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I N T R O D U C T I O N

The coming of quantum mechanics in the last century has repre-
sented one of the biggest revolutions of Physics and technology
thereafter. The exploitation of quantum discoveries for the radical
amelioration of currently technology provides one of the tantalis-
ing challenges of our time, in response to the Moore’s law that can-
not escape from the bounds of the quantum reality itself. Citing
the Quantum Manifesto: "previously untapped aspects of quantum
theory are ready to be used as a resource in technologies with far-
reaching applications, including secure communication networks,
sensitive sensors for biomedical imaging and fundamentally new
paradigms of computation".
Since light is increasely becoming a valuable carrier for modern
communication, the upgrade to its quantum counterpart, quantum
optics, seems to be in the same way one of the better proposal to
implement in the future quantum technology. Going down this
road in last decade many photon-based approaches have been at-
tempted, with the deployment of single photons in order to transfer
all the basic elements of quantum communication in the optical
language. However, this new perspective of quantum technology
needs also solid supports, assuring the efficiency and control of
photonic devices, such as single-photon sources.

In this thesis I examined the possibility of assessing frequency cor-
relations occurring in a probabilistic two-photon generation event,
the parametric down-conversion, through the use of quantum metro-
logical approach. In order to well understand the current tech-
niques for identification and measurement of spectral entangle-
ment, a first exploration has been performed with pulse-shaping
strategy through the use of spectral resolutive instruments. How-
ever, for nearly continuous wave pump light, things become quite
more demanding, in terms of frequency resolution.
Hence the needs of using quantum metrology schemes in order
to find those methods aiming at circumvent such issue. After the

xix



xx introduction

comprehension of the opportunities provided by the multi param-
eter estimation approach on the characterisation of dispersive ma-
terials, a combination of metrological techniques, proofing that it
constitutes a valuable tool in order to solve the spectral correlation
assessment, even in future developments.
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S I N G L E - P H O T O N T E C H N O L O G I E S

— Also sprach Zarathustra, R. Strauss

1.1 introduction

Since 1900, when Max Planck laid the foundations of the quantum
theory of light [1], the exploitation of radiation for quantum exper-
iments has been widely investigated both in the research world
and subsequently for the implementation of novel technologies.
The notion of quantum nature of light has been firstly approached
by Philipp Lenard in 1902, who linked the frequency of light and
the energy of electrons emitted by gases ionisation experiment [2],
apparently in opposition with the Maxwell wave theory which
predicts that the electron energy would be proportional with the
light intensity. This idea was then pioneered by Albert Einstein [3],
that introduced the concept of energy discretisation nature of elec-
tromagnetic energy, which can be decomposed on integer multi-
ples of the fundamental quantum energy, equal to the frequency of
light multiplied by the Planck’s constant. So that, the Einstein de-
scription of photo-electric experiment, started the innovative view,
unexplored up to that time, of the so-called dualism nature of elec-
tromagnetic radiation, that is corpuscular and wave-like at the
same time.

After a formal quantisation of the electromagnetic field performed

1



2 single-photon technologies

by Dirac [4], who showed that the wave-like properties of light
field can be conjugated with the concepts of creation and destruc-
tion of photons, many works explored the quantum nature of
light, e.g. Brown-Twiss interferometer [5], permitting to describe
the matter-radiation interaction first with semiclassical theory while
subsequently with full quantum theory, after the invention of laser
by Maiman [6]. Over the years, interferometry plays a key role for
the investigation of the first excited state of the quantised radia-
tion field which contains only one quantum of energy [7–9]: the
single photon. Indeed, the observation of the antibunching property
of light appears right away a phenomenon that is truly due to the
quantum mechanical nature of radiation. In turn, the discovery
of single photon states has led to the fundamental task of how to
generate them. Many approaches have been explored, e.g. quantum
dots constituting nearly on-demand single photon sources [10–12],
or heralded photon pair sources, based for example on parametric
down-conversion (PDC) process [13–16], as well as attenuated light
beams [17–19], used for many applications in quantum communica-
tion until today, like quantum key distribution protocols. However,
heralded photon pair phenomenons suffer from the issue due to
the nature of generation process itself, explored for the first time
looking at interference in the Hong-Ou-Mandel (HOM) arrange-
ment [8]: the photon indistinguishability. While path and polari-
sation problem of non-distinguishability has been accomplished
easily by the use of linear optics, spectral correlations between PDC-
photons, caused by energy and momentum conservation laws, re-
sults to be more challenging [20–25].

In this Chapter I will summarise the state of art relating to this
question, exploring the physics behind the generation of such fre-
quency correlations. First, there is a brief overview on main con-
cepts behind the quantum mechanics formalisation. After that, it
is reported the differences between single photon states compared
to the other states of light in terms of their statistics before a short
outline of the major techniques for single photon generation. At
the end, it is being addressed the spectral correlation problem and
some proposals for its resolution.
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1.2 quantum optics

Dirac formalism for the quantisation picture of light represented
a turning point for the exploitation of quantum properties of pho-
tons for information and communication purposes. The traditional
approach to quantum formalism can be performed due to the pos-
sibility of identify the electro-magnetic radiation by coordinates
and quantum momenta. Without exploring all the proof steps, it
is possible to assert that, starting from the classical mechanics for
Maxwell equations, the electro-magnetic field can be associated
to a collection of independent harmonic oscillators, each one asso-
ciated to a certain mode corresponding to a wave vector k and
polarisation direction λ = 1, 2 [26].

Due to this oscillator representation, it is possible to quantised
the radiation field by looking at the well-known quantum expres-
sion of harmonic oscillator Hamiltonian with a given frequency ω,
considering firstly a single mode excitation,

Ĥ =  hω

(
â†â+

1

2

)
, (1)

where  h = h/2π and h is the original Planck constant.
In the Eq.1 we introduced the operators â† and â which are called,
respectively, the creation and destruction operators for the harmonic
oscillator which possess the commutation property,

[â, â†] = ââ† − â†â = 1, (2)

The "role" of these operators is simple but efficient to under-
stand. Let |n〉 be an energy eigenstate of the hamiltonian Ĥ, called
number state or Fock state, with eigenvalue En as the amount of en-
ergy of the n-th level, so that

Ĥ|n〉 =  hω

(
â†â+

1

2

)
|n〉 = En|n〉. (3)

It is easy to demonstrate [26] that the action of â† and â on
the state |n〉 provokes an increase or decrease of the energy level,
respectively. In fact, we note that
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â†|n〉 =
√
n+ 1|n+ 1〉, (4)

with a new energy En+1 = En +  hω for the creator operator,
while

â|n〉 =
√
n|n− 1〉, (5)

with energy En−1 = En −  hω for the destruction operator.
These properties highlight the fundamental concept behind quan-
tum theory of light. As we can see from the Hamiltonian in Eq.1
and from â† and â properties, the electromagnetic field can as-
sume only discrete values of energy, whose lowest value is known
as quantum vacuum energy or zero-point energy of such an oscillator
(E0 = 1/2( hω)), and the first level of excitation differ from the
vacuum by a  hω amount of energy, that is also the basic quanta
of light field, the photon. One can assert that creation and destruc-
tion operators can be utilised for those processes where there is
a radiative emission or absorption by atoms or matter in general.
It is possible to define the action of â† as a representation of the
physical occurrence where a photon is generated with energy  hω;
vice versa, â acting on a n-photon state, constitutes the destruc-
tion one photon from the system, absorbing a  hω unit of energy.

Thus, quantum description of photon emission and absorption
has been considered to act as a quantum cavity with the excita-
tion of discrete values of energy on a fixed mode. However, it
is possible to extend such representation, looking at those cases
where more than one different modes can be excited from the
cavity. So that, the electromagnetic field is quantised by the asso-
ciation of quantum harmonic oscillator considering each mode kλ
excited in the quantisation cavity, leading to the more complete
destruction and creation operator expressions,

âkλ|nkλ〉 =
√
nkλ|nkλ − 1〉,

â
†
kλ|nkλ〉 =

√
nkλ + 1|nkλ + 1〉,

(6)

that now can be interpreted as the absorption and emission, re-
spectively, of one photon of energy  hωk in mode kλ. The different
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cavity modes are independent, so that the commutation relation
described in Eq.2 can be generalised as,

[âkλ, â
†
k ′λ ′] = δk,k ′δλ,λ ′ . (7)

In conclusion, it is possible to excite L radiation modes, and
all these result to be independent from each other, leading to a
more general description of total field quantum state, that can be
written as a product as a product of individual mode states,

|nk11,nk12,nk21, . . . ,nkl2〉 =
L⊗
i=1

2⊗
λj=1

|nkiλj〉. (8)

By defining the operations that cause absorption or emission
of photons in such way, we are assuming that the light beams
are time-independent, omitting all the possible time evolutions
that can occurs during generation, detection or interactions. In
fact, all real light beams do not continue for ever, but rather they
exhibit time variations on time scales comparable to the observa-
tion times in many practical experiments. In particular, it often
happens that quantum light is generated in the form of short op-
tical pulses, affecting the spectra shape which covers an extended
range of frequencies instead of being monochromatic. Such sce-
nario requires a representation that taken into account the excita-
tion of an infinite range of modes of the optical system. Moreover,
the quantisation of electromagnetic field embracing this extension
can be performed by a set of modes characterised by a continuous
wavevector, leading to the continuous-mode description of quantum
theory of light, and permitting to move from the sum of all possi-
ble modes

∑
k to the integral 1/∆ω

∫
dω, choosing the frequency

continuous variable ω instead of wavevector k.

In this depiction, we need to extend the definition of number
states mentioned before, now bearing in mind that a photon state
must have the form of a pulse, or a succession of pulses, with
energy and intensity spreaded over the infinite propagation axis,
or analogously over the time axis. So that, it is convenient to de-
scribed single and multiple photon states with their spectral am-
plitude function ξ(ω) satisfying the normalisation conditions,
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∫
dω|ξ(ω)|2 =

∫
dt|ξ(t)|2 = 1, (9)

that is valid both for the frequency and time domain, by Fourier
transformation.
Under this conditions, assuming parallel beams with plane wave-
fronts and single polarisation, the destruction and creation opera-
tors, âk and â†k, now do not represent the absorption or emission
of a single-mode photon state but a photon wavepacket, defined as,

â
†
ξ =

∫
dωξ(ω)â†(ω) =

∫
dtξ(t)â†(t),

âξ =

∫
dωξ(ω)â(ω) =

∫
dtξ(t)â(t),

(10)

where we introduced the continuous-mode creation and de-
struction operators at frequency ω, â(ω) and â†(ω).
As a result, the number states formulation evolves in their continuous-
mode counterpart defined as,

|nξ〉 =
√
n!
(
â
†
ξ

)n
|0〉, (11)

where |0〉 is the continuous-mode vacuum state.
Thanks to the wavepacket representation, it is possible to antici-
pate that spectral correlations play a central role for the determi-
nation of single-photon states, thing that will become much more
clear afterwards, with the introduction of auto-correlation func-
tion, which will define the statistics of the light.

1.2.1 Quantum information

Treating photons as quantum entities has given rise the suggestion
of their utilisation as attractive tools for the realisation of optical
devices capable to exploit their quantum properties. Furthermore
the coming of quantum information theory in early 1980s has sped
up the investigation of photonics platforms in order to support
the large amount of protocols produced by this novel studies.
Such theory started in 1982, when Richard Feynman raised the
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issue that there seemed to be some fundamental difficulties while
simulating physical systems subjected to the quantum mechan-
ics by the use of classical computers [27]. As a possible answer
he suggested that building quantum computers would allow us to
avoid those difficulties. This idea has given rise to a whole new
branch of science, i.e. quantum information, that combines the
well-established concepts of classical information theory with the
laws governing the quantum world. With the advent of quantum
information, new notions as superposition and entanglement have
been introduced, near to some remarkable challenging algorithms,
like the problem of finding the prime factors of an integer, discov-
ered by Shor in 1994 [28, 29] or the problem of conducting a search
through some unstructured search space, solved by Grover in 1996

[30].

The hearth of quantum information holds in the extension of the
unit of classical information and classical computation, the bit, in
its quantum counterpart, the quantum bit or qubit. It can be de-
scribed generally as a superposition vector |ψ〉 ∈ H living in the
Hilbert space H [31],

|ψ〉 = α|0〉+β|1〉, (12)

where {|0〉, |1〉} constitutes quantum logical basis, and where α
and β are complex numbers such that |α|2 + |β|2 = 1.
With the introduction of qbits, we can exploit them in order to
describe quantum systems whose state is not completely known.
When such state evolves stochastically, at a given moment it can
be represented by an ensemble of pure states {pi, |ψi〉}, where pi is
the probability of the system being in the particular pure state |ψi〉
(
∑
i pi = 1). So that, a density matrix operator can be associated to

such ensemble by the expression,

ρ =
∑
i

pi|ψi〉〈ψi|, (13)

that satisfied three fundamental conditions:

• Hermitian condition (ρ = ρ†).
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• Unitary trace condition (Tr[ρ] = 1).

• Positivity condition (〈ϕ|ρ|ϕ〉 > 0, ∀|ϕ〉 ∈H).

The density operator approach, represented as a probabilistic mix-
ture of pure states, constitutes a suitable tool capable to discrimi-
nate pure states, satisfying the Tr[ρ2] = 1 condition, against mixed
states, having the Tr[ρ2] < 1 condition, that describe a mixture of
different pure states.

Another advantage due to the use of density matrices involves
in the possibility of practical description of large dimensionality
quantum systems, i.e. quantum composite systems. Such states, liv-
ing in the tensor product of the Hilbert spaces of the component
physical systems, are associated to the density matrix, which is
express in the form ρN = ⊗Nn=1ρ(n), where ρ(n) denotes the single-
particle density matrix. Within the expansion of Hilbert space di-
mension, single states constituting the composite system, could be
strongly correlated each other, giving rise to the unique quantum
property called entanglement. Taking into account the form of com-
posite density matrix, an ensemble of quantum state is defined en-
tangled, or non separable, if it cannot be mathematically written
as a sum of pure product states ρN =

∑
i pi ⊗Nn=1 ρ(n), where pi-s

are the probabilities of the product states, with
∑
i |pi|

2 = 1 [32].

1.3 single photons : how can we discriminate them?

We introduced the quantum perspective on light, identified it with
discrete blocks of energy called photons. However, radiation de-
tection results to be a more demanding procedure than one might
think. To clarify this point, the challenge does not comprise only
the nature of photodetection devices that, however, cover an im-
portant function for the measurement procedure. Even using an
ideal photomultiplier, capable to discriminate every single photon
that irradiate its collective mask, the character of the light beam
lies in the intrinsic photon statistics of the radiation itself, whose
fluctuations change significantly according to the stream of pho-
ton bunch we collect.
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The first approach to energy statistics from the electromagnetic
radiation was discussed by Wilhelm Wien before the intervention
of Planck in 1901 [33], which completed and formalised the pre-
vious conjecture leading to the famous Planck law of black-body
radiation. Considering a single radiation mode within the cavity
at angular frequency ω and at a temperature T , the probability of
finding n photons, emitted by a hot body, called thermal light, can
be expressed as

Pth(n) =
exp(−n  hω/kBT)∑∞
n exp(−n  hω/kBT)

, (14)

where kB is the Boltzmann constant. For our purposes, it is con-
venient to describe the distribution in Eq.14 in terms of the mean
photon number,

〈n〉 = 1

exp( hω/kBT) − 1
, (15)

which reads as,

Pth(n) =
1

〈n〉+ 1

(
〈n〉
〈n〉+ 1

)
, (16)

which is the so-called Bose-Einstein distribution.
From this depiction, some consideration may be addressed by
looking at the broadness of such distribution, which relies on its
variance,

(
∆n
)2
th

=

∞∑
n

(n− 〈n〉)2Pth(n) = 〈n〉+ 〈n〉2, (17)

that is considerably larger than the one for Poissonian distribution
(identified by the relation

(
∆n
)2
P
= 〈n〉 ), falling in the category of

the so-called super-Poissonian statistics of light, that holds all the
distributions whose variances are larger than their mean values.
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1.3.1 Photon statistics from g(2) measurement

The exploration of the black-body radiation case leads to the deter-
mination of a meaningful tool which establishes the statistics na-
ture of light beam by examining photon number fluctuations. As
we noticed, thermal radiation determines the very chaotic nature
of light, because of its huge width-scale with the number of pho-
tons, i.e. the light intensity, compared to the Poissonian behavior.
In general, the valuation of light statistics allows us to determine
the degree of bunching of a stream of photons and their correla-
tions.
Thus, the intensity-fluctuation test requires an appropriate mea-
surement able to sense the correlations of certain radiation field.
Such method can be found on the interferometric proposal by
Hanbury Brown and Twiss [5], which express the correlation of
two optical intensities in terms of second-order coherence. Despite
the simple experimental scheme, consisting of symmetrical 50:50
beam splitter and a coincidence detection at its outputs, it ac-
counts a valuable strategy for photon-nature discrimination while
testing an unknown light source, by calculating the probability
distribution of the output photon pair with time intervals τ. For a
low photon flux and a relatively short coherence time, such prob-
ability distribution is a good approximation of the degree of second-
order temporal coherence, g(2)(τ), also known as auto-correlation func-
tion and defined as,

g(2)(τ = 0) =

〈
â†â†ââ

〉
〈â†â〉2

, (18)

for a zero-delay interval τ = 0. For sake of simplicity we now
utilise the single-mode formalism, while the extension to the multi-
mode one implies only some considerations on the spectral shape
of light beam, leading to the same conclusions revealed below.
By observing the Eq.18, one can note that some actions on the
light beam intensity, as attenuation or boosting, does not affect the
auto-correlation function, that is, however, strictly linked to the
statistic nature of the light beam. Indeed, recalling the destruction
and creation operators commutation property in Eq.2, and intro-
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ducing the number operator n̂ = â†â, the g(2)(0) function can be
expressed as,

g(2)(0) =

〈
n̂(n̂− 1)

〉
〈n̂〉2

= 1+

(
∆n
)2

− 〈n̂〉
〈n̂〉2

, (19)

where the photon number variance is defined as (∆n
)2

= 〈n̂2〉−
〈n̂〉2. Thus, in the auto-correlation function they appeared the
main quantities which define a light statistics distribution, the
number of photons mean value and their variance.
Having already investigated the statistics properties of chaotic
light, we now focusing the other two states of light and their statis-
tics: coherent states and number states. The first one falls under the
category of classical electromagnetic radiation, but having a fixed
phase. Such states include the well-known laser emission, that pre-
serves the above mentioned properties as well as a constant flux of
photons and lack of intensity fluctuations. In quantum formalism,
it is often denoted by |α〉. Without exploring all the mathemat-
ics behind the demonstration, coherent states presents a variance
(∆n

)2
P
= 〈n̂〉, that is linked linearly with the mean photon number,

which is a peculiarity of Poisson statistics. Indeed, the probability
of finding n photons in the mode is expressed by the Poissonian
distribution,

Pcoh(n) = |〈n|α〉|2 = e−〈n̂〉 〈n̂〉
n

n!
. (20)

The consequent auto-correlation function for coherent light beams
can be calculated and results to be g(2)coh(0) = 1; somehow, such
value is representative of a cut-off line that separates classical light
statistics from non-classical ones, due to the high neatness nature of
coherent states, despite being classical. Indeed all the light statis-
tics having (∆n

)2
< 〈n̂〉, called sub-Poissonian, are considered even

more stable than the coherent case, exhibiting a narrower photon
number distribution, that in several cases can be considered Dirac
delta-like number of photons distribution. This phenomenon is
a marker of purely quantum optical effect, namely photon anti-
bunching.
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Using statistics dictionary, this implies that there is no uncertainty
in the photon number, whose variance therefore vanishes, (∆n

)2
=

0; so that, the expectation value of the photon number is simply
〈n̂〉 = n, and the degree of second-order coherence follows triv-
ially from Eq.19,

g
(2)
num(0) = 1−

1

n
. (21)

Looking at this the g(2)num(0), it is easy to notice that if the light
source emits purely with a single-photon statistics, n = 1, it van-
ishes. Such outcome turns out to be intuitive considering the auto-
correlation experimental Brown-Twiss interferometer explained be-
fore; in fact, imagining a single photon as an indivisible particle,
it can be not splitted while interacting with the beam-splitter, so
that it can only get out on one of the two output side, provoking
a lack of coincidence rate, i.e. g(2)num(0) = 0.

1.4 single photon sources

We observed that from a g(2)(0) measurement it is possible to es-
tablish the intrinsic statistics of light. Such statistics may occur as
a completely chaotic way, with thermal states, as a coherent wave,
or in a purely quantum status, which is accurately determined by
a n-photon system. Ideally, a single-photon source should produce
a single photon at any arbitrary time defined by the user, where
the probability of emitting a single photon is 100%, meanwhile the
probability of multiple-photon emission is 0%, with a correspond-
ing indistinguishable photon emission, and a repetition rate that
is arbitrarily fast (limited only by the temporal duration of the
single-photon pulses, perhaps). Thus we are dealing with the so-
called deterministic or "on-demand" source.

However, the concept of generating single-photon wavepackets
whose leading-edge time can be chosen at will has been devel-
oped only in the beginning of 2000s by Lounis and Moerner ex-
ploiting single-molecule emission [34]. Indeed most of on-demand
sources can be grouped together in the so-called "single-emitter"
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category, that is characterised be the two-level emission scheme:
due to the radiation-matter interaction, such systems are able to
emit single quanta of light by exciting, with an external control
radiation, a system which has an atomic-like hamiltonian that can
be described as discrete transition, whose falling from the excita-
tion level to the ground state create a single photon with an energy
Egap =  hω equal to the two-level gap.
This category includes a large variety of systems: from single atoms
[35–37], which are designed to work in the strong-coupling regime
of cavity quantum electrodynamics, where the single photon pro-
foundly impacts the dynamics of the atom-cavity system and the
optical cavity greatly enhances single-photon emission into a sin-
gle spatial mode with a Gaussian transverse profile, to single molecules
[38–41] and single ions [42–44], that exploited the vibrational en-
ergy level system and having a Λ-type energy-level configuration
(i.e., with two ground states and one excited state) respectively.
Deterministic sources can be found also in more complex struc-
tures of matters, as semiconductor quantum dots [45–47], created by
self-assembling process forming tiny islands of smaller-band-gap
semiconductor embedded in a larger-band-gap semiconductor, or
color centers [48, 49], that exploit for example the optical transition
of nitrogen-vacancy, formed by a substitutional nitrogen atom and
a vacancy at an adjacent lattice position in diamond.

1.4.1 Parametric down-conversion

Before the coming of deterministic sources, the concept of single-
photon radiation has been already discussed and experimentally
observed by another class of light beam emissions: heralded or prob-
abilistic single-photon sources. These sources are based on photon-
pair emission which is probabilistic; as suggested from the name,
the leading-edge time of single-photon wavepackets is known by
the observation of the other photon of a pair, that in modern quan-
tum optics language is said that heralds the emission of the first
one. Originally performed for the experimental demonstration of
non-locality with a Bell’s test, Freedman and Clauser developed the
first prototype of single photon-pair source with an atomic cascade
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of calcium [50]. Widely studied and improved over time [9, 51],
heralded single-photon sources established themselves with the
discovery of photon-entanglement property exploiting parametric
down-conversion (PDC) [14, 52].
The overall process is sketched in Fig.1: a strong pump light field
is propagating through a medium possessing a χ(2) nonlinearity.
During this interaction one of the pump photons decays into a
photon pair, where we label the individual photons signal and
idler. One of the two photons is subsequently detected to herald
the presence of its partner, the signal photon, effectively generat-
ing a source of heralded single photons.

Figure 1: Parametric down-conversion generation of single-photon pair
scheme.

Such phenomenon takes also the name of three-wave mixing, and
it is allowed while the energy conservation is verified, i.e. the fre-
quencies match,

ωp = ωs +ωi, (22)

as well as the momentum is conserved in the non-linear crystal,
i.e. phase-matching condition,

kp = ks + ki, (23)

as shown schematically in Fig.2.
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Figure 2: Energy conservation and phase-matching condition scheme in
a degenerate parametric down-conversion process.

Due to the dispersion laws, isotropic crystals have not the nec-
essary requirements for the PDC-generation; otherwise, the para-
metric conversion is allowed for the anisotropic materials, in which
fields with different polarizations experience different refractive
indices [53]. For uniaxial crystals, PDC-emission occurs by exploit-
ing the birefringence nature of the bulk source, i.e. the difference
of refractive indices between the crystal optical axis and one of
its orthogonal, by knowing the dispersion relations of these crys-
tals, which is the exact wavelength and temperature dependence
of the refractive indices, usually available in the form of empirical
Sellmeier equations; the plane containing the optical axis and the
pump wave vector is called the principal plane, and we denote a
light beam polarized orthogonally to that plane the ordinary (o)
and the beam polarized within that plane the extraordinary (e)
beam. Uniaxial crystals are widely used in quantum optics and
the peculiarity relies on their two possible phase-matching types:
type-I phase matching is possible for an extraordinary pump split-
ting into two ordinary PDC photons, e→ o+o, while type-II PDC
can be achieved for e→ o+ e.
This is the case of bulk crystals, that are still the main system of
choice for the generation of multi-photon states in pulsed-pump
PDC; however, low brightness due to the transversal walk-off con-
stitutes an impediment restricting the useful length of a bulk crys-
tal and thus limiting the photon-pair yield. So that, other ap-
proaches have been investigated: it is the case of periodically-poled
crystals, based on quasi phase-matching, the simplest form of which
is a periodically alternating orientation of the crystal domain, caus-
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ing a consistent intensity growth of generated photon-pair that
propagates collinearly through the crystal.

1.5 the correlation challenge

The high advantage of using on-demand sources is that of pro-
viding a single photon state at a chosen time. However, the ex-
perimental implementation presents very challenging issues. The
main one is the stability: the atomic-like systems described above
are very sensitive to thermal fluctuations and some of them have
the very first energy levels easily occupied even at very low tem-
peratures (few Kelvin degrees). These compromise the purity of
single-photon emission, as well as not well-defined energies due
to the boundary conditions, e.g. the structure of the semiconduc-
tor cavity for quantum dots [12, 54]. Another example of difficulty
is the hardness of collecting single-photon radiation emitted from
single molecules or single ions, giving rise to the creation and im-
plementation of complex structures in order to reduce the loss due
to the radial emission [55].

In this scenario, PDC sources acting as a very suitable strategy for
single-photon generation, even at room temperature, and having a
very accurate directional emission due to the phase-matching con-
dition; thus the combination of momentum and energy conserva-
tion should assure the goodness of photon-pair emission, without
caring about the above mentioned obstacles. However, during the
definition of PDC generation we just assumed that the three-wave
interference occurs for monochromatic light beams; this means
that the unique spectral relation between the two-emitted single
photons relies on the frequency relation we observed in Eq.22.
Such assumption in a real scenario is difficult to achieve, due to
the broad spectrum of the pump laser that is in many cases un-
avoidable even being narrowed. While such a pump irradiates a
PDC source, all its monochromatic components are affected both
by the energy conservation and phase-matching constrains; espe-
cially the last condition is connected directly to the dispersive
properties of the PDC-crystal which has a different response de-
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pending on the color of light. This produce a photon-pair whose
spectral shapes could generally be entangled: imagining the PDC-
generation as an optical quantum cavity, this occurrence can be
consider as well as a multitude of pairs of single emitters, each one
generating its own temporal/spectral mode. The results is a pro-
duction of heralded photons which have an highly multi-mode na-
ture, generally with numerous and highly correlated modes [56–
58]. Diverse approaches can be performed in order to reduce the
number of modes, and consequently the degree of spectral cor-
relation, such as choosing a nonlinear medium with the correct
dispersion characteristics, or with a proper filter on the photon-
pair or even by shaping the pump pulses that caused the down-
conversion, as we will observe later in this work.
So that, the detection of spectral multi-mode states on PDC events
become fundamental for the establishment of frequency-entanglement,
and it can be efficiently performed by determining the joint spec-
tral amplitude (JSA), i.e. the joint probability for a spectral mea-
surement of the two photons. However, such measurement re-
quires the implementation of frequency-resolved coincidence de-
tection, with an unavoidable trade-off between spectral resolution
and counting rate in any given frequency bin, which might be an
hard challenge, experimentally. For this reason, alternative suit-
able methods should be explored, trying to avoid the implemen-
tation hardness described above; for example, it is demonstrated
that the Hong-Ou-Mandel interference is sensitive to spectral cor-
relations, so that looking at its characteristic dip, one can extrap-
olate some information about the spectral structure of the two-
photon state, even if not complete because of its independence
from the spectral phase [20].

However, other ways may be explored in order to solve this chal-
lenge, in order to characterise the frequency entanglement by ex-
ploiting some particular spectral interactions; some of them has
been investigated later in this manuscript, where we combine the
strong correlation between spectrum and dispersion with a valu-
able tool for the improvement of measurement accuracy, the quan-
tum metrology. In such case, multi-parameter approach helps us to
extract the required amount of information on spectral correlation,
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by looking at the dispersion cancellation phenomenon, that reduce
the encountered noise due to spectral relation of the photon-pair
emitted by a PDC source.



2
H E R A L D E D G E N E R AT I O N O F H I G H - P U R I T Y
U LT R A S H O RT S I N G L E P H O T O N S I N
P R O G R A M M A B L E T E M P O R A L S H A P E S

"Merely by existing and evolving in time - by existing -
Any physical system registers information, and by evolving

In time it transforms or processes that information."
— The computational universe, S. Lloyd

2.1 introduction

As discussed in the previous Chapter, sources based on PDC have
granted a simple solution to heralded single-photon generation
used for decades for the implementation of efficient photonics
platform for quantum information and communication purposes.
Furthermore, the occurrence of spectral correlation and its impact
has been also mentioned; the characterisation of single-photon de-
vices and their efficiency passes through the study and control of
frequency entanglement. A complete engineering of such sources
relies on the two above mentioned conservation laws governing the
PDC-sources, which relates the energies and wave-vectors of gen-
erated photon-pairs with the ones of the intense pump beam of
light that starts the parametric conversion process. Many works
explored diverse techniques in order to enhance the photon distin-
guishability by HOM interference [59] and a more efficient source-
brightness [60, 61].
One of most challenging studies on last decades provides for the
investigation of spectral correlations occurring for the photon-pair
generated by PDC sources. Despite this phenomenon usually rep-
resents a side effect, which prevents the photon purity and in-
distinguishability, essential requirements for efficient protocol ap-
plications in quantum computation and communication [62, 63],
recently it has been shown that it can be exploited for a large

19
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amount of profitable utilisation, e.g. quantum logical basis encod-
ing exploiting temporal modes of single photon states [64–66].

In this Thesis, we explore the possibility of handle the spectral
wave-functions of single photons generated by a PDC source im-
plemented with a in-house fabricated waveguides, in order to pro-
duce a well-controlled phase-matching function with a tailored
dispersion, using a shape apparatus which produces pump pulses
with arbitrary spectral phase, in order to assure an improvement
to nearly pure single photon states by reducing the presence of
frequency entanglement.

2.2 temporal modes

In quantum information processing within photonics platform,
the polarisation degree of freedom (DOF) provides the most widely
applied one for many years, permitting to simulate experimen-
tally a large amount of quantum protocols and algorithms, due
to the facility of management by means of using of linear optical
elements, such as beam splitters, wave plates and detectors. An-
other DOF explored recently is the orbital-angular-momentum state
of light, which has been exploited as a useful basis for encoding
information even though the difficult match with existing single-
mode fiber networks.

During the last decades the energy, i.e. frequency, DOF has been
exploited for several experiments, which has been used as re-
source for quantum information science, capable to constitute a
suitable tool as a logical basis encoding system as well as an ade-
quate scheme for improving the quality of single photon sources.
Because time and frequency are conjugate variables one can de-
fine a set of overlapping but orthogonal broadband wave-packet
modes by the name temporal modes (TMs). For coherent beams of
light or single-transverse mode guided wave geometry, it has been
demonstrated that TMs form a complete basis which constitutes an
arbitrary state in the energy degree of freedom [67]; so that, for a
fixed polarisation and transverse field distribution, the quantum
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state of a single photon can be defined as a coherent superposition
of single-photon states in different monochromatic modes [62],

|Aj〉 =
1

2π

∫
dωfj(ω)â†(ω)|0〉, (24)

where we sum for all the continuum spectrum. In Eq.24 we
introduced the operator â†(ωi), which creates a monochromatic
wave packet at frequency ωi, and fj(ω) that is complex spectral
amplitude of the wave packet.
On the time "point of view", it is possible to express the same state
a coherent superposition over many "creation times", by the use
of Fourier transform,

|Aj〉 =
∫

dt f̃j(t)â†(t)|0〉 ≡ Â†j |0〉, (25)

where f̃j(t) is the temporal shape of the wave packet and where
we use the definitions,

â†(ω) =

∫
dt eiωtâ†(t),

â†(t) =
1

2π

∫
dωe−iωtâ†(ω).

(26)

In this representation, we establish a new creation operator Â†j ,
which creates the wave-packet state |Aj〉 from the vacuum |0〉.
An example of TM basis consists of the family of Hermite-Gauss
functions of frequency, that can be usually associated to the quan-
tum logical basis {|0〉, |1〉, . . . , |d〉}, forming a carrier of information
in a d-dimensional Hilbert space, called qudit. Generally, one can
express a wave packet of single-photon quantum state |Ψ〉 as a
superposition in a basis of TMs,

|Ψ〉 =
∞∑
j

cjÂ
†
j |0〉, (27)

where cj are complex-value coefficients.
In order to fulfill the over mentioned matching between TMs and
the quantum logical basis, the elements of TM basis are orthogo-
nal with respect to a frequency and time integral,
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1

2π

∫
dωf∗j (ω)fk(ω) =

∫
dt f̃∗j (t)f̃k(t) = δjk (28)

2.2.1 TMs on PDC processes

We now discuss the TMs structures of three wave mixing PDC
phenomenon, where a pump laser horizontally polarised generates
two photons that we identify as signal (horizontal polarisation)
and idler (vertical polarisation); in particular the state of type-II
PDC process describing the generated signal and a idler photon
at frequency ωs and ωi respectively reads,

|ΨPDC〉 =
∫

dωsdωif(ωs,ωi)â
†
H(ωs)â

†
V(ωi)|0〉H|0〉V , (29)

where â†H(ωs) and â†V(ωi) are the creation operators of signal
and idler photons at horizontal (H) and vertical (V) polarisation.
The function f(ωs,ωi) in Eq. 29 establishes the so-called joint-
spectral amplitude (JSA) function that is defined as

f(ωs,ωi) = α(ωs,ωi)φ(ωs,ωi), (30)

where α(ωs,ωi) is the pump distribution, which includes the en-
ergy conservation condition and the spectrum of the pump pulses,
and φ(ωs,ωi) is the phase-matching function. As mentioned before,
φ(ωs,ωi) sets the achievable relation between the pump pulses
and the generated signal and idler photons accordingly to the mo-
mentum conservation law in Eq.23, and depends strongly to the
physical properties of the material, such as dispersion.
In principle f(ωs,ωi) depends to the propagation direction of the
generated photon-pair; here we assume that idler and signal pho-
tons propagate collinearly, permitting us to suppress the direction
labels on the Eq.30. The pump distribution depends strictly to the
frequency shape of the pump pulses in use for the PDC gener-
ation, while the phase-matching function is related to the group
velocity the two photons encounters by arranging the crystal dis-
persion. The handling of the first function is the typical approach
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which holds the 4-f line set-up that permits to control the spectral
shape of pump laser; since the φ(ωs,ωi) is correlated to the nature
of the device used as PDC-source, in particular to the ordinary
and extraordinary refractive indices of the medium, it requires an
accurate engineering on the growth process of such crystals. A re-
cent experimental approach provides for the possibility of using
periodically-poled crystals, assembled into integrated photonics
devices via waveguides in order to achieve an optimal dispersion;
such a procedure represents one of the most utilised techniques
assuring a properly tuning of phase-matching function.

2.3 spectral correlations

Generally, one can decompose the JSA function in Eq.30 into two
sets of TM basis functions {ψn(ωs)} and {φn(ωi)} [57, 64, 68],

f(ωs,ωi) =
∑
n

√
λnψn(ωs)φn(ωi), (31)

where λn, ψn(ωs) and φn(ωi) follows the integral eigenvalue
equations,

λnψn(ωs) =

∫
dωidω ′f(ωs,ωi)f∗(ω ′,ωi)ψn(ω ′),

λnφn(ωi) =

∫
dωsdω ′f(ωs,ωi)f∗(ωs,ω ′)φn(ω ′),

(32)

satisfying the normalisation condition
∑
n λn = 1.

The formulation in Eq.31 is the so-called Schmidt decomposition,
and defines a suitable tool which establish the factorability of JSA
function, i.e. a method in order to find the spectral degree of en-
tanglement of the photon-pair; in particular, the down-converted
two-photon state is separable if there is only one term on the left
side of Eq.31, see Fig.3. So that, such state can be written as,

|ΨPDC〉 =
∑
n

√
λnÂ

†
nB̂
†
n|0〉H|0〉V , (33)

where the effective creation operators Â†n and B̂†n are given in
terms of the TM functions ψn(ωs) and φn(ωi) as,
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Figure 3: Representation of PDC process with Schmidt decomposition
[64].

Â†n =

∫
dωsψn(ωs)â

†
H(ωi),

B̂†n =

∫
dωiφn(ωi)â

†
V(ωi).

(34)

In this representation, one can establish a cooperativity parameter,
defined in terms of Schmidt eigenvalues,

K =
1∑
n λ

2
n

, (35)

which provides the effective number of temporal modes in the
state. It is possible to demonstrate[57] that the above mentioned
operators Â†n and B̂†n are strongly correlated due to the Schmidt
decomposition in Eq.31; so that, performing a second-order correla-
tion measurement of unheralded signal or idler photons,

g
(2)
s (τ = 0) =

〈
:
(∑

n Â
†
nÂn

)2
:
〉〈∑

n Â
†
nÂn

〉2 ,

g
(2)
i (τ = 0) =

〈
:
(∑

n B̂
†
nB̂n

)2
:
〉〈∑

n B̂
†
nB̂n

〉2 ,

(36)

permits us to express the relation,

g
(2)
s,i (0) = 1+

∑
n

λ2n = 1+
1

K
. (37)
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For sake of simplicity, in this Thesis we focus on the so-called
purity quantity,

P = 1/K = g(2)(0) − 1, (38)

that characterises the amount of factorability of the PDC photon-
pair; for the case of a pure spectral state with K = 1, both signal
and idler photons exhibits thermal photon number statistics cor-
responding to g(2)(0) = 2.

2.4 pump-pulse shaping

A complete control on the TM shape in a PDC-process, and in par-
ticular assessing a factorable JSA function, is a key requirement in
order to improve the mode matching between individual sources
which represents one of the benchmarks of quantum computing
and communication multiplexing source-based technologies [63,
69, 70]. The possibility of reaching this task passes via a minimisa-
tion of spectral correlations between the PDC generated photons,
i.e. a high degree of purity P.

Figure 4: 4-f line scheme as pulse-shaper [71].

A possible strategy increasing the spectral purity of PDC pro-
cess relies on shaping properly one of the photons generated [71];
experimentally, one can perform such temporal modelling by spec-
tral modulation of the photon which can be achieved by a 4-f line
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set up, see Fig.4.
Such scheme is composed by two diffraction gratings and two
lenses; initially each spectral component of broadband input pho-
ton is angularly dispersed by the first grating, then focused then
is focused by the first lens to small diffraction spots in the Fourier
plane where all the spectral components are spatially separated
and focused; by inserting a proper mask in such plane one can
modify the optical path for each spatial component (which corre-
sponds to a specific frequency element) and thus shape the out-
put pulse. Then a second combination of lens (or curved mirror)
and grating allows the recombination of all the frequencies into
a single collimated beam. Introducing this shape method to the
PDC-generated photons, however, introduces loss and the rate of
photon-pair is significantly reduced.

Figure 5: Scheme of experimental apparatus based on two different
pulse-shaper approach: a) shaping on of the PDC-generated
photons pulses; b) shaping the pump pulses.

In this Chapter we illustrate a novel approach to the pulse-
shaping method, by modelling the shape of the pump pulses gen-
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erating the PDC process instead of the heralded photons under
appropriate phase-matching conditions, permitting to generate
heralded photons which inherit the temporal shape of the pump
pulse, see Fig.5.

2.4.1 Experimental apparatus

In Fig.6 we describe the apparatus scheme used for this experi-
ment. First, we prepare the ultrashort pump pulses for the PDC
process at 670 nm by generating the second harmonics of a tunable
optical parametric oscillator which is at 1340 nm. The shaper con-
sists by the previously mentioned 4-f line scheme; pump pulses
are diffracted by a holographic grating with 2000 lines per mm,
and then is reflected by cylindrical silver mirror in order to propa-
gate collinearly all the spectral component to the two-dimensional
reflective liquid crystal on silicon spatial light modulator (SLM);
such device ensure the possibility of control independently the
optical path of the beam in each pixel (the effective 2-D area of
the SLM mask has 790× 600 pixels), and consequentially giving
a spectral phase for each spectral component irradiating the SLM
device. A magnifying telescope is placed before the pulse-shape
apparatus in order to match the size of each frequency component
with the pixels of SLM to get an optimal resolution.
The resolution of 4f-setup is 35 pm that is enough permitting to
prepare Hermite-Gauss-shaped pulses up to fourth order with 2
nm of full width at half maximum (FWHM) for the Gaussian pro-
file, with an initial 6 nm bandwidth of our pump laser system. In
order to collect the shaped beam after the shaper system, SLM re-
flects that at a slightly different angle which displaces the reflected
beam vertically, permitting to collect the beam with a D-shaped mir-
ror.
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Figure 6: Experimental setup of TM controlling in a PDC process via
pump-pulse shaping.
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2.4.2 Integrated source

The main character of the experiment is the PDC-integrated source;
it is based on a 16mm long in-house built Rb:KTP waveguide with
a nominal width of 3 µm and depth of 5 µm, designed to be spa-
tially single-mode over the whole telecom range (∼ 1500 nm) for
both TE and TM polarisations. Such condition was explored be-
fore analytically, exploiting a phasematching with matched group-
velocities of pump and signal fields, called asymmetric group-velocity
matching condition, that occurs for a pump wavelength of 670 nm
and a signal and idler wavelengths of 1411 nm and 1276 nm, re-
spectively.
Interesting analysis are performed to the spectrum of photon-pair
emitted with Gaussian frequency-shaped pump pulses; such mea-
surement is conducted to the idler photon with the use of 4f-setup
in the monochromator device, with a spectral resolution of 0.2 nm.
The theoretical investigation suggests that the spectrum of idler
photon follows the shape of phase-matching function φ(ωs,ωi);
however, the measured spectrum (blue line in Fig.7) provides some
relevant discrepancies respect on the expected behavior (grey line).

Figure 7: Theoretical and experimentally measured phasematching func-
tions phasematching function |φ(ωs,ωi)|.
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This artifact can be explained by considering the inhomogeneities
inside the waveguide; indeed, spatial distortions changing locally
the width or depth make the waveguide channel non-uniform, i.e.
the effective refractive index is not constant long the direction of
propagation, distorting the phase-matching function that become
generally broader. This phenomenon can be explained by consid-
ering little homogeneous portions of the waveguide; the overall
phase-matching distribution then is a sum of all of these segments,
which represents a coherent mixture of many sinc-functions with
different widths and central frequencies that could cause the pres-
ence of unwanted asymmetric side-lobes, see Fig.7. Such features
imply a reduction of spectral purity and the fidelity of single pho-
ton shaping. In order to avoid this loss, we choose to implement
a filtering system on the idler photon, that allows to completely
remove these side-lobes. The filtering system is performed by a
4f-line system where a slit-mask is placed on the Fourier plane,
which permits to cut the undesired side-lobes; for the idler pho-
ton, the spectral filtering has a width of 3 nm.
In order to reduce spatial losses, we use a aspheric lens with a
focal length of 8 mm to couple the pump laser to the waveguide.
The coupling efficiencies of the modes emitted by the waveguide
into the standard single-mode telecom fiber are measured using
bright simulation laser tuned at the central frequencies of the PDC
photons; the coupling efficiencies are 65% and 60% for idler and
signal photons, respectively. The 4-f setups used as filters for both
PDC-generated photons have a total transmission of 26% and 30%
for signal and idler photons, respectively, due principally to a low
diffraction efficiency of the diffraction gratings. The photons are fi-
nally collected with fiber-coupled superconducting nanowire sin-
gle photon detectors (SNSPD) (Photon Spot) with system detec-
tion efficiencies of 41% at 1276 nm and 55% at 1411 nm.

2.5 jsi and auto-correlation results

In order to measure the order of factorability of the PDC process
in this Chapter we perform a measurement of joint spectral inten-
sity (JSI), i.e. the modulus square of the JSA function |f(ωs,ωi)|2,
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and auto-correlation function g(2)(0).
JSI measurement can performed by the use of a monochromator
in the idler arm and a time-of-flight spectrometer in the signal
arm [72]. For the frequency shape detection we use a 4.3 km long
highly dispersive fiber (the total dispersion is equal to 0.3 ns/nm)
which permits to map the spectrum into the temporal profile. This
is resolvable directly in time on SNSPDs, which have a timing res-
olution of 70 ps, and a spectral resolution of about 0.2 nm.

Figure 8: JSI measurements for different spectral-pump shapes.

We measured the JSIs, shaping the spectrum of pump pulses in
the first four Hermite-Gauss modes and five frequency bins, plot-
ted in Fig.8. The marginal spectral distributions of the signal pho-
ton is shown in grey above the JSI graphs, and the pump mode
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of each JSI is figured on the right side, where the grey area is
the spectral amplitude end the green line is the spectral phase
induced by the SLM device. Schmidt number inferred from these
JSIs is then calculated by decomposition of its eigenvalues, using a
numerical singular value decomposition algorithm. The Schmidt
numbers for a 5.0 nm broad pump pulses results Ka = 1.01, Kb =

1.01, Kc = 1.02, Kd = 1.02, and Ke = 1.02 following the labels on
Fig.8, respectively for Gaussian, 1st-order Hermite-Gaussian, 2nd-
order Hermite-Gaussian, 3rd-order Hermite-Gaussian, and frequency
bins spectral profiles.

Figure 9: Second-order correlation function g(2)(0) experimental values
for idler (a) and signal (b) with different pump bandwidth and
different orders of Hermite-Gaussian modes. The error bars for
the g(2)(0) in the signal plot are smaller than the markers.

Despite the JSI measurement constitutes an important tool ex-
trapolating information about the spectral correlation of PDC pho-
tons, it can not discriminate the spectral phase of the photons and
is also limited by the resolution of the spectrometers. Otherwise,
as mentioned before, the auto-correlation function g(2)(0) of sig-
nal or idler provides a better measurement of photon-pair corre-
lations, permitting to descriminate a single-mode PDC state with
g(2)(0) = 2 against highly multimode state with g(2)(0) ' 1. Ex-
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perimentally, g(2)(0) can be obtained by detecting the coincidence
rate of one photon PDC-generated before splitting it with a 50 : 50
fiber coupler.

Figure 10: Contour plot of the theoretical joint spectral amplitude func-
tion combined with the bandpass filters acting at remove the
phasematching sidelobes. The widths of filters in signal and
idler arms are 45 nm and 3 nm, respectively.

In Fig.9 it is shown the experimental results of auto-correlation
function for both photons depending on pump pulses in different
orders of Hermite-Gauss modes and bandwidths ranging from 0.5
nm to 3.0 nm. As a preliminary consideration, one can assert that
the g(2)(0), and consequentially the purity P described in Eq.38,
becomes lower when the complexity structure of pump spectral-
mode is higher, proportionally to its bandwidth. Such observation
helps us to read properly the plots in Fig.9; indeed, for narrow-
bandwidth pump pulses, the measurement is more sensitive to
energy-correlation fluctuations, due to the exploitation of a short
spectral range, which leads to a lower value of auto-correlation
function values. Furthermore, it is possible to notice that increas-
ing the order of Hermite-Gauss modes, which exhibits a more
complex spectral feature according to the order number, the fre-
quency correlation between idler and signal is improved, i.e. the
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g(2)(0) function is lower. In Table 1 there are the highest values
of auto-correlation measured for the idler photon, with a 1.5 nm
broad pump, for different spectral shapes.

HG0 HG1 HG2 HG3

1.99± 0.02 1.93± 0.02 1.85± 0.02 1.81± 0.02

Table 1: Experimental values of auto-correlation function g(2)(0)

at different frequency shapes: Gaussian (HG0), 1st-order
Hermite-Gauss (HG1), 2nd-order Hermite-Gauss (HG2),3rd-
order Hermite-Gauss (HG3).

The g(2)(0) measured to the signal arm, plotted in Fig.9 (b) is sig-
nificantly lower respect to the idler one; the reason of such worsen-
ing can be find on the presence of previous mentioned side-lobes
on the in-house fabricate KTP waveguide phase-matching func-
tion. As observed in the theoretical simulation of JSA contour plot
in Fig.10, one can efficiently cut such noise on the idler photon by
spectral filtering, while this is not possible for the signal photon.
Even though the signal photons are themselves less pure, the high
g(2)(0) of the idler ones suggests that shaped signal photons are
considered highly pure when heralded by an idler detection.

2.6 conclusions

In this experiment it has been shown a pulse-shaping approach on
a PDC process, capable to produce spectrally pure heralded sin-
gle photons. PDC-photon pair are generated in arbitrary temporal
modes by shaping the pump pulses and optimising the dispersion
of KTP in-house fabricated waveguides. The JSI measured verifies
that the spectral shape of pump pulses is imparted to the signal
photon, under proper phase-matching conditions. The frequency
purity of this method has been verified by auto-correlation mea-
surement g(2)(0), which depends strongly to the drawn feature
and the bandwidth of pump spectral shape.

This method, in the quantum communication and computing frame-
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work, represents a suitable tool which utilise sources capable to
emit heralded single-photons on arbitrary TM basis in telecom-
munication band, avoiding the problem of loss due to the shaper
apparatus, though partially. However, as notice during this chap-
ter, frequency post-selection plays a fundamental role; indeed, it
has been underlined that the use of filtering systems pre-detection
was necessary in order to fix spectral noises produced by the KTP
waveguides. In future works, one of the main tasks is to adopt dif-
ferent engineering strategies in order to forge properly the source,
optimising the emission wavelengths for available photon detec-
tors and customising the joint spectral amplitude to eliminate the
need for filtering.





3
Q U A N T U M M E T R O L O G Y

"Accuracy of observation is the
Equivalent of accuracy of thinking."

— Opus Posthumous: Poems, Plays, Prose, W. Stevens

3.1 introduction

Spectral correlations constitute non-negligible artifacts while dis-
cussing on photonics platforms simulating quantum systems, as
we observed. The absolute control and understanding of such
tools and their evolution due to the interaction with the envi-
ronment open the way for new frontiers exploiting the unique
nature of quantum mechanics [73], along with the capability of
performing the best experimental devices possible for quantum
computation and quantum information purposes. We focus now
on the capability of taking advantages from this quantum unique-
ness, going beyond the classical physical bounds concerning the
measurement process, providing also a tool capable to face the
manifold issues caused by the non-ideal photon-pair generation
abovementioned. Such quantum enhancement of estimating mea-
surable quantities leads to the scientific branch bearing the name
of quantum metrology.

When considering a measurement on a system, extrapolating the
information under the form of parameters, we need to know how
to manipulate properly a state used as probe, highlighting the sen-
sivity on the parameters under investigation. In the same way, the
determination of the detection settings is crucial for the improve-
ment of a proper measurement device enhancing the accuracy on
the parameter-estimation. The concept behind "information is phys-
ical" asserting by Landauer [74] aids us to insert the information
recovery in a physical context and to quantify its efficiency while

37
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using classical or quantum probes. This leads to the definition of
the relevant quantities [75–81] Fisher Information (FI) and Quantum
Fisher Information (QFI).

3.2 classical metrology vs quantum metrology

The International Bureau of Weights and Measures (BIPM), serving
since 1875 as one of the primary guards ensuring uniformity of
weights and measures around the world, defines the term metrol-
ogy as:

"(...) the science of measurement, embracing both ex-
perimental and theoretical determinations at any level
of uncertainty in any field of science and technology.
(...)"

Nowadays, the presence of metrology assures the daily-life im-
portance of precise measurements from technological point of view,
allowing the emergence of increasingly advanced devices. Accu-
rate GPS calibration systems, innovative auto-focusing automa-
tion or improvement in the quality of the healthcare for medical
purposes are only few examples of the usefulness of a rigorous
measurement approach monitored by metrology. The metrologi-
cal authority is also evident in the legal field, necessary for the
economy standardisation ensuring legal requirements vital to exis-
tence of modern society imposed by the national and international
laws. The fundamental task concerning the scientific prospective of
metrology is the constant improvement of the measurement effi-
ciency providing the best achievable devices for the estimation of
standard quantities like mass, length and time.
For this purpose, one should acknowledge the major branch of
statistics, the estimation theory. This constitutes a markable devel-
opment to establish the most efficient techniques achieving the
most accurately estimation of the quantity of interest, identified by
parameters, from any randomly distributed data collected experi-
mentally. Generally, there are two possible approaches on such
estimation problems, depending whether one assumes the param-
eter estimated to be a fixed variable, affecting deterministically
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the ideal model that predicts the statistics of the outcome, or con-
sidering the stochastic character of the parameter itself, affecting
the random fluctuations on the chosen techniques used for the
measurement process.

Frequentist approach relies on the deterministic-parameter scheme,
so that the statistical inference concerns only for the probabilistic
nature of the measurement procedure, supposing that the vari-
able that parametrised the system could in principle be stated up
to any precision. In this case, it is possible to utilise a good mea-
surement technique that allow to bound the effective mean square
error of the estimation process. Otherwise, the Bayesian approach
assumes the parameter of interest to also be randomly distributed.
This method of inference exploits the a priori knowledge of the
parameter statistical distribution, allowing to the propose of ef-
ficient adaptive measurement schemes due to its suitability for
data-updating routine. As we will observe later, such approach
results to be one of the closest to the maximum estimation resolu-
tion achievable, established by the Cramer Rao bound (CRB).

3.2.1 Interferometric measurement and shot-noise limit

In the limit of infinite number of resources probing the system, al-
lowing to perform infinite experimental trials in order to provide
the estimated parameter with indirect measurements, the distinc-
tion of the abovementioned statistical inferences aims to be ap-
proximately vanished, so that it is often the case that both methods
may be directly interrelated. However, the unlimited resources hy-
pothesis represents a hard obstacle to beat, so that one of the main
tasks in metrology is to find a way in order to well optimise the
finite number of resources available. The substantial improvement
provided by quantum mechanical settings must be sought on the
capability of many-particle quantum systems to benefit from their
"non-classical" inter-particle correlations. Due to this quantum pe-
culiarity, even when limiting to single-particle measurements, the
corresponding outcomes are affected by their correlation nature
and generally they are not independently distributed. This leads
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to the possibility of enhancing the measurement process manag-
ing the quantum resources at the disposal differently from the
classical case [82, 83].

Figure 11: Mach-Zehnder interferometric scheme with the outcome
probabilities for classical light.

In order to better understand this quantum enhancement, we fo-
cus on ultra-precise estimation via interferometric measurements.
The chosen experimental apparatus is the widely used Mach-Zehnder
interferometer, see Fig.11. In this scheme, the input light is divided
in a reflected and a transmitted part by a beam splitter (BS) crys-
tal; travelling with two different spatial paths, then they are re-
combined onto a second BS component. An indirect measure can
be performed on the phase difference φ between these two paths
of the interferometer by the detection of light intensity, i.e. the av-
erage photon number, on the two output beams.
Supposing that a coherent classical light with N on average pho-
tons enters in the interferometer on one of two possible inputs. If
we consider the action of a 50:50 BS(

a

b

)
=

1√
2

(
1 i

i 1

)(
a ′

b ′

)
(39)

transforming the input arms a and b into the reflected a ′ and
transmitted b ′ paths, the output arms a ′′ = 1/

√
2(a ′+ ieiφb ′) and

b ′′ = 1/
√
2(ia ′+ eiφb ′) depends on the phase difference φ; so that,
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for one input classical beam, we can detect a fraction cos2(φ/2) of
photons on the a ′′ outcome and the other fraction sin2(φ/2) on
the b ′′ one. This permits to estimate the phase between the two
paths on the interferometer by an intensity detection on the two
output ports.
The estimation is done, but how accurate is the measurement? The
answer relies on the intrinsic nature of the probe in use. Experi-
mentally, the intensity detection on the abovementioned interfer-
ometer in one of the two outputs can be obtained as the statistical
average

∑N
j=1 xj/N where xj is 0 or 1 dependently on the pres-

ence of the jth photon. The classical nature of the light suggests
that the xjs measurements are independent stochastic variables
and they follow the Poissonian statistics, that represents a clue of
the non-correlation between photons. So that, the relative error on
that detection is given by

∆

(
N∑
j=1

xj

N

)
=
∆x√
N

. (40)

As a bound of the measurement accuracy, 1/
√
N establishes the

shot-noise limit, the ultimate precision of a phase estimation whose
intensity corresponds to N photons. Such result is strongly con-
nected to the intrinsic fluctuation of the number of photons while
using coherent states measured on a Mach-Zehnder interferome-
ter, pointing out again that the accuracy of a measurement comes
from the statistical model of the employed probe.

3.2.2 Heisemberg limit

The occurring of even more sophisticated experiments, acting at
the investigation of quantum peculiarities for large particles en-
sembles, as the entanglement property, it has been explicitly demon-
strated that a quantum enhancement for the estimation problem is
possible in atomic spectroscopy [84, 85] and optical interferometry
[86–88]. A general framework is then established [82, 83] in order
to demonstrate qualitatively the convenience of quantum strate-
gies capable to conduct a super-resolutive estimation, beating the
bounds imposed by classical systems and enhancing the accuracy
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of parameter inference. Reminding the Mach-Zehnder scheme in
Fig.11, one can now revisit the interferometric apparatus exploit-
ing quantum correlation with quantum systems, see Fig.12.

Figure 12: Interferometric scheme for phase estimation using N00N

states.

In both input arms, before the first BS crystal, we inject N/2
single photons (N = 2), that create the highly entangled state,
known as N00N state,

|Ψ〉 = 1√
2
(|N〉a ′ |0〉b ′ + |0〉a ′ |N〉b ′), (41)

which describe the superposition of distinct Fock states |na ′ =

N〉|nb ′ = 0〉 and |na ′ = 0〉|nb ′ = N〉 referring on the two paths a ′

and b ′. Observing the Mach-Zehnder scheme, the unique nature
of such state leads to the evolution of the state,

|Ψev〉 =
1√
2
(|N〉a ′ |0〉b ′ + e−iNφ|0〉a ′ |N〉b ′). (42)

In Eq.42 one notice the improvement of the phase affecting all
the N photons at the same time, even maintaining the other path
which can be considered as a reference. This quantum peculiarity
is more evident while calculating the probability p(φ) that the
output state |Ψev〉 is equal to the initial state |Ψ〉,
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p(φ) = |〈Ψ|Ψev〉|2 = cos2(Nφ/2), (43)

whose variance is ∆2p(φ) = p(φ) − p2(φ). The error of the
phase difference can finally be obtained from the error propaga-
tion ∆φ = ∆p(φ)/

∣∣∂p(φ)
∂φ

∣∣ that results to be equal to 1/N, that rep-
resent the so-called Heisenberg limit, constituting a bound for the
measurement precision.

The enhancement of
√
N over the accuracy of the measurement

using N photons with classical approach can be achieved within
the joint strategy of using quantum correlation between the probe-
particles and the proper collective nonlocal measurements, allow-
ing us to exploit the most from the entanglement.

3.3 quantum estimation theory

The mentioned estimation approaches with coherent light and
N00N states constitute two markable examples of different stochas-
tic management of the amount of resources within reach high-
lighting the differences between classical and quantum metrology
scheme. The aim of this section is to extend such paradigm on
generic states and investigate the conditions achieving an optimal
measurement system.

We observed that a super-resolution indirect measurement on a
parameter, identified by the phase difference in optical interferom-
etry, is reached with a smart optimisation of the N resources used
as a probe, thanks to the quantum properties of single-photon
beams. In particular, such improvement can be performed due to
the different statistical model of quantum systems compared to
the classical ones. This capability of accurate measurements be-
yond the limits of classical schemes is addressed in the quantum
estimation theory (QET) scenario, which provides analytical tools
finding the optimal measurement for a certain quantum system
[79–81]. Two main stances of QET can be identified: Global QET
looks for the optimisation of measurements that does not depend
on the value of the parameter under investigation, averaging on
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all the possible values assumed by such parameter. Such global
QET strategy is often used on that estimation problems, evaluat-
ing the lower bounds on accuracy for the estimation of parame-
ters imposed by unitary transformations. Some of this theory ap-
proach can be observed for single-mode phase [89], squeezing [90]
and two-mode transformation [91]. The other paradigm, local QET,
refers on the minimisation of the variance on the measurement
procedure at a fixed value of the parameter. This kind of strat-
egy has been applied for quantum phase estimation and to esti-
mation problems with non-unitary processes. Some examples are
the noise estimation of amplitude damping [92] and depolarising
quantum channels [93]. In this section we present some metrolog-
ical tools in the local QET context, exploring the explicit formulas
for FI and QFI, looking at the possibility of saturate the ultimate
bounds imposing by the Cramer Rao and quantum Cramer Rao
inequalities.

3.3.1 Metrological scheme

We consider a generic metrological scenario for the estimation pro-
cess, depicted in Fig.13, highlighting the three-steps approach for
the indirect measurement of a φ parameter. Firstly, one must cre-
ate the optimal input state defined by a density matrix ρ acting
as a probe for the parameter estimation; that procedure aims at
finding the suitable quantum setting in order to improve the pa-
rameter sensivity on the quantum state itself.

This prepared quantum state then senses the action of the pa-
rameter we want to estimate, permitting us to illustrate the evolved
state as a φ-dependent density matrix ρφ. After the interaction,
one must extrapolate the highest amount of information of the pa-
rameter unknown value from the ρφ state; for doing so, a suitable
quantum measurement must be performed on such system.
A quantum measurement corresponds to an hermitian operator Ô
acting on the Hilbert space. In particular, we look at the group of
measurements specifically efficient for our purposes, called posi-
tive operator valued measure elements (POVMs). A POVM is gener-
ally represented by any set of quantum measurement operators,
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Figure 13: Metrological scheme of quantum estimation process.

{Πi}, defined as non-negative Πi > 0 and satisfying the complete-
ness condition

∑
iΠi = I; each outcome i of the measurement is

then obtained with probability ηi = Tr[ρΠi].
From metrological point of view, in such scheme we are interested
on evaluating the ultimate bounds on sensivity occurring for a
general ρ quantum state preparation choice and its evolution ρφ
and determining the optimal measurements able to reach these
bounds.

3.4 single parameter estimation

Before starting to study the estimation limits taken into account
previously, we need to review the fundamental tools behind the
problem of parameter estimation theory [94] and in particular we
need to investigate the measurement processes, i.e. the data collec-
tion acquired, while testing a system.

3.4.1 Parameter estimators

The mathematical approach, that is valid either for quantum or
classical systems, is following described: from the experimental
device one gives N-point data set x = {x1, x2, . . . , xN} which rep-
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resents a N-independent random variables with identical distri-
bution according to a common Probability Density Function (PDF),
pϕ(X), that depends on the unknown parameter ϕ we aim to de-
termine. With the measurement procedure, one wish to constructs
an estimator ϕ̃N(x) that can be interpreted as a function that sup-
ply the most precise estimate of the parameter ϕ, considering the
given data set x. It is important to remark that as the random data
collection has statistical properties, the estimator ϕ̃N(x) is afflicted
also by the data statistics leading to a collective PDF that can be
factorised as pϕ(x) =

∏N
i=1 pϕ(xi). So that, for the local theory

approach, i.e. assuming that ϕ is deterministic with a fixed value,
within a frequentist approach it is possible to define a mean value
of the estimator ϕ̃N(x),

E[ϕ̃N(x)] = 〈ϕ̃N(x)〉 =
∫

dNxpϕ(x)ϕ̃N(x), (44)

and, the variance,

Var[ϕ̃N(x)] =
〈(
ϕ̃N(x) − 〈ϕ̃N(x)〉ϕ

)2〉
=

∫
dNxpϕ(x)

(
ϕ̃N(x) − 〈ϕ̃N(x)〉

)2. (45)

We now restrict to the case of unbiased estimators, allowing us to
always output on average the true parameter, 〈ϕ̃N(x)〉ϕ = ϕ, and
to match the variance in Eq.45 with the mean square error (MSE),

∆2ϕ̃N(x) =
∫

dNxpϕ(x)
(
ϕ̃N(x) −ϕ

)2. (46)

For sake of simplicity, all the quantities analysed below are de-
fined assuming a single-outcome PDF, pϕ(x).

3.4.2 Cramér-Rao Bound

The solution at the estimation problem can be found looking at
the optimal estimators, which are those saturating the Cramér-Rao
inequality [95],
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∆2ϕ̃N(x) >
1

NFϕ(x)
(47)

which establishes a lower bound, i.e. Cramér-Rao Bound (CRB),
on the mean square error ∆2ϕ̃N(x) of any estimator of the pa-
rameter ϕ, with N trials of measurement. It is important to stress
that, due to the unbiasedness hypothesis, the defined bound on
Eq.132 dictates a lower limit also for the variance of the estima-
tor Var[ϕ̃N(x)], which is the more experimentally important entity
that could be determined for an unknown ϕ based only on the
measured data set.
The relevant quantity that limits the mean square error in Eq.132

is the so-called classical Fisher Information (FI),

Fϕ(x) =
∫

dxpϕ(x)
(
∂ lnpϕ(x)
∂ϕ

)2
=

∫
dx

1

pϕ(x)

(
∂pϕ(x)

∂ϕ

)2
. (48)

In terms of information extrapolation, the FI can be read as
the amount of knowledge of ϕ achievable with a measurement,
undergoing with a statistical distribution pϕ(x). Indeed, looking
at the CRB in Eq.132, for a given parameter ϕ0, if Fϕ(x)

∣∣
ϕ0

= 0

the extraction of any information from the system is not possible,
while for Fϕ(x)

∣∣
ϕ0

= ∞ it is in principle possible to determine
with absolute certainty the true value of ϕ. For completeness, a
discrete version of FI information can be exposed as,

Fϕ(x) =
∑
x

pϕ(x)

(
∂ lnpϕ(x)
∂ϕ

)2
. (49)

The quantities analysed above results to be valid both for clas-
sical and quantum entities; for quantum systems we remark that
the estimation problem relies on the evolution of a density ma-
trix ρ into ρϕ. So that, the quantum parameter estimation aims at
finding a optimal quantum estimator, that is a selfadjoint operator
Ôϕ, for ϕ which describe a quantum measurement obtained from
any classical data processing. In quantum mechanics, the proba-
bilities pϕ(x) characterising the FI are distributed following the
Born’s rule,
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pϕ(x) = Tr[Πxρϕ], (50)

where {Πx} constitutes a POVM set, introduced in Sec. 3.3.1.

It is important to mention the properties of non-negativity and addi-
tivity of FI; in particular, the second property allows us to include
the main differences between quantum and classical approach on
the estimation problem. Indeed, proceeding with M repetitions
of the same measurement, if their statistics are independently dis-
tributed, the global FI can be defined as the sum of the singular
measurement FI, Fϕ[pMϕ (x)] = MFϕ[pϕ(x)], for factorable proba-
bility pMϕ (x) = ⊗Ml=1p

(l)
ϕ (x), leading to the already mentioned shot-

noise scaling 1/M for the MSE. Concerning quantum probes, this
classical limit on precision also happens for independentely quan-
tum distributed samples, for example N00N states with N = 1

particle, taking the name of Standard Quantum Limit (SQL). Fur-
thermore, it is important to point out the difference between the
measurement repetition rate M and the number of photons used
on the system N; actually, in the classic case the statistically in-
dependence of the probes causes the equivalence between N and
M.

3.4.3 Quantum Cramér-Rao Bound

Accordingly to such quantum description, one can assert that the
FI is strongly correlated to the chosen measurement we utilise
for the extraction of the unknown parameter, determined by the
POVM set; this means that in principle an optimal estimator can
be found through the proper settings of measurement apparatus.
However, an ultimate bound holding for any POVM set {Πx} can
be derived [79, 80, 96]. Introducing the Hermitian operator Lϕ
called Symmetric Logarithmic Derivative (SLD), defined for any state
ρϕ via the relation,

∂ρϕ

∂ϕ
=
1

2
[Lϕρϕ + ρϕLϕ], (51)

we have that [97, 98],
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∂pϕ(x)

∂ϕ
= Tr

[
∂ρϕ

∂ϕ
Πx

]
= Re{Tr[ρϕΠxLϕ]}. (52)

With this relation, it is possible to rewrite the FI in Eq.48 as,

Fϕ(x) =
∫

dx
(Re{Tr[ρϕΠxLϕ]})2

Tr[ρϕΠx]
. (53)

With the help of Cauchy-Schwartz inequality and the complete-
ness property of the set {Πx}, we can find the ultimate bound on
precision, maximising the FI over the quantum measurements,

Fϕ(x) 6
∫

dx

∣∣∣∣∣(Re{Tr[ρϕΠxLϕ]})2

Tr[ρϕΠx]

∣∣∣∣∣
2

6
∫

dxTr[ΠxLϕρϕLϕ]

=Tr[LϕρϕLϕ] = Tr[ρϕL2ϕ].

(54)

The last entity on the above inequality chain is defined as Quan-
tum Fisher Information (QFI), Hϕ = Tr[ρϕL2ϕ], leading to the quan-
tum version of the inequality in Eq.47,

∆2ϕ̃M(x) >
1

MHϕ
(55)

constituting the Quantum Cramér-Rao Bound (QCRB) on the es-
timator ϕ̃M(x); in this description we identify the number of the
experimental repetitions as M in order to highlight that the sam-
ple size does not corresponds to the N number of particles using
for the estimation.
Usually, an alternative depiction of QFI can be adopted by writ-
ing the parameter dependent density operator ρϕ on its eigenbasis
ρϕ =

∑
n ρn|ψn〉〈ψn|; this allows us to redefine the SLD operators

as,

Lϕ = 2
∑
nm

〈ψm|∂ρϕ/∂ϕ|ψn〉
ρn + ρm

|ψm〉〈ψn|, (56)

where the sums include only terms with ρn + ρm 6= 0. The QFI
so reads,
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Hϕ =
∑
nm

|〈ψm|∂ρϕ/∂ϕ|ψn〉|2

ρn + ρm
. (57)

The QCRB suggests a fundamental aspect for the QET: as we
observed from the QFI Hϕ(x), it depends only on the geometrical
structure of the quantum statistical model, while there is no con-
nections with the type of measurement approach, differently from
the FI. So that, one could supposed to define the QFI as a measure
of the maximal information extraction for a certain ϕ-dependent
quantum state described by the density operator ρϕ.

Some additivity considerations can be made similarly to the classi-
cal case; most importantly, the QFI generalises the notion of addi-
tivity of FI, from the probability to density matrices what may be
verified by considering separable states, i.e. ρNϕ = ⊗Nn=1ρ

(n)
ϕ , leading

to the global QFI, Hϕ[ρ
N
ϕ ] = NHϕ[ρϕ]. This formulation allows

us to assume that each particle ρ(n)ϕ can be treated as a separate
copy, and consequently observing a linear precision improvement
of the QCRB leading to the SQL-like scaling. For certain maxi-
mal N-particle entangled states, we observe the quantum enhance-
ment achieving the Heisenberg-scaling 1/N2. This QFI peculiarity
allows us to discriminate separability from multipartite entangle-
ment in a N qubit states makes it an useful entanglement crite-
ria which has been proved to be sufficient for arbitrary quantum
states and also necessary for pure states [99–101].

3.5 saturability conditions

The search of optimal quantum measurements via the above bounds
on the estimator variance in Eqs.47 and 55 has been a challeng-
ing subject of study [102–104]. Such optimisation corresponds to
the POVMs such that the FI equal the QFI, i.e. saturating both
Cramér-Rao inequalities. Looking at the inequality chain in Eq.54,
the saturation occurs when Tr[ρϕΠxLϕ] is a real number ∀ϕ, and
when
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√
ρϕ
√
Πx

Tr[ρϕΠx]
=

√
ρϕLϕ

√
Πx

Tr[ρϕΠxLϕ]
(58)

∀ϕ. This condition is sadisfied if and only if the POVM set {Πx}
is made by the set of projectors over the eigenstates of Lϕ, which,
in turn, represents the optimal POVM to estimate the parameter
ϕ, permitting us to equal the FI with the QFI.

3.5.1 Multiparameter case

The considerations mentioned above requires a more tricky ap-
proach while dealing with systems dependent reliant on more
than one parameter [105–113]. In this situations we consider a fam-
ily of quantum states ρϕ that depends on a set of K parameters
identified by the parameter vector ϕ = {ϕµ} with µ = 1, . . . ,K.
So that, the accuracy on the unbiased estimator ϕ̃(x) we want to
optimise relies on its covariance matrix Σ[ϕ], whose elements are
defined as

Σ[ϕ]ij = 〈(ϕ̃)i −ϕi)(ϕ̃)j −ϕj)〉. (59)

Consequently, in the multiparameter scenario the classical CRB
reads,

Σ[ϕM] >
1

M
F−1
ϕ (x), (60)

where now, the FI Fϕ(x) is defined as a K× K matrix, and its
elements are

{Fϕ(x)}ij =
∫

dxpϕ(x)
(
∂lnpϕ(x)
∂ϕi

)(
∂lnpϕ(x)
∂ϕj

)
. (61)

The quantum counterpart of multiparameter estimation prob-
lem, the relevant object is identified by the QFI matrix; consider-
ing that Li are the SLD operator referred to the parameter ϕi, the
QFI matrix elements are defined as
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{Hϕ}ij =Tr
[
ρϕ
LiLj + LjLi

2

]
= Tr

[
∂ρϕ

∂ϕi
Lj

]
= Tr

[
∂ρϕ

∂ϕj
Li

]
=
∑
n

(∂ρn/∂ϕi)(∂ρn/∂ϕj)

ρn
+

∑
n6=m

(ρn − ρm)
2

ρn + ρm

× [〈ψn|∂ψm/∂ϕi〉〈∂ψm/∂ϕj|ψn〉+ 〈ψn|∂ψm/∂ϕj〉〈∂ψm/∂ϕi|ψn〉].
(62)

where we use the matrix decomposition abovementioned.
As observed before, in the single parameter scenario the ultimate
achievement precision of estimating involves while choosing the
projective measurement on the eigenbasis of the SLD that define
the QFI, which is always possible. However, with the multiparam-
eter approach, this possibility is not ensured; in general, it is not
obvious that the optimal measurement is compatible for all the pa-
rameters characterising the system. So that, if the SLD operators
commute, [Li,Lj] = 0, one can reach the optimality by perform-
ing a projection set of measurements on the single eigenbasis for
both SLDs, allowing to extract information on the parameter ϕi
as well as ϕj. This condition results to be sufficient but not nec-
essary; indeed, for no-commuting SLD Li, a weaker condition has
been proved to be necessary for pure states [103, 114] that can be
achieved providing

Tr[ρϕ[Li,Lj]] = 0, (63)

where we focus on the vanishing of the expectation value on the
probe state of the commutator, instead of the simple commutation
condition. Such condition reminds the better known observable in-
compatibility condition that leads to the Heisenberg uncertainty, but
averaging on the probe state ρϕ suggests that the state prepara-
tion plays a key role for the achievability of optimal measurement,
in quantum metrological protocol. In fact, this puts stringent con-
straints on the preparation strategies we adopt, in order to provide
any chances for reaching the maximal informative measurement
approach; so that, in this circumstance, no measurement strategy
may help enhancing the simultaneous estimation on a multipa-
rameter system, since the QFI is the ultimate limit on the accuracy,
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and the FI, backing to the statistical independent case. The assess-
ment of the weak condition has been verified for some unitary evo-
lutions, as spin rotation on two orthogonal directions [103, 115],
only for specific input probe states while the non-commutativity
of the SLD operators associated to the rotation parameter prevents
the possibility of optimal joint-estimation process.

While dealing with multiparameter metrology an important task
to consider is the dependency of the parameters we want to esti-
mate, thus the study of statistical correlations between the chosen
estimators. Indeed, even concerning classical probes and measure-
ments, this leads to the possibility of saturating the CRB while the
FI matrix is diagonal, i.e off-diagonal elements vanish {Fϕ(x)}ij = 0
for i 6= j. In some sense, the amount of correlation between es-
timators oppose to the possibility of joint-estimate optimally all
the parameters affecting the system ρϕ. The same conjecture is
valid also for the maximum information extraction on a probe
state described by the QFI matrix. The parameter-independence
holds while the off-diagonal of such matrix are zero. Combining
this uncorrelation condition with the weak condition on Eq.63, a
necessary requirement for a multiparameter compatibility is [103]

Tr[LiLjρϕ] = 0, (64)

while i 6= j; such requirement can be rewritten considering the
explicit form of the SLD Li in Eq.56 as

∑
nm

ρm

(ρn + ρm)2
〈ψm|∂ρϕ/∂ϕi|ψn〉〈ψn|∂ρϕ/∂ϕj|ψm〉 = 0. (65)

This independence condition remark a fundamental aspect of
quantum metrology: the ultimate bound on precision for the es-
timation of a set of one or more parameters ϕ corresponding to
the QCRB in Eq.47 does not depend on the chosen measurement
implemented on our system ρϕ. However, it relies exclusively on
the sensivity of the prepared quantum system respect on the pa-
rameters which aims to provide the maximum QFI for all the pa-
rameters.
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One the final goal in quantum metrology is the saturation of the
inequality Fϕ(x) 6 Hϕ that requires the existence of compatible
measurements ensuring the achievability of extracting the maxi-
mal amount of information of ϕ.

3.6 bayesian estimation

The estimation problem has been addressed previously on its key
references, investigating the limits on information extraction from
a system within a chosen set of measurements. We observed that
these bounds establish the ultimate measure precision using a cer-
tain estimator, able to provide the true value of unknown parame-
ter set. We focus now on the Bayesian estimator and its asymptotical
properties capable to saturate the CRB to its variance.

The Bayesian approach represents one example of global estima-
tion of stochastic parameter; indeed, in contrast to the local strat-
egy, that holds the hypothesis that the unknown parameter ϕ has
a fixed value ϕ∗, in the global estimation the estimated parameter
is assumed to be a random variable, distributed according to a
priori PDF, p(ϕ), which is the knowledge about ϕ before the mea-
surement procedure. In this instance, we now must consider two
statistical inferences while performing the estimation, the prior
parameter distribution p(ϕ) and the overall probability p(x) from
the random variable x obtained from the set of data measured; in
turn, also some consideration on conditional probabilities p(ϕ|x)
and p(x|ϕ) need to be conducted. The relation of all this quantities
has been described by Bayes [116],

p(x|ϕ)p(ϕ) = p(ϕ|x)p(x). (66)

AfterM independent measurements the a posteriori probability
to obtain ϕ from a given data set x = {x1, x2, . . . , xM} is,

pM(ϕ|x) =
1

N

M∏
k=1

p(xk|ϕ), (67)

assuming that the a priori distribution p(ϕ) is uniform, and
where N =

∫
Φ dϕpM(ϕ|x) is a normalisation factor over the pa-
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rameter space Φ.
The Bayesian estimator are thus obtained as,

ϕB =

∫
Φ

dϕϕpM(ϕ|x),

∆2ϕB =

∫
Φ

dϕ (ϕ−ϕB)
2pM(ϕ|x).

(68)

It has been shown that such estimator is asymptotically optimal,
ensuring the saturability of CRB for a large size of data sample
[116, 117].
In fact, for M � 1, we can use the law of large numbers, and
Eq.134 can be written as,

pM(ϕ|x) 'M�1 1
N

∏
x

p(x|ϕ)Mp(x|ϕ
∗) ≡ p(ϕ|M), (69)

where ϕ∗ is the true and unknown value of the parameter.
In this limit, the a posteriori probability can be explicitly calcu-
lated as,

p(ϕ|M) =
1

N
exp

[
M

∫
dxp(x|ϕ∗)logp(x|ϕ)

]
, (70)

where we used log
∏
x →

∫
dx.

The Eq.70 can be interpreted as the relative entropy between the
two distributions p(x|ϕ∗) and p(x|ϕ). It has been demonstrated
that, for homodyne detection, the maximum of this distribution
occurs for a suitable estimator capable to provide the true value
ϕ∗ [117].
Furthermore, the Eq.70 can be approximated by a Gaussian distri-
bution, with mean ϕ∗ and variance ∆2G,

∆2G = −

[
1

p(ϕ∗|M)

d2p(ϕ|M)

dϕ2

∣∣∣∣
ϕ=ϕ∗

]−1
=
1

M

[∑
x

1

p(x|ϕ∗)

d2p(x|ϕ)
dϕ2

∣∣∣∣
ϕ=ϕ∗

]−1
=

1

MF(ϕ∗)

(71)

where F(ϕ∗) is the FI associated to the distribution p(x|ϕ∗),
proving the saturability of Bayesian inference asymptotically.





4
E N TA N G L I N G M E A S U R E M E N T S F O R
M U LT I PA R A M E T E R E S T I M AT I O N

"The only real life is the collective
Life of the race; individual life has no
Existence except as an abstraction."

— A General View of Positivism, A. Comte

4.1 introduction

Photonic devices play a fundamental role for the new quantum
technology era, as discussed before; in particular the sensing and
imaging fields are one of the most representative examples of
progress using optical systems. Schematising the operating princi-
ple of optical sensors as a difference of reference unperturbed beam
and the one that interact with the environment under investiga-
tion, the problem of performing an efficient sensor is reduced to
an estimation of relative phase between these two beams. This kind
of technology is widely used on modern devices, i.e. laptop, smart-
phones etc., but results a very important tool also for many novel
researches. One example is the recent observation of gravitational
waves, measuring very small phase fluctuations detected by the
Michelson interferometers of Laser Interferometer Gravitational-
Wave Observatory (LIGO) located in Livingstone (US) and Virgo
in Pisa (Italy).

Considering the large use of such optical sensors, the optimisation
of the required number of resources for a very accurate phase-
estimation experiments is needed. Indeed, this improvement rep-
resents a fundamental requirement for the detection of very small
perturbations, like gravitational-wave, as well as the highly-damage
sample characterisation, like biological materials. Following this
concept, quantum metrology aims to be a suitable tool for the

57
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achievement of this optimisation task, as described in the previous
chapter. However, even the transformation occurring on phase-
shifts are frequently unitary transformations, we consider a dissi-
pative behavior in order to define our experimental scenario. Such
approach occurs if we consider optical devices where the probes,
i.e. single-photon states, are not monochromatic. A large spectral
band in dispersive medium induces a different response on the
phase-shift, causing a broadening of the phase-shift distribution.
As discussed in the previous Chapter, the joint-estimation strategy
offers a suitable approach, making the most of the resources ex-
ploited for the estimation procedure combined with the proper
measurement set. In this work I present a particular choice of
measurement approach, i.e. the entangling measurement, in a multi-
parameter scheme, where the action of our device is investigated
either for the estimation of phase and dissipation and for the esti-
mation of two phases on two different basis, showing two differ-
ent experimental examples of measurement compatibility.

4.2 multiparameter estimation on dispersive medium

In Chapt.3 we observed that the performance of a measurement
is strictly linked to the quantum state used as the probe and
the measurement apparatus, i.e. the positive operator-valued mea-
surements (POVMs). The probe state and measurement device
choices define the Fisher Information (FI) and Quantum Fisher
Information (QFI) matrices, and consequently the ultimate preci-
sion for the multi-parameter estimation process established by the
the Cramér-Rao bound (CRB).
We observed before that pure states constitutes a relevant case
on the achievability of optimal measurements; for this reason we
focus now on pure qubit states that represents an effective descrip-
tion of coherent states and N00N states in optical interferometry
as well as in Ramsey instance [105, 118]. A general density ma-
trix modelling a single qubit state, can be described in a two-level
picture,
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ρ0 =

(
cos2

(
θ
2

)
cos
(
θ
2

)
sin
(
θ
2

)
cos
(
θ
2

)
sin
(
θ
2

)
sin2

(
θ
2

) )
, (72)

where θ represent the probe value associated to the degree that
span the x-z plane on the Bloch sphere.
Parametrising the phase-shift evolution of the system as φ and the
phase diffusion as δ, the single-qubit state reads,

ρφ,δ =

(
cos2

(
θ
2

)
cos
(
θ
2

)
sin
(
θ
2

)
e−iφ−δ

2

cos
(
θ
2

)
sin
(
θ
2

)
eiφ−δ

2
sin2

(
θ
2

) )
. (73)

The associated QFI matrix Hij = Tr[ρφ,δ{Li,Lj}], with {A,B} de-
noting the anti-commutator, can be calculated using the SLD op-
erators {Li} as showed in the previous chapter, and it reads [105]

H = sin2θ

(
e−2δ

2
0

0 4δ2

e2δ
2
−1

)
, (74)

while the FI matrix F is defined by the probabilities

pi(φ, δ) = Tr[Πiρφ,δ] (75)

for the estimation parameters {φ, δ} associated to the chosen
measurement Πi. It is worth to pointing out that the QFI matrix
described in Eq.74 is in diagonal form, which means that the pa-
rameters φ and δ are statistically independents ensuring one of
the important task for the attainment of optimal measurements.

It is now crucial to remark a fundamental concept behind the opti-
misation of a measurement in such scenario. While the QFI matrix
determines the ultimate achievable precision of estimating the pa-
rameter on density matrices ρ~ϕ dependent on a set of parameters
~ϕ = {ϕ1,ϕ2, . . .}, the FI matrix defines the amount of the extrapo-
lated information by the use of a chosen measurements described
by the matrices Πi. This lead to the already mentioned Quantum
CRB (QCRB) H > F that imposes a limit on the maximal precision
measurement with a given quantum state ρ~ϕ. In order to establish
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the goodness of a measurement for the two-parameter estimation,
it is useful to introduce the trade-off quantity,

Υ = Tr[FeffH−1
] =

Feffφφ

Hφφ
+
Feffδδ
Hδδ

, (76)

where Feff = 1/F is the effective FI that consider all the possible
correlations between the parameters φ and δ. In fact, the diagonal
elements of the effective FI can be calculated as,

Feff11 = F11 −
F212
F22

, (77a)

Feff22 = F22 −
F212
F11

, (77b)

that are explicitly dependent on the correlation elements of the
FI matrix F12 = F21.
The quantity defined in Eq.76 represents a figure of merit for the
performance of a measurement strategy in the multi-parameter
estimation scenario on a fixed quantum state ρφ,δ. We remark that
the necessary and sufficient condition for the saturation of the
QCRB, and consequently for the maximal achievable performance
of the measurement choice relies on the weak condition,

Tr[ρφ,δ[Li,Lj]] = 0. (78)

We have already studied the impact of such condition for the
possibility of find optimal measurements in the estimation prob-
lem; for this work in particular, we will see that such compati-
bility condition is valid for the dispersive joint-estimation case,
while is not always addressed for two phase-shifts along different
orthogonal directions. We now explore the main differences be-
tween two possible measurements approaches: the separable mea-
surements and the collective measurements [105].
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Figure 14: Conceptual figure of collective measurements and separable
measurements.

4.2.1 Separable measurements

Individual or separable measurements consist on a set of POVMs
that its elements Πi can be decomposed into a sum of terms pro-
portional to projectors onto separable states of N particles [102],

Πi =
∑
k

aik|ψik〉〈ψik |, (79)

where |ψni〉 = |ψ1ni〉 ⊗ . . . ⊗ |ψNni〉 and
∑
i

∑
k |aik|

2 = 1. Thus
means that this kind of measurement can be carried out sequen-
tially on separate particles individually; for this reason, that mea-
surement can be referred as classical or non-entangled.
So that, let’s consider the quantum state in Eq.73 and general
POVMs consisting on 2D rank-1 measurement operators (higher
rank of measurement operators can always be obtained by mixing
rank-1 operators) that can be parametrised as [105]

Πi = ni

(
cos2

(θi
2

)
cos
(θi
2

)
sin
(θi
2

)
e−iχi

cos
(θi
2

)
sin
(θi
2

)
eiχi sin2

(θi
2

) )
(80)

with 0 < ni < 1, 0 < θi < π and 0 < χi < 2π.
In terms of such parameters, considering the completeness condi-
tion

∑
iΠi = I it is possible to define the equations
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∑
i

ni = 2,∑
i

nicos(θi) = 0,∑
i

nisin(θi)sin(χi) = 0,∑
i

nisin(θi)cos(χi) = 0.

(81)

Recalling the equation form of the elements of FI matrix,

Fi11 =
1

Tr[ρφ,δΠi]

(
∂

∂φ
Tr[ρφ,δΠi]

)2
, (82a)

Fi22 =
1

Tr[ρφ,δΠi]

(
∂

∂δ
Tr[ρφ,δΠi]

)2
, (82b)

Fi12 =
1

Tr[ρφ,δΠi]

(
∂

∂φ

∂

∂δ
Tr[ρφ,δΠi]

)
, (82c)

and considering the system state in Eq.73 and the POVMs in
Eq.80, the diagonal elements of the FI matrix reads,

Fi11 =
ni
2

sin2(θ)sin2(θi)e−2δ
2 sin2(χi −φ)
1+ cos(θ)cos(θi) + e−δ

2sin(θ)sin(θi)
,

(83a)

Fi22 = 2nisin2(θ)sin2(θi)e−2δ
2 δ2cos2(χi −φ)
1+ cos(θ)cos(θi) + e−δ

2sin(θ)sin(θi)
.

(83b)
So that, with the use of the diagonal elements of the QFI matrix

H in Eq.74 and assuming that the FI matrix has neglegible off-
diagonal elements, the trade-off figure of merit Υi become,

Υi =
Fi11
H11

+
Fi22
H22

=
ni
2

sin2(θ)sin2(θi) − e−2δ
2
cos2(χi −φ)sin(θ)sin(θi)

1+ cos(θ)cos(θi) + e−δ
2cos(χi −φ)sin(θ)sin(θi)

.

(84)
Using the trigonometric inequality
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[1+ cos(θ)cos(θi)]2 − sin2(θ)sin2(θi)

= [1+ cos(θ)cos(θi)]2 − [1− cos2(θ)][1− cos2(θi)]

= [cos(θ) + cos(θi)]2 > 0

(85)

we can find a bound to the Υi figure of merit

Υi 6
ni
2

[1+ cos(θ)cos(θi)]2 − e−2δ
2
cos2(χi −φ)sin2(θ)sin2(θi)

1+ cos(θ)cos(θi) + e−δ
2cos(χi −φ)sin(θ)sin(θi)

=

=
ni
2
[1+ cos(θ)cos(θi)] − e−δ

2
cos(χi −φ)sin(θ)sin(θi).

(86)

Summing over the i and using the completeness conditions
from Eq.81 gives

Υ =
F11
H11

+
F22
H22

6 1. (87)

This represents the ultimate bound of trade-off quantify by ex-
trapolating the information on the quantum system ρφ,δ using in-
dividual measurements described by 2D rank-1 set of POVMs in
Eq.80. If we consider the CRB and the variance matrix Σ associ-
ated to the estimators in use, it is possible to define the trade-off
bound for such estimators

Υest =
H−1
11

Σ11
+
H−1
22

Σ22
6M, (88)

where M is the number of experimental runs and Σ11 = Σφ,φ,
Σ22 = Σδ,δ are the diagonal elements of the variance matrix.
It can be noticed that for θ = π/2 and θi = π/2, ∀i, the inequalities
used above are all saturated. This means that, we can always sat-
urate the bound imposed by the Eq.87 when the probe state and
all the measurement operators are in the equatorial plane of the
Bloch sphere. Furthermore, some important considerations can be
made by focus the attention on the off-diagonal elements of the
FI matrix. The inequality in the Eq.87 refers only the diagonal el-
ements of the FI matrix while in the Eq.76 we consider the Feff.
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Not negligible off-diagonal elements of FI matrix affects the Feff

by reducing its diagonal elements; that prevents the saturation of
the trade-off figure of merit, because the parameter-independence
criterion is not more valid.

4.2.2 Collective measurements

Differing from the separable scheme, the collective or entangled
measurements read as the ones constituted by a set of POVMs
that have not all separable projectors. In this collective case it is
possible to investigate the entangled properties of the quantum
state under estimation, leading to a more complete understand-
ing of the system.

Since the individual measurements are studied by focusing only
on the single probe state in Eq.73 and assuming that the estima-
tion acts even for a larger states of N > 1 qubits just performing
the overmentioned estimation N times for each qubit, for the col-
lective measurements we must consider the expanded quantum
state. We look at the tensor product of two identically prepared
single qubit equatorial states,

ρ
(2)
φ,δ =

1

4


1 e−δ

2−iφ e−δ
2−iφ e−2δ

2−2iφ

e−δ
2+iφ 1 e−2δ

2
e−δ

2−iφ

e−δ
2+iφ e−2δ

2
1 e−δ

2−iφ

e−2δ
2+2iφ e−δ

2+iφ e−δ
2+iφ 1

 . (89)

A remarkable example of entangled measurement is the Bell
measurement; for a dichotomic logical quantum basis {|0〉, |1〉} the
Bell measurement rely on the POVM set Πi = |ψi〉〈ψi|, where
{|ψ1〉, |ψ2〉, |ψ3〉, |ψ4〉} constitutes the four Bell basis defined by the
states,
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|ψ1〉 =
1√
2

(
|0〉|0〉+ |1〉|1〉

)
,

|ψ2〉 =
1√
2

(
|0〉|0〉− |1〉|1〉

)
,

|ψ3〉 =
1√
2

(
|0〉|1〉+ |1〉|0〉

)
,

|ψ4〉 =
1√
2

(
|0〉|1〉− |1〉|0〉

)
.

(90)

For φ = π/4 one can calculate the ratios between FI matrix and
QFI matrix diagonal elements,

FBell(φ)

2H11
= e−2δ

2
(91a)

FBell(δ)

2H22
=

1

1+ e2δ
2

(91b)

The sum of these ratios, which correspondes to the trade-off
figure of merit Υ, is equal to 3/2 for δ = 0 and it decrease mono-
tonically with δ. Recently [105], it has been demonstrated that for
a large range of phase diffusion δ the maximum value of the trade-
off is

ΥBell =
FBell(φ)

2H11
+
FBell(δ)

2H22
6
3

2
, (92)

and consequentially the statistical variance estimation obey

Υ =
H−1
11

ΣBell(φ)
+

H−1
22

ΣBell(δ)
6
3

2
M. (93)

4.3 entangling measurements

In this section the experimental implementation of such Bell mea-
surement, called from now entangling measurement, is shown. The
method used for the implementation of the entangling measure-
ments is tha linear-optical Control-Sign (CS) gate acting on two
polarisation qubits [119, 120], each of the form α|H〉+ β|V〉; thus,
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we are assuming that the horizontal (|H〉) and the vertical (|V〉) po-
larisations of light form the quantum logical basis states |0〉 and
|1〉 respectively.
The CS gate imparts a π-phase shift to the |V〉1|V〉2 with respect
to the other three states |H〉1|H〉2, |H〉1|V〉2 and |V〉1|H〉2, and its
matrix representation reads

CS =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

 . (94)

In this experiment we consider the action of the CS gate in the
rotated basis |D〉 = 1/

√
2(|H〉+ |V〉), |A〉 = 1/

√
2(|H〉− |V〉) on one

of the two qubits; so that, the Bell states

|φ+〉 = 1

2
(|H〉1|D〉2 + |V〉1|A〉2)

|ψ+〉 = 1

2
(|H〉1|A〉2 + |V〉1|D〉2)

|φ−〉 = 1

2
(|H〉1|D〉2 − |V〉1|A〉2)

|ψ−〉 = 1

2
(|H〉1|A〉2 − |V〉1|D〉2)

(95)

are mapped onto separable states {|D〉1|D〉2, |D〉1|A〉2, |A〉1|D〉2,
|A〉1|A〉2} respectively, forming an orthogonal set of POVMs Πk.
For example, if we consider as a input the overmentioned |φ+〉
Bell state the CS gate acts as

|φ+〉 = 1

2
(|H〉1|H〉2 + |H〉1|V〉2 + |V〉1|H〉2 − |V〉1|V〉2)

CS
=⇒ 1

2
(|H〉1|H〉2 + |H〉1|V〉2 + |V〉1|H〉2 + |V〉1|V〉2) =

=
1

2
(|H〉+ |V〉)1 ⊗ (|H〉+ |V〉)2 = |D〉1|D〉2.

(96)

As said previously, the best estimation performance can be deliv-
ered with equatorial states in yx-plane on the Bloch sphere,
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Figure 15: Scheme of the experimental apparatus. All the acronyms
in the figure are: beamsplitter (BS), half-wave plate (HWP),
quarter-wave plate (QWP), partially-polarised beam split-
ter(PPBS), polarised beam splitter (PBS), band-pass (BS) filter,
avalanche photo-diode (APD), single-mode (SM) fiber.
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i.e. |ψ0〉 = 1/
√
2(|H〉+ eiξ|V〉); for these states, we consider sin-

gle phase rotations along z-axis in the form R(φ) = eiφσ̂3 , where
{σ̂i}i=1,2,3 denote the three Pauli matrices, applied on the initial
state |ψ0〉. Since the second photon state is rotated from the {|H〉, |V〉}
basis to the {|D〉, |A〉}, the state we investigate in this work is

ρ(2) = ρ
(1)
1 ⊗Mρ

(1)
2 M

† (97)

where ρ(1)i denotes the single qubit density matrix, and intro-
ducing the rotation matrix M = 1/

√
2(σ̂1 + σ̂3).

4.3.1 Experimental apparatus

The experimental implementation of such entangling measure-
ment is described on Fig. 15. For the preparation of the state, we
use a photon pair source based on parametric down-conversion
(PDC) consisting of a 2-mm barium borate crystal (BBO), pumped
with a 405 nm laser diode. The photons converted are nearby
frequency-degenerate at 810 nm, and they are emitted with an an-
gle of 6 degrees; they are also coupled into single-mode fibers and
then delivered to the entangling measurement set-up. For sake of
simplicity on coupling procedures, we exploit a brighter CW laser
at 808 nm (∼ 1.5mW), splitted with a beam-splitter (BS) crystal
and matched on the same spatial-modes of the PDC-generated
photons. The entangling measurement is performed by a system
of partially polarised beam-splitters (PPBSs) interferometric sys-
tem. Differently from other interferometric schemes, which are
based on the path interaction between the two-photon system, this
approach ensures a better stability, since this proposal relies on
single-polarisation interference at a PPBS, making the gates more
compact and robust against vibrations.
In order to understand the role of such beam-splitter having dif-
ferent reflection coefficients depends on the polarisation direction
of the input photons, we consider the four-input modes annihila-
tion operators on the PPBS {âH, âV , b̂H, b̂V } that correspond to the
two input spatial modes {a,b} considering the polarisation degree
of freedom, and the four-output modes {â ′H, â ′V , b̂ ′H, b̂ ′V } associated
to the two output spatial modes (a ′,b ′), see Fig. 16 [121].
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Figure 16: Scheme of the input and output modes on the PPBS.

The relation between the input and the output modes is ex-
pressed as, 

a ′H
b ′H
a ′V
b ′V

 = UPPBS


aH

bH

aV

bV

 , (98)

where UPPBS constitutes the action of the associated unitary op-
erator of the PPBS defined as

UPPBS =


tH irH 0 0

irH tH 0 0

0 0 eiϕtV ieiϕrV

0 0 ieiϕrV eiϕtV

 , (99)

where ϕ is the phase difference between the horizontal and ver-
tical polarisation of light and tH = 1− rH and tV = 1− rV are the
trasmittivity coefficients of horizontally and vertically polarized
light, respectively.
In our experiment, the PPBS parameters reads tH = 1 and tv =

1/
√
3, and ϕ = 0, so that the matrix in Eq.99 is,
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UPPBS =


1 0 0 0

0 1 0 0

0 0 1/
√
3 i

√
2/3

0 0 i
√
2/3 1/

√
3

 . (100)

When the input state of PPBS is |V〉a|V〉b = â
†
V b̂
†
V |0〉 the output

state can be derived using the transformation defined by equa-
tions Eq.98 and Eq.100 as follows:

UPPBSâ
†
V b̂
†
V |0〉 =

(
1√
3
â ′V + i

√
2

3
b̂ ′V

)†
⊗
(
i

√
2

3
â ′V + i

1√
3
b̂ ′V

)†
|0〉 =

=

(
−
1

3
â ′V b̂

′
V + i

√
2

3
â ′2V + i

√
2

3
b̂ ′2V

)†
|0〉 =

= −
1

3
|H〉a ′ |H〉b ′ − i

√
2

3
|2H〉a ′ |0〉b ′ − i

√
2

3
|0〉a ′ |2H〉b ′ .

(101)

Within the calculation on the other three possible input modes,
it is possible to notice that the output state results having a π-
phase only on the |V〉|V〉, conditioned on post-selecting a coin-
cidence detection, i.e. neglecting the detection of multiple qubit
state on the same mode.
Then, the first PPBS ensures us to perform effectively the CS gate
with two single-photon state; however, the absolute values of the
amplitudes need to be equal for any input, so that we still need to
attenuate the contributions that include horizontal polarization. In
order to achieve this task, we inserted one more PPBS on each arm
rotated by 90 degrees, so that the role of horizontal and vertical
polarisations are exchanged: the output probability then becomes
polarisation insensitive.

4.4 detector tomography

In order to quantify the efficiency of our device we need to per-
form a detector tomography, [122]; this characterisation consists of
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determining the POVM set corresponding to the action of our ap-
paratus. As mentioned before, the CS gate maps the POVM set
Π
th
i = |ψi〉〈ψi| constituted by the Bell basis in Eq.90 onto sepa-

rable states in the diagonal logical basis; so that, if at the output
arms of the CS gate we project the system in the four possible
combination of {|D〉, |A〉 basis, we are able to reconstruct the asso-
ciated Πexpi matrices, with i = DD,DA,AD,AA, by observing the
respectively probability outcome associated to the input state ρ(2),

p(i) = Tr[ρ(2)Πexpi ]. (102)

In state tomography, an unknown ρ(2) is characterized by car-
rying out a set of known measurements, each on many identical
copies of the state to estimate p(i). From this kind of estimate,
one can invert Eq.102 to find ρ(2). The interchangeability of ρ(2)

and Π
exp
i in Eq.102 shows that detector tomography has a dual

role to state tomography. In this case, measuring a set of known
probe states {ρ(2)} enables us to characterize an unknown detector,
and thus find Π

exp
i . From the definition of a POVM set, we re-

mark that constraints on the measured detector matrices Πexpi are
needed: these matrices must be non-negative Πexpi > 0 and they
must sum to the identity operator

∑
iΠ

exp
i = I.

In order to reconstruct the experimental probabilities, we use as in-
put the product of single-qubit reference states |α1〉, |α2〉 by choos-
ing among all the six possible polarisation states of light {|H〉, |V〉,
|D〉, |A〉, |R〉, |L〉 where |R〉 = 1/

√
2(|H〉 − i|V〉) and |L〉1/

√
2(|H〉 +

i|V〉) are the two circular polarisation of light. Experimentally,
for all output projections on the diagonal basis, consisting on a
Quarter-Wave Plate (QWP), Half-Wave Plate (HWP) and Polarised
Beam-Splitter (PBS), see Fig. 15, we prepare the state by projecting
the input photons on all the 36 possible combinations of polarisa-
tion inputs. Such preparation can be achieved by projecting the
input states in the horizontal polarisation by the use of a PBS,
not shown in figure, a QWP and a HWP on either input arms.
Data acquisition is performed by collecting coincidences using
avalanche photo-diodes and a Field Programmable Gate Array
(FPGA) board.
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|α1〉\|α2〉 |H〉 |V〉 |D〉 |A〉 |R〉 |L〉
|H〉 1704 1382 3074 16 1531 1513

|V〉 1387 880 136 2121 1233 1016

|D〉 2734 133 1681 1191 1511 1369

|A〉 21 2301 1247 1074 1229 986

|R〉 1590 1085 1724 1018 2644 111

|L〉 1339 1207 1420 1043 100 2477

Table 2: Data acquisition of coincidence rate by setting the projection on
the two output arms at |D〉|D〉〈D|〈D|. All the coincidences are
collected within 1 second of acquisition time.

The tomography algorithm proceeds to find the closest set {Πexpi }

that fits the collected data (in Table 2 there is an example for the
POVM {Π

exp
DD} associated to the |D〉|D〉〈D|〈D| projection on the two

output arms) to the expected values

nideali = Tr[|α1〉〈α1|⊗ |α2〉〈α2|Π
exp
i ] (103)

exploiting the maximum likelihood approach. Considering the
i-data set of 36 measurements {nij}j=1,...,36 associated to the matrix
Π
exp
i , the aim is to find the minimum of the "likelihood function"

Li =

36∑
j=1

(
Tr[(|α1〉〈α1|⊗ |α2〉〈α2|)jΠ

exp
i ] −n ′ij

)2Nj
n ′ij

(104)

where Nj =
∑4
i=1 nij is the normalisation over all the four Πexpi

matrices and n ′ij = nij/Nj.
In order to consider the uncertainties on the data set, instead of
increasing the amount of coincidence rate collections we choose to
simulate multiple runs of the reconstruction experiment by means
of Monte Carlo routine; such propagation procedure results an useful
approach, since permits to prevent loss of information about the
parameter correlations.
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Figure 17: Histograms representation of the four ideal entangling mea-
surement POVM-set Πthi and of the four reconstructed real
part Re

[
Π
exp
i

]
and imaginary part Im

[
Π
exp
i

]
matrices.

At each run the detected coincidence counts varying within un-
certainty extrapolated by a normal distribution; to do so, we gen-
erate two single uniformly distributed random numbers r1 and r2
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chosen in the interval (0, 1). The normal distribution number is
then calculated by using the formula

z =
√

−2Log(r1)cos(2πr2), (105)

and the relative data at each routine results nMCij = nij + z
√
nij,

coherently to the Poissonian statistic of the photons used in the
experiment. Following it is reported the mean values of the four
entangling POVM-set calculated with 100 iterations,

ΠDD =



0.559 0.017+ i0.016 0.019+ i0.045 0.466+ i0.017

0.0165− i0.016 0.008 0.012− i0.001 0.024− i0.015

0.0188− i0.045 0.012+ i0.001 0.032 0.012− i0.040

0.466− i0.017 0.024+ i0.015 0.012+ i0.040 0.441


(106a)

ΠDA =



0.004 −0.025− i0.017 −0.020− i0.015 −0.006− i0.001

−0.025+ i0.017 0.525 0.453+ i0.014 0.014+ i0.053

−0.020+ i0.015 0.453− i0.014 0.393 0.008+ i0.048

−0.006+ i0.001 0.014− i0.053 0.008− i0.048 0.032


(106b)

ΠAD =



0.425 0.032+ i0.010 −0.006− i0.046 −0.450− i0.017

0.032− i0.010 0.005 0.007− i0.007 −0.040+ i0.012

−0.006+ i0.046 0.007+ i0.007 0.036 −0.013− i0.050

−0.450+ i0.017 −0.040− i0.012 −0.013+ i0.050 0.492


(106c)

ΠAA =



0.013 −0.023− i0.009 0.007+ i0.017 −0.010+ i0.001

−0.023+ i0.009 0.462 −0.471− i0.007 0.002− i0.050

0.007− i0.017 −0.471+ i0.007 0.540 −0.007+ i0.042

−0.010− i0.001 0.002+ i0.050 −0.007− i0.042 0.035


(106d)

in the basis {|HD〉, |HA〉, |VD〉, |VA〉}.
For each reconstructed matrices, we calculate the proper fidelity

Fi(|ψi〉,Π
exp
i ) =

√
〈ψi|Π

exp
i |ψi〉 (107)
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compared to the ideal set |ψi〉 defined in Eq.90. In our experi-
ment the fidelities result to be

Fφ+ = (96.60± 0.23)%
Fφ− = (90.84± 0.37)%
Fψ+ = (91.13± 0.34)%
Fψ− = (97.23± 0.15)%

(108)

4.5 results

The value of the Υ factor using reconstructed matrices Πexpi in
Eq.106 is reported in Fig. 18.

Figure 18: Trade-off figure of merit from experimentally reconstructed
detector matrices in Eq.106 for the phase-dephasing estima-
tion. The blue shadowed area Υ 6 1 constituted the accessible
area from separable measurement. The lines represent: pre-
diction for the ideal case of entangling measurement (black
dashed line), the experimental Υ value (red solid line), the
contribution of the effective FI of the phase (dash-dotted
green line) and for the dephasing (dotted blue line).
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Fixing the φ parameter on its best performance value ' 0.89, it
is shown the behavior of trade-off figure of merit as a function of
the dephasing parameter δ, along the prediction of the ideal case.
In the figure we highlight also the contributions of the Υ function
for both parameters (blue and green dashed lines) and the blue
area achievable by the individual probe strategy. In such results,
the input states are chosen individually on two qubits establishing
numerically ξ = 0 for the first qubit, and ξ = 0.10 for the second;
in real condition there are not bound to be equatorial in order to
accommodate for imperfections.

From the figure, we notice that there exists a range of δ for which
an improvement over the separable strategy (Υ 6 1) is assessed;
the optimal value is Υ∗ = 1.18 ± 0.02, nine standard deviations
above the limit. Looking at the ideal case, we expect that the larger
amelioration can be achieved for low values of dephasing. How-
ever, the experimental line suggests that for δ ' 0 there is a drop
of information due to experimental imperfections. Indeed, for low
dispersion instance the capability of the apparatus of estimating
δ is strongly linked to the repartition of counts among the four
possible outcomes. This asymmetric behavior prelude the possi-
bility to achieve the best performance measurement in the low δ

regime, even trying to reduce the non-idealities by biasing the in-
put states.
Another observation is the evolution of the entanglement mea-
surement against the single probe measurement. The last one, re-
sults to be insensitive on the value of δ due to the lack of co-
herence of the estimation while the collective one, which is the
maximum expression of quantum coherence, seems to be strictly
δ-dependent. This highlights the fact that the amelioration on the
joint-estimation occurs for a limited range of dephasing values
and if the measurement becomes less entangled, the Υ factor be-
comes consequently flatter, see Fig. 19.



4.6 phase-phase estimation 77

Figure 19: Trade-off figure of merit with different correlation strengths.

In this graph we use different correlation strengths by main-
taining the projection of one output arm into the diagonal basis
while the other is projected into the basis {|α(θ)〉, |α(θ + 45o)〉}
where the equatorial state is defined |α(θ)〉 = 1/

√
2(cos(θ)|H〉 +

sin(θ)|V〉); we check for different settings of the entanglement
strength θ = {22.5o, 15o, 10o, 5o, 0o}, spanning from the maximum
entangled measurement (projecting in {|D〉, |A〉}) to the separable
one (projecting in {|H〉, |V〉}).
At the end, it is possible to remark the effectiveness of collective
measurement approach, that improves the information extrapola-
tion from the system, breaking the separable bound. However, the
entangling strategy are affected considerably to the presence of
dispersion, because of the fragile nature of quantum correlation,
leading to an ameliorated narrow range of δ for information ex-
traction.

4.6 phase-phase estimation

In the multi-parameter scenario the achievement of the ultimate
bound impose by the QCR inequality is strongly connected to the
maximum information extrapolation imposed by the QFI matrix;
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in particular, as mentioned in the previous chapter, the optimal FI
can be attained following the weaker condition

Tr[ρφ,δ[Li,Lj]] = 0, (109)

that it has been proved to be necessary and sufficient.
Despite this is proved for the phase-dephasing parameter esti-
mation, we consider now the case of the unitary transformation
R(φy,φz) = exp{i(φyσ2 + φzσ3)}, a rotation along the y and z-
axis on the Bloch sphere representation applied to the state |ψ0〉.
The two SLD operators corresponding to the parameters φy and
φz can be easily calculated and one obtains that the condition
in Eq.109 is never satisfied, unless for a specific initial equatorial
states [103]. The impossibility of reaching the weaker condition
implies that the saturation of the two-parameter QCR bound can
not be assessed, no matter how many copies of the qubit probe
state are accessed with entangling measurements, differing to the
case of the joint φ-δ estimation that always satisfied the condition
109 with a non-singular QFI matrix.

Figure 20: Trade-off figure of merit from experimentally reconstructed
detector matrices in Eq.106 for the φy-φz estimation.
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In Fig. 20 we report the Υ figure of merit of two-phase esti-
mation with the same numerical investigation performed for the
previous joint estimation of phase and dephasing; one finds that
the separable bound Υ 6 1 is always satisfied regardless of how
much entangling the measurements we consider are on two copies
of quantum state. So that, for this case the enhancement of collec-
tive approach results pointless because of the no-zero expectation
value of the commutator of the φy-φz SLD operators on the probe
state ρφ,δ.

4.7 conclusions

We have evaluated the usefulness of a particular collective mea-
surements, the entangling measurements, for the multi-parameter
estimation scenario using two-qubit probes. The impact of this
collective strategy to the phase and phase diffusion estimation re-
sults significant. There is a range of dephasing values where the
extractable information from the quantum probe system goes be-
yond the limit imposed by the individual approach. The results
are in accordance with the ideal case under opportune conditions,
even within some features due to experimental imperfections of
our apparatus. In order to focus on the importance of the neces-
sary and sufficient weaker condition 109, we perform the same
analysis on the two-phase estimation that not satisfied such con-
dition. In this case the trade-off figure of merit results to have the
same bound compared to the separable case, so that no enhance-
ment of using entangling measurement is observed.

At the end, even observing experimentally the advantage of the
collective measurement strategy, this results to be hard to imple-
ment efficiently with the apparatus above discussed. Indeed, as
the obtained fidelities of the chosen POVM set could result to be
good enough, the sensivity of the performed measurement within
experimental imperfection has proved to be a not negligible as-
pect. This has been noted on the very different behavior of the
experimental trade-off figure of merit compared to the ideal one,
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caused by a not perfect symmetry of the redistribution counts on
all possible outcomes, which constitutes a difficult task to control.



5
M U LT I PA R A M E T E R Q U A N T U M E S T I M AT I O N O F
N O I S Y P H A S E S H I F T S

"It’s conical. So what you do is, you see, you fill it
With fine white sand, alright? Or sugar. Fine white sand,

And/or sugar. Anything. Doesn’t matter. Sugar’s fine.
And when it’s full, you pull the plug out... are you listening?"

— The Hitchhiker’s Guide to the Galaxy, D. Adams

5.1 introduction

The characterisation of biological systems plays a fundamental
role in pharmaceutical industry. This because non-intrusive probes
represents one of the exciting challenges in medical research. Quan-
tum metrology helps us to solve this task exploiting the resources
of quantum light states with minimal risk of sample damaging.
For this reason, researchers of biology and chemistry focus the
attention on the strong coherence properties of quantum systems,
which are capable of enhancing the measurement sensivity and
resolution even with a few amount resources. One of the most im-
portant parameter example for the characterisation of biological
samples is the optical activity of aqueous solutions, i.e. the phase-
difference between the two circular polarisations.

In this chapter I discuss the results for the chirality estimation of
aqueous samples using multi-parameter estimation approach. The
novelty of this work is figured by the joint characterisation of the
focused parameter, i.e. the phase-shift on the circular polarisation
of light, and the quality of the probe used for the investigation on
the material. In this particular case, the probe efficiency is identi-
fied by the amount of indistinguishability of two input Fock states
into the interferometric system generating a two-photon N00N

state. The effect of post-selection on the Fisher information and

81
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the generalisation to 2N-photon Holland-Burnett states are also
discussed.

5.2 quantum interferometry

As described in the previous chapter, quantum metrology breaks
the classical shot-noise bound for parameter estimation accuracy.
In optics, the most remarkable example of this resolution improve-
ment beyond the Heisenberg limit consists in multiphoton entan-
gled states, known as N00N states. These states are commonly
associated to the Schrödinger cat ones, as they consist of a super-
position of two highly distinct states corresponding to the "dead
and alive" cat. The high sensivity to decoherence effects on multi-
particle states makes N00N states a valuable tool for many quan-
tum technology fields, including quantum metrology. The idea
behind these states is that there are a fixed number of particles N,
i.e. photons for our purposes, that are either all in the mode a or
in the mode b producing the superposition state,

|Ψ〉N00N =
1√
2

(
|N〉a|0〉b + |0〉a|N〉b

)
. (110)

The physics behind this quantum system takes its foundations
from the famous work of photon indistinguishability performed
by the group of Mandel in 1987. Become known as one of the
most influent works demonstrating the fundaments of quantum
mechanics, the Hong-Ou-Mandel (HOM) effect showed the intrin-
sic boson nature of two indistinguishable single photons interact-
ing on a beam splitter (BS), see Fig.21.

Describing the input quantum state before the BS as

|Ψin〉12 =
∫
dt

∫
dt ′β(t, t ′)â†1(t)â

†
2(t
′)|0〉12, (111)

where â†1 and â
†
2 are the creation operations on the 1 and 2

respective input modes, the times t and t ′ are associated with the
same input arms, and β(t, t ′) corresponds to the joint two-photons
wavepacket amplitude.
By defining as 3 and 4 the output modes of the beam splitter, the
relation between input and output creation operators reads
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Figure 21: Scheme of the four possibilities outputs for two-photon in-
teraction in to a 50:50 beam splitter. The indistinguishability
of both single photons ensures the erasure of the configura-
tion 2 and 3; the remaining possibilities describe the intrinsic
bosonic nature of the photons that follow the same output
mode.

â
†
1(t) = Râ

†
3(t) + Tâ

†
4(t),

â
†
2(t) = Tâ

†
3(t) +Râ

†
4(t),

(112)

where R and T are the reflection and transmission coefficients,
respectively.
The substitution of the input operators by the output operators in
Eq.111 gives

|Ψin〉12 =
∫
dt

∫
dt ′β(t, t ′)

[
RTâ

†
3(t)â

†
3(t
′) +R2â

†
3(t)â

†
4(t
′)

+ T2â
†
4(t)â

†
3(t
′) + TRâ

†
4(t)â

†
4(t
′)

]
|0〉12.

(113)

For this state at the output of the BS we consider the probabili-
ties for both photons to emerge in the same output arm as

P(23, 04) = P(03, 24) =
1

2
|R|2|T|2

∫
dt

∫
dt ′|β(t, t ′)+β(t ′, t)|2, (114)

and the probability for one photon to emerge in each output
arm as
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P(13, 14) =
1

2

∫
dt

∫
dt ′|R2β(t, t ′) + T2β(t ′, t)|2. (115)

The abovementioned probabilities suggest us that the state at
the output of the BS strictly depends on the form of the pair-state
wavepacket β(t, t ′) and the transmitency and reflectancy coeffi-
cients |R|2 and |T|2. Indeed, considering a factorable joint wavepacket
amplitude β(t, t ′) = ξ1(t)ξ2(t

′) for non-entangled input states
and a completely balanced beam splitter (|R|2 = |T|2 = 1/2), these
probabilities reduced to

P(23, 04) = P(03, 24) =
1

4

(
1+ |J|2

)
P(13, 14) =

1

2

(
1− |J|2

) (116)

where |J|2 = |
∫
dtξ∗1(t)ξ2(t)|

2 is the overlap integral taking into
account the normalisation and the invariance under interchange
of the integration variables t and t ′ of the wavefunction β(t, t ′).

Figure 22: Results of the coincidence measurement for different delay
times τ performed by Mandel in 1987, taken from [8]. The
lack of coincidences at delay time τ = 0 confirms the bosonic
nature of of the system after the interaction.

This overlap integral has a simple form for individual wavepacket
amplitudes ξ1(t) and ξ2(t) of Gaussian shape
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ξ(t) =
(
2∆2/π

)1/4exp
[
− iω0 −∆

2(t0 − t)
2

]
; (117)

considering two different arrival times of the photons at the BS,
denoted respectively t01 and t02, the overlap function reads,

J = exp
[
−
1

2
∆2(t01 − t02)

2

]
. (118)

As observed in Fig. 22, for a simultaneous arrival of the peaks of
the two input-photons at the BS (t01 = t02) the output coincidence
rate is erased due to the impossibility to distinguish the photons
during the interaction on the BS. It is very important to mark
that this totally destructive interference is a quantum-mechanical
effect that does not occur for any classical counterpart of the ex-
periment.

5.3 N00N state probing chiral solutions

The preparation of N00N-like quantum state via interferometric
apparatus allows us to exploit a very reliable tool in order to
detect, measuring the photon coincidences, even the smallest dif-
ference between two probes under examination. For this reason
this technique aims at playing a central role in metrology experi-
ments. In this experiment we want to characterise some solutions
preparing properly a N00N state in order to perform a phase-shift
estimation issued by the chirality nature of the samples. We con-
sider the action of a chiral material, typical examples are sugar
aqueous solutions, on a circular superposition quantum light state
|Φin〉 = 1/

√
2(|R〉+ |L〉); the interaction of the light with this sam-

ple can be described with a phase-shift imparted by the solution
to the left-circular polarisation of the state that evolves in

|Φout〉 =
1√
2
(|R〉+ eiϕ|L〉). (119)

In order to implement an interfometric apparatus enhancing
the sensivity to such evolution, we choose to prepare optically a
N00N state encoded on circular polarisation of light,
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|Φprep〉 =
1√
2
(|2R〉|0L〉− |0R〉|2L〉). (120)

The scheme we use for the implementation and preparation of
N00N state on circular polarisation is described in Fig. 23.

Figure 23: Experimental scheme of N00N state preparation.

The approach we use for this chirality-estimation experiment
is the joint characterisation of phase-shift imparted by the mate-
rial under investigation and the efficiency of the interferometric
apparatus. As we will see later, this choice permits us to access
on a more informative estimation compared to the single phase-
estimation approach. Considering the two input modes, labeled
with 1 and 2, we have the input state at the horizontal polari-
sation of light |Φin〉 = (â†H)1(â

†
H)2|0〉. Before the interaction on

the polarised-beam splitter (PBS1) one of the two states preserves
the horizontal polarisation and passes through an half-wave plate
(HWP1) at 0 degree respect to its fast optical axis while the other
one changes in to the vertical polarisation passing in to an HWP
at 45 degrees. After the interaction on the PBS1 the state become

|Φint〉 = â†Hâ
†
V |0〉 =

1

2

(
(â†R)

2 − (â†L)
2
)
|0〉 = 1√

2
(|2R〉|0L〉− |0R〉|2L〉),

(121)
which is the N00N state defined in the (120).

Parametrizing the action of the aqueous solution on this state as
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a phase-shift φ on the R-mode, such phase induces a polarisation
rotation described by the transformations

â
†
H → cos(φ/2)â†H + sin(φ/2)â†V ,

â
†
V → cos(φ/2)â†V − sin(φ/2)â†H.

(122)

So that, the evolution of the state in Eq.121, due to the interac-
tion of the sample, is

|Φev〉 = cosφâ†Hâ
†
V |0〉− sinφ

(â†H)
2 − (â†V)

2

2
|0〉. (123)

The detection scheme consists of an half-wave plate (HWP3)
and a second PBS, in order to select an arbitrary linear polarisation
of the state by the angular position θ of the half waveplate. At the
end, we perform the photon counting by the use of avalanche
photodiodes (APDs) place at the end of each output arms of the
interferometer.

5.4 N00N state preparation

The approach we use in this experiment aims at exploring the
consequences due to the probe state interaction with the sample
under investigation. Indeed, such evolution of the system can pro-
voke a change on the experimental apparatus exploited for the
phase estimation process. As stated previously, preparing an op-
timal quantum state ensures us an estimation of the phase-shift
is nearby to the effective value imparted by the solution under
investigation. Experimentally, the optimability of quantum state
preparation relies at on good interferometric set-up with indistin-
guishable photons. However, the alteration affects the metrolog-
ical process abovementioned, inducing to a different estimation
of the phase; this can be described as a loss of efficiency of the
experimental device, that in our case reflects on the photon distin-
guishability in the interferometric system. Considering that this
decreasing efficiency is strictly associated to the evolution of the
probe itself, every pre-estimation of the experimental interferom-
eter performance, i.e. the visibility of the output fringes, results
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pointless. This scenario leads to a multi-parameter approach that
characterise phase-shift and the efficiency of the experimental de-
vice at the same time.
Considering the evolved state in Eq. (123) and introducing the
rotation degree θ and the visibility v, see the Appendix A, the
relevant detection probabilities are:

p(1|θ;φ, v) =
1

1+ v
(1+ vcos(8θ− 2φ))

p(2|θ;φ, v) =
v

1+ v
sin2(4θ−φ)

(124)

where p(1|θ;φ, v) describe the probability of a coincidence count
between two arms, associated to the state |1H〉|1V〉, and p(2|θ;φ, v)
is the probability to find both photons in one arm, associated
to the state (|2H〉|0V〉 − |0H〉|2V〉)

√
2. These probabilities are used

for the multi-parameter estimation with the Bayesian method (see
Chapter 3). However, in this experiment the available measure-
ment apparatus does not allow to achieve the full set of outcome
probabilities in Eq. (124). For this reason we choose to approach
this problem with a post-selection strategy, see Sec.5.5.

5.4.1 Alignment system

Due to the low probability of photon pair emission in the PDC
process a brighter laser beam is necessary for the alignment of the
interferometric apparatus. In Fig. 24 a sample scheme of optical
simulation setup is described. In this scheme we use a continu-
ous wave (CW) diode laser at 808 nm of wavelength, horizontally
polarised; this choice is dictated by the need of being as close as
possible to the spectrum and the polarisation of the PDC photon-
pair.

For both of simulation apparatus and experiment setup we use
broadband dielectric mirrors with transmission range 750− 1100
nm. Simulating the two single-photon beams path we split the
laser with a plate beamsplitter (BS); we measure the input power
of the laser (12.8 mW) and the output power of the reflection path
(3.5 mW) and the transmission path (9.1 mW). The reason of this
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Figure 24: Experimental set-up of the optical simulation for the align-
ment.

high unbalance is due by the impossibility of controlling the polar-
isation of the input laser and so the response of the BS; however,
this displacement does not represent a crucial problem. A delay
line is assembled on one of the two paths. This permits us to syn-
chronise the arrival time of the two classical beams into the BBO
crystal. Then we purify the spatial mode with the use of two pin-
holes in order to facilitate the following coupling.

The collinearity of this simulation beams compared to the single-
photon paths is performed by crossing the classical beams into the
focus of photon-pair generation, spreaded at 6 degrees referring
to the axis of propagation (see Fig. 25).

5.4.2 N00N apparatus

The apparatus used for the N00N state preparation with classical
light is described in Fig. 25.

We choose to implement a compact geometry of the set up due
to the high spatial mode divergence of beams, both classical and
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Figure 25: Experimental apparatus of N00N state in circular polarisa-
tion.

quantum. One of the two beams is directed toward the interac-
tion PBS, preserving the horizontal polarisation while the other
one passes in a delay line system and goes to the PBS after a po-
larisation rotation from the horizontal to the vertical polarisation.
In order to optimise the interferometer, i.e. creating the indistin-
guishability conditions, we rotate the projection half waveplate at
22.5 degrees and we match the spatial mode of the beams, tuning
the path lengths with the delay line system; the goodness of this
procedure is controlled by the observation of the interferometric
fringes image, recorded by a CCD camera. This represent a first
order of optimisation which is integrated by the finest one using
the single photons status.

5.5 the effect of post-selection

Recalling the probabilities described in Eq. (195), we remark that
p(1|θ;φ, v) and p(2|θ;φ, v) represent the outcome states with one
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photon in each output arms of the interferometer and both of
two photons for either output arms respectively. However, the
measurement system, which consists on two APDs and a corre-
lator, does not consent to resolve the photon number of the state;
for this reason, it is not possible to determine the two states as-
sociated to the probability p2(θ|φ, v). Furthermore, we need at
least four settings of θ in order to resolve the two parameters,
θ = {0,π/16,π/8, 3π/16}. This leads to define the post selected
probabilities

p(θ;φ, v)PS =
1

4
(1+ vcos(8θ− 2φ)) (125)

associated only to the coincidence counts; the derivation of these
probabilities are performed by

p(θ;φ, v)PS =
p(1|θ;φ, v)∑
θ p(1|θ;φ, v)

. (126)

Some considerations must be made regarding the main differ-
ences between the ultimate accuracy limit of estimation, described
by the Fisher information matrix, considering the complete set of
probabilities in Eq. (195) and the post-selected probabilities in Eq.
(125). For a flat distribution of the settings p(θ) = 1/4 the complete
Fisher information matrix reads

Fij =
1

4

∑
θ

(
∂ip(1|θ;φ, v)∂jp(1|θ;φ, v)

p(1|θ;φ, v)
+2
∂ip(2|θ;φ, v)∂jp(2|θ;φ, v)

p(2|θ;φ, v)

)
,

(127)
where in the second half of the sum we consider the double

occurence of p(2|θ;φ, v). The post-selected Fisher information ma-
trix is given by:

FPSij =
1

4

∑
θ

(
∂ip(θ;φ, v)∂jp(θ;φ, v)

p(θ;φ, v)

)
, (128)

which is the one used in the experiment. The explicit forms are:



92 multiparameter quantum estimation of noisy phase shifts

Fφ,φ = 4−
16(v4 − 3v2 + 2)

(1− cos(8φ))v4 − 8v2 + 8
(129)

Fφ,v = −
2v3 sin(8φ)

(1− cos(8φ))v4 − 8v2 + 8
(130)

Fv,v =
4− (1− cos(8φ))v2

(1− cos(8φ))v4 − 8v2 + 8
. (131)

Figure 26: The post selected (bright green line) and complete (dark green
line) Fisher information matrix elements, Fφ,φ (a), Fv,v (b) and
ξφ,v (c).

Quantitative comparison of the two Fisher matrices can be ap-
preciated in Fig. 26; the effect of post-selection leads to a reduction
of the available information of the phase Fφφ, while inducing an
amelioration for the amount of information concerning the visi-
bility parameter Fvv. However, taking into account the probability
of the favorable events that are post-selected, the weighted post-
selected Fisher information matrix elements are in general always
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lower than the complete Fisher information due to the compensa-
tion of the loss of resource erased by the post-selection process.

Another important mark of the post-selection effect is the enhance-
ment of the oscillations on the off-diagonal term ξφ,v = Fφ,v/(Fφ,φFv,v)

1/2.
This enhancement represent a clue of the critical increasing amount
of correlation properties phase and visibility. The effect of post-
selection acts on the information extraction with a decreasing num-
ber of resources used for the estimation; for this reason, the achiev-
able information devided among the two parameters is lower,
leading to an improving of the correlation between phase and vis-
ibility.

5.6 estimation procedure

The metrological test we want to perform is the goodness of accu-
racy achievable with the N00N apparatus described above, i.e. the
saturation of the Cramér-Rao bound (CRB) introduced previously
in Chapter 3 which imposes a limit to the covariance matrix Σ,

Σ > F
−1
/M, (132)

where M is the given number of trials and

F =

(
Fφφ ξφv

ξφv Fvv

)
(133)

is the Fisher information matrix associated to the probabilities
in Eq. (125), see Fig. 27.

The joint distribution, experimentally measured for the values
of φ and v, is obtained by Bayesian estimation. With the use of
Bayes’s theorem we update the a priori joint probability PA(φ, v)
considering the number of measured copies nθ, that is the number
of coincidences associated to each set of θ. This procedure leads
to the Bayesian joint probability distribution

PB(φ, v|n) = NPA(φ, v)Πθp(θ|φ, v)nθ , (134)
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Figure 27: CRB per number of trial unit associated to the variance of φ
(a), the variance v (b) and the covariance of both parameter
(c) as a function of the phase parameter φ for different values
of visibility. For sake of simplicity we introduce the effective
Fisher information matrix elements Feffij = (1/F

−1
)ij.

where N is a normalisation constant and n is the vector formed
by the four coincidence count rates nθ. All the estimation results
in this experiment are performed by quantifying the first moments
of the marginal distributions from PB(φ, v|n),

φB =

∫
φPB(φ, v|n)dφdv, (135a)

vB =

∫
vPB(φ, v|n)dφdv, (135b)

which are the main values of the estimated phase and visibil-
ity respectively. Furthermore the experimental covariance matrix
elements are defined as the second moments of PB(φ, v|n):

Σφφ = ∆2φ =

∫
(φ−φB)

2PB(φ, v|n)dφdv, (136a)
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Σvv = ∆
2v =

∫
(v− vB)

2PB(φ, v|n)dφdv, (136b)

Σφv = Σvφ =

∫
(φ−φB)(v− vB)PB(φ, v|n)dφdv. (136c)

5.7 characterisation of the experimental apparatus

After the preliminary check with classical light we start the ex-
periment using single photons as quantum probes for the multi-
parameter estimation. Firstly, we have tested the performance of
the interferometric device with a calibration step, by inserting an
additional HWPφ, see Fig. 28; the suitability of this system allow
us to control properly the apparatus thanks to the knowledge of
the set phases φ imparted by the HWP depending on its angle
setting.

Figure 28: Experimental set-up for the calibration step.

Two single photons are generated via Type-I spontaneous PDC
from a BBO non-linear crystal of 3 mm length excited with a con-
tinuous wave pump laser of 80 mW of average power and 405

nm wavelength. The photon pair generated, at 810nm wavelength,
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follow the same path of classical light described above. In this
configuration we use low-band pass UV filter (721 nm longpass)
in order to cut the spectrum of the pump laser which has several
orders of power magnitude compared to the single-photon pairs.
At the two-output arms of the interferometer we perform the mea-
surement of the amount of coincidences by the use of two Gaus-
sian bandpass filters, centered at 810 nm and with a full width
half maximum of 7.3 nm, two coupling systems and two APDs us-
ing single mode fibers. The electric signals converted by the APDs
are then carried to the Field Programmable Gate Array (FPGA)
board which transfer the information to the PC.
In a similar way of the classical light case, we assure the goodness
of interferometry by tuning the distances with the delay line, both
arms are 77 cm length, and by rotating the HWPθ at 22.5 degrees
leaving the HWPϕ at 0 degree; with this procedure and without
any phase-shifts we can firstly establish the visibility of the system

vcal =
Cout −Cin
Cout

, (137)

where Cout and Cin are the coincidences in distinguishability
condition, without matching the spatial patterns of the single pho-
ton beams, and indistinguishability condition respectively. In this
scheme the pre-calibrated visibility is v = 0.98; as previously men-
tioned, we will see that this efficiency pre-calibration is inconve-
nient when the conditions change.

5.7.1 Calibration results

The estimation of 11 phases imparted by the HWPφ is reported in
Fig. 29. The goodness of phase estimation φ is showed in Fig. 29(a);
as the blue dashed graph represents the expected value of φ,
with a slope coefficient equal to 1, the experimental estimation
(blue triangles) shows similar linear regression as its slope is sv =
1.011 ± 0.004. A very interesting behavior conditioning the visi-
bility estimation; indeed, it appears to be affected by fluctuations
around a constant mean value, as confirmed by the slope of the
linear fit, sv = −0.001± 0.003.
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Figure 29: Bayesian multi-parameter estimation for the apparatus cali-
bration.

We address this fluctuation as the manifestation of different cou-
pling effects on the experimental apparatus. Considering the case
in which the photon initially in the H polarisation is transmitted
by the beamsplitter, while the V photon is reflected (this corre-
sponds to φ = 0). Labelling the two detection efficiency as η1H
and η1V , respectively, the rate of coincidences is η1Hη1VN, where
N is the number of pairs produced. By swapping the photons on
their orthogonal states using HWPφ, setting the phase to φ = π/4,
the coincidence count rate amounts to η2Hη2VN and generally it
is slightly different from the previous rate. This happens because
of the difficulty on the coupling procedure, the single mode fiber
core has a ∼ 5µm diameter, and even for a good coupling rate η
for classical beams on the couplers, both around η ∼ 40%, while
the phase changing even little mismatches cause the coupling un-
balance on the output arms of the interferometer.
The estimation accuracy check is showed in Fig. 29(b)-(c)-(d) with
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the comparison of covariance elements weighted by the number
of resources M =

∑
θ nθ =' 70000 (purple dots), with the cor-

responding CRBs (dashed green line). As mentioned during the
post-selection discussion, we notice that the available information
is distributed between the two parameters, φ and v, depending on
the value of the phase observing the oscillations of ∆φ2 (Fig. 29(b))
and ∆v2 (Fig. 29(c)). This fluctuation is observed in the covariances
as well (Fig. 29(d)) allowing us to appreciate that the best estima-
tion for either individual parameter occurs when the correlation
is minimal.

So, the closeness of the experimental variances to the ultimate
accuracy limit imposed by the CRB is an index of the good qual-
ity of our method for phase estimations. Furthermore, the multi-
parameter estimation approach enhances the difficulty to establish
a priori the efficiency v of the interferometric apparatus because
of unknown effects, like unbalanced couplings, generated by the
phase shift impact.

5.8 application on sugar aqueous solutions

After the calibration step, we test our apparatus with two differ-
ent aqueous solutions of fructose and sucrose, which are two re-
markable examples of chiral molecules. As introduced before, the
benefit of performing circular phase-shift, and the relative rotation
on the linear polarisation, via light-matter coupling, represents a
valuable approach for the characterisation of this aqueous solution
interacting with the surroundings. Furthermore, the handling of
the number of resources using quantum light ensure a good phase
information extraction combined with a low damage probability
of the sample, a fundamental request for biological experiments.
Using the same apparatus in Fig. 28, replacing the HWPφ with the
aqueous sample, we achieve to the multi-parameter estimation
of phase and visibility with fructose and sucrose solutions, see
Fig. 30-31. The technical difficulties due to the interaction of the
light with the aqueous solution, beam deviation and absorption,
cause further fine coupling of the system; this induces to a differ-
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ent visibility of the interferometer compared to the pre-calibration
procedure.

Figure 30: Bayesian joint probability for visibility (v) and phase (φ) (left
panel) and its difference with respect the one at the CRB (right
panel) for fructose in aqueous solution.

In these figures are reported the 2-dimensional Bayesian joint
probability distribution for the overmentioned sugar solutions at
the same nominal concentration c = 0.3 g/ml, normalised to unit;
on the left panel there is the reconstructed distribution PB(φ, v|n)
described in Eq. 134, which give back the average values of phase-
shifts, φF = −0.145 rad for the fructose (visibility vF = 0.988) and
φS = 0.089 rad for the sucrose (visibility vS = 0.955). In order to
confirm the consistency of these estimated values we made a test
using classical light of a close wavelength (808 nm) in the same
apparatus obtaining the same results.
The contour plots in the right panel on both figures show the dif-
ference between PB(φ, v|n) and the expected Gaussian saturating
the CRB,

Pexp(φ, v) =
1

C
Exp

[
−
1

2
(x − xB)TΣ

−1
vB,φB(x − xB)

]
, (138)
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where C is a normalisation constant C =
∫
Pexp(φ, v)dφdv, x

and xB are real 2-dimension vectors of the variables {φ, v} and of
the expectation values obtained by the Bayesian method {φB, vB}
respectively and ΣvB,φB = F

−1
vB,φB/M is the covariance matrix satu-

rating the CRB calculated at {φB, vB}.

Figure 31: Bayesian joint probability for visibility (v) and phase (φ) (left
panel) and its difference with respect the one at the CRB (right
panel) for sucrose in aqueous solution.

From the figures it is possible to see the excellence of our method
observing that the deviation of the reconstructed distribution from
the expectation remain of the order of 1% for both concentrations.

5.8.1 Statistical hypothesis test

During the pre-calibration check we compared the elements of the
experimental covariance matrix with the ultimate precision limit
defined by the CRB. In order to perform a more stringent statisti-
cal test comparing the estimated covariance matrix Σexp with the
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one saturating the CRB ΣvB,φB = (MFvB,φB)
−1, we choose to per-

form a statistical hypothesis test.

The hypothesis test constituted a method in order to compare two
statistical data sets or a data set obtained by sampling compared
against a synthetic data set from an idealized model. In order to
quantify the statistical relationship between the two data sets, it is
commonly proposed the null hypothesis; in our case it represents
a likelihood ratio test assessing quantitatively the closeness of the
estimated covariance matrix Σexp to the one saturating the CRB,
and it reads

H0 : Σexp = (MFvB,φB)
−1, (139)

where Σexp saturates the Eq.132.
This comparison is defined statistically significant if the relation-
ship between the data sets would be an unlikely realization of the
null hypothesis according to a threshold probability, that repre-
sents the significance level of such comparison. In order to deter-
mine how much the two data sets are statistically significant, a
parameter l-value must be calculated which is the probability of
observing an effect of the same magnitude or more extreme given
that the null hypothesis is true. With fixed dimensions of the co-
variance matrix under investigation and with a large number of
resources used for the statistics (we exploit a very high number
of resources, M ' 50000 for the fructose and M ' 70000 for the
sucrose), the likelihood ratio test predicts that the variable

l =M2Tr(FvB,φB · Σexp) −M(ln det(Σexp) + ln det(MFvB,φB)) − 2

(140)
is distributed as χ2 variable with 3 degrees of freedom [123].

The measured values for the two solutions are lF = 2.63, and lS =
0.10, both compatible with the critical significant level value 7.81
for the 95% confidence interval.
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5.9 the single parameter estimation approach

In order to show the convenience of multi-parameter estimation
approach described above we now explore the performance of
single-parameter estimation of phase-shift with fixed pre-calibrated
visibility v0. The post-selected probability in Eq.125 become

p(θ;φ) =
1

4
(1+ v0 cos(8θ− 2φ)), (141)

where the error on v0 is considered negligible. Recalling the CRB

Figure 32: The estimated phase variance for three values of visibility,
vmin = 0.978 (green dots), vmean = 0.982 (purple dots), vmax =

0.986 (blue dots), compared with the expected CRB for pre-
calibrated visibilities ranging from v0 = vmin to v0 = vmax

(shaded area): v0 = vmean is highlighted (purple dashed line).

in Eq.132, the ultimate bound of the phase accuracy is than given
by 1/MFφφ; in Fig. 32 we compare the uncertainties on the phase
to this limit, considering three instances for the visibility, namely
the maximum (vmax), the mean (vmean) and the minimum (vmin)
values obtained in the multiparameter pre-calibration analysis,
see Fig. 29. As reported on the graph, the extreme values of visibil-
ity vmin and vmax lead to an estimation which is far from the corre-
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sponding CRBs. Even though the estimation using the mean visi-
bility vmean seems to achieve an ameliorated overlap with the ex-
pectation accuracy, the discrepancy with respect the relative CRB
is three times larger than those achieved with the multi-parameter
approach. Furthermore, some effect of the bias on the uncertain-
ties can be examined even in such controlled conditions.

A single-parameter approach check for the characterisation of the
sugar solutions is also performed. In Fig 33 we show what hap-
pens to the quality of the estimation approach when the visibility
v0 is not properly considered; indeed, the real visibility of the
apparatus could change due to the interaction with the sample
as previously described, leading to an improper estimation if we
consider v0 as a fixed parameter. As reported in this graph the
effect of bias is limited only around the measured value of v0;
we quantify this by the quantity KM = σ2Fφ,φM. Comparing the
variance of φ of the single-parameter approach (solid diamonds)
to the multi-parameter one (open diamond), we notice that part
of the resources needed for the estimation have to be shared to
the visibility estimation; this does not fall on the single-parameter
CRB despite being compatible with that of the multiparameter ap-
proach.

5.10 the scaling law for multi-parameter estimation

In Chapter 3 we explored the usefulness of quantum metrology on
the precision on given parameters by the proper arranging of the
number of resources used for the estimation; we describe that the
accuracy of a measurement scale with the number of the resources
N, which are photons in our case, in the probe. In particular, we
mark the enhancement of using quantum probes that permits to
reach a scaling law of the Fisher information as N2 instead of clas-
sical resources that are limited to N. In this section we generalise
the N00N state previously studied from 2 photon input state to
2N photons: we consider Holland-Burnett states that are obtained
by quantum interference of two N photon states arriving on input
modes with creation operators â†H and b̂†V .
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Figure 33: The estimated phase variance in units of 1/(MFφ,φ) for the
sucrose solution as a function of the pre-set visibility v.

If we insert a phase φ inside the interferometric scheme, these
two modes could interfere even accounting the distinguishability
of the photons; we consider the standard decomposition

b̂
†
V =

√
1− ε2â†V + εq̂†V , (142)

where â†V mode interferes perfectly with â†H, while q̂†V does not.
The parameter ε defines the amount of distinguishability of the
two modes â†H and b̂†V : from ε = 0 to ε = 1 for a complete indis-
tinguishability or distinguishability respectively. Using this defini-
tions, the initial state reads

|Ψ0〉 =
1

N!
(a†H)

N(b†V)
N|0〉

=
1

N!
(a†H)

N(q†H)
0
N∑
k=0

(
N

k

)
(1− ε2)k/2ε(N−k)/2(a†V)

k(q†V)
N−k|0〉.

(143)

Similarly to the two-photon case, the evolved state |Ψφ〉 can
be calculated, also with the introduction of an additional control
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phase θ for the measurement of the system with different settings.
In order to investigate the scaling of the estimation accuracy with
the number of photonsN, we introduce as quantifiers the effective
values of Fisher information associated to φ and ε, F̃i,i = 1/(F−1)i,i
for i = φ, ε, optimized over all possible phases. For the calculation
of the probabilities we use POVM considering counts the total
photon number on modes aH and qH, without resolving the in-
dividual populations; due to photon number correlations, adding
a second counter on the modes aV and qV would provide no ex-
tra information. The operator associated to the outcome x is then
written in the Fock basis as:

Πx =

x∑
s=0

Π
(s)
x =

x∑
s=0

|s〉〈s|aH ⊗ IaV ⊗ |x− s〉〈x− s|qH ⊗ IqV . (144)

Each detection probability is then found as

p(x, θ|φ, ε) = 〈Ψφ+θ|Πx|Ψφ+θ〉

=

x∑
s=0

p(s)(x, θ|φ, ε)
(145)

for all possible outcomes x = 0, ..., 2N. In our calculations we
considered two possible settings θ = 0 and θ = π/2, alternated
with equal probability.

In Fig. 34(a)-(b) we report the results of our numerical sim-
ulations: for moderate distinguishability, the effective Fisher in-
formation on φ on Fig. 34(b) decreases with respect to its value
2N(N+ 1) (black solid line) at ε = 0, but it growth quicker than
the classical scalingN (red solid line), obtained for complete indis-
tinguishability. As we notice from the plot, the presence of correla-
tion between the two parameters leads to a reduction of the effec-
tive Fisher information F̃φφ but an asymptotic quadratic scaling is
maintained also for distinguishability 0 < ε < 1. Regarding the
distinguishability ε on Fig. 34(a) we observe a non-monotonic be-
havior: the information initially decreases with respect to the lin-
ear scaling, but a quadratic behavior 2N2 (black solid line) is even-
tually observed in the complete indistinguishability limit ε = 1.
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Figure 34: Scaling of the Fisher information: (a) effective Fisher informa-
tion for the distinguishability parameter ε. The points corre-
spond to numerical results. (b) effective Fisher information
for the phase φ. (c) Trade-off in the optimality of individual
estimations quantified by Υ.

In order to understand how the information is partitioned be-
tween φ and ε and how is possible to determine the optimality
conditions, we introduce the parameter

Υ = max
γ

(
F̃φ,φ(γ)

maxα F̃φ,φ(α)
+

F̃ε,ε(γ)

maxβ F̃ε,ε(β)

)
. (146)

This figure of merit quantifies how close one can get to the op-
timal estimation for both parameters simultaneously. In Fig. 34(c)
we report the corresponding results by calculating the sum of the
ratios between the effective Fisher information for respectively φ
and ε, and their maximum values, optimized for a particular value
of φ; we can determine that for each value of distinguishability ε
there exist an optimal value of N that achieve the best joint estima-
tion compromise. In the graph it is also possible to appreciate that
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for large values of ε, i.e. highly amount of noise, this optimal value
is achieved for small N, while for small values of ε, nearly-ideal
probes, the optimality is reached for larger values of N, where the
quantum enhancement for the phase estimation is more evident,
as assert before.

5.11 conclusions

In this work, we highlight the impact of the multi-parameter esti-
mation in order to probe phase-shift material even considering the
noise effect, an unavoidable challenge in realistic conditions. We
have performed such approach that integrates phase estimation
with a characterisation of the probe at the same time, by measur-
ing the imparted phase-shift of the material and the efficiency of
the devices, parametrised by the visibility of the fringes. After a
pre-calibration test, with the use of an HWP that simulates the
phase-shift on circular polarisations by a rotation on the linear po-
larisation, we use this scheme in order to investigate the optical
activity of fructose and sucrose solutions. Expanding this concept
to a larger number of photons, in Holland-Burnett states, we study
with numerical simulations how the precisions of estimation scale
with the photon number N. This study in particular, highlights
the presence of trade-off conditions, as part of the information
need being devoted to determine the quality of the probe while
the information needed for the precision on the phase is lower.
The trade-off seems to change for different scales of the number
of photons of the system.





6
A S S E S S I N G F R E Q U E N C Y C O R R E L AT I O N
T H R O U G H A D I S T I N G U I S H A B I L I T Y
M E A S U R E M E N T

"An idea which can be used only once
Is a trick. If one can use it more

Than once it becomes a method."
— Problems and Theorems in Analysis I: Series. Integral Calculus.

Theory of Functions, G. Polya

6.1 introduction

Previously in this thesis, I have discussed the spectral correla-
tion effect from a three-wave mixing occurrence, the parametric
down-conversion. The implementation of a measurement appa-
ratus, able to quantify the amount of frequency entanglement in
such two-photon generation event, implies quite a few experimen-
tal difficulties. As observed before, JSA and auto-correlation func-
tion constitute some of these quantification methods, but suffer
inevitably from the spectral resolution, especially when operat-
ing with PDC events pumped with continuous wave (CW) light
beams; in fact, as we will see, in such cases the correlation strength
is of the order of the narrow pump bandwidth (which is in general
< 1 GHz), a very hard task to detect on the very broad photon-
pair generated distribution (of the order of some nm). To deal
with this issue, a less demanding approach would be desirable
even accepting measurement results with reduced spectral reso-
lution, but still confirming the presence of correlations and put a
number on their strength.

Throughout this thesis we also noticed a useful implementation
of quantum metrology for the estimation of chiral solution, with
the multi parameter approach. In particular, we exploit the metro-
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logical method with dispersive material, allowing to compose the
phase-shift distribution by estimating the dispersion parameter,
jointly with the main phase-shift one. Exploiting the strong re-
lation between the dispersion properties of a material with the
spectral nature of light, in this chapter we explore the possibil-
ity of utilise the multi parameter procedure, in order to estimate
the correlation strength of a PDC-photon pair which encounters
a highly dispersive material; such measurement aims at observe
the visibility on a N00N-state interferometric scheme, similar to
the one above mentioned for the fructose and sucrose chiral char-
acterisation.

6.2 dispersion cancellation

We already observed that probing dispersive samples with broad
band photons leads to a Gaussian-like distribution of phase-shift
response. In particular, using interferometry as a metrological tool
for characterisation of such samples, the presence of dispersion
unavoidably reduces the efficiency of interferometer apparatus,
leading to a lower visibility on the coincidence rate detection.
Thus, dispersion and visibility itself as such may constitute a use-
ful tool for the quantification of non-classical spectral correlations
of photon-pair emission event, mentioned at the beginning of this
paper.

Moving in this direction, a phenomenon similar to that associ-
ated to non-local dispersion cancellation using spectral-entangled
photons has been examined by Franson and Beak [124–126]. In
this work, a two broad single-photon system traveling through a
dispersive material is investigated. For uncorrelated photons, the
presence of dispersion provokes an unavoidable visibility reduc-
tion of the coincidence rate in an interferometric scheme. However,
they notice that for a pair of entangled photons, it is possible to
observe an improvement on the visibility for the same configura-
tion. The strong frequency correlation among the two light beams
permits to cancels the dispersion experienced by one photon with
the dispersion experienced by the other photon. In order to ex-



6.2 dispersion cancellation 111

plored this phenomenon from the metrological point of view, one
can consider firstly the action of dispersion for uncorrelated pho-
tons; assuming that the two light beams, signal and idler, have been
sufficiently well collimated that they can be represented by plane
waves, we can denote the field associated to these pulse beams as
[124],

Es,i(xs,i, ts,i) =
E0
2π

∫∞
−∞ dωs,ig(ωs,i)e−iωs,its,i , (147)

where g(ωs,i) is the transmission function due to the action of the
filters, assuming to have a Gaussian shape,

g(ω) = e−(ω−ωF)
2/2δω2 , (148)

where ωF is the center frequency of the filters and σF is their
standard deviation.
The interaction with the dispersive media on the photons can be
explored by writing the frequencies of the two photons in terms
of the central filter frequency ωF, shifted by a small amount iden-
tified by a single parameter ε:

ωs = ωF + ε,
ωi = ωF − ε.

(149)

In this approximation, inside the sample, the photon wave vec-
tor k(ω) becomes a function of the frequency, and to second order,
we can expand it as a Taylor series in the form,

k(ωs) = kF +αsε+βsε
2,

k(ωi) = kF −αiε+βiε
2,

(150)

where the coefficients αj and βj are related to the group velocity
and dispersion, respectively.
Within this scenario, the dispersion activity of the dispersive ma-
terial can be examined by measuring the probe beams with single-
photon detectors, able to resolve the light pulse events; assuming
that the dispersion properties of the sample are equal for both
photons, i.e. αs = αi and βs = βi, for joint-detecting the two light
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beams, one can consider to use semiclassical field theory in order
to obtaining the probability of counting from either detector at
times ts and ti ≡ ts + τ,

P(τ) = ηIs(xs, ts)Ii(xi, ts + τ), (151)

where η is a constant related to the efficiency of detection, Ij(xj, tj) =
Ej(xj, tj)E∗j (xj, tj) is the intensity of the fields and xj are the dis-
tances between the detectors and the light source. By omitting all
the calculations, it was demonstrated [124, 126] that, assuming for
simplicity that xs = xi = x, the coincidence rate probability in
Eq. 151 assumes a Gaussian-like form whose standard deviation
reads,

σ2U =
2σ40 + (β2s +β

2
i )x

2

σ20
, (152)

where σ20 = 1/σ
2
F.

As expected, for uncorrelated case, the use of two photons that
probe the dispersive media enhance the presence of dispersion, as
one can notice from the sum of the squares of the individual coef-
ficients βj in Eq. 152; thus, for classical systems no cancellation of
the classical dispersion coefficients is possible.
However, for a two-photon emission event that exhibits frequency
correlation, like PDC, it is possible to demonstrate that the dis-
persion experienced by one photon may cancel the dispersion en-
countered by the other photon. By mentioning the PDC descrip-
tion introduced in Eq. 29, we can now consider the simple case
where the JSA function is now replaced by the action of the same
filtering system for both photons f(ωs,ωi) = |g(ω)|2, so that the
PDC state can be written as

|ΨPDC〉 =
∫

dωsdωig2(ω)â†H(ωs)â
†
V(ωi)|0〉, (153)

where for sake of simplicity we define the vacuum state as
|0〉 ≡ |0〉H|0〉V .
For the case of anti-correlated photons, that occurs due to the use
of very narrow pump beam (or CW laser), the energy and mo-
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mentum conservation laws can be summarised by the wavelength
relation, see Chapters 1 and 2,

ki = kp − ks, (154)

and the interaction of both photons with a dispersive material
causes, as in the uncorrelated scheme, a spectral shift by a small
amount ε,

ωs = ωp/2+ ε,
ωi = ωp/2− ε,

(155)

where we assumed that the central frequency of the filters matches
with the half of the pump.
Under these circumstances, we can determine the statistics of the
coincidence rate, that reads,

P(τ) = |〈0|E+i (ts + τ)E
+
s (ts)|ΨPDC〉|2, (156)

and expanding the wavenumber of the photons accordingly to
the Eq.150, we observe now that the broadness of such joint prob-
ability is established by the standard deviation,

σ2C =
2σ40 + (βs +βi)

2x2

σ20
. (157)

Looking at this result, one can assert that using such spectral-
entangled states it is possible to erase any clue of dispersion on
the media if the two photons encounter the same amount of β but
with opposite signs observed in a specific entangled state [124];
thus, the only presence of phase-matching and energy conserva-
tion constraints, which establishes the correlation between mo-
mentum and frequencies of the photon-pair, leads to a completely
different behavior while probing dispersive samples compared to
the uncorrelated beams, permitting to ponder on the fact that the
dispersion estimation on a system using spectral-entangled pho-
tons could be an helpful approach for determine the entanglement
strength.
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6.3 quantum metrology as metric for frequency en-
tanglement

The investigation of such method leads us to a very similar N00N
apparatus exploited previously for the joint estimation of sugar
solution chirality and the efficiency of the apparatus, see Fig. 35.
The two single-photon state is generated via Type-I PDC source
with a CW pump laser at central frequency Ωp = 405nm with
a linewidth of the order of 200MHz, producing degenerate pho-
tons at ωs,i = 810nm. The fundamentals of this experiment are
the same of the above mentioned one: establishing the phase-shift
and the visibility of the apparatus by the introduction of a very
dispersive material, that in this case is a 3mm long beta barium
borate (BBO) crystal, which have a very strong birefringence.

Figure 35: Experimental set-up of spectral degree of correlation estima-
tion exploiting the high dispersion of BBO crystal.

The sensing of such birefringent phase with R-L N00N state de-
scribed in Eq.121 can be performed by the insertion of two quarter-
wave plates (QWPs) before and after the BBO, and by rotating of
45 degrees the optical axes of the plates and the dispersive crys-
tal we ensure that the birefringent phase is imparted between the
circular components. The detection of the evolved state is again
analysed by means of a HWP, at different settings of its angle θ,
and a PBS which transform the polarisation modes as,
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â
†
H(ω)→ cos(2θ−φ(ω)/2)â†H(ω)

+ sin(2θ−φ(ω)/2)â†V(ω),

â
†
V(ω)→ cos(2θ−φ(ω)/2)â†V(ω)

− sin(2θ−φ(ω)/2)â†H(ω),

(158)

where φ(ω)/2 is the frequency-dependent polarisation rotation
experienced by the photons while evolving under the action of the
optically active material, due to the different refractive indexes be-
tween R and L polarisations. The projection measurement is then
followed by a filtering system, having a spectral shape g(ω) de-
scribed more accurately later, and by a couple of APDs on each
output arm of the interferometer, in order to detect the coinci-
dence rate. Using the rotation relations in Eq.158 and the PDC
event state in Eq.29, it is possible to establish the coincidence de-
tection amplitude at times ts and ti as

A(ts, ti) = ϕ̃C(ts, ti) − ϕ̃S(ts, ti), (159)

with

ϕ̃C(ts, ti) =
∫

dωsdωiei(ωsts+ωiti)f(ωs,ωi)g(ωs)g(ωi)cos(θs)cos(θi),

ϕ̃S(ts, ti) =
∫

dωsdωiei(ωits+ωsti)f(ωs,ωi)g(ωs)g(ωi)sin(θs)sin(θi),

(160)

and θj = 2θ−φ(ωj), j = s, i.
From the coincidence amplitude one can obtain the actual detec-
tion probability by summing the contributions at all times,

P(θ) =

∫
dtsdti|A(ts, ti)|2, (161)

that depends on the oscillating terms θs − θi and θs + θi, see
Appendix B. A general expression of Eq.161, can be found utilis-
ing the Parseval’s theorem that leads to a very useful simplification
on the cases f(ωs,ωi) = f(ωi,ωs) = f∗(ωs,ωi) where the spec-
tral phase due to the dispersion of the source can be neglected,
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combined with the symmetric properties of the phase-matching
function. For this assumptions, one can determine the probability
in Eq.161, which reads

P(θ) =

∫
dωsdωi|f(ωs,ωi)|2|g(ωs)|2|g(ωi)|2cos2(θs + θi), (162)

that is directly connected to the two-photon correlation.
Assuming the dispersion of BBO crystal to be linear in the spec-
tral domain ω for the frequency range used in this work, one can
perform the approximation of the term θs + θi ∝ ωs +ωi; so that,
for sake of simplicity, we can easily calculate the above probabil-
ity by switch in to the rotated coordinates ωp = ωs +ωp and
ω− = ωs −ωp. Furthermore, since the full width at half maxi-
mum (FWHM) of the spectral filters δω = 7.3nm are much nar-
rower compared to the typical bandwidth of the phase-matching,
it is possible to neglect the dependence of f(ωs,ωi) on ω− over
the support of such filtering choice; thus permits us to identified
the joint spectral function only ωp dependent, that is taken as a
Gaussian-like function,

f(ωp) = 2
−2(ωp−Ωp)/σ

2
. (163)

We choose to make σ coincide with the FWHM in order to con-
sider the most generalised form possible.

6.3.1 Filtering shape

Observing the probability in Eq.162, some other consideration can
be investigating concerning the role of the filters on the system.
The filter shape of this set up has been measured by a spectropho-
tometer, and it well-fits with a super-Gaussian shape of order 4,

|g(ω)|2 = 2−
(
2(ω−Ω0)
δω

)4
, (164)

where Ω0 = Ωp/2, see the Fig. 36.
Following the assumptions on the joint spectral function men-

tioned before, the dependence on ω− needs to be neglected on
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Figure 36: Measured spectral shape of the filters used in this work com-
pared to the super-Gaussian of 4th order fit.

the spectral shape contribution as well, which can be achieved by
performing the integration

G(ωp) =

∫
dω−|g(ωs)|

2|g(ωi)|
2

1

2

∫
dω−

∣∣∣∣g(ωp +ω−

2

)∣∣∣∣2∣∣∣∣g(ωp −ω−

2

)∣∣∣∣2, (165)

The exact expression of G(ωp) is then calculated, and it is found
to be, up to an overall numerical factor,

G(ωp) = |νp|e
7ν4pK1/4(9ν

4
p), (166)

with νp = (ωp −Ωp)/δω and K1/4(x) is a modified Bessel func-
tion of the second kind. Such function can be well approximated
by a Gaussian shape having FWHM equal to that of the filters;
this approximation is checked by calculating the Kullback–Leibler
divergence [127] DKL = 0.0066 that proves the closeness of the two
functions.
Once consider that the spectral function f(ωs,ωi) ∼ f(ωp) has
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a Gaussian profile in ωp, its variance can be reconnected to the
correlation degree of the two photons, κ, by taking σ2 = κδω2; fol-
lowing this relation, states with no correlation exhibits a diverging
value of κ, so that the spectral dependence of the probability P(θ)
is only contained in the broadness of the filters; on the upside, a
perfect frequency correlation occurs when κ = 0.

6.3.2 Spectral degree estimation from visibility

Following the approximation mentioned above, one can find the
expression of the coincidence rate probability,

P(θ) =
1

2
(1+ e−σ

2
φ(κ)cos(8θ+ 2φ(Ωp/2)), (167)

where σφ(κ) is the variance of the phase distribution, which is
expected to take a Gaussian form, and contains information on
κ. As introduced at the beginning of this chapter, a measurement
of the fringes visibility v on the interferometric apparatus, leads
to an estimation of the amount of correlation of the light beams
probing the dispersive media. The coincidence rates, that oscillate
according to the degree parameter θ, are reported in Fig. 37; in
order to isolate the noise effects due to the not optimal efficiency
of the set up, we measure the behavior first without the BBO crys-
tal as a reference (red open diamonds) and then inserting it inside
(green solid triangles). For the sake of clarity, the data acquisitions
have been renormalized scaling their mean value to 1, thus high-
lighting a phase-shift φ0, imparted by the birefringence of BBO,
and a reduction in their visibility v, cause by the dispersion of the
medium.

From the measurement, collected with 4 second of acquisition
time for all the experimental data, the phase imparted by the
crystal results to be φ0 = 0.244rad modulus 2π, and the visibil-
ity is reduced to v = 0.566 ± 0.012 due to its dispersion; with
this estimation, the experimental value of κ is thus the one giving
σφ(κ) = −2log(v), estimated in κ = 0.14± 0.02. This implies that
respect to the broad uncorrelated case (occurring with σ2 = δω2),
the bandwidth the correlation function G(ωp) results strongly nar-
rower, causing the relative compression of the FWHM by 8.5± 0.7
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Figure 37: Coincidence rate as a function of the angle θ of the HWP
with and without BBO compared to the relative fits with the
probability P(θ) (dashed lines).

dB.

However, such a result does not constitute the actual value of κ,
but instead it establishes its lower bound, while we are not able
to determine an upper constraint which is taken to be the perfect
limit κ = 0, i.e., infinite compression, usually considered for CW-
pumped SPDC; indeed, it is possible to explain such imperfect
estimation to all the approximations hypothesized on the model-
ing as well as the experimental artifacts. The error bar associated
to such estimation is performed by considering the uncertainty on
the tilt of dispersive crystal respect the light beam path.
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6.4 the role of correlation for phase-dephasing es-
timation

We already observed the quantification of spectral entanglement
intensity can be accomplished by treating the system in a purely
quantum metrological point of view. Since that such connection
between spectral correlation strength and quantum metrology has
been identified, one can reverse this relation, trying to establish
the impact of frequency entanglement when performing experi-
ments aiming at jointly estimating phase and dephasing in disper-
sive elements.
For such investigation we consider a two-photon state from PDC,

|Ψ0〉 =
∫

dωsdωif(ωs,ωi)â
†
D(ωs)â

†
D(ωi)|0〉, (168)

emitting photons at nearly-degenerate frequencies ωs and ωi,
and with a diagonal polarisation; when this state interacts with
a dispersive material which impart a relative phase-shift between
horizontal and vertical polarisation φ(ωj) = h(ωj) − v(ωj), one
can describe the evolved state as

|Ψφ〉 =
∫

dωsdωif(ωs,ωi)|Ψs〉 ⊗ |Ψi〉, (169)

where

|Ψj〉 =
â
†
H(ωj) + e

iφ(ωj)â
†
V(ωj)√

2
|0〉. (170)

Since we choose to perform a detection which is insensitive re-
spect to the frequency, one needs to trace out the spectral part,
and only consider the polarisation subspace for the evolved den-
sity matrix:

ρφ =Tr
[
|Ψφ〉〈Ψφ|

]
=

∫
dωsdωi|f(ωs,ωi)|2ρs(ωs)⊗ ρi(ωi),

(171)

where we defined,
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ρj(ωj) =
|Hj〉〈Hj|+ |Vj〉〈Vj|+ eiφ(ωj)|Hj〉〈Vj|+ e−iφ(ωj)|Vj〉〈Hj|

2

=
1

2
(I + cos(φ(ωj)σ̂1) + sin(φ(ωj)σ̂1)),

(172)

introducing the shortcut notations |H,Vj〉 = â†H,V(ωj)|0〉, and the
Pauli operators σ1,2.
In order to take into account the spectral correlations between the
two-photon state, we restrict to spectral wavefunction in the most
general expression for correlated photons,

|f(ωs,ωi)|2 =
1

πσ+σ−
e−ω

2
−/(2σ

2
−)e−(ωp−Ωp)

2/(2σ2+), (173)

where σ± = σ2(1± ε), with ε as a spectral correlation degree
such that −1 6 ε 6 1. Differently from the previous case, now the
correlation strength ε become negligible for uncorrelated states,
while for ε = ±1 the photons are perfectly correlated or anti-
correlated.

From a Stokes operator projective measurements X̂j = 2|Dj〉〈Dj|−
I and Ŷj = 2|Rj〉〈Rj|− I, permitting to compose the relative POVM
set Πk and then to define the probability outcome over the density
operator ρφ̄,

p(k|φ̄) = Tr[ρφ̄Πk], (174)

now we have all the requirements for the assessment of Fisher
Information matrix,

Fij =
∑
k

p(k|φ̄)

(
∂lnp(k|φ̄)
∂ϕi

)(
∂lnp(k|φ̄)
∂ϕj

)
(175)

and Quantum Fisher Information matrix,

Qij =
1

2
Tr[ρφ̄LiLj + LjLi] (176)

where Li,j are the SLD operators introduced in the Chapter 3,
with the introduction of the parameter vector φ̄ = {φ0,φ1}, in
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Figure 38: FI and QFI elements F00 and Q00 on the parameter φ0 as a
function on the spectral correlation degree ε.

order to estimate the average phase-shift value φ0 and dephasing
parameter φ1, which are defined by Taylor expanding the phase-
shift φ(ωj) up to the first order,

φ(ωj) ≈ φ0 +φ1(ωj −Ωp/2). (177)
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Figure 39: FI and QFI elements F11 and Q11 on the parameter φ1 as a
function on the spectral correlation degree ε.

In Fig. 38 it is sketched the analytical investigation of the FI (F00)
and QFI (Q00) associated to the φ0 parameter as a function of ε,
restricting to the case of σ2 = 1 and φ0 = nπ/4 (n ∈ Z) which al-
lows us to neglect the off-diagonal elements of such matrices, and
for four different values of dephasing (φ1 = {0.1, 0.5, 1, 2} from
top to the bottom); the contributions of both information matrices
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respect on the φ1 parameter (F11 and Q11) are then reported in
Fig. 39.

From the graphs it is possible to observe, especially for the main
shift parameter, the strong dependence of the FI and QFI matrices
that suggests us to use anti-correlated photons (ε < 0) in order to
find the highest amount of φ0-information, which coincides with
the dispersion cancellation conjectures described above, while for
no correlation or for positive correlation F00 and Q00 collapse sig-
nificantly to zero; furthermore, the dephasing information func-
tions F11 and Q11 seem to be less sensitive to the presence of spec-
tral correlation, even if they exhibit a symmetrical behavior with a
ridge on ε for low values of dephasing. However, very interesting
considerations could be made by observing the graph of the trade-
off function Υ in Fig. 40 whose expression has been mentioned in
Eq.76.

Figure 40: Trade-off function Υ as a function on the spectral correla-
tion degree ε for different values of dephasing: red-solid line,
φ1 = 0.1; green-dashed line, φ1 = 1; blue-dotted line, φ1 = 2.

From the graph, we observe a very different behavior compared
to the singular contributions of FI and QFI functions; here we
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notice that as the amount of spectral degree increase, also it is
possible to extrapolate from the system, with the chosen POVM
measurement, even more information for phase and dephasing
estimation, moving more closely to the saturation of the Quantum
Cramer-Rao bound. Differently from the previous plots, which
suggest that the more informative state can be reached using anti-
correlated photons, in this regime we are far from saturating the
QCRB, highlighting again the big difference between the FI and
QFI matrices and the Υ.





C O N C L U S I O N S A N D O U T L O O K

— Theme of close encounters of the third kind, J. Williams

Since single photons constitute the fundamental engine of quan-
tum photonics platforms, the complete characterisation and con-
trol of their generation is a matter of interest that will open new
paths in the quantum technology era. As witnessed in last decade,
such interest has not only provided methods to inspect the charac-
terics of a photon source, but it has also helped establish a novel
way of encoding information with photons, i.e. the spectral/tem-
poral degree of freedom.
In this thesis we faced this necessity, first exploring the most utilised
methods which exploit spectrally resolving devices, such as spec-
trometers, looking at the spectral wave-function profile, with the
JSI analysis, establishing the spectral correlation strength, by calcu-
lating the auto-correlation function g(2)(τ). These strategies offer
a truly complete approach to the investigation of the spectral be-
havior of the photon pair, but may suffer from the difficulties of
detecting spectral correlations over much smaller scales than the
typical spectral resolution, of the order of nanometers.
In this thesis we found a different approach to this issue, explor-
ing the fundamentals of metrology and quantum metrology. This
modus operandi, which aims at finding the optimal way exploiting
measured resources, makes quantum metrology a useful starting
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point that fits the needs of spectral correlation assessment. The
necessary extention respect to standard metrology is to include
noise in a multi parameter approach; an experimental exploration
of this quantum multi parameter estimation constitutes the core
of this thesis.
The multi parameter approach has been investigated with two
experiments: in the first one we observed the estimation enhance-
ment of a collective measurement strategy compared to the indi-
vidual one. In the second one we studied a noisy measurement
apparatus, whose efficiency changes while testing the chirality of
some sugar solutions.
The link between the assessment of spectral correlation and quan-
tum metrology methods involves the exploration of the dispersion
cancellation effect, that discriminates against uncorrelation and
correlation photon-pair states by a dephasing measurements on a
dispersive sample, giving a bound on the spectral entanglement
strength of the two-photon probe.

Such close encounter may start the development of future works
connected to a more extensive use of quantum metrology on spec-
tral based architectures in quantum communication and informa-
tion. Indeed, despite this novel encoding of quantum information
constitutes a very innovative approach for the future of quantum
technologies, however it requires a variety of instrumental meth-
ods in order to constantly control all the experimental steps. In
this scenario, quantum metrology seems to comply with part of
this request, and, by monitoring the measurement process, could
go beyond current physical impediments.



Part I

A P P E N D I X





A
E V O L U T I O N O F T H E T W O - P H O T O N S TAT E
U N D E R P H A S E R O TAT I O N

The aim of this section is to obtain the detection probabilities from
a two-photonN00N state with limited visibility, following a phase
shift φ. The combination of a beam splitter (BS), a phase shift φ,
and a second BS can be modelled as an unbalanced BS with trans-
mission cos(φ/2). Since we use the polarization degree of freedom
of a single spatial mode, the phase shift can be implemented as a
polarization rotation by means of a half wave plate (HWP), as in
the calibration phase, or of an optically active solution. The mode
mixing performs the transformation:

â
†
H → cos(φ/2)â†H + sin(φ/2)â†V ,

â
†
V → cos(φ/2)â†V − sin(φ/2)â†H.

(178)

The first step considers perfectly indistinguishable photons in
the two-photon state |Ψ0〉in = â

†
Hâ
†
V |0〉, which evolve following

the phase shift:

|Ψφ〉in =

[
cos
(
φ

2

)
â
†
H + sin

(
φ

2

)
â
†
V

][
cos
(
φ

2

)
â
†
V − sin

(
φ

2

)
â
†
H

]
|0〉

=

[
cos(φ)â†Hâ

†
V − sin(φ)

(â†
2

H − â†
2

V )

2

]
|0〉.

(179)
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An HWP is then inserted, and set at an angle θ with respect to the
horizontal; its effect on the two-photon state delivers the expres-
sion

|Ψθ;φ〉in = cos(φ)

[
− cos(4θ)â†Hâ

†
V +

1

2
sin(4θ)(â†

2

H − â†
2

V )

]
|0〉+

− sin(φ)

[
sin(4θ)â†Hâ

†
V +

1

2
cos(4θ)(â†

2

H − â†
2

V )

]
|0〉,

(180)

from which the following probabilities can be obtained:

pin(1|θ;φ) =
1

2
(1+ cos(8θ− 2φ)),

pin(2|θ;φ) =
1

2
sin2(4θ−φ),

(181)

where we separate the contributions that occur from the proba-
bility of photon coincidence, having the state expression |1H〉|1V〉,
with pin(1|θ;φ), and the one of finding two photons on the same
arm, (|2H〉|0V〉− |0H〉|2V〉)

√
2, with pin(2|θ;φ).

Using the same approach, it is possible to calculate the evolution
of quantum state |Ψ0〉dis = â

†
Hb̂
†
V |0〉 for two distinguishable pho-

tons: here we also need considering two extra modes aV and bH,
initially in the vacuum state, to define transformations similar to
the ones in Eq.178. These then give an expression for the state as:

|Ψφ〉dis =

[
cos
(
φ

2

)
â
†
H + sin

(
φ

2

)
â
†
V

][
cos
(
φ

2

)
b̂
†
V − sin

(
φ

2

)
b̂
†
H

]
|0〉

=

[
cos
(
φ

2

)2
â
†
Hb̂
†
V − sin

(
φ

2

)2
â
†
V b̂
†
H − sin(φ)

(â†Hb̂
†
H − â†V b̂

†
V)

2

]
|0〉.

(182)

and then, including the HWP, the probabilities for the distinguish-
able case reads,

pdis(1|θ;φ) =
1

4
(3+ cos(8θ− 2φ))

pdis(2|θ;φ) =
1

4
sin2(4θ−φ).

(183)
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These have been obtained considering detectors unable to distin-
guish between the modes â† and b̂†.
In the general case, the initial mode b̂†V could possess a compo-
nent mode â†V , which is indistinguishable from â

†
H in all other

degrees of freedom, and a distinguishable component q̂†V ; so that,
such mode can be written as,

b̂
†
V =

√
1− ε2â†V + εq̂†V , (184)

with ε as a degree of distinguishability.
As before, we need to introduce extra vacuum modes; the com-
bined probabilities considering the degree of distinguishability
will be given by the weighted sums:

p(1|θ;φ, ε) =
1− ε2

2
(1+ cos(8θ− 2φ)) +

ε2

4
(3+ cos(8θ− 2φ))

p(2|θ;φ, ε) =
1− ε2

2
sin2(4θ−φ) +

ε2

4
sin2(4θ−φ).

(185)

These expressions can be cast in more compact form by intro-
ducing a visibility parameter v of the predicted fringes as v =

(2− ε2)/(2+ ε2):

p(1|θ;φ, v) =
1

1+ v
(1+ vcos(8θ− 2φ))

p(2|θ;φ, v) =
v

1+ v
sin2(4θ−φ)

(186)





B
T W O - P H O T O N S TAT E E V O L U T I O N F O R D E G R E E
O F C O R R E L AT I O N E S T I M AT I O N

Considering the quantum state of the photon couple generated by
parametric down conversion source,

|Ψ〉 =
∫

dωsdωif(ωs,ωi)â
†
H(ωs)â

†
V(ωi)|0〉, (187)

where f(ωs,ωi) is the spectral function of the photon pair.
Introducing a half wave plate (HWP) and a dispersive material
inducing a rotation θ and a phase φ(ω) to the state respectively,
|Ψ〉 evolves

|Ψ〉 →
∫

dωsdωif(ωs,ωi)

[
cos
(
2θ+

φ(ωs)

2

)
â
†
H(ωs) + sin

(
2θ+

φ(ωs)

2

)
â
†
V(ωs)

]
×

×

[
− sin

(
2θ+

φ(ωi)

2

)
â
†
H(ωi) + sin

(
2θ+

φ(ωi)

2

)
â
†
V(ωi)

]
|0〉.

(188)

Considering the propagation of the photons to the detector 1 at
time t1 and to the detector 2 at time t2 ,

∫
dωsdωif(ωs,ωi)

[
ϕS(ωs,ωi)eiωsts+iωiti −ϕC(ωs,ωi)eiωsti+iωits

]
= ϕ̃S(ts, ti) − ϕ̃C(ti, ts) = A(ts, ti),

(189)

where
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ϕS(ωs,ωi) = g(ωs)g(ωi)cos
(
2θ+

φ(ωs)

2

)
cos
(
2θ+

φ(ωi)

2

)
ϕC(ωs,ωi) = g(ωs)g(ωi)sin

(
2θ+

φ(ωi)

2

)
sin
(
2θ+

φ(ωs)

2

)
.

(190)

The solution of the FT state in Eq.189 can be found as

∫
dtsdti|A(ts, ti)|2 =

∫
dtsdti|ϕ̃S(ts, ti)|2 +

∫
dtsdti|ϕ̃C(ti, ts)|2−

−2Re
∫

dtsdtiϕ̃∗S(ts, ti)ϕ̃C(ti, ts)

(191)

Using the Parseval theorem, we solve the integral on the fre-
quency space

∫
dωsdωi|g(ωs)|2|g(ωi)|2|f(ωs,ωi)|2cos2

(
2θ+

φ(ωs)

2

)
cos2

(
2θ+

φ(ωi)

2

)
+

∫
dωsdωi|g(ωi)|2|g(ωs)|2|f(ωi,ωs)|2sin2

(
2θ+

φ(ωs)

2

)
sin2

(
2θ+

φ(ωi)

2

)
−2Re

∫
dtsdtiϕ̃∗S(ts, ti)ϕ̃C(ti, ts)

(192)

Defining θs ≡ 2θ + φ(ωs)/2 and θi ≡ 2θ + φ(ωi)/2 we can
utilise the relations:

cos2θscos2θi + sin2θssin2θi =
1

2

(
cos2(θs − θi) + cos2(θs + θi)

)
.

(193)
Expanding the third integral of the Eq.192,

∫
dtsdtiϕ̃∗S(ts, ti)ϕ̃C(ti, ts) =

∫
dωsdωidνsdνie−iωsts−iωitieiνsti+iνits×

× g(ωs)g(ωi)f∗(ωs,ωi)cosθscosθif(νs)f(νi)f(νs,νi)sinθssinθi =

=
1

4

∫
dωsdωi|g(ωs)|2|g(ωi)|2f∗(ωs,ωi)f(ωi,ωs)sin(2θs)sin(2θi)

(194)
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So, the probability of the system is

P(θ) =

∫
dωsdωi|g(ωs)|2|g(ωi)|2|f(ωs,ωi)|2

1

2

(
cos2(θs − θi) + cos2(θs + θi)

)
+

−
1

2
Re

∫
dωsdωi|g(ωs)|2|g(ωi)|2f∗(ωs,ωi)f(ωi,ωs)sin(2θs)sin(2θi).

(195)

Neglecting the dispersion of the source with the phase-matching
condition, f∗(ωs,ωi) = f(ωs,ωi) = f(ωi,ωs), the Eq.195 become,

P(θ) =
1

2

∫
dωsdωi|g(ωs)|2|g(ωi)|2|f(ωs,ωi)|2×

×
[
cos2(θs − θi) + cos2(θs + θi) − sin(2θs)sin(2θi)

]
=
1

2

(
1+ cos(γ)

)
,

(196)

Introducing the efficiency of the N00N apparatus v,

P(θ) =
1

2

(
1+ e−σ

2/2cos(γ)
)
, (197)

where σ2 = −2log(v) and γ = 8θ+ 2φ(Ωp/2).
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