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Abstract

In questo lavoro e stato affrontato lo scattering elettromagnetico di un’onda piana da
cilindri sepolti sotto un’interfaccia rugosa. E’ stato impostato un problema di tipo
bidimensionale, con scatteratori cilindrici di sezione trasversa circolare, collocati in
un mezzo semi-infinito con assi paralleli tra loro ed all’interfaccia. La soluzione teor-
ica € stata ricavata in modo analitico mediante Cylindrical Wave Approach (CWA),
esprimendo i campi scatterati mediante espansioni modali in onde cilindriche. Tale
approccio e stato, inoltre, combinato con il Metodo delle Piccole Perturbazioni (SPM),
in merito al trattamento delle rugosita superficiali. I campi ottenuti dall’interazione
dell’onda piana incidente e dei campi scatterati con I'interfaccia rugosa sono risultati
sovrapposizione di una soluzione di ordine zero, associata ad un problema di scatter-
ing da cilindri sepolti sotto un’interfaccia piana, e di una soluzione al primo ordine,
relativa alle rugosita superficiali sovrapposte. Nell’ambito di una soluzione con CWA,
le onde cilindriche sono state espresse con uno spettro di onde piane; cio ha consen-
tito di valutare la riflessione e trasmissione dei campi scatterati dai cilindri attraverso
I'interfaccia sulle singole onde piane dello spettro. Sono state quindi definite delle
Funzioni Cilindriche Riflesse e Trasmesse, da utilizzare per le espansioni modali rela-
tive all’interazione del campo scatterato dai cilindri con I'interfaccia. In particolare,
per le Funzioni Cilindriche associate alla soluzione al primo ordine, sviluppata in
presenza di rugosita superficiali, ¢ stata introdotta una rappresentazione spettrale
con integrale doppio. La soluzione teorica del problema e stata ricavata imponendo
le condizioni al contorno sulla superficie dei cilindri. E’ stato ottenuto un sistema

lineare in cui le incognite sono i coefficienti di espansione dei campi scatterati; tale
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sistema ¢ stato ricavato nei due casi di cilindri perfettamente conduttori e cilindri

dielettrici, e per gli stati di polarizzazione TM e TE.

In merito alla valutazione numerica, il metodo teorico e stato implementato per
un’interfaccia con profilo sinusoidale. Questo ha consentito di semplificare gli inte-
grali associati alle Funzioni Cilindriche, relativamente ai termini al primo ordine, in
integrali singoli. La valutazione delle Funzioni Cilindriche Riflesse e Trasmesse ¢ stata
condotta sviluppando un opportuno algoritmo di integrazione, in grado di garantire
un buon compromesso tra accuratezza della soluzione e tempi di calcolo contenuti.
Sono state utilizzate tecniche di tipo adattivo, in grado di seguire I’andamento oscil-
lante dell’integrando associato alle onde omogenee. In merito al contributo delle onde
evanescenti, e’ stata considerata ’estensione infinita dello spettro, cosi da fornire una
soluzione al problema sia in campo vicino che in campo lontano. I risultati prodotti
sono stati confrontati con risultati di letteratura, mostrando un ottimo accordo. E’
inoltre evidenziata la possibilita di utilizzare il metodo per simulare scatteratori cilin-
drici, dielettrici o perfettamente conduttori, di arbitraria sezione trasversa. La valu-
tazione degli integrali associati alle Funzioni Cilindriche Trasmesse ¢ stata condotta
anche con tecniche asintotiche, fornendo una soluzione al problema con validita nella
regione di campo lontano. Il confronto, per simulazioni in campo lontano, tra quanto
ottenuto con una valutazione accurata degli integrali e la soluzione asintotica ha

mostrato un ottimo accordo.

La trattazione teorica e stata in seguito implementata per un’interfaccia con profilo
di tipo Gaussiano. Tale perturbazione superficiale ¢ stata trattata in modo period-
ico, utilizzando come campo di eccitazione un fascio di tipo Gaussiano, al fine di
ottenere l'illuminazione di una porzione limitata della superficie. Per il fascio inci-
dente e stata adottata una rappresentazione di tipo spettrale, che ha consentito di
ottenere i campi di riflessione e trasmissione da parte dell’interfaccia valutando ri-
flessione e trasmissione su ciascuna onda piana dello spettro. L’utilizzo combinato
di CWA e SPM ha condotto anche in questa trattazione alla formulazione di inte-

grali doppi. La definizione di una superficie Gaussiana con andamento periodico ha



ix

tuttavia consentito di superare le difficolta di valutazione numerica di tali integrali;
grazie all’utilizzo di un’espansione in serie di Fourier, gli integrali doppi sono stati
trasformati in una sommatoria ed un integrale singolo. La valutazione numerica degli
integrali spettrali e stata condotta garantendo criteri di accuratezza, con soluzione del
problema di scattering sia in campo vicino che in campo lontano. I risultati numerici
sono stati ottenuti innanzitutto per il problema di scattering di un fascio Gaussiano
da superficie rugosa con statistica Gaussiana, in assenza di cilindri. In seguito, e stata
considerata la soluzione al problema per cilindri sepolti al di sotto dell’interfaccia. In
entrambi i casi, ’esecuzione di confronti con risultati di letteratura ha consentito di

testare la validita del metodo.
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Introduction

Electromagnetic scattering of a plane wave from buried objects below an interface has
been an important research topic since the past several decades owing to practical
applications in many domains. Many efforts have been done to develop a solution for
the direct scattering problem in different situations. These involve many scattering
scenarios containing flat or rough interface, and conducting or dielectric objects. Such
topics are of practical interests in the simulation of physical scenarios investigated
by Ground Penetrating Radar [1]. Remote sensing of the earth internal structure,
detection of explosive mines, pipes, tunnels, and buried utilities are some of the
common applications. The subject is widely dealt with in the literature, from both
a theoretical and a numerical point of view. The method of analysis largely depends

upon the application of interest.

From an analytical point of view, dealing with both the circular geometry relevant
to the scatterer’s cross-section and a surface of different, or irregular, geometry is a
hard task. There exist many well-established analytical as well as numerical methods
to study the scattering of electromagnetic waves from a rough surface of various
heights and statistics. Among the analytical methods, there are two well-known
theoretical methods for calculating scattering from rough surfaces without buried
objects. One is Small Perturbation Method (SPM) used by Rayleigh and extended by
Rice [2]-[5]. The other is based on Kirchhoff approximation [6]-[8]. The applicability
of analytical methods is typically limited by their domains of validity for the small or
large roughness of the surface. The Kirchhoff approximation is generally assumed to

apply to surfaces with radius of curvature large compared with the wavelength. The
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validity of the Kirchhoff approximation for rough surface scattering using a Gaussian

roughness spectrum has been developed in [9]-[10].

Small roughness is mainly coped with by means of the Small Perturbation Method
(SPM). The diagram method was presented by Bass and Fuks [11] to study the per-
turbation method for rough surface scattering. A recursive solution of the fourth
and higher order Small Perturbation Method for rough surface scattering has been
developed by Demir and Johnson [12]. The perturbation approach is only valid when
root mean square height is small compared with the wavelength. The validity of the
perturbation approximation for rough surface scattering using a Gaussian roughness
spectrum was examined in [13], and the tapered plane wave excitation was firstly
applied in the scattering calculation . Small Perturbation Method derived from the
Rayleigh hypothesis and extinction theorem, respectively, was validated by Soto et
al. [14] by comparing the results of SPM with those obtained by using the Kirchhoff
approximation, as well as the exact numerical method. The range of validity of the
perturbation theory was also discussed by Kim and Stoddart [15]. Some other ap-
proximate methods, such as the Phase Perturbation Method (PPM) [16], Small-Slope
Approximation (SSA) [17] and the Extended Boundary Condition Method (EBC) [18]

etc., are also presented for rough surface scattering.

On the other hand, numerical techniques, such as the Method of Moments (MoM)
[19]-[21], the Finite-Difference Time Domain Method (FDTD) [22]-[25], the Finite
Element Method (FEM) [26], the Fast Multipole Method (FMM) [27], the Forward-
Backward Method (FBM) [28] and the Sparse Matrix Canonical Grid Method (SMCG)
[29], etc. have been applied to the problem of electromagnetic scattering from rough
surface. They offer the advantage of modeling electromagnetic scattering from rough
surfaces with arbitrary roughness. However, they also present several drawbacks and
modeling challenges. In MoM, the size of the impedance matrix is determined by
the size of the objects, the sample points per wavelength, and the number of scatter-

ers. The computational cost becomes prohibitively high when the problem scenario



involves multiple rough surfaces and a cluster of objects. In FDTD, full space dis-
cretization is required. Moreover, to resolve small-wavelength geometrical features,
a very fine grid spatial discretization is needed. In time domain, for rough surface
problem using FDTD, the cell-to-cell phase variation between corresponding points
in different unit cells, that arises from a plane-wave illumination source at oblique

incidence, makes the implementation very challenging.

Scattering problem in the presence of both a rough surface and a cylindrical scat-
terer is a more difficult task. Many efforts have been done for the detection of buried
objects because of practical applications. Various analytical and numerical contri-
butions are available in literature in the case of buried object below a flat interface.
Scattering from a subterranean cylindrical inhomogeneity is solved by Howard [30]
with an eigenfunction expansion of a two-dimensional Fredholm integral equation for
the scattered field. A previous work done by D’Yakonov [31] has been extended by
Ogunade [32], to obtain numerical data for a current line source above a uniform half-
space. Mahmoud et al. [33] solved the problem using a multipole expansion for the
scattered field. Budko [34] developed a Green’s function approach, and an effective
scattering model for a real buried object is proposed. In [35], Butler et al. solved an
integral equation for current induced on a conducting cylinder near a planar interface,
and various forms of the kernel suitable for an efficient numerical evaluation are pro-
posed. Kobayashi’s potential concept [36] has been used to solve the problem of the
plane wave scattering by a 2-D cylindrical obstacle in a dielectric half-space by Hongo
and Hamamura [37]. Correction to this asymptotic solution using the saddle-point
method was done by Naqvi et al. [38]. Scattering of electromagnetic waves from a
deeply buried circular cylinder is discussed in [39]. A solution to the scattered field
by a low contrast buried cylinder which can be considered as a perturbation in the
dielectric layer has been obtained in [40] using a perturbation technique. Problem
involving PEMC cylinder beneath a dielectric flat surface has also been addressed by
Ahmed and Naqvi [41].

Almost all the cited works are making use of integral equations and numerical
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discretization techniques, as the Method of Moments, to solve the problem of electro-
magnetic scattering by buried objects. In other works, integrals are solved through
asymptotic techniques which give scattered field only in the far-field region. Thus,
several hypotheses are made in order to simplify the problem, as deeply buried cylin-
ders or dielectric cylinders with low contrast with respect to the host medium. The
case of scattering by an isolated cylinder is mainly dealt with, due to the difficulty in

developing multiple-interactions in an analytical model.

However, versatile and accurate models are needed for many practical cases, with
a view to characterize realistic scenarios investigated by Ground Penetrating Radar
(GPR). Therefore, an improvement of models for direct scattering is called for. Among
the possible solutions, the introduction of rough perturbations in the surface limiting
the lower medium undoubtedly allows to model the typical unevenness existing in

real surfaces.

The analysis of scattering pattern from a buried object beneath a rough surface
with sinusoidal profile has been dealt with by Cottis and Kanellopoulos in [42], using
Green’s function theory together with Extended Boundary Condition Method. An an-
alytical solution based on spectral plane-wave representation of the fields is employed
by Lawrence and Sarabandi [43]. Spectral integrals are evaluated with asymptotic
techniques, and numerical results are given in far field, in terms of Radar Cross Sec-
tion. Electromagnetic scattering by a partially-buried perfectly-conducting cylinder
at the dielectric rough interface is presented in [44], where Transverse Magnetic (TM)
polarization has been addressed. In [45], surfaces with arbitrary and localized rough-
nesses are considered, and the problem is solved with an integral equations/Method of
Moments approach. A geometry with a cylinder buried in layered media with rough
interfaces is proposed in [46]. Extended Boundary Condition Method and T-matrix
algorithm are applied to construct reflection and transmission matrices of arbitrary
rough interfaces as well as of an isolated single cylinder, respectively. Results are

given in the far-field, in terms of bistatic scattering coefficient.

In this work, an analytical solution, based on the Cylindrical Wave Approach



(CWA) developed in [47] and [48] , is proposed to the scattering by a set of dielectric
or perfectly conducting cylinders placed below a rough surface. The method employs
the concept of plane-wave spectrum of a cylindrical wave [49]. Thus, reflection and
transmission of cylindrical waves are obtained just evaluating reflection and trans-
mission on each plane wave of the spectrum. Reflected and Transmitted Cylindrical
Functions are defined, which generalize the ones given in [48] to the case of surface
roughnesses. In particular, since Small Perturbation Method is employed, the in-
volved fields are the sum of fields relevant to a flat surface, i.e. unperturbed terms,
and first order terms taking into account the superimposed roughness. Spectral in-
tegrals associated to cylindrical waves are evaluated in an accurate way, and results
can be obtained both in near and far field regions.

In chapter 1, the theoretical method developed to solve electromagnetic scattering
by perfectly-conducting and dielectric cylinders below a rough surface is described.
The integration alghorithm implemented for the solution of the spectral integrals is
presented in chapter 2. Numerical results obtained from the numerical implementa-
tion for the cases of both perfectly-conducting and dielectric objects below a rough
surface with sinusoidal profile are presented in chapter 3. Checks confirming the valid-
ity of the approach are also given. In chapter 4, scattering from buried objects below
a rough surface with Gaussian roughness spectrum is presented, where a Gaussian
beam has been considered as an incident field to limit the amount of incident energy
on the rough surface. Numerical implementation of the theory developed in chapter 4
is implemented in chapter 5, and results have been given in chapter 6. Finally, some

concluding remarks about the work are reported.






Chapter 1

Scattering from cylinders buried
below a rough surface

In this chapter, an analytical solution, based on the Cylindrical Wave Approach
(CWA) developed in [48], is proposed to the scattering by dielectric or perfectly-
conducting cylinders placed below a rough surface. The method employs the concept
of plane-wave spectrum of a cylindrical wave [49].

Cylinders are of infinite extension and their axes are parallel to the interface,
therefore a 2-D problem has to be solved. The involved media are assumed to be
linear, isotropic, homogeneous, and lossless. Two states of linear polarization for the
incident field are considered, since any other state of polarization can be expressed

by the superimposition of:

e TM Polarization - The magnetic field is transverse to the axes of the cylindri-
cal scatterers, and the electric field is directed along the cylinders axes. The

propagation vector lies in the plane orthogonal to the cylinders axes.

e TE Polarization - The electric field is transverse to the axes of the cylindrical

scatterers, with the magnetic field lying in the orthogonal plane.

Note that this is the usual convention for cylinder scattering problems but it is oppo-
site to the usual convention for rough surface scattering. The electromagnetic field is

represented by means of a scalar function V'(¢, (), which in each medium is standing
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for a total field, i.e. the electric or magnetic field component parallel to the y-axis,
in case of TM® or TEW polarization, respectively. Throughout all the analysis, a

~wt is omitted, where w is the angular frequency. The total field

time dependence e
V' (&, () is the superposition of the following field contributions, due to the interaction

of the incident plane-wave with the rough surface and the cylinders:
e Vi(&,(): plane-wave incident field;

e V(& (): plane-wave reflected field, due to the reflection in medium 0 of the

incident plane-wave V; by the interface;

e Vi(&,(): plane-wave transmitted field, due to the transmission in medium 1 of

the incident plane-wave V; by the interface;
o V(& (): field scattered by the cylinders in medium 1;
o V(& (): scattered-reflected field, due to reflection of V; in medium 1;

o V(& (): scattered-transmitted field, due to the transmission of V; in medium

0;

o Vp(&,(): field transmitted inside the p-th cylinder, in case of dielectric scatter-

ers.

The reflected and transmitted fields from rough surface in the absence of any buried
scatterer are calculated in Section 1.3 using first order Small Perturbation Method.
The fields propagating in the medium 1 are expressed into an expansion of cylindrical
functions taking into account the circular geometry of the scatterer’s cross-section.
For the transmitted field by rough surface, an expansion in terms of Bessel Functions
Jm is used, while the addition theorem of Hankel functions [63] is employed for the
scattered field V;. The scattered-reflected and transmitted fields are written into a
modal expansion with unknown coefficients of Reflected and Transmitted Cylindri-
cal Functions, respectively, where Perturbed Reflected and Transmitted Cylindrical

Functions are defined in order to take into account of rough deviations together with
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Unperturbed Reflected and Transmitted Cylindrical Functions already developed in
[48], relevant to a flat interface. This expansion in terms of cylindrical waves is the
most appropriate for scatterer of circular cross section. Since properties of reflection
and transmission from a interface are are known only for plane waves, the concept
of plane-wave spectrum of a cylindrical wave is used to tackle the two geometries

simultaneously.

1.1 Problem description

The geometry of the scattering problem is depicted in Figure 1.1: N circular cross-
section cylinders are arbitrarily buried beneath a rough surface, in a semi-infinite
medium (medium 1) with permittivity e, = egn?, which is assumed to be linear,

isotropic, homogeneous and lossless. A monochromatic plane-wave, propagating in

E_=kox

Figure 1.1: Geometry of the problem.

medium 0 (permittivity €g), with wave vector lying in the xz plane, impinges on the
rough interface. Normalized coordinates £ = kox and ¢ = koz, being ky = w/c the

vacuum wave number, are employed. The cylinder’s axes are parallel to the y-axis,
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and the whole structure infinitely extends along the gydirection, so that the problem
is two-dimensional.

A Main Reference Frame (M RF') (0, &, (), with normalized coordinates £ = kox
and ¢ = koz is introduced. A second Reference Frame (RF}) (0, &,, (,) centered on the
p-th cylinder is considered, both in rectangular (&,,(,) and polar (p,.0,) coordinates,

where &, = kozp, ¢ = kozp, pp = korp. The relation between coordinates in Reference

Frame (M RF) and (RF},) is defined as:

&b =8—Xp
Cp:C_"?p

(1.1.1)

Both perfectly-conducting or dielectric cylinders are taken into account, with normal-

ized radius o, = koa, and center in RF}, in (xp, "), being p = 1,..., N. Dielectric

2

scatterers have permittivity e, = E0Mep-

1.2 Fields description

In each medium, the scalar function V' (, ¢) represents the field component parallel to
the cylinder’s axes, which is the sum of all the contributions following the interaction
of the incident field with the rough surface and the circular scatterers.

In medium 0,

VO = Vi(£,0) + Vi(€, ) + Vi (&, 0)

In medium 1,

In case of dielectric cylinders, we have an additional field V, (€, ¢) transmitted inside

the cylinders. The decomposition of the total field is shown in Figure 1.2.
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Figure 1.2: Decomposition of the total field.

1.3 Evaluation of reflected and transmitted fields
by rough surface

In this Section, electromagnetic scattering of a plane wave from a rough surface us-
ing first order Small Perturbation Method (SPM) is discussed. Small Perturbation
Method for rough surface scattering, originally derived by Rice [2], has been exten-
sively applied to problems in optics, remote sensing, and propagation. It yields the
Bragg scatter phenomenon [4] of rough-surface scattering when only first-order terms
are considered. The Small Perturbation Method makes use of the Rayleigh hypothesis
[2] to express the reflected and transmitted fields into upward- and downward-going
waves, respectively. Typical uses of the theory involve only the first- or second-order
scattered fields, owing to increasing complexity of the SPM equations as order is in-
creased. A first order perturbation solution can be applied when the phase difference
due to the height variation is much smaller than 27 [61], and the slope of the rough

perturbation is much smaller than unity.
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1.3.1 TM polarization

Since we are considering TM polarization, the scalar function V(&,() corresponds
to the field E,. The incident plane-wave field, propagating in medium 0, impinges
on the interface forming an angle ¢; with the positive direction of the z-axis. The
propagation wave vector k' = k(i)”,% + k{2 is related to angle ¢; through the following
expressions:
ko = kosing; (13.1)
K, = kocos g
where ké)ll and k}, are the parallel and orthogonal components of the wave vector,
respectively. In the following, the symbols L and || will always be associated to the
orthogonal and parallel components of a generic vector with respect to the planar

interfaces. The incident field of complex amplitude V; is given by

Vi(z, 2) = Vpe'Fhothi?) (1.3.2)

For the sake of simplicity, normalized coordinates £ = kox and ( = kgz, being kg = w/c
the vacuum wave number, are employed. So, the expression of the incident field in

dimensionless coordinates is the following
VA(E, ) = Voe™ e i) (1.3.3)

where nh and n| are the parallel and orthogonal components of the unit propagation

vector, and they are given by:

nl = sin !

! | (1.3.4)
n', = cos ¢'

The surface perturbation can be defined by the function g(¢), and the relevant Fourier

transform G(nj)) is

o)

Gl = [ slc)e e (1.3.5)

—0o0
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Mathematically, the conditions of validity of Small Perturbation Method are given by

l9(¢) cos | << 1

and

09(€)/0¢| << 1

By making use of the Rayleigh hypothesis [2], the reflected field in medium 0 can be

expressed as:
o

Vi(.Q) = iVo/ Vi(ny)emotmnastnie) dpy (1.3.6)

— 00
where n; = /1 — (n))?
The transmitted field in medium 1 can be written as:

oo

Vi€, Q) = —Vo/Vt(nn)eml[ 1_(”2'1‘”

—0oQ0

) eome] dn (1.3.7)

The H-field is derived from the E-field by the normalized curl

k
H:—VXE——ZVXE (1.3.8)

Wit l

The curl of E = E,y has the following expression

~ 0 6
VXE=-— ac y§+ ge Ly C (1.3.9)
Boundary conditions can be expressed as
Vi, €) + Vi(€, €) = Vi€, €) (1.3.10)
5 Vi(€. ¢) + SV(S Q) = 5‘4(5 ,C) (1.3.11)

In the spectral domain, the scattered field is written as perturbation series:

Vilny) = |V2(ny) + Vi (ny) + Vi3 (ny) + ] (1.3.12)
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and the transmitted field is written as:
Vi(ny) = |V (ny) + Vi () + V() + ] (1.3.13)

For electric field, we impose boundary condition (1.3.10) at £ = g(¢) together with a

series expansion of the exponential functions assuming that n; g(¢{) < 1

2me "¢ [1 +ingn’ g(¢) + ]

—i—/ emom|¢ [1 —inon1g(C) + } [Vro(nu) + V' (ny) + ] dn|

—0o0

(1.3.14)

o0

= / @mlnnC[l +ingy /1 — <n2—7:”>29(() + } [Vtﬂ(nn) + Vi (ny) + } dn|

—0o0

From equation(1.3.11), we have the following boundary condition for H-field on the

rough interface

QW(noni)emO"i\\C [1 +ingn’ g(¢) + ]

_/(nom)emonlC [1 —ingn,g(C) + ] [Vro(n”) + Vi (ny) + } dn|

- (1.3.15)
27 . 2
_ / {m L (nonH) }61"1""4[1+m1 1 (noM\) g(C)%—...}
ny ny
X [Vto(n”) + V;l (nH) + } dnH

Balancing the equations (1.3.14) and (1.3.15) to the zero-th order gives

2me ™I 4+ / eIV () dny = / eV (ny) dny (1.3.16)

—00 — 00
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and .
2mngni ™" / (nonL)e™ ™IV, (ny) dny
_ - (1.3.17)
/ 2 .
_ / |:n1 1_ <nonll> :| eznlnHCV'tO(n”)dn”
ny
The Fourier transform of equation (1.3.16) is
216 (nony — nonj) + Ve (ny) =V (n) (1.3.18)
Putting equation (1.3.18) in equation (1.3.17), we get
. nonin2 | . .
2w | non', —ni\/ 1 — <M> e
ny
. (1.3.19)
2 .
- / {nom Fmyf1- (50 ] eV ) diy
ny
. noni \ 2
non', —niy/1— (n—1”> .
VY(ny) = = 276 (nony| — nony) (1.3.20)
non', +mnyq/1— (712—T”>
From equation (1.3.18), we have
0 2non' ;
Vi'(ny) = = 276 (nony| — nony) (1.3.21)
Balancing the equations (1.3.14) and (1.3.15) to the first-order leads to
i2mngn, g(()e™"¢—i / nonLg(¢)e MV (ny)dny+ / MMV (ny ) dny
N o - (1.3.22)
2 A ,
Zi/ {nl 1- (%) }Q(C)eml"'c‘éo(n)dn+/ MMV (ny)dny
1

—0o0 —0o0
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and
i27(non’, )2g(C)e™ I 44 / (non1)?g(C)e™™M V2 (ny)) dny
_/ (non)e™ ™IV, (ny) dny= i / (0% — (nony)*lg(Q)e™ ™ IV (ny)dny - (1.3.23)
0o 5 .
+/ [nl - (50 ]eznlnc‘@1<nll>dn||

Putting the values of V,”(n) and V,?(n))) in equation (1.3.22), we have

/dmemoanrl(n”): /dn|em1”I<Vt1(n||) (1.3.24)
Therefore, it is
Vi) = Vi (ny) (1.3.25)

Using equation (1.3.25) along with the values of V°(n) and V{’(n)) in equation
(1.3.23), we get

i{ng =y )J2ngn), g(Q)e™ "¢ = — / dny V;! (my)e™omi¢
‘ nonh 2 2
nony +m 1_( " ) - (1.3.26)
1 LO.

|: non” 2
X [nogny +ny 1-— <—>
ny

i(ng — ni)2non’ G(non| — nonh)

i n()n” / no’rL”
1

(1.3.27)

Vi(ny) =
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From equation(1.3.25), we get

i(ng — ni)2nen’ G(non| — nonh)

: nonll 71077||
non | +nii/1— (—) noy/ 1 — (n))? +m -
1

(1.3.28)
Putting equations (1.3.27) and (1.3.20) in equation (1.3.6), the reflected field can be

Vii(ny) =

written as a sum of zero-th and first-order fields, which are the contribution relevant

to flat interface and rough interface, respectively

o0

ing(—n n 1 ’Ln n n
Vi(€,¢) = Tor (n)) Voe om0 +VEJ%/%?1M ny)em0 L O dny - (1.3.29)

where FOTfVI(nh) is the Fresnel reflection coefficient relevant to the zero-th order term
and it is given by

i t

Lo (n)) = (1.3.30)

i t
non', +niny
with

. nonh 2
n

The reflection coefficient g (ny) is applied to define the first-order term of the re-
flected field

(ng — n3)2nen' iG(ny — an)

non (1.3.31)
(non', +nynt) [no,/ ”+n1\/ - H ]

The expressions for the reflected field V; can be written in a more compact way

Yor (ny) =

Vi(§,€) = Vo LM (mje™ 8519 1 AAP] (1.3.32)

where the term AA™ in equation (1.3.32) denotes a small quantity due to a small

surface perturbation

1 3 -n n
AATM _ _ﬂ/ ,YOTIM(n“)emo( &+ IIOdnH (1333)
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Putting equations (1.3.28) and (1.3.21) in equation (1.3.7), the transmitted field V;
can be defined

W(EQ = T (n])vpe™ e

no’n”

00 2
1 n 1- n
+ %2—/ Tou (7)€ () o] dn (1.3.34)
s

where 7| OqiM(nh) and 75, (n))) are coefficients for unperturbed and perturbed transmit-

ted fields, respectively. They are given by

; 2non!
T (nh) = ———2— 1.3.35
and
Tor () = Y01 (ny) (1.3.36)

Introducing equation (1.1.1) in equation (1.3.34), the transmitted field V; can be

written in a point of coordinates (£, () of (M RF) as a function of the coordinates

(&, Gp) In (RE)

‘/t(g, g) — TOTIM(nh)%einl[n¢(§p+Xp)+n” (<p+77p)]

1 i ini |:H1—<7L?LHH> (€pt+xp)+n (Gt P):|
+ Vo%/ToTlM(n)e ' S Ly (1.3.37)

Using the plane wave expansion into Bessel functions, the transmitted field is ex-
pressed in polar coordinates. Thus, the final solution to the problem, which is ob-
tained imposing boundary conditions on the cylinder’s surfaces can be obtained in an

easier way
oo

Vil Go) = Vo > i Jo(napy)e™ [AT™ + AB™] (1.3.38)

{=—o00
where

A™M = TOTlM(nh )e~ e e (i xpjp) (1.3.39)
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and
™ [ ™ it ml[ 1_<”?1’1LH> XPMHHP}
AB; ™ = /7’01 (n))e e dn| (1.3.40)
being

"

2
- ()
ny

¢y = tan"! (1.3.41)

1.3.2 TE Polarization

Since we are considering TE polarization, the scalar function V;(¢, {) corresponds to
the magnetic field H,,.
The E-field is derived by the H-field from the normalized curl
ik ~ .-
E=—VxH=iZV xH (1.3.42)

we
The curl of H = H,y has the following expression

9
o

I T
H,é + —H,( (1.3.43)

VxH= o€

Boundary conditions on the interface specify that tangential electric and magnetic

fields must be continuous:

Vi€, ¢) + V(€ ¢) = Vi(§, () (1.3.44)
dg()r 0 0 0 0
50 e VIE O + 5p V& Q] + |56 O+ Wil 0) o)
__99(¢) 9 0 E
_ _8_C8—Cm(5,c) + 8—5‘4(5,6)
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For H-field, we impose boundary condition (1.3.44) at £ = ¢(()

2ﬂ_€inonhC |:1 =+ monlg(o + i|

o0

—|—_£ einon ¢ [1 —ingn, g(C) + } [VIO(TLH) + Vrl (TLH) + ] dn (1.3.46)
= /eml””[lﬂ'm 1- (nfl—?”yg(é) + } [Vto(nu) +V (n)) +---]dnu

From equation(1.3.45), we have the following boundary condition for E-field on the

rough interface

(ﬁ>e""°”h< [1 + ingn’ g(¢) + } _99(¢) <n—h>€i7ﬁ°°ni'C [1 + ingn' g(¢) + }

g a¢ \nyg
—% (Z—g)emo”"c [1 —ingn.g(¢) + ] [Vro(nn) + Vi ny) + } dnj
_a%_(f)%/ (Z—[))emow[l = inon1g(C) + | [V (my) + Vi (my) + .| iy

—00

Lf {i 1— (M)Z} e”‘l"HC[l +ingy /1 — <M>29(O + }

2 ny ny nq
—0o0

x [Vto(nu) + Vi (ny) + } dny

_a%_(cg)%]o (Z—1>emm< [1 Fingy /1 — (”;—7:”>2g(¢) + }

—00

x [Vto(nn) + Vi ny) + ] dn

(1.3.47)
Balancing the equations (1.3.46) and (1.3.47) to the zero-th order gives
2me ™I 4+ / eIV () dny = / eV (ny) dny (1.3.48)

—c0 —00
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and
S T . T 2
2L ¢ _ / ("i>ez”°”“cwo(n||)dn||= / —y/1- (M) "MV () )dny
no no ny n1
(1.3.49)
Taking the Fourier transform of equation (1.3.48) yields
27‘(‘5(%07’&” - nonh) + V;O<TLH) = Vto(n”) (1350)
Putting equation (1.3.50) in equation (1.3.49), we get
. (1.3.51)
1 1 2] .
_ 41 |:TL_J_ L A (nonH) :| eznonHQV'rO(n”) dn”
2T o nq ny
nonh 2
nin, —not\/1l— < - )
VYO(ny) = 14 276 (non| — nonh) (1.3.52)
. noni| 2
mn, +ng — ( o )
From equation (1.3.50), we have
0 2nin| ;
Vi () = 216 (nony — nony)) (1.3.53)

Balancing the equations (1.3.46) and (1.3.47) to the first-order, we obtain

o0

o

i2mngn! g(¢)e™" e — i / nonLg(¢)em MV (ny) dny+ / "MV (ny) dny

:i/ {nl 1- (M)Q] 9(4)6""1”'C‘40(n)dn||+/ ™MV (ny) dny

—00

—00

ni

—0o0

o0

—00

(1.3.54)
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and

o0

127 <ni )29(C)em0nilc—27rag—(<c) (ﬁl)einonic_/ (n_L)emO"HCVrl(nH) dn|

Un Un
+z’/ (m)QQ(C)emO”'CV}O(n||)dn—%/ (Z—O)e’"w'c‘/ro(n)dn||

ny n1 ni
o) non“ 3 2 '
H/ { 1_< n > ] 9(Qe™ ™MV (my) dy

Putting the values of V,”(n) and V;?(n))) in equation (1.3.54), we have

/ei”mCth(m)dn” — /emO"ICVrl(n)dn”

. noni 2
=i(nd —n)2n' /1 - ( H)
3!

. non}| 2
nmin' +no\/1— < )
ny

g(Q)emme

and taking Fourier transform, we get

, 2
i(ng —ni)2n (/1 — ( )
3!

Vi) = Vi (ny) = G (nony — nonj))

= / [i 1—<M>2}6i”1"'c‘41(n||)dn—ag—(f)/ (EL)ermmsv2 ) dmy

(1.3.55)

(1.3.56)

(1.3.57)
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Putting the values of V,”(n) and V;?(n))) in equation (1.3.55), we obtain

TL()TLH 2 inin ngn
/[no 1- (n—1> }6 1V () iy + / (nﬂu)e TV (ny) diy

—00 —00
: P12 inon) : i i
il —nd)2nntnig(Q™ Y imd—m20inl 0g(Q) e
. TL()TLM 2 . nonh 2 aC
mnl -+ oy [1= (=) mnly -+ o\ [1 = (<)
1 1
(1.3.58)
Taking Fourier transform, we get
oM\ 2
T i e
1
i(ng — n%)?nonlnhnu _ (1.3.59)

= G(nony| — nony)
[ i non 2
nin,; + ng 1— <—>
ny

Solving Equations (1.3.57) and (1.3.59), we get

i(n2 — n?)2ngn}

Vi) = ——G(non — nonj)
. nont\ 2
et a1 ()
1
(1.3.60)
i non| ”onu
nny —4/1—
I ( ) %
non”
{n“/l— 7’L|| 24 ngy /1 — :|
i(ng — n?)2n! :
Vi (ny) = - G(non — non})
. NN\ 2
nlnl + no 1— <%)
1

(1.3.61)

[n0n||nh+n1 <n0n“> V1= (n)) ]

non”
[nm/l— TL” 24+ ngy/1— :|
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Putting equations (1.3.60) and (1.3.52) in equation (1.3.6), the reflected field can be

written as a sum of unperturbed and perturbed terms

R 1T _—
Vi(€,€) = IE (n])) Ve ™ot +V02—/ VB (e O dn, - (1.3.62)
T
where FoTlE(nh) is the Fresnel reflection coefficient relevant to the zero-th order term,
and it is given by
i t
e = M 1.3.63
01 (n”) i, + nont, ( )

The reflection coefficient vy,®(r) relevant to the first-order term is defined as

i(n2 — n?)2nen'
(0 1) OJ_G

TE _ _ i
Yo1 (”ll)— n1nl+noni (nonu no"”)

[yl 'y f1- (nfgﬂ (1:3.64)

[nl\/m+no 1— <%)2]

The expressions for the reflected field V; can be written in a more compact way

X

Vi(€.Q) =V [FOTF(nh)ei”O(‘"W”iHO + AA?E} (1.3.65)

where the term AAT® in (1.3.65) denotes a small quantity due to a small surface

perturbation and it is given by

1 I ng(—n n
AATE = o= [ By )emet s n, (1.3.60)

Putting equations (1.3.61) and (1.3.53) in equation (1.3.7), the transmitted field V4
can be defined

Vi(§,0) = ToE(n))Vpe™ et
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where T,\F (nh) and 74,7 (n|) are coefficients for unperturbed and perturbed transmit-

ted fields, respectively. They are given by

i
2niny

TE( i\ _
Tor~ (ny) = —nlni T nont, (1.3.68)
and ( )
1(ng —n Qn ;
[nonunh + nlntl 1-— (n”) } (1.3.69)

non”
|: \/l—n” +noy/1— [ — :|

Introducing equation (1.1.1) in equation 1.3.67, the transmltted field V; can be written
in a point of coordinates (£, () of (M RF') as a function of the coordinates (&, ;) in
(RF,).

Vi(£,¢) = TGF (n”)veml[m(ép+xp)+n”(<p+np)]

2
1 inl[ 1—<n2 H) (€pt+xp)+n) (Cptmp)
n %%/TﬁE(nu)e dny (1.3.70)

Using the plane-wave expansion into Bessel function, the transmitted field is expressed

in polar coordinates.

o0

V(& Go) = Vo O i“Je(nipy)e™ AT + ABTY] (1.3.71)
{=—0c0

where

ATE = T (nf e~ ther e mixe i) (1.3.72)
and
o0 2
TE TE il ml[ 1= (non”) Xﬁ"n’?p]

AB = | o (my)e”"e dn| (1.3.73)

being
¢ = tan ™! il (1.3.74)

0 2
n
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1.4 Scattered fields

The scattered field V;(&, () may be expressed as a superposition of cylindrical functions
CWi(niéy, () = 28 (n1pq)e™% with unknown expansion coefficients cqm, where

1Y is a first kind Hankel function of integer order m. Therefore, for V;(&, () we have

N 00
V6,0 =30 S Voite e oo CWin (mqy miGy) (1.4.1)

gq=lm=—o0

The term i™e ™% has been added in order to simplify the imposition of boundary
conditions in analogy with the definition of transmitted field V;(&p, (). Moreover,
it is easier to apply boundary condition on the p-th cylinder if the scattered field is

expressed as a function of the coordinates of RF},. Isolating the term q=p, we get

Vvs(éa C) = Z ‘/Oime_im%tcpmcwm(nlgpvnle)

m=—0oQ

— (1.4.2)
—|—Z Z VbimeimwthmCWm<n1€qanl(q)

gqg=1 m=-o0
q7#p

By using the addition theorem of Hankel functions [36], the cylindrical wave emitted

by the g-th cylinder, with q # p, can be expressed in the RF}, system as

oo

H (mpg)e™' = e N (<1) HL, (mpgp)e ™ Jy(mpp)e ™ (1.4.3)
f=—00
It follows
+o0 ‘
‘/S<§P’ gp) = Z ‘/()inle_znuptCmeWm(nlfpa nle)
N too oo (1.4.4)
+Z Vo Z em M ey Z CWine (11 €aps 1Cap) (—1) Je(napy e %
q=1 m=-—o00 {=—00
q#p

By using the property (—1)%Jy(.) = J_¢(.) in equation (1.4.4), and replacing ¢ with
—{, we get
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+oo
Vil&ps &) = Vo Z ime_im@tcmeWm<nlfp>nle)
+Z ‘/0 Z imeilm(pthm Z CWmff(nlgqpanqup)Jf(nlpp)eiwp
q=1 m=—o00 {=—0c0

q#p

The above equation can be written in more compact form representing the field asso-

ciated to the point having coordinates (£, () in MRF as a function of the coordinates

(€p> Cp) iIl RFP

+o00 N +o0
‘/s(gpu Cp) — ‘/0 Z Jg(ﬂlpp)eimpz Z ,L’mefinupthm

{=—00 q=1 m=-—o0 (146)

X[CW (14 11Cop) (1 — 6 )+M5 5 ]
m—2\"1Sqgp; 16gp ap To(n1py) qpO¢m

1.4.1 Scattered-reflected field

The interaction of the scattered field V; by the cylinders and the rough interface results
in a scattered-reflected field. Two reference frames, a cylindrical coordinate system
relevant to the cylinders and the Cartesian reference frame relevant to the planar
discontinuity, are employed. The field scattered by each cylinder has been expressed
in terms of cylindrical waves emitted by the cylinder itself, but properties of reflection
and transmission through a planar surface are known only for plane waves, by means
of reflection and transmission coefficients. This makes the description of such an
interaction a difficult task.

There exists a solution of the problem that employs the plane-wave spectrum
of a cylindrical wave [49]. It means that each cylindrical wave radiated by the
p-th cylinder can be expressed as a superimposition of spectral plane-waves: re-

flection and transmission phenomena can be studied for each plane-wave of the
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spectrum. Finally, the reflected or transmitted plane waves are superimposed to
express the scattered-reflected and scattered-transmitted fields, respectively. Once
the scattered-reflected and scattered-transmitted fields of each cylinder have been
evaluated, they are summed up in order to obtain the total scattered-reflected and
scattered-transmitted fields.

Now we introduce Fourier spectrum F}, of the cylindrical wave function CW,

in medium 1
—+o0

1 )
CWi(ni&p, nilp) = Py /Fm(mép,nn)em'g"dn (1.4.7)

The spectrum F}, has been evaluated in [49] and has been further developed in [50]
taking into account of a different behavior for |ny| > 1 and |n)| < 1.
For £ > 0

i€ 1*(” )2 2 m :
Fm(f,nu)zze v (V()? = T4 n)™ if | > 1 (1.48)

1— (nH)Q efimarccosnu if |’I’L||| S 1

and for £ < 0

—i€y/1—(ny)? 2 _ —-m
Fm(&n”):% Vi=l y (v (n)?=1+mn)) flng|>1 (1.4.9)

/1 — (n”)Q eimarccosn” if ‘nH’ < 1

Equations (1.4.8) and (1.4.9) can be written in a more compact way, making use
of the properties of function arccosine in a complex domain [65], and considering

n| € (=00, 00)

261|£| /lf(n”)2 efimarccosn” lff Z 0
Fu(é,n)) = ———— x (1.4.10)

1— (nH)2 eimarccoan lff S 0

For a cylinder buried below a flat interface, the evaluation of the scattered-reflected

field has been done in [47] and [48]. In these works, the basis functions for the
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scattered-reflected field are Reflected Cylindrical Functions, where, in turn, each plane
wave of the spectrum is obtained evaluating the reflection of the generic plane-wave
defined in equation (1.4.10).

In this work for rough interface, we define Reflected Cylindrical Functions as a sum
of Reflected Cylindrical Functions developed in [47], relevant to solution with a flat
interface, and Perturbed Reflected Cylindrical Functions terms, taking into account
the superimposed roughness. So, the scattered-reflected field is written by means of

a modal expansion into Reflected Cylindrical Functions of order m RW,,

RWu(8, ¢ x) = RWM(E, ¢) + RWET(E, ¢, x) (1.4.11)

where RW"" [48] and RWP" are the unperturbed and perturbed components, re-
spectively, given by

(e 9]

R (E.0) = o= [ Taolo) Fulompe™an (1.4.12)

— 00

1
(27)?

//710(n1|7n||)Fm(_n1X7n||)€i(nl&nilodndn/ (1.4.13)

—0o0 —00

RWET(E, ¢ x) =
The expression for the scattered-reflected field is

N 00
Va6 =Vo Y Y e ™ g RWo (n1&q, m1Gqs Xa) (1.4.14)

gq=1 m=—o00

Making use of the plane wave expansion into Bessel functions together with equation
(1.4.10) in equations (1.4.12) and (1.4.13), the field Vi, can be written in the reference

frame RF,, centered on the p-th cylinder axis
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N

Va(§,0) =W Z Jo(nipp) 6ZMPZ Z iMe M o

{=—00 gq=1 m=—o00

X{RWrﬁif[_nl (Xp + Xa), 1 (np — nq)]"i"RWr]r)f;(_anqa M17q, =M1 Xp, M7p) }

(1.4.15)
where
RW#ln[_nl (Xp + Xq>7 ny (np — nq)]
! [ ; (1.4.16)
T or / Tio(ny) Eon[=n1(Xp + Xq), ™" (Tlp*TIq)dn”
and

RWrﬁ e( N1 Xq Mg =M1 Xps nﬂ?p)

1 —i(nin in1(n! np—mn’
- 2%)2/ / Y10(n), 1) Fon (=1 1y )~ e E6r) it (nf =) gy it

—00 —00

(1.4.17)
being

o = tan ! <%> (1.4.18)

1.4.2 Scattered-transmitted field

The scattered-transmitted field V; is given by the sum of the fields scattered by each
buried cylinder and transmitted to medium 0. It is defined as a sum of Transmitted

Cylindrical Functions of order m TW,, (&, ¢, x) weighted by unknown coefficients ¢y

Val(€,0) = VOZ Z e e TWin (€ = Xay € = Ty Xa) (1.4.19)

q=1 m=-—o00

TWn(&, ¢, x) is sum of zero-th order unperturbed term and a first-order perturbed

term:

Wi (€, ¢ x) = TW"(§, ¢ x) + TWET (€6, X) (1.4.20)
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where the unperturbed TWY"(¢,(, x) in (1.4.20) relevant to flat interface has been
developed in [48], and it is given by

17 e xS
TWe"(E, ¢ x) = o /Tm(n)Frn(—n1><,7”t||)€_Z 1_(mn”)2(£+X)€mm”<dnu (1.4.21)

The perturbed TWE (€, (, x) in (1.4.20) corresponds to rough surface contribution
given by

1 I —iy/1—(n1n})? inin
(2m)? / / Tio (], ) Fon (=1, e VIS diy i

—00 —0O0

TWE(E,¢x) =

(1.4.22)

1.4.3 Field inside the cylinder

As regards the case of dielectric scatterers, the field V;, transmitted inside the p-th

cylinder must be considered. The expression for V., (&, () is given by

o0

ch(ﬁpa (p) =W Z Z'ee_ié%dpéjé(ncppp)eiwl) (1.4.23)

f=—00

which is given by an expansion in terms of first-kind Bessel functions, with unknown

coefficients dpy.

1.5 Imposition of boundary conditions

To determine the unknown coefficients cqy, boundary conditions have to be imposed
on the cylinder’s surface, being the other boundary conditions already tackled using
the CWA method. We are dealing with dielectric and perfectly-conducting cylinder
both for TM and TE polarization.
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1.5.1 Perfectly conducting cylinders
TM polarization

When a perfectly-conducting cylinder is considered, boundary conditions correspond

to zero tangential electric field on cylinders surface. In TM polarization we have

i+ Ve+ Vi

=0 (1.5.1)

Pp=0Cp

Substituting equations (1.3.38), (1.4.6), and (1.4.15) into equation (1.5.1)
Z i Jo(niap) e [ATM + AB™]
{=—0c0

N

—+00 “+o00
+ § Jg(TLlOép)€Z£9p E E j e~ Cqm

f=—00 gq=1 m=-—oc0

H(l) nio
X [OWm—é(nlgqm 11 Cgp) (1 — Oqp) + M

Jo(nyay)

+ E Jo(niag)e et E E e ’m%cqm

l=—00 q=1 m=-—0o0

5qp 5fm]

X{BRW o [—n1(Xp + Xa), ma(mp — 77q)]+RW£C:;(_n1Xqv n17q, —M1Xps M7p) } = 0
(1.5.2)

~if% integrating from 0 to 27 in the variable 6, and

Multiplying equation (1.5.2) by e
1 2w ) )

employing the orthogonal property of exponential functions 7 / ' o ~ihfp dod, = om,
mJo

we obtain
N +oo

i Jn(niap) [AtTM + ABtTM]+Jh(nlozp)Z Z e o
qg=1 m=—oc

H(l)(nla )

ugquhm]

X [CWm—h(nlgqp’ n1qu)(1 o 5qp) * Jh(nlap)

+Jn(niayg) E g e Z““"“cqm

q=1 m=—o0

X {Rwﬁih[_nl (Xp + Xa)s 11 (np — 77q)]+RM/£c:£(_n1Xqv N7, =M1 Xp; nlnp>} =
(1.5.3)
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Bringing the terms containing the unknown coefficients on left hand side, putting
Gun(.) = Jh(.)/H}EI)(.), and multiplying by Gy(.), we get

N

+o0o
‘m—h _—impy s ,
Z Z jm—hg—imp cquh(mocp){ [CWnl_h(nlﬁqw MGap) (1 = Ggp) + #ﬁ%)}

q=1 m=-—o0

+ [Rwr?lih[_nl (Xp + Xq)s ma(mp — 77q)]+Rng£(_anqa N17)q; —M1Xp, nl%)} }

= —Gu(nioy) [AtTM + ABEM}
(1.5.4)

We can substitute h with ¢, and the system can be written as

o0

N
S APcqm =BY (1.5.5)

q=1 m=—o0

being

-m—~{ —imepy a0
AP — fomime Gg(nlozp){ [CWHI_Z(nléqpa n1Gqp) (1 = dqp) #fa)]
p

+ [ BW Rt o[=n1(Xp + Xa), 71 (M — 1) | +BW T (=11 X g, 717q; —P1Xp, nlnp)} }

(1.5.6)
and
B} = =Gimay) [AP + ABM] (157)
TE polarization
In TE polarization, from Maxwell equations, the condition is the following
%(V; + Vi + Vi) =0 (1.5.8)
pp pPp=ap
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Substituting equations (1.3.71), (1.4.6), and (1.4.15) into equation (1.5.8), we get

Z it T} (nyap ) et (A" + AB™]

f=—0o0

+o0 N +o0
+ g Jé(nlap)ezwpg E iMe T ey

{=—00 q=1 m=—oc0

H/(l) nio
X [CWHI—Z<n1§qpv 1n1Cgp) (1 — Oqp) + M

Jy(nyay)

+ E Jy(nyay,)e'® E E imeT M e

l=—00 q=1 m=—o0

5qp 5@ m

{R m+£[ n1(Xp + Xa), M (1 — 77q)]+RW£c:;(_anqv n17q, =M1 Xp, nmp)} =

(1.5.9)
where ( )
0Jy(n1p
J/ - p
(nioy) 7’L1 [—Gpp s
and

1 roH"Y (n
Hé(l)(nlap) _ n_l[ eap( 1pp)]p )
P p=0Qp

Comparing equation (1.5.9) with equation (1.5.2), it turns out that system of equa-
tions for TM and TE polarization is equivalent with Gy(.) = J;(.)/H,(.) in case of

TE polarization.

1.5.2 Dielectric cylinders
TM polarization

The boundary conditions for a dielectric cylinder in the case of TM polarization are

given by
Vi+ Vi +V, = Vip (1.5.10)
Pp=0Qp Pp=0Qp
9, )%
(Vi + Vo4 Vi = 1.5.11
8/0})( ' ) Pp=0Qp app Pp=0Cp ( )

Let us consider equation (1.5.10), and follow the similar steps that we have done on
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equation (1.5.2). On the left hand side, we get what we obtained at the left hand
side of the equation (1.5.5), i.e., Af> and B}. Here, we call these terms as A?El(l) and
Bi(l). Now, we perform the similar passages on the right hand side of the equation
(1.5.10). Putting equation (1.4.23) with p, = ay,, we get

> ite T d Ty (nepay, e (1.5.12)

f=—00
Multiplying equation (1.5.12) by e~™% integrating from 0 to 27 in the variable 6,,

and employing the orthogonal property of exponential functions, we obtain

e d Ty (Reparp) (1.5.13)

Jn(nioy)

[

Dividing by " J,(n1a,), and multiplying by
h (niag)

. Jn(ne
e*lh% dph lzl()n pO[p_) (1 0. 14)
Hy 7 (niay)

Replacing h with ¢ in equation (1.5.14), we have the following system

N 00
oY AR Vg — B = dy LY (1.5.15)

q=1 m=—o0
where / = 0;+1;+£2...,p=1,..., N.
The system coefficients are given by
5qp5ﬁm ]

APD Z-m_ée—imwt(;gl)(nlap){ [CWm_g(mEqp,nl(qp)(l —Ogp) + oD (mar)
14 1%p

+ [ RWatel=n1(Xp + Xq)s na(mp — 77q)]+RW£C;Z(_n1Xq7 N1 7q; —M1 Xp; nlnp)} }

(1.5.16)
where
B = — [A™ + AB™] G (n10y,) (1.5.17)
and
[P = e—ite: Je(nepary) (1.5.18)

HY (nyay,)
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and 0 is Kronecker symbol and Gﬁl)(-) = Jg(')/Hél)(~>.

Now, we consider equation (1.5.11), and follow the similar steps that we have done
to obtain the equation (1.5.9). On the left hand side, we get what we obtained at
the left hand side of the equation (1.5.9), i.e., Ay> and By. Here, we call these terms

fm

as AP® and BP?. 1t is now G,(-) = GP() = Ji(-)/H\"(-). Now, we perform the

fm

similar passages on the right hand side of the equation (1.5.11). Putting equation
(1.4.23) with p, = a, we get

Z e d 7:11) J)(nepory) e’ (1.5.19)
{=—00

Comparing equation (1.5.19) and (1.5.12), it can be easily obtained

o ey Jine
eite g, Nep_JHep) (1.5.20)
n Hg (nlocp)

Finally, from equation (1.5.11), we have the following system

N [e's)
NN APPey, — B = dy 1}® (1.5.21)

q=1 m=-—o00

The system coefficients are given by

-m—~{ _—impy 5 5 m
A?ffl@) =i"feT Gf) (nlap){ [CWm_e(nlfqm n1Cqp) (1 — dgp) + ﬁ;a)]
Y4 1&p

+ | RWaL[=na(xp + Xa)s na(np — nq)]—i_RWrIxf;(_anq? nitg, =M1 Xp, nlnp)} }

(1.5.22)
where
Br® = — (AT £ AB™] GP (nyay) (1.5.23)
and
[P = mitelep Ji(nepae) (1.5.24)

ny H2(1)<n1ae)
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A way to solve the system of equations (1.5.15) and (1.5.21) is to eliminate the
coefficient d,,, thus obtaining a linear system for unknown coefficients cqy,. From

equation (1.5.15), we can write
1 N>
== Y AfVeg, — B}V (1.5.25)
Ly S m=oo
and from equation (1.5.21)
d., — L SRS AP _ pP®@
pl L}g(z) qz:;m;m fm  Cqm ¢ (1.5.26)

Equating the right hand sides of the equations (1.5.25) and (1.5.26), we get the system

of equations in unknown coefficients cqm

N o0
) D cqm = MF (1.5.27)

q=1 m=—o0

where
D = LE(Z)A?II;(U _ Lﬁ(l)A%’l@) (1.5.28)
Mé) _ BE(I)LEQ) o B;(Q)LE(I) (1.5.29)

After the solution of system 1.5.27, the coefficients d,,, can be obtained from equations

(1.5.25) and (1.5.26). After some algebra, we get

Je(ma) H\D (nyay) — Jy(niag) HYY (n1ay,)

1o (nepop) HYD (n1ag) — nepJ)(nepap) Hy (n1ay)

dpﬂ =N
N 00

X{ Z Z Z.m_%_ml%cOlm [CWm—E(nlgqp’ nlcqp)(l - 5qp)

q=1 m=—oc0

"‘RWrﬁj—é[_nl (Xp + Xa)s 1 (np — nq)]+RWrﬁ?;<_n1Xq7 N17q; — 71 Xp; nlnp)]

+AP! + ABIM]

(1.5.30)
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TE polarization

The boundary conditions for a dielectric cylinder in the case of TE polarization are

given by
Vi+ Vet Vi = Vop (1.5.31)
Pp=0Qp Pp=0Qp
0 2 0V,
DVt Vet Va)| = () S (1.5.32)
app Pp=0ap Nep app Pp=Qap

From the condition in equation (1.5.31), equal to equation (1.5.10) written for the TM
polarization, we obtain an expression similar to equation (1.5.15). Moreover, from
the condition in equation (1.5.32) that is similar to (1.5.11), an expression similar to

equation (1.5.21) is obtained, where the only difference in this case is

P _ it ML Jp(neparp)

O —— 1.5.33
Nep Hé(l)(nlap) ( )

Je(ma) H' (nya) — Jy(naog) HyY (n1ay,)

NepJe(nepary) H' (niay) — naJ)(nepp) Hy (naayy)

dpg = Nep
N e’}

x{ Z Z imfeefimwcqm [CWmfZ(nléqpa n1Cqp) (1 — dgp)

q=1 m=—o0

+RWi [=n1(Xp + Xa)s 7 (mp — nq)]‘i_RWr};jg(_anqv N1Tq, —N1Xp; nlnp)]

+ATE + ABE) )

(1.5.34)



Chapter 2

Numerical implementation for
sinusoidal surface

The physical insight into the scattering from objects buried below a rough surface
can be gained by considering the objects buried below a rough surface with sinusoidal
profile [43]. Also, the analytical theory developed in chapter 1 for the scattering
problem of a plane wave by cylindrical objects buried beneath a rough surface, based
on the Cylindrical Wave Approach is validated by making a comparison with the
results available in the literature. The expressions for Reflected and Transmitted
Cylindrical Functions developed for a general rough surface are simplified by putting
the Fourier transform of the sinusoidal surface which contains two delta functions at
a location depending on the period of the sinusoidal surface considered for numerical

analysis.

To solve the theory presented in chapter 1, it is required to numerically evaluate
reflected and transmitted wave functions. Moreover, it is necessary to truncate the se-
ries to a finite number of elements. The choice of a truncation index such as M = 3n;«
[62] is a good one, where « is the normalized radius of the cylinder: numerical tests in
this respect have been performed in [48] and [47] for metallic and dielectric scatterers,
respectively. In order to develop an efficient integration algorithm and to calculate
the near field, one must consider the infinite extension of the integration domain

as the evanescent spectrum’s components cannot be neglected. The behavior of the
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integrands reveals to be highly oscillating as expansion order increases. A suitable
algorithm for the integration of these functions has been developed in [48] and [52],
with reference to the unperturbed terms. Evanescent spectrum is solved by means
of Laguerre-Gauss formulas with small values of (, and with Gauss-Legendre formu-
las applied to small subintervals with higher values. In the homogeneous spectrum,
partially and totally reflected plane-waves are distinguished. Integrals are solved
through adaptive decompositions of the integration domain, where Gauss-Legendre
quadrature formula is applied.

In Section 2.1, the integration of Perturbed Reflected Cylindrical Functions has
been performed, where accurate evaluation of the integral has been performed. The
evaluation of Perturbed Transmitted Cylindrical Functions is done in Section 2.2. An
effort has also been done to get an asymptotic solution of the Perturbed Transmitted
Cylindrical Functions in Section 2.3 up to the second order terms. The difference be-
tween the zeroth and second order asymptotic solution has been calculated to check
the convergence of the solution. The comparison of execution time for the accurate
evaluation and asymptotic solution of the Perturbed Transmitted Cylindrical Func-

tions is also performed.

2.1 Evaluation of perturbed reflected cylindrical
functions

The numerical analysis of the Perturbed Reflected Cylindrical Functions RWES, de-

m,¢

fined in equation (1.4.17) is here considered for TM polarization, in the case of a

rough surface with sinusoidal profile defined by

9(¢) = iiACOS(nsC) (2.1.1)

0

where ng = 27/ P, and P, is the normalized period of the surface.

The Fourier transform of the function defined in equation (2.1.1) is given by

2 2
iA[é(nm’H — ng) + d(nanj + ng) (2.1.2)

G(ny) = "
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The perturbed reflection coefficient ;M (n’H, n) can therefore be expressed as a sum of

two terms, relevant to the Dirac Delta function in nm = <”H +Z—1> and n’H = (n” — Z—1> ,

respectively:
 TM —TM
Mo (”Hanll) Mo (nh, n|) + Yo (n[l, n) (2.1.3)
where
2 2 2
92 (ny — n0)2n1 1 —nj n
V;E)’T (n||’ n||) - Z_A f n| + )}

nlnH
|: 1/1—n”+n0 1-—

[ L= ()" + 7o 1‘<nm”>]

(2.1.4)
o ,27?2 (n3 — n0)2n1 1- n n,
Yo () = i _)]
L n1n|| m
” + o
(2.1.5)

Taking into account of definitions (2.1.4) and (2.1.5) in Perturbed Reflected Cylindrical
Functions (1.4.17), we obtain

RWI}I’1€2< N1 Xq> M17)q, =M1 Xp, nlnp) =

2
[e.e] . n, n,
1 ™ ' S [(nJr"i)nﬁxp\/ - (n”hﬁ) }
/ + —Z("1”|mq+€¢sr)e dn”

Yo () Fu(=n1xq, n))e

2
o in = + 1- (n —Z—S>
1 / o fi(nlanquEd);r)e 1 |:( = 1>77p Xp\/ [ :|

Yo () F (=11 Xq, 1y e dn

(2.1.6)
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due to a sampling of the integral in nj£ng/ni. In (2.1.6), ¢S and ¢, are the reflection
angles of the spectral plane waves relevant to the Dirac Delta functions in nj 4 ng/n,

and nj — ng/n4, respectively, and given by

- R
F=tan™? . —
\/1—(n||+ni) ]
] ] (2.1.7)
¢, = tan* M
_\/1—(n||—Z—j)2_

The sampling of the reflection coefficient y19(r|, n))) in (2.1.3) leads to the two fol-

lowing expressions

idm? A(n? —ndng, /1 — ni

e ™M (ny) = [ ﬁ+ no\/ nm“
X {m\/l — (n) + Z—j)Q +n0\/1 _ [Z_;(n“ N %)]1
(2.1.8)
,yl—O,TM(n” i4m? A(n? — n2)ny /1 — ”ﬁ
[ ﬁ+ no\/ (”l“n
X

[ \/1—(n|| —Z—l) +n0\/1_ [Z_;<"|| _Z_j)ﬂ

For the sake of simplicity, from now onwards we put v = ng/n;. The integral in
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equation (2.1.6) can be written as

RWﬁ;(-anq, N17q, =M1 Xp, nmp) =

1 o |
(2m)2 / 1y ™ () (= xq, my e~ 405 el e =) el gimaxe /1=t +2) gy

[ng|>1

1 - sy 1 in —(n)—v
MICTSE / Yo () Fan(—naxq, my e 0 emilm () —vmpl girixe /1= (=% gy

In)1>1

1 L |
ey / g ™M () B (1 xq, e 0 emimi )il i /1= 40)% gy

(27)?
\nH|<1
1 o |
MCTSE / Yo () Fn(—naxq, my e~ 0 em =) =vmpl gmaxe J1=0m=0)% gy

‘TLH|<1

(2.1.9)

The expression for the RW, (—n1Xq, Mg, —M1Xp; M17p) can be written as homoge-

neous and evanescent spectral contributions to the Perturbed Reflected Cylindrical

Functions.
per 1 (per,int) - 1(per,ext)
RW o (—n1xq, 1117, —mxp,nmp)zﬂl Ant) g (per, (2.1.10)
where
I(per,int) N B _
m,¢ (=711Xq, M17g, =M1 Xps M1 7p)

s 3 € o () it i (e 4]
, imcos~1(n)) _—i in1[n) (np—nq)+vnp] Lin1XpT2
Y10 (n”) " e e ST o [1\Tp—7q pleo p dn”

mil<1 (2.1.11)

n r
e 1XqT1

+ / Yoo () ———

. 1 = .
elmcos (n“)efzfq&sreznl [n” (npfnq)fz/np}emlxprg, dn”
]

|n‘||<1
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and
I(per,eact) . . .
m,{ ( M1 Xq> M1Mq, — 11 Xp nlﬁp) -

+,T™M (n” + rl)_m —n1xqr1 o~ Jini[ny (np—nq)+vnp] jinixpra
Yo (ny)) ——————e  MXaT g P I U TSR] o TXRT2 (g

”
Iny|>1 ' (2.1.12)

()™ 06 i ;
+ fy]})’ (n”)—einlxqu eileqssr elnl[nH (np*nq)*’/np]ezn1XP73 dnH
r1
[ng1>1

being r = /|1 — nf, r2 = VIL—= (g +v)?land r3 = /|1 — (n) —v)?].

2.1.1 Evanescent spectrum of perturbed reflected cylindrical
functions

The evanescent spectrum can be decomposed in the following way

per,ext __ rper,ext+
[me (=711 Xq, M7, =M1 Xp, MNp) = Imé (=11 Xq, M7g, =M1 Xps M)

(2.1.13)

_'_[perext ( anqanlnqa_ﬂpranlnp)

where the contribution of the positive and negative spectral components +v have

per,ext+ -
I m,l

been distinguished. Thus, integral is defined as follows

per,ext-+ .
IR (=11 X g, Mgy =11 Xps M) =

+,T™M (n ) Me—nv(qh 6—i£¢s+r einl [nH (Mp—"q)+v1p] ei”ZlXpT’z dn (2 1. 14)
Y10 I " |

[n)1=1

]per,eart—

and the integral I is defined as follows

]per,ezt— o
m, ¢ (_n1Xq7 N17g, =M1 Xp, nlnp) -

_ ny+ry) ™™ o ) 2.1.15
/ '7107TM(n||)( I 1) e*anq”e*M‘ﬁsrel”l["H(Wp*ﬁq)*”ﬁp]e’ml)(pm dnH ( )

1
[n)[>1
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According to the numerical value of v, the square root r can be real or imaginary
in the intervals ny > 1 and nj < 1. As regards the decomposition of equation (2.1.14),
for n) > 1,

ro =1iy/(n)+v)? -1 (2.1.16)

when nj < —1.

(p+v)P=1 if —co<n < (-1-v)
Ty = IL—(ny+v)? if(-1-v)<n <({l-v) (2.1.17)

(np+v)?2—-1 if(1-v)<n <-1

On the basis of relations (2.1.16) and (2.1.17), equation (2.1.14) is decomposed

into a sum of four terms:

er,ext er,ext+1)
Ir(np,zz +)(_”1ann177qa—n1Xp,n177p) _[p = ( anq7nlnqa_anp7nlnp)
er,ext+2
p t+)( M1 X s 1 qs —11 Xps T17p)
nper ezt+3)(_nlxq7 NNy =M1 Xps nlnp)
pET et +d) anQ7 nlnqa _n1Xp7 nlnp)
(2.1.18)
where
er,ext+1
[I(f,e )(_“1Xq, N17q, —N1 Xp, n177p) =

+oo ( 2 —m
ny+ /ny—1)
/ +,TM(n”) I I e—anq\/n —z€¢sr ml[n”(np Nq)+np] —nlxqw/(n“—f—y —ldn”

(2.1.19)
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]r(np,(zr’emHQ)(_anqa nATg, =M1 Xps M) =
(—1-v) () + -1y
/ fyiFOTM(n”) H “ emeq\/”; zwsreml[”u("i’ 77q)+1/7]p —qumdnH
(2.1.20)
]$;r7ext+3)(_nlxq’ N1Ng, =M1 Xp, nlnp) =

(1-v)

7’LH + A/
+,TM —n1Xq Ll —1 —zlqﬁ " znl[n (np—mnq)+vnp] ZnIXq\/ (n)+v)2
/ 71” (n”) ’ ! ’ : dn”

7

(=1-v)

(2.1.21)

(per,ext+4) .
[rn,E (_n1Xq7 N1Mq, =M1 Xp, nlnp) -

-1

+, TM n” +
/ Y10 n||

Jny—1
(1-v)

7

_n1Xq n —ilod ml[nu(np Nq)+VNp] _TLqu\/ 7’LH+V) —ldn”

(2.1.22)
The integration in equation (2.1.19) is performed solving the singularity in |n)| = 1
by means of the substitution
n| = 241
t=,/n}—1={dny=—L—adt (2.1.23)
t2+1
0<t<oo
i (VETT+1)
er,ex +14+t)™ n
T8 (=g, mang, —na X, many) = / RO et
t“+1
0
_iftan—1 [— \/’52*'1“'”]
Xeinl[(np_nq)\/t2+1+V77p]e (V2 4140)2-1 e "Xa (VE2+1+v)2-1 dt

(2.1.24)
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where
To () = g (V)
To remove the singularity at |n)| =1 in equation (2.1.20), we put
np=—-v 2+1
/ —t
t=— nﬁ —1= dTLH = dt (2.1.25)
t2+1
—o0o < t< —b
being
by =+ (-1—-v)2—-1
—by
er,ex B _,/t2_|_1_t—m
[r(fz 7 t+2)(—”1Xq, N1Tg, =M1 Xps M) = ’YfrdTM(t)( ) e Xat

2 +1

—00

_iftan—1 |:—— vt2+1+’/:|
iV (—ViZritn2-1d g—mxaV (—VEFTHV)2 -1 gy

% e'ml [~ (p—nq)V t2+1+’/7]p]€
(2.1.26)

Put ¢t = —t in the above equation and using the relation

(—VEF1I+)™ = (—D)"(VEF 1+

we get:
erea i C)PWVET T
Ir(np,f t+2)(_n1ananlq7_n1Xp7n177p> = /WE’TM(t)( ) ( T ) e~ M1Xal

b1

ittt | |
Xeinl[*(npfnq)m+l”lp]e i/ (—V2+1+v)2-1 e MXa (—V2+14v)2-1 dt
(2.1.27)

Following the similar steps, the integrals in equations (2.1.21) and (2.1.22) can be
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written as
b1
—)(VE+ T+ ™
er,ext+3 —+, —n
[r(np,z " )(_n1annl77q7 _n1Xpan177p> = /W/ETM@)( ) ( 5 ) € 1Xat
t*+1
ai
Xeinl[*(npfnq) t2+1+1’7]p]€ vV 17(7\/@%/)2 e'leq 1*(*m+1’)2 dt
(2.1.28)
being
a; = (1 — I/)2 —1
ai
-V +1+)™
er,ext+4 _+,TM —n
Ir(np,e a )(_n1Xq;n177q7—n1Xp,n177p):/VIBT (t)( ) o ) e~ Mxal

Z(\/TJrlJerl:| e*anq \V4 (7\/m+11)271 dt

X einl [~ (p—7a)V t2+1+l”lp]€
(2.1.29)

Ir(ﬁzr’m*) defined in equation (2.1.15), which can be

Now, we consider the integral
solved decomposing its integration domain according to the behavior of r3

For n < —1,

ry =iy/(ny — v)? — 1 (2.1.30)

when nj > 1.

r3 = 1-— (n” — l/)2 if (—1 + I/) <n)< (1 + 1/) (2.1.31)

1 (n”—l/)Q—l iflSTLHS(—l—l—U)

On the basis of relations (2.1.30) and (2.1.31), equation (2.1.15) is decomposed into
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a sum of four terms:
](per,ext—)
m,l (_n1Xq7 N17q, =M1 Xp, nlnp) N1 Xq; M1Ng, =M1 Xp» nlnp)

pe’/‘ ext—2)
N1 Xq, Mg, =M1 Xp> N17p

pefr ext—3)
anq7 nlnqa anp7 nlnp)

(-
(=
(=
pe'rewt 4)( 11X s Mgy =11 Xps P17p)
(2.1.32)

where

(per,ext—1) o
[In,é (_n1an N1Mq, =M1 Xp, nmp) -

-1
(ny + R TN =
/’71_0TM(TL”) 2H e 1Xq —z£¢srem1[n”(np 77q —ynp —nlxq /(n” 1/2 1dn”
o \/nH -1
(2.1.33)

er,ext—2
‘[I(np,Z )(_anq;nlnq, —anpanlnp) -

Y10

0
(n+/rf =)™ &
/ _TM(n”) 2H e 1Xq\/7 7Z‘€¢Srezn1[n|\(7h‘> Nq)— Vnp _nIXq\/ TL” 1/2 1dn||
ny —1
1+v \/ [|
(2.1.34)

er,ext—3
Ig,é )(_ancp n1Mq;, =M1 Xp, nmp) =

1+v _
(g +y/mf =D T
/Vl—oTM(n”) \/ 2” 1 e M1 Xq 7’7« —z@(bsreznl[nu('r]p 77q l/?']p] anqu/l (n“ 1/ dn”
n J—
I

—1+v
(2.1.35)

er,ext—4
[(p ' )(_n1ann177q7 _n1Xpan177p> =

m,l
—1+v 9 _
ny+4/ny—1
/’Ym’TM(nH)( I 2” ) efn1Xq\/n _2£¢>reln1[n\|(np Nq)—VNp] —nlxqﬂ/ml —v)2— ldnH
ni —1
1 \/ I
(2.1.36)
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With the position nj = —v/t? 4+ 1 in equation (2.1.33) and replacing ¢ with —¢, we
get

,TM@%—Umﬁﬁ2+1+t)

—N1Xq> Mgy M1 Xp, M) = /_10’ 211
0

m
(per,ext—1) —n1Xqt
Im ¢ ( € 4

) _
—iftan—1! |: tlov
1

'—\/(— \/t2+1—u)2—1:| e~ MXaV (—\/t2+1—1/)2—1dt

Xeinl[_(np_nq)vt2+1_’/77p]6
(2.1.37)
Comparing equations (2.1.37) and (2.1.24)

er,ert—1 m er,ext+1
[I(f,e ' )(_nIan N7, =M1 Xp, MNp) = (—1) I(_pm,_gtJr )<_n1Xq7 —1N17q, =11 Xp; —M17p)

(2.1.38)
To solve the integrals in equations (2.1.34), (2.1.35) and (2.1.36), we make the fol-
lowing substitution n| = vt2 41

[e.9]

(VE+1+1)

241

—m
I(per,exth) e—nlxqt

we - (TTXay M Tlay =T Xps TT)p) = / g™ ()
b1

—iftan~1! |:—» 241w

w e (mp—na) VEE+1-vmp] i (\/ﬁuﬁje—nl){q (VE+1-v)2=1 gy

(2.1.39)
Comparing equations (2.1.39) and (2.1.27)
Ig77ext+2)(_n1an N17q, =M1 Xp, nlnp) = (_1)mj(_prifffgt72)<_nl>(q> —N1Nq, —NM1 Xp, _nlnp)
(2.1.40)
by
er,exrt— Jp— \/t2+1+t_m
[r(f,f ot 3)(_n1Xq7 N17q, =M1 Xp> nmp) = /’ho’TM(t)( 5 ) e mxat
t°+1
ay
—iltan"! |:—' 241y ]
Xeinl[(npfnq)\/t2+1fz/np]e V1-(V2+1-1)2 e'mlxq 17(\/t2+171/)2dt
(2.1.41)

Comparing equations (2.1.41) and (2.1.28)

er,ext+3 m er,ext—3
Ir(np,f " )(_n1Xq’ N1 Mg, =M1 Xp, nlnp) = (_]—) ](—pm,_et )<_n1Xq7 —NM1Nq, =M1 Xp, _nlnp)

(2.1.42)
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al
er,ext—4 — TM ( \% t2 + 1 + t) -m —n
L2 (—nyXgs g, 1 Xps MaTly) = /710 (t) > emmxat
241
0
—iltan—1 |:—» 21y :|
xginl[(np_nq)\/t2+1_V”p}e i/ (Vt2+1-v)2-1 e ™Xaq (Vt2+1—u)2—1dt
(2.1.43)
Comparing equations (2.1.43) and (2.1.29)
er,ext+4 m er,ext—4
Ir(f,é " )(_nlxovnlnqw —n1Xp, M7p) = (—1) ]Spm,fet )(_n1Xq> —N17g, =M1 Xp, —M17p)
(2.1.44)
The evanescent spectrum can be decomposed as follows
Ir(np;r’ext) (_n1Xq7 n17q; =M1 Xp, nlnp) =
I(per,ea:t—f—l) . . 1) 7 (peryext+1) . . .
m,¢ (=11Xq, M7, =M1 Xp, Manp) + (= 1) L5 (=naXqs —1a0gs =11 Xp, —17p)
F LT (=1 X My =1 Xps 1) + (= 1™ L5 (=11 X, =110, =11, —7p)
+I(Wm D (=n1Xa, Ty =X 1) + (= 1) T2 (—nyyg, —nimg, =1 xp, —namp)
er,ext—4 er,ext—4
+Ir(1p (- M1 Xqs Mgy —M1Xps M17p) + (—1)™ fm 5 /(- N1 Xqs —M17g, —M1Xps —M17p)
(2.1.45)

The integrals of the evanescent spectrum are solved adopting a generalized Gaus-
sian integration method. For relatively small values of the parameter (, a simple
Laguerre-Gauss integration formula has given accurate results. For large values of (,
we adopted a generalized Gaussian integration method, consisting in a decomposition
of the integration interval in subintervals of suitable length on which a fixed low-order
Gaussian rule as Gauss-Legendre quadrature formula gives good accuracy.

The real and imaginary parts of the integrand in equation (2.1.24) have been
M) =1, xp = 2,57, xq = 2.57, mp = 30, nq = —30,
m = —6, { = =3, ny = 2 and P, = 0.8, while the real and imaginary parts of the
M) =1,
—30, m=—6, = -3, n; =2 and P, = 0.4r.

shown in figures (2.1) for %

integrand in equation (2.1.41) are presented in figure 2.2 considering '71_0’T

Xp = 2.97, Xq = 2.57, np, = 30, g =
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%107 Real Part

-2F 4

(a)

x10° Imaginary Part

Figure 2.1: a) Real part of the integrand in equation (2.1.24) for WIJ’TM(t) =1,

Xp = 2.57, xq = 2.57, m, =30, g = =30, m = —6, { = —3, ny = 2 and P; = 0.87; b)
Imaginary part.
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Real Part
0.8 T T
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t
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Imaginary Part
0.6 T T
0.4}
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1

t
(b)

Figure 2.2: a) Real part of the integrand in equation (2.1.41) for 7yl_o’TM(t) =1,
Xp = 2.57, xq = 2.57, m, =30, g = =30, m = —6, { = —3, ny = 2 and P; = 0.47; b)
Imaginary part.
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2.1.2 Homogeneous spectrum of perturbed reflected cylin-
drical functions

Let us consider homogeneous spectrum defined in equation (2.1.11) that can be de-

composed into two terms:

nge,?int(_nlxm NN, =M Xp, M17p) = [rljni?mt{_(_anm N17q; =M1 Xp> M1 7p)
+I§1ﬁ2’2nti <_n1XQ7 N17q, =M1 Xp, nlnp)
(2.1.46)
where
er,ant
Ir(np,ﬂ +)(_n1ann177q7 —”1Xp,71177p) =
/ V;E),TM(n”)weimcosfl(n“)e—iﬁqb:;einl[n“(np—nq)—&-ynp}einlxpm d’I’L” (2147)
T1
|nH|<1
[(per,intf) _ . _
m,{ ( M1 Xq) N17q, —11 Xp, nlnp>

(2.1.48)

_ ™ ein1xq7‘1 ) 1 o )

Y10 (n”> elmcos (nH)e—z ¢Sr€zn1[nH(np—nq)—ur]p}em1xpr3 d?’L”
1

|TLH|<1

Consider the integral [ﬁf’Z’i"H, the square root r; is a real number, while the sign of

the argument in o depends on the value of v:

1—(ny+v)?2 if —1l<n<(l—v
Y — () +v) < (=v) (2.1.49)

7 (n||+1/)2—1 if(l—l/)<nH<1

Equation (2.1.47) can be written as a sum of two terms:

(per,int+1) o
Iy (=11 Xq> P17g, =M1 Xp, M Tp) =

(1-v)

N1 Xq l—nﬁ

,VI),TM(HH) € eim COs—l(n”)ef'M(;S:r einl[n” (T]p*T]q)JrVnp]eianpw / 1_(nH+V)2 dnH
1 —n?
ll

(2.1.50)
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er,ant+2
[x(f,e )<_n1Xq7 N17q, —M1 Xp; n177p) =
L N1 Xq 1—nﬁ
VI)’TM (ny) € pim cos™(n)) o= ildd: pina [ (11p—11q) +v1p] g M1 Xp A/ (7 +)° 1 dn
2
(1-v) 1 "
(2.1.51)
Substituting n = cost, equation (2.1.50) can be written as
Ir(np,tzr,int-‘rl)(_nlxq’ 1T =11 Xp, nlnp) _ / 7;B,TM(COS t)ei(qu sin t+mt)
cos~1(1-v)
—iftan—1 | —_costtr | .
e Fed gint (=) cos -] ima xp/T—(cost ) g4
(2.1.52)
In equation (2.1.52) using the substitution
t=m—1t
V=mn—t=< dt = —dt’ (2.1.53)
cos H—=1+v) <t <0
we get
cos~H(—14v)
Igzanl)(_anq, 1T, =11 Xp nlnp) _pim ’}/I)’TM(COS t)ei(qu sin t—mt)
0
—iftan~1 [%] ) ' . m
e Vi eon 077 | gim [~ (mp—1a) cos vmp] gimaxp /T (— cos L322 gy
(2.1.54)

where the identity cos™ (=1 +v) = 7 — cos™!(1 — v) has been used.



56 Chapter 2. Numerical implementation for sinusoidal surface

With the position nj = cost, equation (2.1.51) can be written as

cos~H(1-v)

(per,int+2) o +,T™M i(n1Xxq sin t+mt
]m,z (=M1 Xq> M1Ngs =M1 Xps M1Tp) = Y10 (cost)e( 1Xq )

0

ittt | e

e Womwm} i [p—nq) cos t+vmp] ,—n1xp/(eos tH1)21 gy

(2.1.55)

Now, let us consider the integral I?/"™ in equation (2.1.48). The expression of

m,/
integral Igf?mt_ is analogous to the one ]ﬁf’?mw in equation (2.1.47), and a similar
decomposition into two terms on the integration domain is performed on the basis of

T3:

1—(ng—v)?2 if(-14+v)<n <l
ry = (ry =) ( )< (2.1.56)

iV —v)2—1 if —1<n <(-1+v)

Equation (2.1.48) can be written as a sum of two terms:

er,ant—1
[[(ﬁe )(_nlx(}anlnqa _n1Xp7n177p) -
1 ein1xq 1—nﬁ
,yiijM<n“>—eim cos_l(nH)e—iZq&s_reinl[nH (np—nq)—unp}ein1xpw / 1—(n“—1/)2 dnH
2
(—1+v) 1 7
(2.1.57)

er,int—2
‘[I(lff )(_n1Xq7n177q7 _TLIXpanlnp) =

(=14v) 2

einlxq l—nH

/ ’}/;U’TM(HH) eimeos™H(n)) g —iles pina [ny (1p—na) —vmp] , —n1XpA/ (1) —1)?~1 dn
1 —n?

-1 ll

(2.1.58)
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Substituting n| = cost, equations (2.1.57) and (2.1.58) can be written as

cos™(=1+4v)

I(per,intf 1)

— -, ™ i(n1xqsin t+mt
m, ¢ (=11 Xqs M1Ngs =M1 Xps M) = / Yo (cost)e (m1xa )
0

—iltan—1 [M] . . 5
e V1—(cost—v)2 eml[(npfnq) costfunp]ennxpw/17(cost71/) dt

(2.1.59)
Comparing equations (2.1.54) and (2.1.59), we obtain
125D (—nyxg, mang, —naXps mamp) = (1) T2 (—nixg, —natg, =11 Xp, —natp)
(2.1.60)
LT (=X, Mg, =X, M) = Yo (cos t)eltmxasin
cos~1(—=1+4v)
o [ﬁ] gim [(mp—nq) cos t—vmp] =1 xp/(eost—1)2 1 g
(2.1.61)
In equation (2.1.61) using the substitution
t=m—1t
=nm—t=< dt = —dt’ (2.1.62)

cos Hl—v)<t' <0
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we obtain
cos~1(1-v)
(per,int—2) ___imm +,TM 1(n1xq sin t—mt
Im,g (—qu,nmq, _n1Xp7n177P) =e Y10 (cost)e( a )

0

—ilt —1 —cost—v :| .
e wtan |:Z /(= cos t—1)2—1 eznl[f(npfnq)costfz/np]efnlxp\/(fcostfu)zfl dt

(2.1.63)
Comparing equations (2.1.63) and (2.1.55)
er,ant—2 m er,int+2
[I(ﬁg ' )(_n1Xq7n177q7 —N1Xp, M7p) = (—1) [Epm’_gH )(—anm —N11qg, =M1 Xps —M17p)
(2.1.64)
The final decomposition of the homogeneous spectrum is as follows
I(per,int) . . .
m,¢ ( anq; nln(y anIb nlnp) -
er,int—1 m er,int—1
Ir(ﬁé ' )(_”1Xq7 n1nq, —M1Xp, M17p) + (—1) Igpm,fet )(_”1Xq7 —N17q; =M1 Xp; —M1Tp)
er,int—+2 m er,int—+2
+[I(ﬁg " )(_n1Xq7n177q7 —n1Xp, M7p) + (=1) [(_pm7_gt+ )(_anm —N17q, —N1Xps —M17p)
(2.1.65)

When the square roots 75 and r3 in equations (2.1.49) and (2.1.56) are real, the inte-
grands are the product of a purely-oscillating function times the coefficient vﬁ)’TM(cos t),
and they represent totally-reflected plane waves. The integration technique is essen-
tially determined by the exponential term, which is highly oscillating as the param-
eters y, m, and /¢ are increased. The adaptive generalized Gaussian quadrature rule
proposed in [52] is applied, which is based on a decomposition of the integration in-
terval in a suitable number of sub-domains, where the local frequency oscillation rate
behaves monotonically. In each subinterval, Gauss-Legendre quadrature formulas are
employed. The adaptive integration algorithm sets the number of subdomains and
their amplitudes depending on the oscillatory behavior of the integrand, evaluating

the local oscillation rate on the function:
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filt) = %ﬁ‘%{qu sint 4+ mt — £ tan™! [ﬁi—zj};u)?] +nixpy/1 — (cost + 1/)2}‘

(2.1.66)
The algorithm assumes a monotonic oscillating rate, but the function fi(¢) in equa-
tion (2.1.66) is not monotonic on the integration interval. Thus, a decomposition is
performed on (2.1.66) in order to identify sub-interval in which fi(¢) behaves mono-
tonically. The real and imaginary part of the integrand in equation (2.1.59) has been
shown in figure 2.3 for 7,57 (cost) =1, xp = 1, xq = 1, 7, = 50, 7y = —50, m = —6,
{=-3,n,=2and P, =0.87.

Otherwise, in the intervals where ry and r3 are imaginary numbers, the integrands
are the product of an oscillating function times an exponentially decaying one, repre-
senting partially-reflected plane waves. The oscillation rate increases as the variables
X, m, and /¢ are increased. The variable y is included also in the decaying term, which
is dominant for high values of x. An adaptive integration algorithm applied to the
oscillating part is employed, similar to the one used for the totally-reflected plane
waves. In figure 2.4, the real and imaginary part of the integrand in equation (2.1.55)
is shown for ;5™ (cost) =1, xp = 2, Xq = 2, p = 30, g = —30, m = —6, £ = —3,
n; =2 and P, = 0.87.
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Figure 2.3: a) Real part of the integrand in equation (2.1.59) for 53" " (cost) = 1,
Xp =1, xXq=1,1m =50,y = =50, m = =6, { = —3, n; = 2 and P, = 0.87; b)
Imaginary part.
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Real Part
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Figure 2.4: a) Real part of the integrand in equation (2.1.55) for 5,3 " (cost) = 1,

Xp = 2, Xa = 2, Mp = 30, nq =
Imaginary part.

—30, m = —6, { = =3, ny = 2 and P, = 0.87; b)
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2.2  Evaluation of perturbed transmitted cylindri-
cal functions

Let us consider the Transmitted Cylindrical Functions defined in equation (1.4.22)

1 oo o0
TWr’fT(f,C,X)I(QW)Q //TlToM(n/pn)Fm(—ananll)

— 00—

e~/ TP (E4x) iman ¢ dny dn/|

(2.2.1)

From equation (1.3.36), the expression for the transmission coefficients 5™ (n,ny) is
equivalent to the the expression for the reflection coefficients %T()M(nh, n|), therefore, in
a similar way to Reflected Cylindrical Functions, equation (2.2.1) can be decomposed

into sum of two terms:

TWE(E,¢x) =

i ing (n)+22 —q T (rn - 25
/ M () Fa(—nax, my e ™ 1 m ety IR (E+x) dn

710
(27T)2_°° (2.2.2)
1 i o ing(n)—22 ﬂ‘m
+(27T>2 /Tlo’TM(n)Fm(_nlx,n”)e G o L9 [ (o= PP (6+2) dn

For the sake of simplicity, from now onwards we put v = ng/n;. The integral in

equation (2.2.2) can be written as

TWE (€, ¢ x) =

1 / +,T™™ (nH )Fm(_n1X7 n )eim(n||+V)C6—i\/ 1=[n1(n)+v))2(E4+x) dnH

-

o7)2 10

i (2.2.3)
! 0 J )¢ ,—t —[ni(n—v

+ (2%)2 / Tlo’TM(nH)Fm(_HIX7 n”>6m1(n“ XKe T—[n1 (n—)2(E4+X) d’n,H

Ing|>1
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! J —1 —[n1(n)+v
+(27r)2 / T;(FJTM(”H)Fm(—MX,n||)6m1("“+”)<e 1=[ra () +1)]2(€+x) dn
‘TL”|<1

1 . .
/ Tl_O’TM(nH)Fm(—mX, n||)6m1(n”_”)<6_Z V= =P (0 dn|

ey

(2.2.4)

‘TLH|<1

The expression for the TWP (¢, (, x) can be written as homogeneous and evanescent

spectrum:
er 1 (per,int) - 7(per,ext)
TWP(€,¢,x) = — | [erint) _ ;e ] (2.2.5)
s

where

L(I{;er,int) (g) C, X) _

M einixr imcos ™! (n))) Lin1 (n)+v)¢ ,—ira(§+X)
T () — e € ‘ any
1 (2.2.6)

|’I’LH|<1

ein1x7"1 ) . ) )
+ 7_1—07TM(7/L||) S eZmCOS (nH)elTLl(TL”—V)C6—1r5(§+x) dn”
8!
|TLH‘<1

and

L(fer,eact) (57 C7 X) _

ny+ry) " , ,
/ 7_1-%(-) TM(n”) ( Il = 1) e~ MXT1 p=ira(E4X) pina (n+v)¢ dn”
(2.2.7)

Inj|>1

_ ny+ry) " , ,
+ / TlO:TM(n”)%enlxrle%(@rx)eml(nuV)Cdn”
Inj[>1

being 11 = | /[1 = nf], ra = /|1 = [n(n) + )] and r5 = /|1 = [na(ny — v)]2].

2.2.1 Evanescent spectrum of perturbed transmitted cylin-
drical functions

The evanescent spectrum can be decomposed in the following way

LEE Cox) = WETE G + I G x) (22.8)
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where
er,ex (TL +r1)—m —nyixTy . —ir iny(n)+v
T (RS / i () A e e Egmn T dn
[ng|>1
(2.2.9)
and
(ny +m)™™

6—n1xr16—i7‘5(§+x)ein1 (n)—v)¢ d?’LH

]I(rzfer,ewt—) (§7 C7 X) — / Tl—(],TM(nH)

[ng|>1

T1

(2.2.10)
According to the numerical value of v, the square root r4 can be real or imaginary in
the intervals ny > 1 and n < 1. As regards the decomposition of equation (2.2.9),

for n) > 1, we have

ry =i/ [m(ny +v)> -1 (2.2.11)

while with nj < —1.

il +v)P =1 if —oco<n < (=7 —v)

ra= 9/ T=[mn + )2 if (= —v) <np < (5; —v) (2.2.12)

i/[ni(ny +v))2 -1 if (ni1 —v)<n <1

On the basis of relations (2.2.11) and (2.2.12), equation (2.2.9) is decomposed into

a sum of four terms.

]I%?er,e:ct-‘,-l)(é. C X) _

+o0

() + /1 —nf)™ = ‘
/Tl—&(—),TM(nl) e—n1X l—n”64 /[n1(nH+u)]271(£+x)€m1(nu+u)g‘ dn”

2
! V3i—m

(2.2.13)
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II(Ijloer,ea:t-‘rQ) (g C X) _

(—a;—v)
(n +4/1
/ +, TM n” | ” *”1X\/ 1*"ﬁe\/ [m(m|+l’)]2—1(§+x)ein1(m|+V)C dn”

Ti0
1—n

—00

(2.2.14)

Ir(fer,e:ct-i—?)) (5 C X) _

v n n
/ +TM Il \/ —mx,/l—nfei 1—[n1(nH+y)]2(§+x)€in1(nH—l-V)Cdn”

1—n

(2.2.15)

L(ﬂper,e:):t+4) (5 C X) _

-1
(ny +
/ + T 1+t fmxw/lfnﬁe g FAPLER) ima (04 gy

T ()
1— n
(=)
(2.2.16)
The singularity in |n)| = 1, in equation (2.2.13) can be removed by the substitution
n| = 2 +1
t
t= ,/nﬁ —1=qdn|= dt (2.2.17)
t2+1
0<t <o
leading to
+00 5 o
](peTethrl (5 C X) / ;E)TM( )(V =+ 1 + t) efmxt
) t2+1 (2.2.18)

o EROV I (VEFTH) 2= 1 iny (VEFTHV)C gy



66 Chapter 2. Numerical implementation for sinusoidal surface

where
T () =T (V)
The integration in equation (2.2.14) is performed solving the singularity in |n)| = 1,

by means of the substitution

t=— nﬁ —1= dnH = dt (2.2.19)

being

d1:\/(—nil—u)2—1

Putting these values in equation (2.2.14) and changing t = —t, we get

+o0o
-Vt +1+0)™
[ger,extJrQ) (£> C; X) :/T_IJ,TM(t)( ) ( - + 1+ ) e—nlxt
J = +1 (2.2.20)

¢ EROV I (—VEFTHV) ]2 =1 jina (—VEFTH0)C
In a similar way, the integrals in equations (2.2.15) and (2.2.16) can be written as

O VEF T
t?+1 (2.2.21)

dy

LEret(E ¢ x) = / g ()

C1

s eI EPOV 1= [ (VP40 ina (—VEFTH0)C gy

being

and

C1

—)™(VEe24+14+6)™
Il(é)er,ezt+4) (é-’ C’ X) :/7—_1+0,TM(t)< ) ( + 1+ ) e—nlxt
0

2
1 (2.2.22)

¢ EROV I (—VEFT+V) =1 jina (—VEFTH0)C
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Now, we consider the integral Ir(,f’er’emt_)(ﬁ ,(,x) defined in equation (2.2.10), which
can be solved decomposing its integration domain according to the behavior of rs.

For n < —1,

rs =i/l — 1 (2.2.23)

when n > 1,

i/[ni(ny —v)]2—1 if (ni1 +v) <nj < o0
ra =9 /1=[m(n —v)? if (—ni1 +v)<n|< (n% +v) (2.2.24)

i/Ta(ny —v)P =1 if 1 <ny < (=& +v)

On the basis of relations (2.2.23) and (2.2.24), equation (2.2.10) is decomposed

into a sum of four terms.

]I(rzlaer,e:ct—l) (5, C, X) _

() +4/1 -
/ -, ™ (nH) —’qu\/ﬁ [nl(nH —v)]2—1(&+x) an(nH ngn”

T10 ]
—n
(2.2.25)

]r(goev",ezt—Q) (g’ C,X) _

)

( + /1 = N = Y ey

/ 7_10 (TLH) 1 1X4/1 [nl(nH v)]2—1(&+x) ml(nH u)(dn”

) i

(2.2.26)
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Ir(rjfer,ext—S) (57 C, X) _

(s +v)
(ng + /1 —n2)™ —
/ T]I],TM (nH) ” - ” efnlx lfnﬁe—iq / 1—[7’11 (n‘|—v)]2(€+x) einl (nuflj)c dn”
) b

(2.2.27)

L= ¢, x) =

oyt (n) + \/m)*m
/ 7_1—0,TM (n”) I Il e—nlxwl—nﬁe, /[nl(nH—V)]Q—l(f-‘rx)einl (n)—v)¢ dn”

/ 2
1 l—n”

(2.2.28)
The integration in equation (2.2.25) is performed solving the singularity in |n)| = 1,
by means of the substitution
np=—-v t2+1
—t
t=— nﬁ —1= dnH = dt (2.2.29)
241
—oo <t <0
Putting these values in equation (2.2.25) and changing t = —t, we get
+oo
—)™(VE2+14t)™
Ir(nper,ezzstfl)(é-7 <-7X> :/7—_10,TM(t>( ) ( . + 1+ ) e—nlxt
J e+l (2.2.30)

s EROV I (VEFTHV)2 =1, —ina (VEFTHV)C gy

where
e () =7 (VE+T)
Comparing equations (2.2.30) and (2.2.18)

IET (e, ¢x) = (~D)MIET T (E ¢ ) (2231)
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The singularity in |nj| = 1, in equation (2.2.26) can be removed by the substitution
n| = 241
t
t= ,/nﬁ —1= dn” = dt (2.2.32)
241
dy <t<oo

thus obtaining

“+oo

V2 4+14t)™
Ir(ézer,e:ct—Q) (g) C’ X) :/ —1—0 TM( >( +2 + ) e—mxt
s £+l (2.2.33)

o EROV I (VEFT-0)2 -1 iny (VEFT-1)C gy
Comparing equations (2.2.33) and (2.2.20)

LRt ¢x) = (CD)™MEDT 6 =) (2.2.34)

In a similar way, the integrals in equations (2.2.27) and (2.2.28) can be written as

dy

perezt 3)(5 C X) /——TM( )(

Cc1

VEFT+)™
e
2
F+1 (2.2.35)

o= EH0V 1= [ (VEHT-v))? Lim (VEFT-v)C gy

Cc1

VE2+14t)™
II(Igloer,ewtf4) (5’ C’ X) _/7_10 TM( )( +2 + ) efnlxt
J = +1 (2.2.36)

§+X \/[nl +1-v)]2— 1€zn1(\/t2+1—u)C dt

Note that
LRt (g, ¢x) = (“D)™METTE =) (22.37)

Pt (€, Cx) = (D)"Y —¢ x) (2.2.38)
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The final decomposition of the evanescent spectrum is

1>m]—_pri7“ ext+1) (€, —C,x)
1)mj(per,eact 2)(5 C X)
1)m[£p§1rext 3) (f, )
1)m](pere;tt 4)(§ C X)

rered (e ¢ x) = IR (e, ¢ )
+I(pe7" ert—2) (f, CvX)

per,ext— 3) (5’ C’ X)
'(€.¢.x)

+
+
+
per,ext—4 §’<’X +

(—

(_

+I{ (—
I (—
(2.2.39)

The technique applied for the evaluation of the evanescent spectrum of the Perturbed
Reflected Cylindrical Functions in Section 2.1 has been used for the evaluation of the

evanescent spectrum of the Perturbed Transmitted Cylindrical Functions.
2.2.2 Homogeneous Spectrum of perturbed transmitted cylin-
drical functions

Let us consider homogeneous spectrum defined in equation (2.2.6), that can be de-

composed into two terms:

LETO(E Cx) = BED (6,6 + BET (6,6 x) (22.40)
where
. in1XT
ﬁmm%Lm:/TFWWi;QW“W
&
w e~ ira(€+x) gini (n+v)¢ dn\l
and
. inxrr
]r(l?enmt_)(§7C7X>:/ 7-1_0’Tl\4(nll)—e gimeos” )
™
Inyl<1 (2.2.42)

X 677;7'5 (§+X) einl (n” 71/)( dn“
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Consider the integral IP“""* the square root r; is a real number, while the sign of

the argument in 74 depends on the value of v:

iInmng +v))2 -1 if —1<n < (—nil — V)
ra= Q1= [l + )7 if (-2 —v)<nj<(L-v) (2.2.43)

i/l +v)2 =1 if (; —v) <ny <1

Equation (2.2.41) can be written as a sum of three terms:

[I(I;fer7int+) (67 C? X) — OI(I]iler,inH-) (57 C’ X) + SI(Izloer,int—i-l) (57 C", X)
+Sr(£er,int+2) (57 C7 X) (2244)

where
ORI (€,¢,x) =

inlxﬂlfnﬁ ' ' ' (2245)
/ Tl—i(—),TM (TL”) € ezmcosfl(n”)efz, /17[111(nH+z/)]2(£+x)em1(n“+u)C d?”LH

1—nﬁ

Sr(rgl)er,int—l-l)(é. C X) _
2

L inix 1—nH
/ 7_1-‘6,TM (n” ) € eim cosfl(n”)e\ / [n1(nH+I/)]2—1(§+x)€m1(nu+y)g“ d?’L”

1—nﬁ

(2.2.46)

()

St (¢ ¢ x) =

(— &) —
" in1x 1—n? (2247)
/ T;E)’TM(TL”) € ! eimcos*l(n”)B\ / [n1(nH-i-V)]Q—l(E—&-x)einl(nH+y)( dn”

1—n?2
-1 I



72 Chapter 2. Numerical implementation for sinusoidal surface

er,int+
offert ™)

Let us consider the integral in equation (2.2.45), using the substitution

n| = cost
t =cos!(n)) = ¢ dny = —sintdn (2.2.48)
1
-1 -1
—— —v)<t< — -
cos™( o V) cos <n1 V)
we get
)
peT mt-l—)(g ¢, X) 7_1—1(—] TM(COS t)ei(nlxsint+n1t)
cos—1{L ) (2.2.49)
ni
)(e_i(s"'X)‘/l_[nl (cos t—i—u)}?einl (cost+v)¢ dt
Substituting n| = cost, equations (2.2.46) and (2.2.47) can be written as
cos("iliy)
S PET’ int+1) (5 C X) / 7_+ TM(COS t)ei(nlxsint-i—mt)
/o (2.2.50)
Xe(&—i—x)\ / [n1(cos t+l/)}2—1ein1 (cost+v)¢ dt
Sr(é)er,int—i&) (£7 <7 X) _ / 7_146 TM(COS t)ei(nlx sin t+mt)
Cosfl(_%_y) (2.2.51)
> e(é«#x)\ / [n1(cos t+1/)]2716'in1(cos t+v)¢ dt
Using the substitution
t=m—1t
=m—t=< dt = —dt’ (2.2.52)

cos H(E +v) <t <0
ni
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Equation (2.2.51) can be written as follows
Cosfl(%—i-u)
SI(Izl)er,int+2) (5’ C, X) :eimﬂ- / 7_1+O,TM(COS t)ei(nlxsintfmt)

/ (2.2.53)

X €(£+X)\ /[n1(cos tfl/)Pflefinl (cost—v)¢ dt

where the identity cos™ (5= +v) =7 — cos™!(—5- — ) is used.

Now, let us consider the integral in equation (2.2.42). The expression of integral
[Perint=in equation (2.2.42) is analogous to the one in equation (2.2.41), and a similar
decomposition into three terms on the integration domain is performed on the basis

Of Trs:

i/ —v)P—1 if —1<n < (—n—l1 +v),
s =9 /I— [l — )P if (-2 +v) <ny < (L +v) (2.2.54)

i/l —v)2 =1 if (- +v) <ny <1

Equation (2.2.42) can be written as a sum of three terms:

L6 G = O ™€ Cx) + SETMI(E ) + S E G x)
(2.2.55)

where

Or(%)er,int—) (é, g’ X) _

(r+v)
n iM1X /l—nﬁ ' ‘ . (2256)
/ 710 ™ () e im0 () =i Tl (=P (ER) gima (=) g,

; 1—n?

(—+) |

Slggl)er,int—l) (57 C, X) _

1 . _n2
o, eV (2.2.57)
T () —F—

6’L'In COSfl(’Vl”)6 [’I’Ll (nH —V)]2—1(§+X)€in1 (nH —V)C dn”

2
(L 40) 1=mj

ny
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ST (€ ¢, x) =

(=ap ) —=
" in1x 1-n2 (2258)
/ —,TM (n”) € : ez'm cosfl(n”)ew /1 (n)—v)2=1(E+x) einl(nu—u)g dn”
1 —n?
l

per,int—)

With the position nj = cost, the integral o in equations (2.2.56) can be

written as:

—1_ 1
cos (—E—i—u)

per int— (5 C X) / TE)’TM(COS t)ei(nlx sin t+mt)

cos1 {5 +) (2.2.59)
Xe—i(&-}—x)\/l—[?n (cos t—V)]Qeinl (cost—v)¢ dt
Using the substitution
t=m—1t
t=r—t= < dt=—dl (2.2.60)
1
-1 ! —1
—— )<t < — -
cos™ " ( o V) cos (n1 V)
The equation (2.2.59) can be written as
cosfl(—%—u)
per int— (f C, ) mm / Tl_O’TM(COS t)ei(nlxsint—mt)
(2.2.61)

-1 L _
cos (n1 v)

Xe—i(f—&—x)\/l—[nl(cos t+y)]26—in1(cos t+v)¢ dt

Note that

Permt (5 Ca ) ( 1)m0(_p§1r7int+)<£7_<7>() (2262)
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Substituting n| = cost, equation (2.2.57) can be written as
cos T )
glperint=D g ¢ 1y = 0/ 7T (o ¢)imxsint4mt) 2263
w &X)/ [ni(cost—v)]?—1 jini(cost—v)C 1y
Comparing equation (2.2.53) and equation (2.2.63)
SErIE, ¢ x) = (~1)mSETTY(E ~C ) (22.64)
With the position n = cost, equation (2.2.58) can be written as
SE e e = [ ng ™ (costyeimn
cos1 (=L +v) (2.2.65)
w (&0 /It (cos t—v)2—1 ina (cost—v)C gy
Using the substitution
t=m—1t
t'=m—t=< dt = —dt (2.2.66)
cos (- —v) <t' <0
The equation (2.2.65) can be written as
cosfl(ﬁ_m
Snjloe[mt 2) (5 ¢,y) =™ 0/ 71T (o ¢ gilmixsint—mi) .
w &40/ I (cos t+v)2—1 ,—iny (cos t+v)C gy
Comparison of equation (2.2.67) and equation (2.2.50) gives
SETA(E, ¢ x) = (=1 E ¢, x) (2:2.68)
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The final decomposition of the homogeneous spectrum is

L, ¢x) = OZ (g, ¢, x) + (—1)m0%T (g, —¢,x)
+SPritE (€, ¢, ) + (=1 ST (€, —¢,x)
FS@erint=N (¢ ¢, y) + (=1)mSPT Vg, —¢, y)
(2.2.69)

For the evaluation of homogeneous spectrum of Perturbed Transmitted Cylindrical
Functions, we apply the same technique that has been used in the evaluation of the
homogeneous spectrum of the Perturbed Reflected Cylindrical Functions in Section

2.1.

2.3 Asymptotic solution of perturbed transmitted
cylindrical functions

The Stationary phase Method [64], is an approximate technique for the evaluation
of integrals for large values of p. In this method, the path of integration can be
deformed without affecting the value of the integral, provided that the path does not
pass through the singularities of the integrand. The new path of the integration can
also be deformed in such a way that the only small segment of the new path including
the saddle point will make the most of the contribution to the integral.

Here we are going to apply Stationary phase Method for the evaluation of Per-
turbed Transmitted Cylindrical Functions as an alternative solution to one described
in Section 2.2 with large value of p. The purpose is to compare the results obtained
by accurate evaluation of Transmitted Cylindrical Functions with those of obtained
by applying asymptotic technique to Transmitted Cylindrical Functions which will
give us accuracy of the results. Also we wish to perform a comparison of estimated
computer time to obtain the curve by two techniques.

The expression for the Transmitted Cylindrical Functions in equation (1.4.22) can be

written as

TWET (&, ¢ x) = TWETHE ¢, x) + TWE(€,¢, x) (2.3.1)
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where
er 1 i ing(n)+2s
TWI‘% +(£7C7X) = (27T>2 /T$7TM(H||)Fm(—n1X’n||)€ 1( \\+n1)C
o0 (2.3.2)
N VA CICTE S RIS 5 dn
and
er— 1 i -, ™™ iny(n—2s
W (6.6 x) = (27)2 / To () Fu(=nix, ny)e (=3¢
—0 (2.3.3)
oI/l =316+ dn
being
+TM , idm? A(n? — ng)nyy /1 — ﬁ
To o (man)) =
A 1— n1n||
0y ” + Un
(2.3.4)
X — — ~
1—(np+—2)? 1= [, + = 2}
{"1\/ () +"0\/ U
Consider the first integral in equation (2.3.2), and put
N . .
T
1
we get
Wper—f— /Q epq(t)dt (235)
where
Q1) = iy ™ (1)h (1) (23.6)
Tl—f(—] TM(t) _ ZA(n% — ’)’L%) Cost
Ao {\/n3 —sin®t + \/n} — sith}
1
(2.3.7)

: {\/n% — (sint — ng)2 4+ y/n? — (sint — nS)Q}
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i{xq\/n%—(sint—ns)Q—xq\/I—(sint)Z-i-mcos1 [%] }
e

q(t) = i(sintsinp — costcosp) (2.3.8)

As Q(t) is a well behaved function, the Method of Stationary Phase [64] can be used
to obtain approximate asymptotic expressions, for large values of p. To find the saddle
point, we put the first derivative of the ¢(t) equal to zero. The saddle point occurs

at ty = m — . Putting ¢(t) = q(t;) — s? in equation (2.3.5), we get
TWPer+(p) = 6pq(ts)/Q(S)€_pSQdS (2.3.9)
c

The function Q)(s) can be expanded into a power series

Q(s) = Q(0) +sQ'(0) + Z_Q!Q”(O) + ... (2.3.10)

A complete asymptotic expansion is given by [64]. Putting the expansion (2.3.10) in

equation (2.3.9), we obtain

TWé)ler—i-(p) — 6PQ(ts)Z QI;('()) In(p) (2311)
where
[ gy TlO+m)/2)
sfe P ds=————27— ifn=0,2,4,......
L(p) = _4 plm/2 (2.3.12)
0 ifn=1,3,5........
and
Q(0) = Q(t)B(0) (2.3.13)
Q'(0) = Q'(t)[B(0)* + Q(t:)B'(0) (2.3.14)

Q"(0) = Q"(t)[BO) +3Q (t:)8(0)5'(0) + Q(t:)8"(0) (2.3.15)
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with

B0) = |-z~ 2) \[ (2.3.16)
2

37 ,( S)P = (2.3.17)

q
"t
o (Y 2 s T ol

— i \@)3 (2.3.18)

The zero-th order solution can be obtained by putting n = 0 in equation (2.3.11)

TWE™ (p) = \/%e”’Q(ts) (2.3.19)

From equation (2.3.12), the first order solution corresponding to n=1 is equal to zero.

For the second order solution, we need to evaluate the first and second derivatives of
Q(s) at s =0, i.e t =t,.
The derivatives of Q)(s) are given by

QW = TR + i ™ k() (2320
Q') = ™R+ 20 ™ORN + ™M R (23.21)

The expression for the first and second derivatives of the transmission coefficient

5™ (t) is given by

tsint
ria ™M) =™ (1) { e — tant
\/no (sint) \/n1 (sint)?

(2.3.22)
n 1JBTM( cost(sint — ny)
V/nd — (sint — ng)2y/n} — (sint — ny)?
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costsint
- - — tant
V/né — (sint)2y/n? — (sint)?

o cost(sint — ny)
o (1t
i (>{\/ng—(Sint—ns)z\/”%—(Sint_m)z}

2 .2
cos“t —sin“t
[ ] t — sec? t}
sm

(v/n2 — (sint)2y/n? —
[cos? t — sint(sint — ng)] } (2.3.23)
(v/n2 — (sint — ng)2y/n? — (sint — ny)?)

cos? t sin? ¢ [n% +n? — 2sin t}

3
nZ — s1nt n s1nt 2
[\/ 0 \/ 1 ]
\

(

s cos® t(sint — ng)? [ng + n? — 2(sint — ny)*

Tio 3
[\/n% — (sint — ng)2y/n? — (sint — nS)Q}
\

The first and second derivatives of h(t) can be written as

X cost(sint — ny) mcost
Vn? — (sint —ng)?2  /n} — (sint — n,)?

h'(t) = ih(t){x sint — } (2.3.24)

hu(ﬂ = ih/(t) xsint — X cost(sint —n,) . mcost
\/n% — (Sint — ns>2 \/n% — (Sint — ns)2
(
+ih(t) X[Sint(jint — ns) — 00282 t] xcos? t(sint — ng)? : .
V13 — (sint — ny) [\/n% — (sint — ns)2] 3.
\
(
int 2t int — .
ih(t) { xcost + —— ms'm __ m cos” t(sint — ny) 3
V/n? — (sint — ny) [\/n% - nS)Q]

\

We can solve the second integral given in equation (2.3.3) in a similar way.



Chapter 3

Numerical results for sinusoidal
surface

In this chapter, numerical results for the sinusoidal surface are presented using the
theory developed in chapter 1 and numerical evaluation of the spectral integrals done

in chapter 2.

In Section 3.1, validation of the proposed technique is performed comparing the
results with the literature, where a single dielectric cylinder buried beneath a rough
surface with sinusoidal profile is considered. The effect of the geometrical and physi-
cal parameters on the scattering pattern of a cylinder is presented in Section 3.2. It
is noted that the period of the rough surface is an important parameter in the study
of scattering pattern. Arrangement of two interacting air filled cylinders placed at
a symmetric distance from the vertical axis has been considered in Section 3.3. In
Section 3.4, simulation of a cylinder by means of N cylinders is considered. Both per-
fectly and dielectric cylinders are simulated using Same Area Rule and Same Volume
Rule, respectively. Results obtained by asymptotic solution of the Perturbed Trans-
mitted Cylindrical Functions are reported in Section 3.5. An effort has also been done
to make a comparison of execution time to obtain a curve using accurate analysis of
the Perturbed Transmitted Cylindrical Functions with that of obtained by asymptotic

solution.
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3.1 Comparison with literature
To validate the proposed technique, let us consider a single cylinder buried below a

rough surface with sinusoidal profile as shown in figure 3.1. The results are obtained

implementing a rough surface with sinusoidal profile, given by

9(¢) = - Acos(nd) (3.11)

Figure 3.2 shows the very good comparison of scattering cross-section o with the

Ng
n s
D N
N7 | >
.............. Lol
La N k‘\?‘ n;

e
=
T,

Figure 3.1: A cylinder buried below a rough surface with sinusoidal profile .

results given in the literature [43], [45], where av = 0.327, x = 2.6m, . = 0, ¢; = 30°,
A =0.0064\g, n1 = 2, n. = 1.5, P, = 0.87 and TM polarization has been considered.
The estimated computer time to obtain the coefficient set is 1.71 seconds, on an Intel

Pentium Dual CPU T3200 @2 GHz, RAM 2 GB.
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Figure 3.2: Comparison of normalized scattering pattern (normalized to its maximum
value) of a dielectric cylinder buried beneath a sinusoidal profile.

3.2 Numerical results for a single cylinder

The change of some physical and geometrical parameters gives us a chance to simulate
different scenarios for the scattering problem. These scenarios are very helpful to
demonstrate the effect of the statistics of the rough surface, radius and permittivity
of the dielectric cylinder on the scattering pattern. Also, the permittivity of the host
medium is an important parameter affecting the scattering pattern. Figure 3.3 shows
the normalized scattering pattern (normalized to its maximum value) for different
values of the cylinder’s radius a. The calculations are performed with y = 2.6,
n =20, ¢ =30° A = 0.0064\g, n;1 = 2, n. = 1.5, P, = 0.87. As the radius of
the cylinder is increased, the value of the scattered field is also increased. Note that
the specular component of the initial reflected wave from the rough surface is not
included.

Figure 3.4 shows the normalized scattering pattern for different values of n., the
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Figure 3.3: Normalized scattering pattern (normalized to its maximum value) of a
dielectric cylinder for different values of the normalized radius a.
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Figure 3.4: Normalized scattering pattern (normalized to its maximum value) of a
dielectric cylinder for different values of n..
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refractive index of the dielectric cylinder. A large value of n. may correspond to a
highly-reflecting cylinder. A curve for a perfectly conducting cylinder has also been
included. As the values of the n. is increased, the pattern approaches to that of a
perfectly conducting cylinder, verifying the coherence of the results shown.

The period of the rough surface is an important parameter in the analysis of the

Figure 3.5: Normalized scattering pattern (normalized to its maximum value) for
P, = 0.8m.

scattering pattern of a buried cylinder below a periodic sinusoidal surface. A buried
air cavity has been simulated for different values of the period of the rough surface.

Figure 3.5 shows the normalized scattering pattern with normalized period P; =
0.87. The scattering pattern for a flat interface has also been shown in the same
figure. The parameters selected for this simulation are ny = 3, n. = 1, a = 0.32m,
X = 2.6m. In figure 3.6, the period of the surface is increased to P, = 1.27. The result
is shown for period P; = 4x in figure 3.7. The pattern approaches to that of a flat

surface.
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Figure 3.6: Normalized scattering pattern (normalized to its maximum value) for
P, =1.2x.
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Figure 3.7: Normalized scattering pattern (normalized to its maximum value) for
P, =4r.
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It can be observed from the results shown that the scattering patterns are signifi-
cantly different from the flat surface case just for a limited range of spatial frequencies
contained in the surface roughness. Surface frequencies outside this range do not cause
a significant change in the scattering pattern. This corresponds to the interference

due to the interaction of the cylinder with the periodic surface considered.

3.3 Two interacting cylinders

We are going to consider two interacting cylinders placed as shown in figure 3.8. A
comparison between field response with flat and rough surface is shown in figure 3.9.
The amplitude of V; is plotted as a function of # in p = 50, for two interacting air-
filled cylinders (n. = 1), buried at a depth x = 2.57 at a symmetric distance from
the &-axis, and excited by a normally incident TM-polarized plane-wave. The hosting
medium is a ground of permittivity e, = 5. The period of the surface is P, = 1.27
with A = 0.0064)\g. As expected, the scattered field is symmetric showing a good

self-consistency check.

k;
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Figure 3.8: Two identical cylinders placed at equal distance from vertical axis.
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Figure 3.9: Polar plot of the field scattered by two air cylinders with x; = xo = 2.57,
buried in ground with ¢, =5 ¢; = 0, and TM polarization.
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3.4 Simulation of a cylinder by means of N cylin-
ders

Multiple scatterers can simulate a cylindrical object of arbitrary cross-section, if
suitably placed along its border. Moreover, such an arrangement can offer a self-
consistency check in the simulation of an isolated circular cross-section cylinder by

means of a suitable set of IV cylinders.

3.4.1 Simulation of a perfectly conducting cylinder

The simulation of the perfectly conducting cylinder by means of N cylinders is here
considered. The geometry of the problem is shown in Figure 3.10.

The alignment proposed in [59] is employed, which satisfies Same Area Rule: the

Figure 3.10: Geometry for the simulation of a perfectly-conducting cylinder by means
of N cylinders.

total surface area, for unit length along y, of the N cylinders must be equal to the

one of the isolated cylinder. Being R the radius of the reference cylinder, and « the
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Figure 3.11: Simulation of a perfectly-conducting cylinder (radius a = 0.327, depth
X = 2.6m, ny = 2, TM polarization, normal incidence) by means on N cylinders; inter-
face with sinusoidal profile (normalized period Ps; = 1.2, amplitude A = 0.0064)).

one of the N modeling cylinders, then

2TR = N2ra = a = % (3.4.1)

In figure 3.11, a perfectly-conducting cylinder of normalized radius o = 0.327, buried
at a depth y = 2.6m (n = 0) in a half-space with n; = 2 (TM polarization, normal
incidence), is simulated by means on N cylinders satisfying the Same Area Rule. The
interface follows the sinusoidal profile defined in equation (3.1.1), with normalized
period P; = 1.27 and amplitude A = 0.0064)\q. The near-field response is evaluated,
in terms of the amplitude of the scattered-transmitted field Vi, along a line parallel

to the interface, in £ = —0.1.
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3.4.2 Simulation of an air filled cylinder

A geometry shown in figure 3.12 has been applied to the simulation of a dielectric
cylinder by means of N cylinders. As far as dielectric scatterers are considered, the
Same Volume Rule may be implemented, according to which the total volume of the
N modeling cylinders, for unit length along y, must be equal to the volume of the
reference cylinder. The rule has been applied in the particular case of N' = N — 1
external cylinders with same radius a4, i = 1, ..., N — 1, tangent to an internal cylinder
of radius ;. In Figure 3.13, an air-filled cylinder (n. = 1) of radius aw = 0.327, placed
in y = 2.57 (n = 0) in a half-space with n; = 2 (TM polarization, normal incidence),
is simulated by means of N’ = 7,15, 31, 54 external cylinders, and an internal cylinder
with a;,; = 0.8. Results of both figures 3.11 and 3.13 show a very good agreement
between the reference solution relevant to the isolated scatterer and its simulation

with a set of NV cylinders.

Figure 3.12: Geometry for the simulation of a dielectric cylinder by means of N
cylinders.
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Figure 3.13: Simulation of a air cylinder (radius o = 0.327, depth x = 2.57, n. = 1,
ny = 2, TM polarization, normal incidence) by means on N cylinders; interface with
sinusoidal profile (normalized period P, = 1.27, amplitude A = 0.0064\).

3.5 Asymptotic results

The numerical implementation of the theory developed in the Section 1.4 has been
done to evaluate the scattered field in region 0 for TM polarization using asymptotic
solution of the Section 2.3.

In figure 3.14, results of figure 3.2 obtained with accurate solution of the spec-
tral integrals, are compared to the numerical results with the asymptotic evaluation
developed in Section 2.3. The normalized scattering cross section o is plotted as a
function of the scattered angle § where TM polarization has been considered. The
calculations are performed with P; = 0.87, A = 0.0064\g,ny = 2,n. = 1.5,p; =
30% a = 0321,y = 2.6m and n = 0. There is a fair agreement between the two
results confirming the accuracy of the technique. These results are also in agreement
with the results reported in [43] and [45]. The estimated computer time to obtain
the curve for asymptotic technique is 1061 seconds on an Intel Pentium Dual CPU
T3200@ 2GHz, RAM 2 GB, while the time for the curve obtained by accurate solution

is 3137 seconds, on the same computer.



3.5 Asymptotic results 93

o[dB]

Asymptotic solution

© Accurate solution

_35 I I I L L
90 120 150 180 210 240 270

o[°]

Figure 3.14: Comparison between asymptotic and accurate solution for normalized
period P, = 0.87.
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Figure 3.15: Absolute value of the difference between zeroth and second order solution
P, = 0.8m.
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Figure 3.16: Comparison between asymptotic and accurate solution for normalized

period P, = 0.87.

The absolute value of the difference between zero-th and second order asymptotic
solution are shown in figure 3.15. This figure gives an idea of the fast convergence of
the asymptotic solution. Figure 3.16 shows another comparison of exact and asymp-

totic technique for P, = 1.27 with the same values of figure 3.14.



Chapter 4

Scattering from cylinders buried
below a Gaussian surface

Scattering from buried objects below a one-dimensional periodic rough surface with
Gaussian roughness spectrum is addressed in this chapter. In the evaluation of scat-
tering from rough surfaces, we need to find out spectral density, which is the Fourier

transform of the correlation function [60].

There are several models of spectral density to represent practical situations of
rough surface scattering [61]. Among the mostly used non-Gaussian spectrum models,
one is with exponential correlation function, the other one is with power law spectral
density. It has been found that the surfaces with exponential correlation function
are without rms slope, which is required for numerical simulations of wave scattering
from random rough surfaces. Power law spectra are multi-scale, which complicates

the rough surface scattering [9].

The Gaussian choice is a useful simplification because it restricts the roughness
to a single spatial scale. It provides a less complicated environment for investigating
rough surface scattering problems as compared to other composite roughness models
for the multi-scale case [55]-[56] available in the literature. Also, in the theory of rough
surface scattering, the model of Gaussian, statistically homogeneous rough surface is

usually used, which gives a good chance to compare the results with the literature.

Since the surface is periodic, it is necessary to to limit the area illuminated by the
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incident field in order to limit the amount of reflected energy from the rough surface.
It is done by either tapering the incident wave or limiting the extent of the rough
surface. A tapering of the incident field has been discussed by many authors [9]-[20].
In this chapter, a Gaussian beam has been used as incident field. The Gaussian beam
is widely used as incident field in the rough surface literature [57] -[58]. The spot size
at the waist can be changed to select the area illuminated by the incident field.

In Section 4.1, some details on the geometry of the problem is discussed. The
decomposition of the total field in each medium is presented in Section 4.2, while the
description of each component has been described separately in Section 4.3. Boundary

conditions are imposed for both TM and TE polarization in Section 4.4.

4.1 Geometry of the problem

Let us consider N infinite dielectric cylinders of radius o, = koap, and permittivity
€cp = eonfp buried beneath a one dimensional periodic rough surface with Gaussian

roughness spectrum as shown in figure 4.1. Both media are linear , isotropic, homo-

Medium 0
(803 J-lﬂ)

Medium 1
(51, by

E=kx

Figure 4.1: Geometry of the problem.

geneous, dielectric and lossless with permittivities ¢y and €, = eon%. We introduce a
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main reference frame MRF(O,¢,¢) with normalized coordinates £ = kqx and ( = ko2,
where kg = 27w/ is the the propagation constant in medium 0. Moreover, a reference
frame RF), is centered on the p-th cylinder axis. Both rectangular (&,,(,) and polar
(pp,Bp) coordinates are considered, with &, = koxp = £ — Xp,» ¢ = kozp = ¢ — Mps

Pp = koryp.

4.2 Decomposition of the total field

At any point P (¢, (), the scalar function V' (&, €) is a representation for the components
of the field parallel to the axis of the cylinder, the sum of all the contributions following
the interaction of the incident field with the rough surface and the circular scatterers.

In medium 0,
VO = Vi€, 0) + Vi(€,¢) + V(€. €)
In medium 1,

For perfectly conducting cylinder, The terms V,,(£,() becomes zero. In the next

Section, every field contribution will be described separately.

4.3 Evaluation of reflected and transmitted fields

by rough surface

Using Small Perturbation Method, the reflected and transmitted fields by rough sur-
face without buried objects are calculated in this Section. Since the first order SPM
is applied, the reflected and transmitted fields are the sum of zero-th and first-order
fields representing the contribution relevant to flat interface and rough surface, re-

spectively. Both TM and TE polarization states have been considered.

4.3.1 TM polarization

Consider a one-dimensional periodic rough surface as shown in figure 4.1. Since we are

considering TM polarization, the scalar function V (&, () corresponds to the field E,,.
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The incident field is a two dimensional Gaussian beam [53|, propagating in medium
0, and impinging on the interface, which in M RF' with normalized coordinates may

be expressed as:

I
Vi(£,¢) = > / Vol(n”)emo[m(f—£o)+nu(C—Co)] (coscp + % sin @) dn (4.3.1)

where ¢ is the angle between ¢ and ¢’ as shown in figure 4.1, and ‘A/Oi(n”) is the angular

spectrum of the incident field given by [53]:
‘A/'01<n”) _ %ﬁwoef[wo(n” cos p—n sinp)]?

Vp is the complex amplitude of the incident field and wy is the spot size at the waist.
By making use of the Rayleigh hypothesis [2], the reflected field in medium 0 can be

expressed as:
o0

1 . o /
ViE.0) = 5V [ Vel 9 ag (13.2)
where n/, = /1 — (nh)2
The transmitted field in medium 1 can be written as:

W@OZ%%7WMMHW{ﬁ”%WLM (4.3.3)

The boundary conditions for TM polarization are defined in Section 1.3. Putting
equation (4.3.1) together with equations (4.3.2) and (4.3.3) in boundary condition
defined in equation (1.3.10) at & = g(C), we get

/ VS(HW(COSQ& 4 ) sin (P) e~ non 1€ ginon) ((—Co) [1 +ingn, g(¢) + i| dn|
ny
—|—/ e ¢ [1 —ingn’, g(¢) + } [V}D(nﬂ) + Vi (n)) + ] dnj| (4.3.4)
N NN\ 2
. inin/ ¢ . Il 0 1
_/e P+m11—@Eﬁg@+mnmmw+mmw+ﬁdw
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For magnetic field, we impose the boundary condition in equation (1.3.11) at & = ¢(()
on the rough interface

o0

/ Voi(n”) ( cos @ + 2 gin gp) e~ imonL8o oinon (€=Co) (| ) [1 +ingn, g(¢) + ] dn|
ny
_/ non’, €™ [1 —ingn’ g(¢) + ] [Vro(nﬂ) + Vi (n)) + } dn|
¥ noni| .l I noni| 2
ny ny

x| Vo)) + V() + .| dnf

(4.3.5)
Balancing the equations (4.3.4) and (4.3.5) to the zero-th order gives
/ f/oi(n”) ( cos p + % sin gp) e inonL&oginon(¢=C0) gy / emonﬁc‘/ro(”h) dnj|
(4.3.6)
and
/ (nonL)f/Oi(n”) < cos ¢ + M in gp) e inonL&oginon (=) gy
ny
- (4.3.7)
inon 77fonl 2 E—"
- / (non )™ ”Cvro(nh) dnjj = / niy/1— (n—1”> e ”Cvto(nh) dn)|
Taking the Fourier transform of equation (4.3.6), we obtain
. n| . —
Vo(n)) < cos p + n—,'l sin gp) e~ inom g0 g inomCo Vro(nh) = Vto(n/u) (4.3.8)
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Putting in equation (4.3.7), we get

non/ \ 2 N n
/ non’, —niy/1— <—”> e~ inon’ o ginom (¢ CO)Vol(nh)<cos o+ —,H sin go) dnj|
7 NN\ 2 o,
= / non'| +niy/1— < ”) emonl\g\/ro(nh)dnlu
n
(4.3.9)
noni| 2
non', —nyy/1— <—> n
n AL . ’ ’
V2(n) = 1/ Vo(n)) ( cos ¢ + n—,” sin go) o~ ino(n' S0+ Co)
non’| +niq|1l— (—)
ni
(4.3.10)
From equation (4.3.8), we have
2 ' Sri n| —ing(n’ n’
A Vi()) (cos i+ singp ) merisoenicr)
nonm 2 ny
non', +niy |1 — (—)
ny
(4.3.11)
Balancing the equations (4.3.4) and (4.3.5) to the first-order leads to
. . A n
i / non_ g(¢)emonL8oginon (C=C)yr(p ) < Ccos ¢ + — sin <p) dn|
n
—i / non' g(C)e™ IV (n] )] + / "IV () (4.3.12)
. r nOn/H 2 inin/ i mning
= @/ ni\f 1= <n_1> g9(¢)e™ ”C‘/;O(”anl-F/ e ”CVtI("h)dnh

—00 —0o0
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and
i / (nOnL)Qg(g)e—monlfoeinonH(C—CO)‘A/Oi(nH) < Cos Y + Z—J”_ sin gD) dnH
i [ (nart, PolQ)e V2 ) drf— [ (o "V,
. r 2 /\2 inin! ¢y 0/ 1 / 7 nOnTl 2 inin! Cy 1/ 0 /
= z/ [nf — (nomn)) ] g(¢)e™ ™MV, (n”)dn”—i-/ niq/l— (n_1> eIV (n) )dn
) ) (4.3.13)
Putting the values of V°(n}) and V;’(n{) in equation (4.3.12), we have
inon/HCvl 'Y dn! — imnthl "Ndn!
¢ () dm= | e e (m))dny (4.3.14)
It follows,
Vi(n)) = Vi'(n) (4.3.15)

Using equation (4.3.15) along with the values of Vro(nil) and Vto(nh) in equation
(4.3.13), we get

. 6 —ni)2non, —inon’, &0 imonf (C—Co) i il
Z monLEo eimony 0 Vbl(n/H) < CoSs Y + —J— sin gD) dTLIH

”O”H
non', +mniy/1— -
1

Vl(n)”“’”IIC oty + g1 — ("2 | g
I or + 1 n

ni
— 0o

(4.3.16)
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O (02 2 " ! "
VA (n, nff) = 1 / Hng — 1) 2nonL G(non = Bon) _inyut gy -nfic)
27 . nonh’ 2
non'| +mniq/1l— <—>
ni
. (4.3.17)
Vi(n H)(cosgo + —r smgo)
dn//
I
’I"L()TL”
From equation (4.3.15), we get
& (2 2
VAl nll) = — / Hng — 1) 2nonL G(nor — Bony) _inyut gy-nfico)
27r700 Y nonil’ 2
non’| +mniq/1l— (—)
n
(4.3.18)

V‘(nH)<cosg0 + ,, sin gp)

1— (n)? + ny 1—(—)

"

Putting equations (4.3.17) and (4.3.10) in equation (4.3.2) and after a change of

variables, the reflected field can be written as

o0

1 Ny .
V6.0 = 5 [ TRV e eanc-o (cosip 4 2 sin o) iy

—00

A . n .
’Y()T1M(”ﬂ7nll)v(}(nll cos ¢ + n—l sin gp) dn| clni|

)e—ing(m_EOJrnHCo)emo(fnli§+nf\ 9 (

—00 —00

(4.3.19)

where

Lot () = (4.3.20)
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and
i(ng — n3)2non L G (non| — nony)

{ non
nony +niq /1 — (—)
ny

1
/
noy /1 — ()2 4+ niy |1 — (—)
|| o

Putting equations (4.3.18) and (4.3.11) in equation (4.3.3), the transmitted field V;
can be defined

701 (n”v nH)

(4.3.21)

o0 2
1 i —ing(nL €o+n ml[ 1*<n2n”> £+mc}
‘/t(&C) = % / T(EM(H“)%(H|‘>€ o(nL&o+n ), 1 |
(cosga + il sin gp) dn|
ni
m1|: ( o H) &4/ C}
TOTIM (), ny ) Vg (e motrsfotmco) H

(cos v+ —H sin go) dny| dn|

(4.3.22)
where
2
Ty (ny) = Tl : (4.3.23)
nony +nit/1— (nfl—?”>
and
TOTIM(nh, n) = 70T1M(n1|, n|) (4.3.24)
The transmitted field V; can be written in polar coordinates as follows
Vi Go) = > it Je(napp)e™® [AMM 4+ BIM] (4.3.25)

f=—00
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where
[e’) 2
n | om n
AN = QL / T()TlM(nII)W(nll)e_mo(niﬁn“co)e_i%?e 1[ ! ( o ) Xp+ an}
T
: X | cosp + LAY d
(Y2 n, Sin @ TL||
(4.3.26)
with
¢4 = tan~! i (4.3.27)
1— (”OnH)
n
and

nonT

2
T™ 1 0o oo TM/ ~ im0t Co) il E in1|: 1,< - > Xp+n’|77p:|
Bt = (27‘(‘)2 / /7'01 (nH,TLH)‘/O (nH>e o(n1éo+n o), 2,

—00 —O0

X <cos v+ " in <p) dny| dn|
ny
(4.3.28)
being
n/
¢ = tan™! ” (4.3.29)

where T ™ (n)) and 7, (nj, n)) are coefficients for unperturbed and perturbed trans-

mitted fields, respectively.
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4.3.2 TE Polarization

In this case, the scalar function V;(, ¢) corresponds to the magnetic field H,. Putting
equations (4.3.1), (4.3.2) and (4.3.3) in boundary condition (1.3.44) at £ = ¢(()

A n . .
/ Vo(ny) ( cos ¢ + —L sin <p> e~ imonL&o ginon (¢—Co) [1 +inon1g(C) + } dn|
ny
—o0

o0

+ / ML —ingn g(C) + .| |V + Vi (af) + .| dn

— /emlnlc[l—i—ml 1— <no_n{|>2g(o+”} [Vto(nh)+Vt1(n1|)—|—...}dn’u

ni

—0o0

(4.3.30)
From equation(1.3.45), we have the following boundary condition for E-field on the

rough interface

/ (n_J‘) %(nH) ( cos ¢ + e sin ‘P) e—inonL€o ginon (¢—Co) [1 + monLg(C) + ] dn”
o ng

— 00

89_(() ¥ T vri . inon. o ingny (C—Co) _
— 3 /( )Vo(n”)(cosgoJrn Slngo)e e"mom [1+monLg(§)+,.} dn;

. Un 1
- 7 (%)amn’< 1= ingn! g(Q) + .| [V2(r)) + V() + .|

_8%_(5)/ <n_1|>6m0”1|< [1 —ingn’, g(¢) + } [Vro(nh) + Vrl(nh) + } dn)|

no
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1 nonin2 | ., NN\ 2
— / —y\1- ( ”) e”””n‘[l +ingy[1— (—”) 9(¢) + ]
1 ny ny

x|V + V() + .| dn

(4.3.31)
9g(C) (”ﬁ) n : non) 2
S22 [ (L)emime 1 1= (=1 ]
o / )€ +ing " g(¢) +
X [vf(n;') + V() + ] dnj
Balancing equations (4.3.30) and (4.3.31) to the zero-th order, we get
/ ‘A/(')i(n”) ( cos p + 2 in ap) e inonL&oginon(¢=C0) gy, / 6in0nﬂ§v;0(nh) dnj|
ny
= [ et
(4.3.32)
and
oo oo , ‘ )
/ (55 ) Vi) (cosip + L sin o) e momsoimom(C-) gy / (52 )iV n anf
Un) n U
r 1 nOn/H 2 inin! Cy 0/ 1 /
(4.3.33)
Taking the Fourier transform of equation (4.3.32)
~ nh .y —inon! ¢
Vo (n)) (COS ¢ + —-sin cp) P P ‘/;“O(nh) — V;O(nil) (4.3.34)
n,
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Putting in equation (4.3.33), we get

o1 noniNe | . ny el €0 —inon!
I ( 0 H) Ul(n/w(COS(P + 1 sin <P> g inomL 8o g imonCo
Un 1 1 ny
(4.3.35)
! 1 NN\ 2 o,
= [ ety ) v an
o T n
—00
noni| 2
nin', —noy/1 — <—> o
n AL . ’ ’
V2(n) = 1 Vo(n)) ( cos ¢ + —- sin go) om0 (! éo+nf o)
nonm 2 ny
mn'| +noy |1 — (—)
ny
(4.3.36)
From equation (4.3.34), we have
2nyn’ . ot e
V2(nf) L / Vo (n)) ( cos ¢ + n_/” sin gO) e~ o gotmy Go)
nin’, +mnoy /1 — (—)
n
(4.3.37)
Balancing equations (4.3.30) and (4.3.31) to the first-order gives
i / (nonL)VOj(nH) (cos o+ 2 sin <p> e imonL&o ginon (¢=C0) gy
n
_Z-/(nonl)g(g)einon“CVrO(ni)dnil_F/ emon”g‘ﬁl(nﬂ)dn"‘ (4338)
7 NN\ 2 7
. 0 [| inin/ inin/
i / niy[1- <n_1> g(Q)e™ MV () di+ / ™MV (n]) dn|

—0o0 —0o0
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[e.9]

2 .. . .
z/ (nL) Vol(n”)(cosgo—i—;l—lsingo)emo"lfoemonl(QCO) dn|
99(¢) i " ¢ ny —inon.L € inony (C—G
o -l i (B ingn inon| 0)
—8C /<n0>%(n”)<cosg0+ - smgp)e e dn|
. r 2 inon/, Ji n ingn/
ti / () 9(Q)e™ V2 (nf) dnf / (T2 )™V nf) i
dg(¢) ! nﬂ inon’ ¢ 0 711 ngnh 21 i
_8—</ <n—0)€ o ‘/r (nh)dn"l: / n—l 1— (n—l) e | V:C (nﬂ)dn'u
%) , o [ , 2
dg(¢) N inan! ¢ 0 » No”y) N 2 inan! ¢ 70
—~oC / <n_1)€ SR A (nh)dn’lﬂ/ 1-— (_m ) g(CQ)e™ ™MV (n]) dn)|

(4.3.39)
Putting the values of V(n}) and V;’(n{) in equation (4.3.38), we have

(e 9] (e 9]

[ v - [ e i

—00
2
)

g(C)W(ﬂﬁ)(COS@ +
non’, \ 2
[mn’L +ngy/1 — (—m”) ]

—00

nonf

* ind — nd)2n (/1 (

:/Z

—00

/
&l

—t sin 30) 6—in0n’l§0 einonﬂ (C_CO)dTLh
ny

(4.3.40)

Taking Fourier transform, we get

oo i(ng —n?)2n/|

-/
2T

nonﬁ 2
- (50
n

Vi (ni, mjf) = Vi (n)) = G (non — nonj)

"
" omy 2
nn'| +mnot/ 1l — -
1
"
A . n . 1" . 1
x Vo () < cos g + — Sin 80) e monifog=IOM gy
n
1

(4.3.41)
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Putting the values of V*(n}) and V{’(n|) in equation (4.3.39), we get

o0 o0
nonh 2 inin) Cy 1y, 1 / / inon| Cy 1.,/ /
notl1— <n—1> eIV () dny + (nlnL>e 1PV (ny) dn
T i(n2 — n2)2nen’, 0!, 2g(C) .. n e
] AN i
non
N [nlnl 4+ ngy/1 — <n—1”)
o y i(n? —n?)2n, . n/ .. n P
" %(CO / T V(i) ((cos o+ —F singp ) emimoriomni () gy
non, \ 2 ny
o [’I’Llnl—f—ng 1— ( 1011”>
(4.3.42)
Taking Fourier transform, we get
nOn/H 2 17,1 / 17,1
not /1 — ( " ) Ve () + (nan_)‘/r (n))
o (2 2 1o Mo 1
1 1(ng — ni)2non’ | nyn
_ 2_/ (ng 1) L") G(nonlH —nonﬁ) (4.3.43)
T

" non” 2
—00 nin;, + No 1-— BT

. ”
x‘/g(nﬁ)<coscp+ —r sin 90> —inon'{ & = inon({Co gy, nif

Solving equations (4.3.41) and (4.3.43), we obtain

[e.9]

1 i(n2 —n?)2nen/|
Vi (i mif) = o / (19 = mi)2non] = G (nony = nonj)
“s0 [nln’j_ +ngy/1 — <nz—?”) ]

lnﬁnh e () e (e
[ TG i ()

nH —ino(n{ §o+n{/Co) n!!

nH (cosgo + —-sin gp)

J_

(4.3.44)
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17 i(nd —n?)2n/|
Vi =5 [ L= Glangr) — mon)
non
—oo [nm’i +mngy/1— ( m”)
nonjf\ ? 2
nonjnj +niy/1 - ( - ) 1-— (nH)
» i) (cos o+ L sin ) 6079 g
0 I (2 + —- sin @Yle n”
non/, \ 2 J_
[nl 1 — (nf)? +noy /1 — ( Zl”>
(4.3.45)
Putting equations (4.3.44) and (4.3.36) in equation (4.3.2), the reflected field can be
written as
1 r s . n
Vi(€,¢) = o / FOTIE<n”)Vbl(n”)emo[—nl(f+£o)+n\| (€—<o)] (COS o+ _” sin <,0> dn
01E n”’n” (n”) —ino(n 1 o+nCo) i~ m‘£+nH<)(COSg0—|— 4l sin SO) dTLH dn”
(4.3.46)
nin 2
nin, —niy/1— ( n1H>
Lor () = = (4.3.47)
niny + Ny 1 (RSLTI)
and
i(n —n?)2ngn
Yor (n) 0 = )2 G(nonj — nony))

[nllnﬂ - \/1 — ("z—:”>2\/1 _ <”Z’%‘ﬂ )2] (4.3.48)
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Putting equations (4.3.45) and (4.3.37) in equation (4.3.3), the transmitted field V;
can be defined

o0 2
1 ri —ing(n n ml[ 17<"?:\|> &+n C}
Vt(f,C) - % / T(;EE(RH)%(R”)G o(n1éo+ HCo)e I
x| cos g
90 + Slngp dn”
ny
0o 00 o .
1 ri —ing(n n m1|: 17( "1H> £+n/<}
+(27r)2/ /TOTlE(nII’n)Vo(nl)e o(niotmiCo)e I
x| cos g /
® + S111 @ dn” dnH
ny
(4.3.49)
where
TE 2non |
TOl (n”) = - (4'3'50)
non, +niy/1— ("z_:”‘>
and
i(n2 —n?)2n
TO’IiE(nﬁ’nH) = ( L 1) = 5 G(nonh — TL()TL”)
[nlm +nor/1 — (”Z_T“) ]
nony \ 2 (4.3.51)
noan/H + nq n_1H 1 — (n')2
X
T g1 ()
ny /1= () +noy /1= <n—>
The transmitted field V; can be written in polar coordinates as follows
Vi(ps Gp) = Z ie‘]f(nlpp)eiwp {A?E + BtTE} (4.3.52)

f=—00
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where
o0 2
AP = N / TEE (ny Vg ()0 (o471 G0) =it ml[ 17( ) XPM“"P}
2m
<COS v+ —” sin go) dn
(4.3.53)
with
Ao Kl
¢y = tan 1 (nonH )2 (4.3.54)
n
and
B* = T (nf, my Vg (e imolmsfotmico) g it "“[ ( ) XP*”H%]
(cos o+ —H sin go) dnydny,
(4.3.55)
being
n/
¢y = tan™ ” (4.3.56)

non’H 2
(5
n
where Tgi¥(n) and TOTlE(n’H,n”) are coefficients for unperturbed and perturbed trans-

mitted fields, respectively.

4.3.3 Scattered fields

The explicit expressions of the scattered field V;(, (), scattered-reflected field Vi, (&, ¢)
and scattered-transmitted field Vi (€, ¢) have been given in the Section 1.4 of chapter
1. As regards the case of dielectric scatterers, the field V¢, transmitted inside the p-th

cylinder must be considered. The expression for V., (&, (p) is also given there.
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4.4 Boundary conditions

Once the expressions of all the fields have been given, the boundary conditions on
the cylinders surfaces have to be imposed to determine the unknown coefficients cyp,.
In this section, a linear system of equations is obtained for dielectric and perfectly

conducting cylinders.

4.4.1 Perfectly conducting cylinders

The following equation has to be written for TM polarization:

Vit VetV =0 (4.4.1)
Pp=0Cp
In the TE case, using Maxwells equations we have
O (Vi + Vi + Vi) =0 (4.4.2)
WP ' ° > Pp=0Cp o

The boundary conditions are the same that defined in the Section 1.5 of chapter 1.
Here, the only change is the expression of transmitted field V;(&,, (,), i.e Ay and AB;.
Following the similar steps, we have

N [e's]
Z Z qu(TM,TE)Cqm _ Bé)(TMvTE) (4.4.3)

fm
q=1 m=-—o00

with
Aap(TMUTE) _

fm

m—~0 —i TM,TE
— 4m Ze zmgotGé )(ThOép)

0, 5€m
X{ |:0Wm—f(n1§qp7 nqup)(l - 6(1})) + GéTM,%I;E)(

niay)

+ [RerrLlj-z[_nl (Xp + Xa),na(mp — nq)]"i"RWrI:fZ(_anqa N7, =11 Xp; n177p>} }

(4.4.4)
and
BMTE) — _ GTVTE) () [ATMTE) Bt(TMvTE)] (4.4.5)
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being G (-) = Jo(.)/He(.), and GI™ () = i)/ Hy(.).

4.4.2 Dielectric cylinders

The boundary conditions for a dielectric cylinder have also been defined in the Section

1.5 of chapter 1. In particular, we have

Vi + Ve + Valpp=ap = Veplop=ay

L Ve
ot Vet Vo) =tygee|

Pp=0ap

(4.4.6)

In equation (4.4.6), t, = 1 or (n1/nep)? for TM or TE polarization, respectively. In-
troducing the values of V;, V5, Vi, and V;, a linear system in the unknown coefficients

Cqm and dp, can be derived

N
Z Z qu Com — ): deLE(l)

q=1 m=—o0

N o0

> 3 A = 44
q=1 m=—o0

{=0;+1;£2...
p=1, .. N.
where
qp 12) i l —Zmapt (1,2) (5qp(5mg
AP G (1) | W16 71 Cap) (1 = ) + — e |
Gy (may)

+ RW#ﬁLe[—”l(Xp + Xa)s 11 (mp — Uq)]WLRWﬁc:g(—”qu’ N17)qs =71 Xps nﬂ?p)} }
(4.4.8)

Bp(1 2) _ G(l 2) (1) [AETMvTE) + BETM’TE)} (4.4.9)
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p(1) _ it Je(Nep0p)

14 - 1
;" (may) (4.4.10)
p(2) itgr Ji(Meparp) o
L, =le "™ —

p 1
Hé( )(nlap)
being ¢, = nep/ny or ny/ne, for TM or TE polarization, respectively. Moreover, it is
1 1 2 1
GO = TV HP ), and G () = T/ HV ).






Chapter 5

Numerical implementation for
Gaussian surface

In this chapter, the integration of the Perturbed Reflected Cylindrical Functions and
Perturbed Transmitted Cylindrical Functions defined in Sections 1.4.1 and 1.4.2 | re-
spectively, of chapter 1 has been done considering Gaussian rough surface. The double
integral is written in the form of summation of a single integral weighted by Fourier se-
ries coefficients of the rough surface. The evaluation of the single integral is performed
by differentiating the evanescent and homogeneous part of the spectrum, separately
for Perturbed Reflected Cylindrical Functions, as well as for Perturbed Transmitted
Cylindrical Functions.

In Section 5.1, a discussion on the statistics of a Gaussian rough surface is pre-
sented, while the generation of the rough surface is described in Section 5.2. Eval-
uation of the Perturbed Refiected Cylindrical Functions is done in Section 5.3 while
Perturbed Transmitted Cylindrical Functions are evaluated in Section 5.4 of this chap-

ter.

5.1 Statistics of rough surface

A process ¢(¢) is Gaussian if the random variables ¢((1), g((1),..., 9((,) are jointly

Gaussian for any n, (i, (s, ..., ¢, [60]. The Gaussian process is completely characterized
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by the correlation function (g(¢1)g(¢2))= h2,,C((1, (o). If the rough surface g(¢) is
statistically translational invariant, then C'((y, (2) = C((1—(2). The Fourier transform
of hZ,.C((1, (o) is the spectral density W (n)). A periodic rough surface of finite length

Ly, is to be generated, where L, is the normalized length of realization. We make

g(¢) periodic outside Ly, SO

g(C) :g(<+Lnor) (5.1.1)

A Fourier series is used to represent g(()

g(C) - LI];OI‘ Z G(ii:'>e Egc‘;lrc (5.1.2)

u=—00

G( z::> is a Gaussian random variable, and <g(§)> = 0 by Papoulis [60], where
angular brackets denote mean value.

Let us consider the Correlation Function

S DR (e (3 yetmo i (g

T'u=—00 v=—00

by using Wiener-Khinchine theorem defined in [60], we can also write

<g(Cl) (Cz) /W ny)e™ =) dn, (5.1.4)

In equation (5.1.4), W(n) = /ThZ Luore 2} i§ the Gaussian spectrum amplitude
density function, £, is the normalized correlation length, and h,., is the normalized
root mean square (rms) height of the rough surface. Comparing equation (5.1.3) and

equation (5.1.4)

2 2
and
/W n” mH(Cl CQ)dn” LL Dye £ (G1=C2) (5.1.6)

u=—00
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In equation (5.1.6), the sampling of n) at z::
2 27u 1 > 27ru
ErEyeeo-g Saosee o
leads to
2
Dy = LnorW( m) (5.1.8)
Lnor
So, using the above equation in equation (5.1.5),
2 2
<)G iy > = LuaW (1) (5.1.9)
nor LHOI'
These coeflicients also obey the following condition
2mu —2mu
G(7) =¢(57) 5.1.10
LHOI‘ Lnor ( )
If we let u = —v in equation (5.1.5),
2mu —2mu
G(7H)e ))=0 5.1.11
< LHOI'> ( LHOI' ( )
and
2mu 2mu
G(7)6(72)) =0 5.1.12
< Lnor Lnor ( )
it leads to the following expression for the Fourier series coefficients
2mu 2mu
G(7) = [ LooW () 5.1.13
Lnor LHOT ( )

5.2 Gaussian rough surface generation

The Gaussian rough surface can be easily generated by the spectral method given
by E. Thorsos [9], which is widely used in the calculation of wave scattering [46]-
[44]. Next step is to generate independent random samples taken from a zero mean,
unit variance Gaussian distribution, and then to multiply by coefficients given by

equation (5.1.13). Some of the properties of the Fourier series coefficients are useful
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2mu
LYIOI'

in generating the rough surface. G(#%) is a periodic sequence with period N =

<Lnor JAC > , that is

G(Zu) :G[fir(u+N)} (5.2.1)
For u = —N/2, it follows from equation (5.2.1)
oz (-2)] el )] 622

Also from equation (5.1.10)

D))ol e

Then G [2—“ (ﬂﬂ is real, and from equation (5.1.10), G(0) is also real. To summarize,

LHOr 2
we have two real gaussian random numbers and the remaining random numbers are

complex. The coefficients for u = 1,2.....(N/2 — 1) can be computed by using the
condition in equation (5.1.10), and other values obey the periodic relation of equation
(5.2.1). All the random numbers to be generated are independent and they need not
be arranged in any order. So, after multiplying these random numbers by equation

(5.1.13), we get the final expression for Fourier series coefficients [20]:

(N(o, 1)+ iN(0, 1))

G(iﬁ“) - /Lnorw<%> X 7 if u# (jv’ Y (5.24)
2

N(0,1) if u=

where N(0,1) is a random variant with a Gaussian distribution of zero mean and unit

variance.

5.3 Evaluation of perturbed reflected cylindrical
functions

The numerical analysis of the Perturbed Reflected Cylindrical Functions RWP, de-

m,¢

fined in equation (1.4.17) is here considered for TM polarization, in the case of a

rough surface with Gaussian roughness spectrum defined in equation (5.1.2). Let
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us consider the Perturbed Reflected Cylindrical Wave Functions defined in equation
(1.4.13)

“+o00 +00

EeT ].
RW 3 (=11 Xq, nang, —n1Xp, M17p) :W/ /710("771“)
—00 —00 (5.3.1)

PR P
)6 Z<n1n|mq elnl ) MpTXp ] dn” dn/H

X Fu(=nixq,

where leo(n“,nH) is the reflection coefficient from first order Small Perturbation

Method:

i(n? —n2)2ny\/1 — (ny)?G(n| — ny)

Vlo(nl y TV ) =
I [TLO\/l — (nlnH)Q +n14/1 — (n”)z}
1
% (5.3.2)
[no 1= (ninf)? + nyy /1 — (n"l)ﬂ
¢ = tan”! " (5.3.3)

L= ()2

where G(nj,n) is the Fourier series coefficients of the periodic rough surface, which
are given by equation (5.2.4). For a periodic rough surface, equation (5.3.1) can be
written as a summation of a single integral weighted by Fourier series coefficients of

the periodic rough surface

+o00o
er 1 >
RWrﬁ,é <_n1XQ7 N1Mq, =M1 Xp» n177p) = or L Z / 710(n||, u)
nor T 7

[( n 2mu n 2mu \2
—i| nin +€ sr) ing nH >7]p+Xp 1- (n” ) ]
XFm(_n1an nH)e < 1ttt e N1 Lnor 11 Lyor dn”

(5.3.4)
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where
n? —nj) 2”1MG< ?Ellor)
ol ) = [mmwﬂum}
) 1 (5.3.5)

[ 1—n2<n 4 _2mu >2+n 1—<n 4 _2mu )2}
1 I nanor ! I nanor
For the sake of simplicity, from now onwards we put v = |:27T11 /(nq Lnor)] . The integral

in equation (5.3.4) can be written as

RWrZz;[_n1an N17q; =M1 Xps nlnp] =

Z /%o n, 0) Fan (=11 Xq, 1 e~ 00 eimlrn O mnatvmel ginoxes /A=t ) gy

27anor

o0

1 . A .
) B R e G

27-‘-Lnor

u=—00

|7“LH‘<1

(5.3.6)
The expression for the RW, (—n1Xq, Mg, —M1Xp; M17p) can be written as homoge-

neous and evanescent spectrum:

< 1 S er,in . er,exr
RWET (—1iXg, Mg, =1 Xp, MTlp) = s [I(p ant) _j [(per.ext) (5.3.7)
where
Ir(r]:;r,lnt)(—anq, nlnq7 _n1Xp> nlnp) =
/ ’710(71“,11) eM1XqT1 eimws*l(n“)e—iwsreinl[n||(np—nq)+ynp]emlxpr2 dnH (5.3.8)
(A1
|TLH|<1
and
]r(f,;r’ext) (_HIXOU N1Nq, —N1 Xp, nlnp) =
(5.3.9)

(n“ + rl)_m in1XqT1 ,—Wdsr ini[n (Mp—nq)+vNp] in1Xxpr2

Yio(ny, 1) —————e"N"e e MM Tl gIXRT2 ]y,
™

[ng|>1
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being 11 = /|1 — nf| and ry = /1 — (n) +v)?[.

5.3.1 Evanescent spectrum of perturbed reflected cylindrical
functions

For the evanescent spectrum , the value of square root rq is 7, /n ” — 1. According to
the numerical value of v, the square root r, can be real or imaginary in the intervals
ny > 1 and nj < 1. As regards the decomposition of equation (5.3.9), for u > 0 and
m =1

ro =1iy/(n)+v)?—1 (5.3.10)

when n) < —1.

(ny+v)?2—1 if —oco<n < (-1-v)
ro=S JT—(n + 02 if (~1—v)<nj < (1—v) (5.3.11)

(n||+y)2—1 if(l—V)Sn”S—l

On the basis of relations (5.3.10) and (5.3.11), equation (5.3.9) is decomposed into a

sum of four terms:

(per,ext+1) o
[myg (_n1an N1MNg, =M1 Xp, nlnp) =

+oo n” +
\/ *”IXq ” *lf%r in1[n) (Mp—nq)+vnp] ,—N1Xar/ () +v)2—1
/’)/1()(71, ) 1[ H( p—"lq p] q I dnH

(5.3.12)
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(per,ext+2) B
‘[m,E (_HIXQJ N17q, =M1 Xp, nlﬁp) -

(=1-v) (TL —m
I+ -1) =
/ 710(n||’ u) || e*’llqu n —zéqﬁsr ml[nH (Mp—mq +m7p] —N1Xq4/ nH+V) fldn”

nﬁ—l

—00

(5.3.13)

(per,ext+3) o
[m,z (_n1an N1MNq, =M1 Xp, n177p) =

(1-v)

(n + ,/
/ Wlo(n”’ ) Il —’fl1Xq ’fl —z€¢sr 'ml[nH('r]p Nq)+VNp] mlxqw/l (n||+y dn”

(~1-v) v

(5.3.14)

(per,ext+4) B
‘[In,Z (_anq; N17q, =M1 Xp, nlﬁp) -

-1

nH + —
_”1Xq ” —zE e inin +v e MX n+v)2—1
/710(71”, u) bsr pina[ny (Mp—1q)+vip] ay/ () dn

(1=) &
(5.3.15)

The integration in equation (5.3.12) is performed solving the singularity in |n)| = 1,

?

by means of the substitution

n| = 2 +1

t
t = A /nﬁ —1= dn” = ® 1 dt (5316)

0<t< oo
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“+oo

_ vee+1l+)™
—11Xq M7, —M1Xp> M17Tp) :/’710(15)( ) e~ iXat

241

(per,ext+1)
[m,f (

(5.3.17)
—iltan! [— ViZtity
i/

\/ﬁw)?—l] e~ MXaV (\/m—i-r/)?—ldt

X einl (o —7a) V2 +1+vmp] e

where
Fo(t) = o(VE2 + 1)
To remove the singularity at |n)| = 1 in equation (5.3.13), we put
np=—v 2 +1
—t
t=—,4 /nﬁ —1=<dn|= dt (5.3.18)
t2+1
—o00o <t< —b
being
by = V2 +2u
—b
er,ex B _‘/t2+1—t —m
Ir(fe ) t+2)(_n1ann177qa —N1 Xp; nqu,p) — /’710@)( — ) e Xat
—o0 (5.3.19)

— 2
_iftan—1 [— Vi2iity

w el (mp—na) VEE+14vmp] i (—\/t2+1+u)2—1:|e—nlxq (—VE+1+0)2-1 gy

Putting t = —t in the above equation, and using the relation

(—VEe2+14+t)™=(-1D)"(VE2+14+)™

we get:
er,ex _ —1m\/t2—|—1—{—tm_
Ir(f,f t+2)(—n1Xq,n17Iq: —anp,nmp):/’Ylo(t)( ™ > ) e~ MiXat
t?+1
b1
—iftan—! [—— \/t2+1+v}
% gt [=(p—na) VEE+1+vn] iV (—ViZr1en2-1d g—mxaV/ (- VE+THV)2 -1 gy

(5.3.20)
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Following similar steps, the integrals in equations (5.3.14) and (5.3.15) can be written

as
b1
er,ex _ —1m\/t2+1+tm_
Ig,f t+3)(_”1an N17g, —M1 Xp, nﬂ?p) = /710(75)( ™ > ) e~ MiXat
t°+1
al
—iftan—! [*— WQHJrV}
o et [=(np =) VEFT+vmp] , VsVl ginxa /1= (—VEFI+)? gy
(5.3.21)
being
ay = V2 —2u
er,ex \/ t2 1+t
ng’ t+4)(—n1an N1Nq; —M1 Xp> nﬂ?p / To(t NGRS ) ~MiXat
VEE+1
0
—iltan—! [L}
Xeim[*(nrnq)mwnp]e iy (=Vt2+1+v)2—1 7n1Xq\/ 2+ +u)271dt
(5.3.22)
For u < 0,
9 = 1-— (n” — I/)2
as
27|u|
B nanor
For n < —1,
Ty =1iy/(n) —v)?2 -1 (5.3.23)
when n) > 1,
(n—v)P=1 if(1+v)<n <o
T = 1— (n” — I/)2 if (—1 + I/) <n) < (1 + 1/) (5.3.24)

iv(np—v)2—1 if1 <ny<(=1+v)
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On the basis of relations (5.3.23) and (5.3.24), equation (5.3.9) is decomposed into a

sum of four terms.

[$;T7e$t_l)(_n1an N17q, =M1 Xp, nlﬁp) -
—1 _
(ng + —1)™
/710(”,11) ” i oML il ina [y (1 —10)=v1p] =Xy (=
n2—1
—o0 Il
(5.3.25)
er,ext—2
]Iglp,z ' )(—qu,nmq, —11 Xps M) =
7 ny + — )™
/’Ym(n,u)( : nj—1) ¢ XAV ML —iler gim [ (mp o) —vmp] o1 Xy (== g,
14 nﬁ -1
(5.3.26)
er,ext—3
[g,f ' )(_n1an N1Mq, =M1 Xp, nlnp) =

14+v nH + /
*anq ” ,Zg(z)sr ini[n 1% mlx \/T
/’ylo(n”’ ) 1[n) (np—nq) —vmp] q I dnH

—1+v

7

(5.3.27)

er,ext—4
[r(rzl),f )(_n1ann177q7 _n1Xp7n1np) =

—14v (nH i ”
/ Yio(ny, w)

1

—1)™

emeq\/ni —ilpsy ml[nn(np Nq)—VNp) —n1xqw/ n|—v) —ldn”

(5.3.28)
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With the position nj = —v/t2 4 1 in equation (5.3.25), and replacing ¢ with —t, we
get
er,ext— _ —1m\/t2—|—1—|—tm_
Ir(f,f ' 1)(_n1ann1nq: —N1 Xps 1 7p) :/’710(75)( ™ T ) e~ M Xat
0

ittan [L}
iV (—vViZri-n2-1d g—nixaV (= VEH1-v)? -1 gy

w etmil=(mp—na) Vi*+1-vmp]

(5.3.29)
Comparing equations (5.3.17) and (5.3.29)
LETD (—ny g, matg, —naXps matp) = (— 1) I (—nyxg, —ning, =X, —namp)
(5.3.30)

To solve the integrals in equations (5.3.26), (5.3.27) and (5.3.28), we make the sub-
stitution n) = vt2 41

o0

er,ext— B \/m+t —m
LI (= maxa natla, = Xp, matly) = /’m(t)( ? + 1> e~ mxat
" (5.3.31)

V21—
—iftan—1 |:—t +l-v

w el —na) VE2+1-vmp] i (x/z2+1—»)2—1]€—n1><q (VE2+1-v)? =1 1y

Comparing equations (5.3.20) and (5.3.31)

]I(Tizr’ext—’—?)(_nlxq? N17g, =M1 Xp> nlnp) = (_1>m](_171i’:f;t_2)<_n1xq7 —NM17Nq, =M1 Xp, —n177p)
(5.3.32)
by
er,ext— B \/m—i—t m
LI (= maxa nitla, = Xp, matly) = /’710@)( o +1> e mixat
“ (5.3.33)

V22
—iltan—1! |: totlov

\/1(mu)2] imxaV/1-(VEFT-0)2 gy

X eml [((mp—ma)V t2+1*1’7]p]e
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Comparing equations (5.3.21) and (5.3.33)

erert+s m er,ext—3
If(ﬁe " )(_”1an N17Mq; =M1 Xp> nlnp) = (_1) ](,pm,fét )(_n1Xq7 —NiNg, =M1 Xp> —m??p)
(5.3.34)
ai
er,ext— _ \/m +t)™
LI (=g, g, =X, i) = /710@)( 2+ 1) e~ mXat
’ (5.3.35)
—iltan™! [&]
Xeim[(’?p—’?q)m-lmp]e i/ (VE241-v)2-1 e~ "1Xa (m_y)Q_ldt
Comparing equations (5.3.22) and (5.3.35)
erertd m er,ext—4
Il(fl N )(_RIXqu ", —MXp: nlnp) - (_1) ](—pm,—ét )<_n1XQ7 —N1MNg, =M1 Xp> —mnp)
(5.3.36)

The evanescent spectrum can be decomposed as follows

er,ext er,ext+1
Ir(np,é )(_”1an N1Mqs =M1 Xp, nlnp) = Ir(np,é i )(_n1XQ7 N1Ng, =M1 Xp, nlnp)

m er,ext—2
+(=1) Iipm,—z )(—n1Xq7 —N1Mg; =M1 Xps —N17p
+(—1)m]£priff§t_3)(—n1an —TN1Tq; =M1 Xp, —N17p

+(_1)m1£priff§t_4) (—anm —N17g, =M1 Xp, —N17p

for u > 0 while with u < 0,

er,ex m er,ext—1
If(npv@ t)(_nlxq’ N17q; =M1 Xp, nlnp) = (_1) Ir(f,f ' )(_n1Xq7 —N1Mg, =11 Xp> _nlnp)
er,ext—2
+[(—pm,—Z )(_n1XQ7 N17q, =M1 Xp; nlnp)
er,ext—3
TP (g X g, g, — 1 Xy T T)p)

(per,ext—4)

+I—m,—é (_n1XQ7 n17q;, _nIXp7n177p)
(5.3.38)
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5.3.2 Homogeneous spectrum of perturbed reflected cylin-
drical functions

Let us consider equation (5.3.8)

per,int
fr(n,e )(—nlxq,nmq, —N1Xp, N1Tp) =
M1XqT1 3
(n )e T pimeos™H(ny) =il gina [y (o =) +vmp] imaxer2 gy, (5.3.39)
Y10l I

|7LH‘<1
In case of homogeneous spectrum, r = ,/1 — nﬁ since |ny| < 1.
For u > 0,

I—(ny+v)? if —1<n<({-v)
(np+v)2—-1 if(1-v)<n <1

Equation (5.3.39) can be written as a sum of two terms:

(per,int+1) .
I (=11 Xq> P17g, =M1 Xp, M Tp) =

(171/) einl)(q ll_nﬁ
/ 710(71\\)

. 1 . . ) 5
elmcos (nH)eszq&sreznl [n (npfnq)qtunp}eznlxpw /1—(n)+v) dnH

e 1 —nj
(5.3.41)
and
]r(np;r,mtﬁ)(_"lxqv N1Tqs =M Xp, M1Tp) =
/ - n” m1><qm chosfl(nn)efiwsreim[n“(np—nq)+m7p]efmxp\/mdn”
(1) 11— n

(5.3.42)
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Using the substitution n = cost, equation (5.3.41) can be written as

™

[I(np;nmt+1) (_n1an N17q; =M1 Xps nlnp) - / 710<COS t)ei(nlxq s tn)

cos~1(1-v) (5343)

—iltan—1 [%} . . 3
e Vi(eost41)? | pin [(np—nq) cos t+vnp) eMixpy/ 1—(cost+v) dt

In equation (5.3.43) using the substitution
t=m—1
V=m—t=<{dt = —dt' (5.3.44)

cosTH—=1+4+v)<t <0

we get
cosH(—1+v)
(peryint+1) ___imm i(n1xq sin t—mt
Imj (_n1XC17 N1Mg, =M1 Xp, n177p) =€ ’Ylo(COS t)e (n1xq )
0

—_iltan— 1 [Lﬂﬂ’] X . 3
e Vi=(—cos 1407 | i [~ (1p—11q) cos t-+vmp] yinixpr/1= (= cos t+)? gy

(5.3.45)
With the position n = cost, equation (5.3.42) can be written as
cos™H(1-v)
]I(np;r,int-ﬂ) (_n1an 1Tl — 71 Xp, nlnp) _ / 710<COS t)ei(n1xq sin t+mt)
0 (5.3.46)

—iltan—1 [7005 t+y ] ) >
Xe iy/(cos t+v)2—1 62"1[(77p_77q) cos H"”?p]@_"lXp\/ (cost4v)?—1 dt

For u < 0, we put
27|y

ny Lnor
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and

1—(np—v)?2 i(-14+v)<n <1
ry — (=) ( ) <mn (5.3.47)

iv(np—v)?—=1 if —1<n < (=1+4+v)
Equation (5.3.39) can be written as a sum of two terms:

er,int—1
‘[r(lf,f )(_n1Xq7 N17q, =M1 Xp, nlnp) -

. 71 . . .
elm cos (nH)e—zﬁqbsreznl[nu(77p—77q)—1/77p]e’ml)(p1 /1—(n”71/)2 dn”

| Jimixay/T
/ Yo(n)) —F—=

2
(—1+v) 1—m

(5.3.48)

er,int—2
[lgj,f )(_n1ann1nq7 _n1Xpan1np) =

(=1+v) N1Xq 1—nﬁ

e
/ ’71()(71“)—6
1— n|2

1 |

imcos™ ! (n)) , —ildsr pina [ (Mo —na) — V] o~ X/ (7 1) 1 dn|

(5.3.49)
Substituting n| = cost, equations (5.3.48) and (5.3.49) can be written as
cos~H(—14v)
Ir(npfz’r,int—l) (—qu, N17q, —N1 Xps nlnp) _ ’710(COS t)ei(nl)(q sin t+mt)
0 (5.3.50)

—iltan! [M] . . >
xe /1= (cos t—v)2 ezn1[(np—nq)cost—l/np}emlxpy/1—(Cost—1/) dt

Comparing equations (5.3.50) and (5.3.45)

er,int+1 m eryint—1
Irgf,f " )(_nlxcvnlnq: —n1Xp, M17p) = (—1) I(fpm,fzt )(_TLIXqv —n17)g, —N1Xp, —N17p)

(5.3.51)
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and
v

Ir(np;nmtim (_n1XQ7 N17q; =11 Xp, nlnp) - / ’Ylo(COS t)ei(nlxq sintmt)

cos~1(—1+4v) (5352)

—ilt -1 cost—v i| .
e wian [, /(cos t—v)2—1 elnl[(np—ﬁq)COSt—VT]p]e—TMXp\/(COSt—V)2—1 dt

In equation (5.3.52), using the substitution
t=m—1t
V=m—t=<{ dt=—dt (5.3.53)

cosTH(1—v)<t' <0

cos~1(1-v)

(per,int—2) ___imm i(n sin t—mt
[m,e (=11 Xq Mg, =M1 Xps M1 7p) =€ Yo0(cost)e (n1Xq )

0

bt —1 —cost—v :| .
e ian |:Z /(= cost—1)2—1 eznl[—(np—nq)Cost—ynp]e—nlxp\/(—cost—l/)2—1 dt

(5.3.54)
Comparing equations (5.3.54) and (5.3.46)
er,int—2 m er,int+2
Ir(f,z ' )(_n1Xq,n177q; _n1Xp7n177p) =(-1) f(_pm7_gt+ )(—n1an —MNq; =M1 Xp, —n177p)
(5.3.55)
The final decomposition of the homogeneous spectrum is the following one
er,imn m er,int—1
[Ke t)(_nIan nifg, —MiXp, Mnp) = (=1) Igpm7_gt )(_nIan —N17q, =11 Xps —M17p)
+I$Zr,znt+2) (_n1Xq7 N17q, =M1 Xps nlnp)
(5.3.56)

for u > 0, while for u < 0,

er,ant er,ant—1
Ir(ﬁg )(—qu,nmq, _n1Xp7n177p) = [r(ﬁe )(_n1Xq>n177qa _n1Xp7n177p)
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+< 1)m‘[—p1flr Zzt+2)( anqJ _nlnq7 _HIXpa _nlnp)
(5.3.57)

5.4 Evaluation of perturbed transmitted cylindri-
cal functions

Let us consider the Perturbed Transmitted Cylindrical Functions defined in equation

(1.4.22)

TWE (& ¢ x) T10 nHﬂ”LH m( nlx,n”)

I (5.4.1)
Xe—im(f*‘memlnﬂc dnH dnh

where Tlo(n’H, n) is the transmission coefficient from Small Perturbation Method. In
a similar way as to Perturbed Reflected Cylindrical Functions, equation (5.4.1) can be
written as a summation of a single integral weighted by Fourier series coefficients of

periodic rough surface.

TWE" (€, ¢ x)

Z /710 np,u _n1X7nll)

Lonor 2=, (5.4.2)

n1Lnor nq Lnor

Xe—z’\/l—[m(mﬁ- 218 )12 (¢4 ) ml(n”+ 2o CdnH

For the sake of simplicity, from now onwards we put v = (27ru/ nan0r>. The integral

in equation (5.4.2) can be written as

TWE(E,¢x) =

1 ad . |
27 Lyor “ / 7—10(n||7U—)Fm(_nl)(q,nH)@_z 1_[n1(”H+V)]2(§+X)em1(n“+u)( dn”
Ty >0
1 > '
+27TLnor £ / T1o(ny), W) Fin(—nixq, ny)e”" L=[ra () +1)]2 (€4+x m1(n\|+u<dn”
I NS!

(5.4.3)



5.4 Evaluation of perturbed transmitted cylindrical functions 135

The expression for the TWP (£, (, x) can be written as a sum of homogeneous and

evanescent spectrum.

o0

1 .
TWrzr)le’r(€7 C) X) _ — |:I(per,znt) . i](per,ext)] (544)
where
etMiXar

eim cos™1 () e—ir4 ({—i—x)einl (n+v)¢ d’rLH

- (5.4.5)

I, ¢ x) = / T10(n, 1)

\n”|<1
and

(n) +m71)™™

e~ MXar1 p=ira(§4x) gini(n+v)¢ dnH
1

1&g ¢, x) = / T10(ny), 1)
Inyj[>1

(5.4.6)

being 11 = /|1 — nf| and rqy = /|1 — [na(ny + v)]?].

5.4.1 Evanescent spectrum of perturbed transmitted cylin-
drical functions

According to the numerical value of v, the square root r4 can be real or imaginary in
the intervals n > 1 and ny < 1 while r; = 1, /nﬁ — 1. As regards the decomposition
of equation (5.4.6), for u > 0 and n| > 1,

ry = iy/[na(ny + )2 —1 (5.4.7)

while when n) < —1.

i/ (n + V)P =1 if —oco <nj < (= —v)
ra= /1= +v)? i (= —v) <ny < (55 —v) (5.4.8)

ni

i/l + )P =1 if (- —v) <my < —1
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On the basis of relations (5.4.7) and (5.4.8), equation (5.4.6) is decomposed into

a sum of four terms:

Ir(é)er,eact-‘,—l)(f C X) _

+oo (Tl + n2 o 1)—m
I [ e 2= .
/Tlo(nn,u) ¢ I g/ Im (P LER) iy +)¢ g

1 I

(5.4.9)

Z—I(r{)er,ezt+2) (é. C X) _

1

(~ ) e
/ n“ T —n1x n —1 2_q
/ 7’10(””, ) q ,/ n1(n‘|+u)] (&+x) zn1(n“+u)§ dn”

J F

(5.4.10)

Iper ext—+3) (5 C X)

G (n+ /n2 —1)™
Il - / ‘ .
/ o (n”’ ) Il €—n1Xq nﬁ—le—z, /1—[n1(n||+u)]2(§+x) eznl(n”—l—u)C dTLH

u
z /nﬁ —1
(_E_V)

(5.4.11)

L(ﬁer,ext+4) (5 C X) _

n (n) +4/nf—1™ ;

/ T10(ny, 0) o XL /I ()P =1(E40) gina (ny+v)¢ dn
W/n?—1

(L_V) Il

ni

(5.4.12)
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The singularity in |n| = 1 in equation (5.4.9) can be removed by the substitution

n||:\/m

t
t = ,/nﬁ - 1= dn” = o dt (5.4.13)

O0<t< oo

leading to

—+00

VE2E+14+t)™
Il(é)er,ethrl) (é-’ Cv X) :/7_'10(t)( +2 + ) e~ MXat
J F+1 (5.4.14)

w e EPOV M (VEFTH)2 -1 imy (VEFTHV)C gy

where

’77'10(t) = ’7’10( t2 + 1)

The integration in equation (5.4.10) is performed solving the singularity in |n)| = 1,

by means of the substitution

t=— nﬁ —1= dnH = dt (5415)

being

dlz\/(—nil—y)Z—l

Putting these values in equation (5.4.10) and changing t = —t, we get

+o0
D™V +1+t)™
[I(r{mr,extJrZ)(f’C’X) :\/7—_10@)( ) ( . + 1+ ) e*"Ith
: #+1 (5.4.16)

¢ EROV I (—VEFT+V) =1 jina (—VEFTH0)C
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In a similar way, the integrals in equations (5.4.11) and (5.4.12) can be written as

dy

[I(l;fer,e:ct-‘r?)) (5’ C’ X) :/Tlo(t)

C1

COMVETT+0"
t2+1 (5.4.17)

= EFOV 1= [n1 (—VEFTH)2 jin1 (—VEFTH0)C gy

being
1
—J(= =2 -1
C1 (nl V)
C1
(V2 +14)™
Ir(ﬁ)er,ext+4)(§7g7x) :/Tlo(t)( ) ( g + 1+ ) 6—”1th
/ #+1 (5.4.18)
¢ e EPOV M (—VEFTH) 21 gimy (—VEFTHV)C gy
For u < 0,
Ty = \/]_ — [nl(n” — 7/)]2
being
27 |ul
B nanor
For n < —1,
ry =iy/[n(n —v))? -1 (5.4.19)

when n| > 1,

i/ —v)2 =1 if (- +v) <my < oo
ra= 0 /1=[n(n —v)? if (=5 +v) <ny < (5 +v) (5.4.20)

i/l )P =1 if1<m < (it —v)
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On the basis of relations (5.4.19) and (5.4.20), equation (5.4.6) is decomposed into

a sum of four terms:

Ir(é)er,e;tt—l) (57 C, X) _

r (+ i - D™ THern)
/Tlo(n”,u) e ay/ M g/ [na () =v)2=1(E+x) gina (n —v)¢ dn

—00 |

(5.4.21)

]r(é)er,ea:t—Q) (57 C, X) _

T (n) +4/nf —1)7 JE = .
/ Tlo(n”, ) 1Xq I 16 [nl(nH71/)]271(£+X)6'Ln1(n“—I/)C dn”
1) Vaiihe

(5.4.22)

L(fer,extfi’)) (f, C, X) _

(7 +v)
(ny +/nf =17 M
/ 1o (’)’L”’ u) 2 H e-”qu nH—le—z 1—[n1(n“—V)P(f—i-x)eznl(n“—y)c dnH
(4 VA

(5.4.23)
Ir(f’luenea:t—ll) (57 C, X) _
(771711+V) (TL + 1)7m
/ 7-10(n||7 1) : - H e MXay/ "ﬁ_lev [ () =v)P=1(§+X) gina () —v)¢ dn
| 1
(5.4.24)

The integration in equation (5.4.21) is performed solving the singularity in |n)| = 1,
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by means of the substitution

n| = —Vt2+1

—1
t=—/n?—-1= dn| = dt (5.4.25)
Vo 241
—oc0o<t<0
Putting these values in equation (5.4.21) and changing t = —t, we get
T 1) (V14 )
]I(rzl)er,ewtfl)(£7é-7x) :/7_'10(25) (_ ) ( _ + 1+ ) e~ M Xat
) =+l (5.4.26)
w EPOV I (VEFTHV)2 =1, —ina (VEFT+0)C gy
where
77'10(t) = 7'10( t2 + 1)
Comparing equations (5.4.26) and (5.4.14)
I3t D(E ¢ x) = ()M IEE ~(x) (5:4.27)
The singularity in |nj| = 1 in equation (5.4.21) can be removed by the substitution
n| = V2 +1
t
t= ,/nﬁ —1=qdn| = dt (5.4.28)
241
di <t< oo
thus obtaining
T WETI+™
[r(é)er,ext72) (é-’ CaX) :/7_'1(](t>( +2 + ) e~ Xt
F #+1 (5.4.20)

s e EPOV [ (VEFT-0)2—1 it (VEFT-1)C gy
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Comparing equations (5.4.29) and (5.4.16)

[lereatt2) (e ¢y = (—1)ympPerert= e ) (5.4.30)

In a similar way, the integrals in equations (5.4.23) and (5.4.24) can be written as

( \% t2 + t) —nlxqt
t*+1 (5.4.31)

1gerent= (g ¢ y) /mU

Cc1

o= EH0V 1= [ (VEHT-v))? i (VEFT-v)C gy

v t2 + t) 7n1th
2
#+1 (5.4.32)

§+X \/[nl +1-v)]2— leznl(\/t2+1—u)C dt

10 (¢ ¢ ) = [ 7o)
!

Note that
LEer et (e, o) = ()M 6 =¢) (5.4.33)
It (g ¢x) = (=)™ 1€ =¢ x) (5.4.34)

The evanescent spectrum can be decomposed as follows

]I(ﬁe[,eact)<§’c,x) _ ]n?zrext—kl)(é. C X) ( )n;]ﬁp;rez:t 2) (é. _C X)
DI ¢+ (C)METETE ¢

(5.4.35)
for u > 0 and while for u < 0,
L€ G = (UM E =G0 + 10T G x)
TP (€ ¢ x) + TP (€ ¢ x)
(5.4.36)

The technique applied to the evaluation of the evanescent spectrum of the Perturbed
Reflected Cylindrical Functions in Section 2.1 has been used for the evaluation of

evanescent spectrum of the Perturbed Transmitted Cylindrical Functions.
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5.4.2 Homogeneous Spectrum of perturbed transmitted cylin-
drical functions

Let us consider homogeneous spectrum defined in equation (5.4.5)

1P (e, ¢, x) =
(5.4.37)

e!iXaqll . 1 . )

TlO(”H u) el cos (n”)671r4(§+x)ezn1(n”+u)4 dn”

’
1

|n‘||<1

In this case r; = /1 — nﬁ and the value of r4 depends on the value of u.
For u > 0,

il +v)P -1 if —1<n < (=5 —v)
ra=9/I=[uln + )7 if (-1 —v)<nj<(L-v) (5.4.38)

i/[nlng + )2 =1 if (- —v) < <1

On the basis of equation (5.4.38), equation (5.4.37) can be written as a sum of three

terms:
Ir(é;er,mt+) <£7 <7 X) — Or(rzl)er,intJr) (5’ C: X) + S}%er,inﬂrl)(&7 C, X)
+SI(1[l)er,int+2) (g, C7 X) (5439)
where

O™ (€, ¢x) =

J S
("1 v) eiTLqu« /l—nﬁ
T10 (n”, u)—e

imcos™H(n)) o =i/ 1=[n1(n+2)]2 (€4X) gina (0 +v)¢ dn
1 —n?
[

(5.4.40)
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Sperznt—i—l (é C X)
1 M1Xqs/1—n? 441
/ Tlo(nH , u) e q I eimcos*l(nu)€\ / 1—[n1(n||+V)]2_1($+X)6in1(n“+1/)c d?’LH (5 . )
= 1 —nf
ny
S(per Jint+2) (57 C, X) _
(=nr—v)
" N1 X4 /1—n2 (5442)
/ Tro(nyjy W) —— L pimcos™ ) g/ TGy TP (€0 i (4G dny|
1—n2
-1 [
In equation (5.4.40), using the substitution
n| = cost
—1 1 —1/1
cos H(—o- —v) <t <cos (5 — V)
we get
O™ (E.Cx) =
o) (5.4.44)
/ T10<COS t)ei(nlxq sin t+mt) e—i(f—l—x)\/l—[nl (cos t+u)]26in1 (cost+v)¢ dt
COS_I(%fll)
Substituting n| = cost, equations (5.4.41) and (5.4.42) can be written as
er,int+1)
SUTTH(E ¢ x) =
o5~ (=) (5.4.45)

/| 2
/ 7_10 COSt z(nlxqsmtert (E+x)\/ [n1(cost+v)]2—1 znl (cost+v)C dt
0
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and

Sperznt—l—Z (g g X)

™

/ Tlo(COS t)ei(nlxq sin t+mt)e(£+x)\/[n1 (cos t+1/)]2—1ein1 (cost+v)C dt (5446)

-1 1
cos (771711)

Using the substitution
t=m—1t
V=m—t=< dt =—dt (5.4.47)
cos M-+ v) <t' <0
equation (5.4.46) can be written as
SI(I}127le,int+2) (57 C; X) _
o5~} +) (5.4.48)

/ 7_10 COSt i(n1Xxq sintfmt)e(erx)\ /n1 (costfu)Pflefinl (cost—v)C dt
0

where the identity cos_l(ni1 +v)=m— cos_l(—ni1 — v) has been used.

Foru<0
ri = /1= () — )2
as
27 |u]
B nanor
and

i/ —v)P—1 if —1<n < (—%—FV),
ra= 0 /1=[n(n —v)? if (=5 +v) <ny < (5 +v) (5.4.49)
i/Iln )P =1 if (;;+v) <y <1
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Equation (5.4.37) can be written as a sum of three terms:

[Perimto (€ ¢ x) = OFT M€ ¢ x) + SErmI(E ¢ x) + STTm(E ¢, X)

(5.4.50)
where
o
( - ) (n1+) znl)(qﬁ .
Onzl)ﬁ (é-u Cu X) = / T10 n||, 1mcos ()
(—%—i-l/) 1= 7’L (5451)
w g~ ira(E+x) gini (n —v)¢ dTLH
(peryint—1) / ””Xq B nﬁ zmcos_l(n )
Sm,é 7 (57 Ca X) = / T10 nH, Il
(v L—nj (5.4.52)
nq
Xe—i?"4(§+x)ein1(n”—1/)c dn”
_1,
~ 2 ( n1+ ) einlxqm ) .
Sngi;e[m (£ ¢, x) = / 710(n||,u>—elmcos (ny)
1 1 —nj (5.4.53)

w e~ ira(€+x) gini (n —v)¢ dnH

With the position n = cost, the integral in equation (5.4.51) can be written as:

O (e, ¢, ) =

cos™(—L+v
Cart) (5.4.54)
/ T10<COS t)ei(nlxq sin t-l—mt)e—i(E-I—x) 1—[nq(cos t—u)]26in1(cos t—v)( dt

_11
cos l(a-i-l/)
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Using the substitution

t=m—1t
t=nm—t=< dt = —dt' (5.4.55)
cosH (=5 —v) <t <cosT' (- —v)

the equation (5.4.54) can be written as

er,int—
Ofﬁé )(§7<7X> =
cos’l(—"—ll—y)
eimﬂ' / Tl(](COS t)ei(nlxq sin t—mt)e—i(é—kx)w /1—[n1(cos t—H/)]Qe—inl (cost+v)¢ dt

-1 L _
cos (n1 v)

(5.4.56)
Comparing equation (5.4.56) and equation (5.4.44), we get
Oerint=)(¢ ¢, x) = (=1)m0% ™) (¢, —¢, x) (5.4.57)
Substituting n) = cost in equations (5.4.52) and (5.4.53), we obtain
St "V (66 x) =
cos( T+ (5.4.58)
/ Tio (COS t)ei(nlxq sin t+mt)€(§+x)\ /n1 (costfu)Pfleinl (cost—v)¢ dt
0
Comparing equation (5.4.58) and equation (5.4.48)
Sl(lzl)er,int-ﬁ—Z) (é"’ C7 X) — (_1)mS£pIiT,int—1) (57 _g’ X) (5459)

Spermt 2) (5 < X)

/ Tl()(COS t)ei(nlxq sint—l—mt)e(f—&—x)\/[n1(cost—u)]Q—leml(cost—u)C dt (5460)

- 1
cos 1(—;{—1/)
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Using the substitution
t=n—1t
=nm—t=< dt = —dt (5.4.61)
Cos*l(ni1 —v)<t' <0
the equation (5.4.60) can be written as
Swe ™I (E¢x) =
cos™! (i =) (5.4.62)
eimﬂ / T10 (COS t>€i(n1xq sint—mt)e(g—f—x)\ / [n1(cos t—&-u)P—le—inl (cost+v)¢ dt
0
Comparison between equation (5.4.62) and equation (5.4.45) gives
SETmIECx) = (1)"SUTT I E ¢ x) (5:4.63)
The final decomposition of the homogeneous spectrum is
[r(g)er,int) (g’ C7 X) — Or(r;?er,int+) (é-; Cu X) + Sr(fer,int+1) (57 Ca X)
+(=1)"SU I, —¢x)
(5.4.64)
for u > 0 while with u < 0
Ir(rgl;er,mt) (& C, X) _ (_1)n10(_z)§1r,mt+)<€’ _<7 X) + (_1)n15(_p§1r,int+1) (57 _C7 X)
+SETIE ¢ )
(5.4.65)

For the evaluation of homogeneous spectrum of Perturbed Transmitted Cylindrical

Functions, we apply the same technique that has been used in the evaluation of the

homogeneous spectrum of the Perturbed Reflected Cylindrical Functions in Section

2.1.






Chapter 6

Numerical results for Gaussian
surface

In this chapter, numerical results for buried cylinders below a Gaussian rough surface
using the theory presented in chapter 1 and numerical evaluation of the spectral inte-
grals done in chapter 5 are presented. Different scattering scenarios are investigated
for Gaussian beam incidence.

In Section 6.1, scattering from rough surface without any buried object is ad-
dressed. The reflected field from a dielectric and perfectly-conducting rough surface
has been examined, in order to check the consistency of the technique used to take
into account the rough surface scattering. The scattering pattern of a buried object
below a rough surface is presented in Section 6.2. Comparison of the results is per-
formed with the available literature. For all simulations, TM polarization has been
considered. Results have also been simulated for different values of the spot size of

the Gaussian beam at the waist, and radius of the cylinder.
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6.1 Scattering from rough surface

In this Section, scattering from a rough surface without any buried scatterer is consid-
ered. Figure 6.1 shows the scattering cross-section ¢ as a function of scattered angle
6. We use a Gaussian beam as incident field on a perfectly-conducting rough surface.
The parameters used for this simulation are ¢; = 30°, Lo, = 51.27, fnor = 0.77, and
hoor = 0.17. The value of the spot size at the waist is wog = 10, with waist center
in (-20,0). The results reported in [20] are also shown for comparison. They are
obtained in the two cases of MOM solution, developed for a tapered incident field,
and analytical Small Perturbation Method solution for plane-wave incidence. In the
MOM curve, a distinct wave peak in the specular direction can be noted, which is
absent in the other two curves as the results shown in these plots are of incoherent
wave only. The result obtained by numerical solution considering Gaussian beam

incidence are in good agreement with those obtained by MOM and analytical SPM.

50
Or A
S -50 .
S)
-100f f [ Analytical (Plane wave) 1
- =--MOM (Tapered wave)
—— Numerical (Gaussian Beam)
-150 ‘ : ‘
-100 -50 0 50 100

o[°]

Figure 6.1: Comparison of scattering pattern of a PEC surface for Gaussian beam in-
cidence (solid curve) with MOM and analytical Small Perturbation Method solutions
reported in [20], where ¢; = 30°, Lo = 51.27, lpor = 0.7 and hyor = 0.17.
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In figure 6.2, the comparison between scattering pattern of a dielectric rough
surface with different values of refractive index of the lower medium n; and a perfectly-
conducting rough surface shown in figure 6.1 has been performed for a Gaussian beam
incidence with ¢; = 30°, Lyo = 51.27, lnoy = 0.77 and hyo, = 0.17. The value of
spot size at the waist is wo = 10, with waist center in (-20,0). As the permittivity of
the lower medium is increased, the scattering pattern of the dielectric rough surface

approaches to that of perfectly-conducting rough surface.

o [dB]

-100¢

=120t

~140 : ‘ ‘
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0[]

Figure 6.2: Comparison of scattering patterns of a PEC surface and a dielectric rough
surface for ¢; = 30°, Lyor = 51.27, lyor = 0.77 and hyor = 0.17.

6.2 Scattering from buried objects

In this Section, the scattering from a buried object below a Gaussian rough surface
is addressed. A comparison of the scattering cross-section ¢ as a function of the
scattered angle 6 with the one reported in figure 10 in [46] is shown in figure 6.3,
where p; = —60°,n; = 2, n. = 1.5, = 0.327, x = 2.6m, and n = 0. The incident field
with TM polarization has been considered. The value of the normalized correlation

length /,,, = 0.6 has been selected with normalized correlation height h,.. = 0.027.
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The period of the rough surface is L, = 807 . The spot size of the Gaussian beam at
the waist is wo = 40 with center at (-20,0), while the result in [46] are for plane-wave

incidence.

* [46] Kuo and Moghaddam
—CWA

-16 L L L L L L L
100 120 140 160 180 200 220 240 260
8]

Figure 6.3: Comparison of normalized scattering pattern (normalized to its maximum
value) for a Gaussian beam incidence with center in (-20,0) for ny = 2,n. = 1.5, =
0.32m,x = 2.6m,m = 0,lnor = 0.67, hyor = 0.027, Ly, = 80m. The spot size at the
waist is wg = 40.

In figure 6.4, the normalized scattering pattern (normalized to its maximum value)
has been shown for different values of the radius of the cylinder for n; = 2,n. =
1.5, = 0327, x = 2.6m,n = 0, lpor = 0.67, hypor = 0.027, Ly, = 207, and wo = 107.
The Gaussian beam with center in (0,0) is normally incident on the rough surface,
and TM polarization has been considered. Figure 6.5 shows the normalized scattering
pattern (normalized to its maximum value) for different values of wy, the spot size at
the waist of the Gaussian beam, with center in (0,0), for ¢; = 0,71 = 2,n. = 1.5,a =

1,y = 257,10 =0, luor = 0.67, hnor = 0.027, Lyor = 407
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Figure 6.4: Normalized scattering pattern (normalized to its maximum value) for
different values of the radius of the cylinder.
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Figure 6.5: Normalized scattering pattern (normalized to its maximum value) for
different values of wq, the spot size at the waist.






Conclusions

A Cylindrical Wave Approach solution to the scattering of a plane wave by cylindrical
objects under a rough interface has been presented. Small Perturbation Method has
been applied, and suitable reflected and transmitted cylindrical functions dealing
with surface perturbations have been introduced. The case of perfectly-conducting
or dielectric scatterers can be considered, with a radius at a distance satisfying the

limits of validity of Small Perturbation Method.

The numerical implementation has been performed in a Fortran code which can
deal both with TM and TE polarization states. It has been obtained through an
accurate evaluation of the spectral integrals relevant to the cylindrical functions, thus

giving results for both near- and far-field regions.

First, scattering from a buried object beneath a one dimensional rough surface
with sinusoidal profile has been considered. Comparisons with results available in the
literature for a rough surface with sinusoidal profile have been performed, showing
a very good agreement. The case of a single cylinder has been addressed to observe
the effect of different values of the radius and permittivity of the cylinder. Period
of the sinusoidal surface has been changed to simulate different scenarios and the
scattering pattern is compared with the one obtained for flat interface. It is inferred
from the results that the scattering pattern of a buried object below a rough surface is
only different from the flat surface for a limited values of the period of the sinusoidal

surface. Asymptotic solution of the scattered-transmitted field has also been obtained.

The work has been extended to deal with scattering of a plane wave by NV cylinders

under a rough interface through the Cylindrical Wave Approach combined with the
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Small Perturbation Method. A set of perfectly-conducting or dielectric scatterers
has been considered. In the numerical results, arrangements of cylinders providing
self-consistency checks have been presented, and the possibility to simulate scatterers
with non-circular cross-section has also been described.

Finally, scattering from a buried object beneath a periodic rough surface with
Gaussian roughness spectrum has been considered. For a Gaussian rough surface, a
two dimensional Gaussian beam has been used as an incident field to limit the amount
of reflected energy, which is required for the detection of the object. To validate the
theory, the comparison has been performed with results available in the literature
for a Gaussian rough surface. Results has been presented for different values of the
spot size at the waist of the Gaussian beam and correlation length of the Gaussian
rough surface. The size of the object has also been increased to see the change in the
scattering cross-section when the Gaussian beam is incident normally on the rough
surface.

The presence of surface irregularities may be an obstacle in both the operational
use of Ground Penetrating Radar equipment and scattering detection. This work is a
first contribution to the possibility of getting a solution to direct scattering in many
Ground Penetrating Radar applications.

Future works may regard the case of electromagnetic scattering by N cylinders in
a layered medium with rough interfaces using Cylindrical Wave Approach. The rough
perturbation can be dealt with by means of Extended Boundary Conditions to over-
come the problem of small roughness limit imposed by Small Perturbation Method.
Analysis can also be done for a buried object in a lossy media. The development of
the inversion algorithms for buried objects may be done in an efficient manner using

Cylindrical Wave Approach for rough surface.
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