k=4 j=1 p=1 K=2



(r)

Consequently one has

Some of the coefficients 3}, 'yf)
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and 55:0 for 2 < k < 9 are given in the Table (D.1).

sin By = BPe> +,6 &3+ gWet 4+ 8065 + (D.11a)
+ (00 - ) e 0,
g 2) (3
cosfBy =1-— —5 ‘- 55_)5-(5-)55 - (D.11b)
<5(3)2 +2505) &+ O(e),
N ) 5)
A2 L s e sy (D.11c)
;3 2 2
2 (0 —4) 8 4 06,
5(2) 5(3) 1
532::1+~%;e2+~%;e3+-§(4&f)—5f”)s4+— (D.11d)

4

1
16

1
(20 - 5250

(6% — 20§ — 456" + 861) &8 + O(").

The coefficients 3", v and 6" for B_, 7_ and 6_ are obtained replacing A with A(_"?L.

Table D.1: Coefficients ﬁ(f), ol

:) and (5

[ [ r=2n=3]

k=4

K=5 )

(:) 1)¢(1 Ag)gb(l) AS’%(U _i_Ang)gb(z) A5f)¢<1>+A$3>¢<2>
’}/-(‘rm) 0 A,'(,ll)l/(l) 5742)1/(1) A%B)V(l) —+ Agll)y(2) — l/(l)Agll)V(l)

5@ 20D 511)1/(1)

@ 4 AP LD 412

A'SLB)V(]-) + Ag,l)l/@) —+ y(l)Agll)y(l)




Table D.1: Coefficients ﬂ(f), vf) and 5(f) (continued)

H k=26 \ K=T
AP0 + AP + AV ™ APV + AL ) + AD @
%@ AW, 4 A@ @) 0 42, AP LM L AB) @) AD,6)

—v AP — (AP 102 AL

6Ef) 2V(3) + 2V(1)1/(2) + A$L4)V(1)+ A%S)V(l) + Ag?)y(z) + _Ag)l)y(3)+
FAD L@ 4 () 4P, FrWA® L) 4 (ASM%@))
H k=28 k=9
(=) Dy 4 AD p2) 4 AP M + AP ¢
+AD 6@ + AD @ +AL 6O + AP @

A AP 4 APL@ 4 AP LB ADVD L AP L@ L AP 4 APy @

+ (02 = @) APy _ (AS?MU 1 A®,@ +A5}),,<3>) p(D 4
_ (Agl)V(l) n AS?)u(?)) e + (02 = ) (Ag)V(l) n A;1>V<2>) +

+ (200p@ — 13 _ @) 4D 0
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